AHanuntTu4yeckasi reomeTpus
Jlekuusi Ne8

YpaeHeHUe nosepxHOCMU
U ypaeHeHUs JTUHUU
8 npocmpaHcmaee



1. NMoHATHMe 00
YpaBHEHUM
NOBEPXHOCTH



3aaaHbil:
1) pekapToBa NpAMOYyronbHasi CUCTeMa

koopanHaT Oxyz B NPOCTPAHCTBE.
2) HekoTOpasi NOBEPXHOCTL S.

PaccmoTpum ypaBHEHMeE:

D(x,y,z2) =0



Onpegenexue.

YpaBHeHne @(x,y,z) =0

Ha3blBaeTCsl ypaBHEHUEM NOBEPXHOCTU S
(OTHOCUTENBHO 3a4aHHOU CUCTEMbI KOOPAMHAT),
ecnn emy yaoBneTBOpAOT

KoopAuHaTbl x, y N Z NOOON TOYKMU,

nexatlen Ha NoBepxHocTu S,

N HE YOOBNETBOPSIOT

KOOpAUHAaTLI x, ¥y U 2 HN OOHOWN TOYKW,

He nexallen Ha NoBepxHocTu S.



Cama noBepxHOCTb S npeacraBnsaeT cobon
(B 3agaHHOM cucTeMe KoopanHar)
2eoMempu4ecKoe Mecmo mo4ex,
KOOpAMHaTbl KOTOPbIX

YOOBMETBOPAOT ypaBHeHUO D(x,y,z) = 0.



Cama noBepxHOCTb S npeacraBnsaeT cobon
(B 3agaHHOM cUCTeEME KOopanHaT)
2eoMempu4ecKoe Mecmo mo4ex,
KOOpAMHaTbl KOTOPbIX

YOOBMETBOPAOT ypaBHeHUO D(x,y,z) = 0.

Ecnn (B 3agaHHOM cucteme KoopauHar)
ypaBHeHne D(x,y,z) =0

ABNSETCS ypaBHEHNEM NOBEPXHOCTU S,

TO FOBOPAT,

4YTO 3TO ypaBHEHWE onpeaensaeT NOBEPXHOCTb S.



[Ipnmep.l:

1) (x—ar,)2+(y—b)2+(z—c)2:r2
2) x4+ y +z27=r’
3) r=R (B koopauHaTtax 7, ¢, 0)



Anrebpanyeckaa NoBEPXHOCTb — 3TO
NOBEPXHOCTD,

KOTopas B NPAMOYrofibHOU OeKapTOBOW
cucTteme KoopauHart

3agaeTtca ypaBHeHuem D(x,y,z) = 0,
roe @ — anrebpanvyecknmt MHOrouYneH
TPEX NEPEMEHHbIX x, Y, 2.

CTeneHb 3TOro MHOro4neHa
Ha3blBaeTCsl MOPSIOKOM NOBEPXHOCTM.

Bcskasa He anrebpanyeckas NOBEPXHOCTb
Ha3bIBaeTCA TPAHCLLEeHAEHTHOMN.



2. YpaBHeHUSA NUHUU
B NPOCTpPaHCTBe



JIluHmna B npocTpaHcTBe —
nepeceyvyeHmne OByX NOBEPXHOCTEMN,
T.€. FTeOMETPUYECKOE MECTO TOYEK,
Haxo4AaWwmnxca ogHOBPEMEHHO

Ha OBYX NOBEPXHOCTAX.



Ecrin @i(x,y,2) = 0 u Da(x,y,2) =0 —
ypaBHEHUSA ABYX NOBEPXHOCTEN,
nepecevyeHneMmM KOTOpbIX eCTb NIHUA L, TO:
1) KoopauHaTbl NOOON TOYKM HA NUHUN L
yO0BNEeTBOPAIOT 0O0OUM YpaBHEHUAM,;

2) 0boMM ypaBHEHNSM He yOOBNETBOPSAIOT
KoopAuHaTbl HU OOHOW TOYKM,

He nexawewn Ha NUHuUn L.



O €CTb, [1Ba YpaBHEHUA
D1(x,y,z) = 0 N D2(x,y,2) =0
COB8MeEeCINHO

onpegensoT NMUHUO L,
T.€. ABNAOTCA YpaBHEHUAMU I3TOUN NIUHUM.

BmecTto Di(x,y,2) = 0 n D2(x,y,2) = 0 MOXKHO
B3ATb NOOYI0 Napy NOBEPXHOCTEWN,
nepecekarLnxca no Tou xe nNuHum L.

To eCcTb, BMECTO CUCTEMbI
D1(x,y,z) = 0 N D2(x,y,2) =0
MOXHO B35Tb NODOYI0 9KBMBASIEHTHYIO CUCTEMY.



3. NapameTpuyeckue
YPaBHEHUSA NIMHUMU
N NOBEPXHOCTN
B NpOCTpPaHCTBe



KoopauHaTtbl x, y U z

NoOON TOYKM AAHHOWN JTINHUN
MOryT ObITb 3a4aHbl

KaK TPy HENpepbIBHbIE (DYHKLUN

HEeKOTOPOro napameTpa t:
x=0(1)
1Y = \p(t)

()

2 =9(




OTO onpegeneHne NMHMN B NPOCTPAHCTBE
9KBMBANEHTHO €€ onpeaerieHnto B Buae
nepecevyeHnst AByx NMOBEPXHOCTEMN.

Myctb % (¢)
nonyckaet o6paTtHyto dyHKUMIO: t =y (2).
Torga meem OBe NMOBEPXHOCTY

x=o[x(2)] ny=v[x"(2)]

nepecevHeHnemM KOTOopPbIX CIYXKUT OaHHAA JIMHUA.



4. Pa3nunyHbie Bnabl
YpaBHEeHUSA NINOCKOCTH



1. ObLlee ypaBHEHME NIIOCKOCTH

OnpeoderneHus
1. B npocTpaHcTBE 3aaHbl NNOCKOCTb T
N gekapTtoBa npssmoyrosibHas cuctema Oxyz.

Torga nNockocTb m onpenenaeTcd
B 9TON CUCTEME YpaBHEHNEM NEPBOUN CTEMNEHMN.

2. B npocTpaHcTBe 3adaHbl AeKkapToBa
npsimoyronsHasi cuctema Oxyz.

Torpa BcAkoe ypaBHeHMeE NepBOU CTENEHM
C TPeMSA nepemMeHHbIMU x, y U z onpeaenser
OTHOCUTENbLHO 3TON CUCTEMbI NMMNOCKOCTb.



YpaBHeHWe NNOCKOCTU, NPOXoasLlen Yyepes
T. M,(x,,5,,2,) NEPNEHANKYIISAPHO BEKTOPY

n=(AB,C):

A(x—x,)+B(y-y,)+C(z-2,)=0
Ax + By +Cz —(Ax, + By, +Cz,)=0
Ax+ By+Cz+D =0
HOpMaJ'IbeII\/JI\ ObLwwee )
BEKTOP ypaBHEeHUe
MITOCKOCTU MITOCKOCTU

N _/ N _




2. HenonHble ypaBHEHNS MIOCKOCTH.

Koad.

Kak npoxoaurt

YpaBHeHue
NMNOCKOCTb

yepes

-+ i
Ax+By Cz=0 Ha4alio KOopaAUuHAaT

By + Cz+ D=0 |napannenbHo Ox

Ax+ Cz+ D=0 |napannenbHo Oy

Q| O

O I0CO| O

Ax+ By+ D=0 |napannensHo Oz




Koad.

YpaBHeHue

Kak npoxoauTt
NMNOCKOCTb

nrockoctb Oxy

nnockocTtb Oxz

Saoamiba~Twm~
|
cooloocolooco

nnockocTtb Oxz




3. YpaBHEHME NJIOCKOCTM B OTpEe3Kax

Zh
Ax+By+Cz+D =0
X + Y + ad =1 C
-D/A -D/B -D/C O
b
£+Z+i_1 a
a b c



4. Yron mexay asBymMma niioCKOCTAMMU

[laHbl ABe MSIOCKOCTU 1 U Tt2:
Ax+By+Cz+D, =0
Ax+B,y+C,z+D, =0
Yron mexay HUMU paBeH yrny Mexay BektopamMmu
n, = (Al,Bl,Cl) nn, = (A2,B2,Cz):

AA, +BB,+CC,
JAZ+ B2+ C?.\JA2 + B2+ C?

COS (P =




5. YcnoBus

NnapasjiiesibHOCTU

Al _Bl Cl
A, B

2 2 CZ

N nepneHankKysiAaApHOCTH
AA,+BB,+CC,=0

MNIOCKOCTEeu



6. YpaBHEHNE NJIOCKOCTH,
npoxoggdllen Yyepes Tpu pasnmyHble TOYKN,
He nexalime Ha 0gHOU NMPSMOW.

imMeeM TpU TOYKMN:
Ml(xlay1721)a Mz(x2,y2,22) U Mg(xgyygazg)-
BekTopbl M, M, n M, M, He KONJINHEeapHbI.

Touyka M nexxut B 04HOW NMSIOCKOCTU
c Toukamu M1, Mo, M3 TONbKO, eCrin BEKTOPSLI
MM, , MM, W M,M KOMNraHapHbl. 3Ha4uT,

NX CMeLlaHHOE npon3segeHne paBHO HYJHO.




y_y1
yz_y1
yg_y1

X — X,

z2,—2,=0

Xog — X

<3~ &

Xg — X

(M,M, M,M, M, M)



7. HopmmnpoBaHHOE ypaBHEHWE MJTIOCKOCTMW.

OTKIOHEHUE TOYKU OT NITIOCKOCTU

xcoso+ ycospP+zcosy—p=0



Onpegenexue.
OTKNOHeHne & To4Ykn M OT NINOCKOCTU Tt eCTh:
v yucno +d, korga
Touka M n Havano koopauHat O
fnexar rno pasHble CTOPOHbI OT NSIOCKOCTU T;
v yucno —d, korga
koraa M n O nexaT No oHY CTOPOHY OT T.

8_AxOJrByOJrCzOJrD
JA? + B? 4+ C?




8. I'y4ykn n cBA3KM NITIOCKOCTEN

lly4yok nnockocmeu (C UEHTPOM B L) —
COBOKYIMHOCTb BCEX MITOCKOCTEMWN,
NPOXoAsLMNX YePE3 OOHY U Ty XKe npsmyto L:

oa(Ax+By+Cz+D,)+B(Ax+B,y+Cy,z+D,)=0



Cesizka nnockocmeu (c ueHTpom B Mo) —
COBOKYMHOCTb BCEX MITOCKOCTEWN,

NpoxoasiLmnx Yyepes aaHHyto Touky Mo(xo, yo, 20):

A(x—x,)+B(y-y,)+C(z2-2,)=0,

rne A, B, C — nobble yucna.



4. Npamasa nnHuA
B NPOCTpPaHCTBeE



1. KaHOHMYEeCcKMEe YypaBHEHUNSA NPAMOU
B MPOCTPAHCTBE.

YpaBHEHNA NPAMOU, NPOXOoAALLEN Yepe3 TOUKY
Mi(x1, y1, 21) N UMEIOLLEN HaNpPaBNAOLLINNA

BekTop 4 = (Lm,n).

X=X Y=Y <7—Z

[ m n



2. YpaBHeHUA NpaMOU, nNpoxoadLlen Yyepes aBe
pasnnyHble TOYKM Mi(x1, V1, 21) U Mo(x2, V2, 22):

X=X _Y=Y¥ _Z-%

Xy — X4 Yo =N Z9 — R




3. [NapameTpuyeckne ypaBHEHUS NPSAMON
B NPOCTPaHCTBE

X—% _Y-) _Z-% iy
[ m n

(x=x, +1t

1y =y, +mt

2=z +ni



4. Yron mexay npsamMmbiMy B NPOCTPAHCTBE.

nyCTb npAmMble 3adadHbl KAHOHUNYECKUMNA
YPaBHEHNAM.
X=X Y=Y _Z2-% X—-X, Y-y, Z-2

-— W
[ m, n l, m, n,
X HanpaBnsAwoLLne BEKTOPbI:

q :(11’m1an1) nq, :(lz’mzanz)

1

Torpoa:

Ll,+ mm,+nn,

JE+m?+n? JI2+m?+n

COS (P =



YcnoBus NaparyiesibHOCTU NMPAMbIX

N NepneHankKymiaApHOCTN MPpAMbIX

Ll,+mm,+nn,=0



5. YcnoBue npuHaaneXXHoCTu ABYX MPAMbIX
OaHOW MNJTOCKOCTU

[1aHbl OBe npamble:

X—% _Y-) _2-% gy X—%, Y=Yy 22
[ n, l, m, n,

m,

HGOGXO,EI,I/IMO N AOCTAaTO4HO, YTOOBbI TPW BEKTOpAa.
M1M2 — (xz — X1,V T V15”9 T Zl)

J

q :(11’m1an1) nq, :(lz’mzanz)

ObINIM KOMM1aHapPHbI.



Toroa

Ecnu npu atom OyaeT HapylwleHa ogHa 13

ll_ml_n’l

nponopunm - =—=—"TO 3TV NPSAMbI€ HEe
ZZ m2 n’2

TOSIbKO ByayT nexaTb B OAHOW NSIOCKOCTU, OHU
byayT eLle n nepecekaTbCA.



6. Yron mexany
X—X% Y=Y _Z—%

npsaMon ~ - n
n nnockoctbto Ax+By+Cz+D =0

BbluMcriseTca no opmyne:
Al+ Bm+Cn

JAZ+ B2+ C% NP +m? +n?

sin @ =

icnonb3yeTca CUMHYC T.K. NCKOMbIWN Yron —
OOMNOJTHUTENbHBLIN K yrny

MeXay HanpaBnalLWnUM BEKTOPOM MPSAMOKn
N HOpManbHbLIM BEKTOPOM MITOCKOCTMU.



Ycnosue MnapasjiiesibHOCTU I'IpFIMOI\/JI N NMJTOCKOCTHA
Al+ Bm+Cn=0

YcnoBne nepneHgmkynapHOCT NPSIMON U
MNOCKOCTU

A B C
[ m n



7. YcnoBusi NpUHaaNeXXHOCTH

X=X _Y-) _Z-%

npamon m n
nnockoctn Ax+By+Cz+D =0:

Ax, + By, +Cz,+D =0
Al+ Bm+Cn=0



8. CeaAska NpsAMbIX

X=X _Y-) _Z-%

[ m n
roe [, m, n — noOble Yyncna.



5. HekoTopble 3agaun
Ha NPAMYIO U NJIOCKOCTb
B NPOCTpPaHCTBe



3agava 1

HanTtn ycnosme nepecedeHmns Tpex ninocKocTen
B OHOW U TONMbKO B OAHOWU TOYKE.



PeweHue

UTOobbI TPM NNOCKOCTH
Ax+By+Cz+D =0
Ax+B,y+C,z+D, =0
Ax+B,y+C,z+D, =0
nepecekanmcb B 04HOU U TONMbKO B OOHOWU TOYKe,
HeobxoaMMO U OOCTAaTOYHO, YTOObI

Al Bl Cl
A, B, C,|#0
A3 BS CS




3agava 2

HanTtn buccekTpanbHbI€ NIOCKOCTH
OBYrpaHHOro yrna,
obpa3oBaHHOIo ABYMSI AaHHbIMU NITOCKOCTAMM.



PeweHue

[lpenoctaBMM ypaBHEHUA 3a4aHHbLIX MITOCKOCTEN

B HOPMUPOBAHHOM BUAE:
xcosa, + ycosf}, +zcosy, —p, =0

xcosa, +ycosf}, +zcosy, —p, =0
IX neBble YacTn paBHbl OTKITIOHEHUAM 01 U 02

TOuKkM M(x,y,z) OT NEPBOU U OT BTOPOU
MJIOCKOCTEN COOTBETCTBEHHO.

[1ns1 ogHOW BucceKkTparbHOW MMOCKOCTU: 01 = 02
[lna gpyroun: 61 = —02



Toropa nmeem ypaBHEHUA NCKOMbIX NIOCKOCTEWN:

(xcosoc1 + ycosP, +zcosy, —p1)_
—(xcosoc2 + ycosf, +zcosy, —pz):O

7
(xcosoc1 + ycosP, +zcosy, —p1)+

+(.9CCOS(X2 + ycosf, +zcosy, _pz):O



3agava 3

Hantn ycnoBua, npu KOTOPbIX
OaHHaa NNOCKOCTb nepeceKkaeT
OaHHbLIN OTPe30K ABL.



PeweHue

[MpeacTtaBumM ypaBHEHUE NITOCKOCTU B

HOPMUNPOBAHHOM BUE.
xcoso+ ycospP+zcosy—p=0

A(xCZ’ya?ZCZ)

-~
01

[logctaBum
KoopAWHaTbI
TOYeK

Hangem

OTBET: sign 61 = —sign 02

B(xy,y1,25)

-~
02




3anava 4
Onpegennutb MECTONOSIOXEHME AaHHbIX TOYEK A
n B oTHOCUTENBHO ABYrpaHHbIX YIroB,
obpa3oBaHHbIX AaHHbIMW NSIOCKOCTAMMU o, U B.




PeweHue

HamueM OTKITOHEHWS O ¢, O4ps Opas Opp-

.

or,u,a TOYKU J1eXarT.

(signd, =signd,,

signd,, =signd,,  © oM Y,

p~
W e



gns,
_{sign d,, =—S1gnd,

. rnax;
. - Siene EXHbIX Y
sign ESAB = S18N 0 54 Cmem

s1gnd,, =s1gndy,
{sign 045 = —SIZN O g,

W e



s1gnd, = —s1gnod,,
— B BEPTUKAJIbHbIX YIT1aX.

S1gN J 5 = —S1gN d



3agava 5

Hantn ypaBHEHUA NpAMOW,

npoxoasilen Yyepes gaHHyo Touky M(x1,y1,21)
N nepneHguKynsapHou

naHHou nnockoctn Ax + By +Cz+D =0



PeweHue

X=X _Y-) _Z-%

A B C

NOTOMY HTO HOpMaJ'IbeII7I BEKTOP MJ1OCKOCTH
n=(AB,C)

CNY>XUT HanpaBnsloLWNMM BEKTOPOM
MCKOMOW MPAMOMN.



3agava 6

Hantn ypaBHEHNE NIOCKOCTH,

npoxoasien Yyepes gaHHyo Touky M(xo,y0,20)
N napannenbHou

gaHHou nnockoctn 4 x+By+Cz+D, =0



PeweHue

A (x—x))+B (y—5,)+C,(2-2,)=0

NMOTOMY HTO MCKOMaAA NMIOCKOCTb
NMPUHaAOJIEXUT CBA3KE NNOCKOCTEN
N NMEET TOT XKe

HopManbHbIi BekTop 7 = (4,,B,,C, ),
4TO M 3adaHHas NNOCKOCTb.



3apava 7

Hantn ypaBHeHNE NIOCKOCTH,
npoxoasien Yyepes gaHHyo Touky M(xo,y0,20)
nepneHOUKynsapHou 3agaHHOW NpAMOK

X—X Y% _E—Z

[ m n



PeweHue

H(x—2xy)+m(y—y,)+n(z—2,)=0

MOTOMY YTO MCKOMAas NITOCKOCTb
NMPUHAONEXNT CBA3KE NITOCKOCTEWN
N UMeeT HopMaribHbI BEKTOP
PaBHbI HAMpPaBnAOLEMY BEKTOPY

3afaHHoM nNpsiMon g = (I,m,n).



3agava 8

Hantn ypaBHEHWE NNOCKOCTH,
npoxoasLien yepes AaHHY NPSMYyHo
X—X Y% _E—Z

[ m n
1 Yepes 3aaHHYI0 He NeXalllyo

Ha 3Ton nNpaAmMon Touky M(xo,y0,20).



PelleHue
ickomasa NnocKoCTb NMPUHaAOEeXNT CBA3Ke
NSIOCKOCTEN
A(x—x))+B(y-y,)+C(z-2,)=0
icnonb3yem ycrioBusa npuHaaneXXHocTu
NPAMOM K NMIMOCKOCTU:
Ax, + By, +Cz, + D =0
{Al +Bm+Cn=0

Toroa

A(x —%,)+ B(5=3)+C(a-2)=0
Al+ Bm+Cn =20



Touka M(xo,y0,20) HE NEXUT
Ha JaHHOW NPAMOMN.

3Ha4uT, HapyLlaeTcs
X0Ts 6bl 0O4HA U3 NPONOPLA

X =% _ N TV _ AT 0

[ m n

Toraa A, B, C MOXHO onpenenuTtb n3 (*)
3agaB NPoOn3BOJIbHO OANH KOS(PMPULINEHT.



3agava 9

Hantn ypaBHEHNE NIOCKOCTH,
npoxoasLien yepes AaHHY NPSMYyHo
X—X _Y-)% _E—Z
ll 1 1

N napannenbHon gpyrou gaHHoOU NPaMou
X=Xy Y=Yy 27

lz m, n,

m n




PeweHue

icnonb3ya ycnoBusa NnpuHaanineXxHocTu
NPAMOW K NSIOCKOCTU, MOMYy4YnMm

Ax, + By, +Cz, + D =0

{Al1 +Bm, +Cn, =0

Ycrnosue napannenbHOCTU NIOCKOCTU U BTOPOWU
OAaHHOW NpsiMOW OaeT

Al,+Bm,+Cn, =0
Torga U3 nony4vyeHom cCUCTeMbl 3-X YpaBHEHUM

MOXHO onpegenutb A, B, C, D
3agaB OOMH KOO PULMEHT NPOU3BOJSILHO.



3agava 10

Hantn ypaBHEHWE NNOCKOCTU, NpoxoadaLlen
yepes 3agaHHyo npsmyto L1 n
nepneHgMKynapHou 3agaHHOW NITOCKOCTHU T.



PeweHue

3apava cBoanTCA K NpeabliayLLnM:

1) Uepes Touky npsamMon L1 npoBedem rnpsiMyto
Lo, neprneHanKynspHyo NIIOCKOCTU 1t (3agava 5).

2) Yepes npamyto L1 npoBegem nnocKocCTb,
napannenbHyto npamon Lq (3agada 9).



3agava 11

HanTtn ypaBHeHUa neprneHaukyngapa Le,
OnyLlEeHHOro n3 3agaHHom Touku Mo Ha OaHHYO
npsiMyto L.



PeweHue

3apava cBoanTCA K NpeabliayLLyMm.

Haxooum 2 nnocKocTun, Npoxoasimx Yyepea:

1) Touky Mo n npsmyto L1 (3agayda 8).

2) Touky Mo n nepneHanKynsapHyro K npamon L1
(3apgava 7).

ickomMmbIn nepneHankynap Lz eCTb NUHUS
nepeceyeHna aTnxX NNOCKOCTEMN.



3agava 12

Hantn pacctoaHue ot Toukmn Mo oo npsamon L.



PeweHue

Y Hac ecTb ypaBHeHUs neprneHankynspa Le,

OnyLlEeHHOro n3 Toukn Mo Ha npamyto L1
(3agava 11).

Pelwmnm COBMECTHO ypaBHEHUS NPAMbIX L1 1 Lo.
OTO gacT Touky M1 ocHOBaHUA nepneHaukynapa.

lckomoe pacCcTodHMe eCTb AJIMHa oTpe3ka M M, .



3agava 13

HainTtn obLwmn nepneHankynsap
K ABYM CKpeLlinBarowmmcs npsamoiMm L1 n Lo.



PeweHue

1) NpoBenem nnockoCTb To Yepes Npsamyto L1
napannenbHo npamon Lg (3agada 9).

2) NpoBenem 4epes npsamblie L1 n Lo
NSIOCKOCTU 11 N 12 NEPNEHANKYNSIPHO 7o
(3agaya 10).

3) AckomMbiv nepneHankynsap ecTb
NUHNA NepecevYeHna NI0CKOCTEN TT1 U To.



3agava 14

HanTtn Kpatyanwiee pacctodaHne mexay aBym4
cKkpewmBarowmmmcsa npamosiMn L1 n Le.



PeweHue

1) MocTponm NNOCKOCTb 7o Yepes NpsAMYo L1
napannenbHo npamon Lg (3agada 9).

2) Hangem paccrtosiHue oT fitodbon TOUKM NPAMOWN
L2 0O NNOCKOCTU To.



