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NPEIUCJIOBUE

[Ipepnaraemoe yue6HOe mocobue COAEPIKHT MaTEpHAJ MO MPOCKTHBHO
reOMETPHYECKHUM TeMaM AeHCTBYIOLLeH MpPOrpaMMbl Kypca FeOMeTpHd fefa-
FOTHYECKHX MHCTUTYTOB, 8 HMEHHO [0 pasfesaM «[loHsTHE POEKTHBHOIO
npocTpaHcTBay U «OCHOBHbIE (aKThl [IPOEKTHBHOI F€OMETPHHY.

MsnoxkeHne HauuHaeTCsi C OXHOMEPHOH MPOEKTHBHOH reoMeTpuu. ITo
IOMOXKET YHTATeNIO0 MOATOTOBUTbCS K H3YyUEHHMIO OCHOBHOI'O MaTepHaJfa
IBYMEpHOH reoMeTpuH. Takasi JAONMOJNHHUTENbHAs «CTyNEHbKa», Ha MOH
B3IVISIA, OCOOEHHO MOJIe3HAa CTYLEHTY-3a0YHHUKY.

[TpenojaBatenio HEOGXOAMMO OOpPATHTL BHHMAaHHe Ha [pPHUMEHEHHE
NPOEKTUBHLIX TE€OPEM K IEOMETPUH €BKJHJOBOH IJIOCKOCTH, — 3TO Bax-
HBIH U1 OyJyLlero y4yuTessl acleKT NPOEKTHUBHOH TeOMEeTpPHH. DTOMY BO-
IpoCcy B NOCOOUH YAEJEHO NOCTAaTOYHOE YMCJO NYHKTOB M mnaparpados,
Ha3BaHHUSl KOTOPBIX 3aKAHUYMBAIOTCS CJOBAMH ... Ha pPaCIUHPEHHOH eBKJIH-
IOBOH MJocKoCTH». CTyLeHT AO/KEeH YETKO NMpeACTaBJ/ATh, HallpuMep, UYTO
npoekTHBHas Teopema [le3apra pacnajaercss Ha MHOTO TE€OpPEM €BKJHAOBOH
reoMeTPHH, YTO TapMOHHYECKOe JesJeHHe — 3TO 00oO0LieHUe Je/IeHHs M0-
noJiaM, YTO LE€HTP KBAJIpHKH — 3TO MOJIIOC HECOOCTBEHHOH NPAMOH M T. I.

KHura coCTouT U3 1eCTH rJjaB. I'iaBel pa3bUTH HA nmaparpadel, napa-
rpadel — Ha OyHKTH. Hymepauusa nyHkroB, (pOpMyJ U NpHUMEpPOB COXpa-
HSEeTCs B NpefesaX KaxKAoro nmaparpada.

[Toco6ue npencraBssieT paClIMpPeHHBIH BAPUAHT OJHOMMEHHOH Opo-
mopbl aBTopa (IIpoekTuBHas reomerpusi. M., 1975). B orinune ot Hee
U3JI0KEHHE 3Jlechb 0oJsiee MOJIHOE, TEOpPeTHYeCKMH MarepHasJ HJJIIOCTPH-
pyercst GOJIBILIMM KOJIHYECTBOM MOAPOOHO pELIEHHBIX MPHUMEPOB.

Asmop



I'J1ABA I
NMPOEKTUBHASI TEOMETPUS HA NMPSAMOH

§ 1. PACLHIUPEHHAM EBKJIMI0BA TNPSAMAAL.
MPOEKTUBHAA MPSAMASA

1. MepcnekTHBHGE OTOGpaxenue npsamModl B mydok. Ha eBkauzoBo#
IJIOCKOCTH R, BO3bMeM MyYOK § NMpsIMBIX ¢ LEHTPOM S (MHOXKECTBO MPSIMBIX,
[IPOXOASALIMX yepe3 TOUKy S) u npsmyio R,;, He NPOXOASLYIO Yyepes LeHTP
nydyka. PaccmorpuM otobGpaxkeHue ¢ npsamoi R;B NyYok §, npH KOTOPOM
BCsiko# Touke A € R, coorBerctByer mnpsimas SA € § (puc. 1), T. e
orobpaxkenue Pp: R, — §, onpenensiemoe ycaouem | (A) = (SA). Taxoe
oroOpakeHHe HAa3BbIBAETCS NEPCNEKmMUBHLIM.

OtobpaxkeHue ) HHBEKTHBHO, TaK KakK U3 A = B caenyer ¢ (4) %
= ¢ (B). B T0 Xe BpeMs OHO He CIOPBEKTHBHO (He IBJIS€TCS 0TOOpaXKeHneM
«Ha»), TAK KaK B Nyuke § ecTb NpsiMasi, He uMelomas npoobpasa. 1o mps-
Mag m, napanjenbnas R;. Ijgg Toro 4tobnl oToOpakeHue { CTaJO OTO-
OpaxKeHHeM «Ha», MOXKHO:

1) u3 myuka § ypaauTh NOpSIMyI0 m U pPacCMaTpHUBaTb OTOOpaKeHHe
R, — (S8 \\ {m}) nam

2) Kk npaMo#l R; NPHUCOEAUHUTHL AONOJHHUTENbHYIO TOYKY, PacCMaTpH-
BaeMyIl0 KaK Npoo6pa3 MpsMOH M OTHOCUTENBHO NEepCHeKTHUBHOIO 0TOOpa-
JKEHH.

Mkg1 nofinem no BropoMy MOYTH.

2. Pacwuperras eskauposa npsamag. OnpexesieHHe NMPOEKTHBHOU nps-
moit. K npsamo#t R, npucoenMHHM TOYKY, KOTOpPyIO O0O003HAuUUM de-
pes M_. Bynem cuutath, 4TOo B 3TOH TOUKe mpsMas rm [epeceKaeT napad-

JeNbHYIO eHl npsiMyio R;. DTO MO3BOJHT pacCMaTpUBaTb NPSMYIO m Kak
o6pa3 TOYKH M_ 0pH MNEPCNeKTHBHOM OTOOpaXKeHHH.

EBKIMAOBY mnpsMylo, IONOJHEHHYIO TOYKoH M_, OylemM HaswBaThb
pacuiuperrol esxkaudosotl npamoil (U 0603HAYATH
S m R,), a Tourky M_ — HecobcmBerHoti uau Gecko-

HeuHo yoareHHoU moukotl npsmoi R,.
Bmecro otoGpaxenusi ¢: R, — 8 Oynzem Te-

¥(4) nepb paccMaTpuBath oOro6Gpaxenue P: R, — S,
y g, KOTOpOE Ha MHOKecTBe COOCTBEHHBIX TOUYEK
7 npsaMmoii R, (T. e. Ha npamoil R,;) nelicTByeT Kak
VP, a HECOOGCTBEHHYIO TOUKY OTOOpaxaeT Ha Mps-

Puc. 1 Mylo m.



P (A) = ¢ (A) = (S4), eciu A 5= M _,
$ (M) = m.

Oro6pakeHHe |, KOTOpOe Mbl NO-TipexHeMy GyneM HasbBaTb fepcnex-
MUBHbIM, ABJISIETCS OJHOBPEMEHHO UHBEKIIHMeH U ClopbekLueH. Takue oTo-
GpaxkeHHsl HasLIBAIOTCS OuexmugHbimu (MM 83AUMHOO0HO3HAUHbIMU).

B panbuefiiieM ciaeayeT CYMTaTb BCe TOUKH NpPsIMOH R; paBHONpAaBHBI-
M. C 3TOH Ile/ibl0, [O/Nb3YsiICh GUEKTHBHOCTBIO OTOOpaxeHnus P: R;— S,

Mbl MOXKEM BMeCTO R; pacCMaTpHBaTh NYYOK &, HAa3BaB €ro MPOEKTHBHOM
npsiMOM, a NpsiMble NMyuykKa — ToukaMu. Onpejesnenue NPOEKTHBHOH Nps-
MOH MBI chOpPMYJIHpYy€eM B HECKOJIbKO GoJiee obiieM BHJE.
npengeJeHUue. [IpoekmusHoti npamoil Ha3bIBAGTCS MHOXKECTBO
P,, eciu cyuectByer GHeKTHBHOe oTobOpaxenue g: Py — §, roe § — ny-
YOK NPSMBIX €BKJIHAOBOH MJIOCKOCTH; 3J€MEHThl MHOXKeCTBa P; Ha3bBaIOTCS
TOUKaMH.
Tenepp onHu u Te xKe (PaKTbl MOTYT ObITh BbIpa)K€Hbl KaK Ha $I3bIKe
eBKJIMJOBOM, TaK U HA s3bIKe NMPOEKTUBHOU reoMerpuu. llpu nepesoze c

OLHOTO §I3blKa Ha JAPYTro# yA0OHO MOJBb30BAaTHCSl CJAELYIOLIEH «CJIOBAPHOMY
TabauLen:

SI3bIK eBKJHAOBON reoMeTpHH ‘ SI3BIK MPOEKTHBHOH reoMeTpHH

Ilyyok npsmeix (S)

IlpoektuBnas npsamas (Py)
[IpsiMast nyuka

Touka

Tak KaK u orob6paxkenue P: R; — S H TOMKIECTBEHHOE OTOGpaXKeHHe

S — § GueKTHBHEI, TO M paCIIMPEHHAs €BKJUIOBA mpsMas R, U nyuok S
SIBJISTFOTCS IPOEKTUBHBLIMU [PSIMBIMH.

3. MMopsaaok Touek Ha npoekTuBHOI nNpamoi. [TopsanoK TOUeK HA eBKJIH-
JIOBOK MPSAMOH XapaKTepu3yeTcs OTHOIIEHHEM «lIexXaTb Mexnay». Ha mpo-
€KTHBHOHl NpPSIMOH 3TO OTHOILEHHE He HMeeT CMhIC/]Ia, U BMECTO HEro BBO-
AWTCS HOBOE OTHOLIEHHE — «Pa3feJIeHHOCTb Map TOYeK».

B nyuke S BosbmeM napy npsiMeix A U B ¥ pacCMOTPHM JiBa MHOKECTBA:
a) MHOXKECTBO, CocCTodilee U3 NpsiMbIX A U B W Bcex NMpsAMBIX MydYKa, pac-
MOJIOXKEHHBIX BHYTPH OJHOH W3 Map BePTHKAJBHBIX YIJOB, 06pasoBaH-
HBIX 3THUMH TPSMBIMH; 6) MHOXKECTBO, cOCTosiliee M3 MpsMbIX A H B
BCEX MPAMBIX, PACMNOJOXKEHHLIX BHYTPH APYTOH Napbl BEPTHKAJBHHIX yT-
JoB. Ha s3blKe NpOEKTHUBHOH TIeoOMETpPUM 3TH MHOXKECTBAa Ha3bIBAIOTCS
ompeskamu, a npsimMele A U B — konyamu ompeskos.

Takum obGpasoM, Ha NPOEKTHUBHOH MPSIMOH HMEIOTCS ABA OTPE3Ka C
OOLIMMU KOHLIAMH.

Onpeneanenune. Ilycte A, B, C, D — TOYKM MNPOEKTHBHOMH
npamoii. Eciy toukn C, D JexaT Ha pasHbIX OTpe3Kax ¢ Konuamu A, B,
10 napa (C, D) HaswBaercs pasdeasrowjeii napy (A, B) (oGosnauerue:

A, B =+ C, D), ecnu Ha ofHOM, TO Hepasdersowieli (o6o3nauenne: 4, B«
= C, D).



Ha pucynkax 2 (nyuyok) u 3 (pac-
IIMPeHHass €eBKJ/JWJOBA MNpsiMas) Mo-
Kas3aHbl CJELYIOIIHEe [aphl:

A,B=C,D;, A, C-=+ B, D,
A, D = B,C.

Ilpamasg  myyka, HeNpepniBHO
Bpawasicb B I[yuYKe, BO3BPALIAETCS
Puc. 2 B HCXOAHOe moJoxeHue. J[lpyrumu
CJIOBaMH, TOYKa [POEKTHBHOH Mps-
MOH MOXET OOOHTH BCIO NpPSIMYIO U
BEPHYTbCS B HCXOJHOE IOJIOXKEHHUE.
STO TOBOPHUT O 3AMKHYMOCHU NpPOeK-
musroii npamoti. OTMETUM, OIHAKO,
YTO 3aMKHYTOCTb OTHOCHUTCS K UHCJY
TaK Ha3bIBA€MbIX TOIMOJOTHYECKHX CBOHCTB JUHUH. TouHOe omnpeneseHue

3TOTO NOHSITHSl, KaK U CaMO MOHATHE JIMHHUH, H, CJIeJ0BAaTe/JbHO, CTPOroe
JI0Ka3aTebCTBO 3aMKHYTOCTH KaKOH-JTHO0 JIMHUU MOTYT OBITh JaHBI JIULIb B
TOIOJIOTHYECKHX TepMHMHaX. Hamm paccyxpeHuss HOCAT HaryisfHBI Xa-
paKkTep ¥ J0Kas3aTe/JbCTBOM He SIBJSIOTCS.

Puc. 3

§ 2. MPOEKTHBHASA CUCTEMA KOOPOMHAT HA NPSIMOH

1. OnpegeneHne NPOEKTHBHOW CHCTeMbl KOOpAUEHAT. BBenem cucre-
My KOOpAMHAT B NydKe. Tak KakK NY4YOK — 3TO NpPOEKTHBHAs NpsMag,
TO T€M CaMbIM OYyJeT pellueH BONpoc 06 YyCTAHOBJEHHHM CHCTEMBI KOOpHIHM-
HaT HA NPOEKTUBHOH NpSMOH.

Paccmorpum Ha miockoct R, adduHHYIO CHCTeMy KOOPAMHAT, Ha-
YaJ0 KOTOPOHU COBMAJaeT C LEeHTpOM S Myyka, a KOOPAUHATHBIE BEKTOPH

-> -

ey, € IPOU3BOJIbHBI, HO HEe KoJIHHeapHbl'. Besakas npsmasa X nyuka mo-

-

’)KeT ObITb ONHO3HAYHO OlpeJleleHa CBOMM HalpPaBJISIOMIUM BEKTOPOM X
-

(puc. 4). [Tostomy napa uucen (x;, X,) KOOpAMHAT BEKTOpa X XapaKTepH-
3yeT npsaMyto nydka. OnHako ta xe npsMas MOXKET ObITb 3alaHa U JII06bIM

APYTHM HaMpaBIISIOLUM BEKTOPOM x'. Ob6a HaflipaBJSIOLIUX BeKTOpa x
n % KOJTUHEApHbl H, CJIEOBaTebHO, CBA3AHBI COOTHOIIEHHEM ¥ = kx

(k== 0). Tlostomy mnapa uucen (kxl, kxz)— KOOpPJAHHAT BEKTOpa X —
TOXKE XapaKTepusyer npsamyro X.

2, X TakuM o6pa3oM, NPONOPILHOHANb-
Hble (T. €. OTJIHYaKLHecss HEHYJIeBbIM
MHOXKHTEJIEM) Naphl YhCe ONpeness-
% IOT ONHY H Ty XK€ NpPsIMyl0 B NYyUKe.
- HenpomnopunoHanbHble e Naphl Of-

&, penensioT pasHble NMpsIMble, TaK Kak

1 Ins Takoit cucTeMbl GyeT NpHMeH ATh
-—
Puc. 4 ¢t o6o3nauenne (S, ¢).



BEKTOpbl, COOTBETCTBYIOLIHNE HENpPONOpPLUOHAJNbHBEIM I1apaM, He KOJJIHHe-
apHHI.

OtmeruM, 4TO JI06as Mmapa 4Mces, KpOMe HYJIeBOH, ompejesnsieT He-
KOTOpYIO NMPSIMYIO B NYyUKe.

Bo MHOXKecTBe HEHYJIEBBHIX Map YHUCEN NPOMNOPLHOHAIbHOCTb SIBJISET-
Csl OTHOLIEHHEM 3KBUBaJIEHTHOCTH. [lo3TOMY MHOXKECTBO HeHYJIeBhIX Hap
pa3buBaeTCs Ha KJIaCChl 3KBUBAJIEHTHOCTH IO OTHOILLEHHUIO NPONOPLUOHAb-
HOCTH.

M3 cka3aHHOIO $ICHO, UTO KaXKJOMY KJacCCy Map COOTBETCTBYeT efMH-
CTBeHHAs NpsMas B NyYke M oOpaTHO — KaxKJIOH NpsIMOH OTBeYaeT oIpe-
IeseHHBIH KJacce nap. [Toaromy kacc NponopuHOHaNbHBIX AP MOXKHO CYH-
TaTb KOOpAMHATOM npsimod. TeM caMbIM Ha NPOEKTHUBHOHM NpPSIMOH Ompe-
LeJISIETCS NPoeKmMuU6Has CACTeMa KOOpAMHAT, T. €. cnocol 3aJaHusl TOyeK
IPOEKTHBHOH NPSAMOH NPH MOMOLIH YHCEJI.

KJacec 3KBUBAJIEHTHOCTH MOXKeT ObITh 3aJaH OJHUM MpPEACTaBUTEJEM,
no3ToMy /18 0003HauyeHHs1 KOOPAMHATHI NPsIMOI NMydYKa MOXKHO HCIIOJb30-
BaTb OOBLIYHYIO 3aluch: X (X;, X,). HacTo BMeCTO 3ansiTOd CTABAT JBOETO-
yue X (x; : Xx,), MOAUEPKHUBAs 3THM, YTO MpsiMas MydyKa XapaKTepusyercs
HE CaMHUMHU YHUCJaMH X;, Xy, a UX OTHolleHHeM. [Horza koopaunaty npsg-
MOM Ny4YKa 3aMUCHIBAIOT B BHJE MaTPHULBI-CTONONA, 3J€MEHTAMH KOTOPOH
SIBJSIIOTCA KOOPAMHATHI OJZHOI'O U3 HAMNPABJSIOIMIUX BEKTOPOB NPSMOH.
[Ipy stoM npuHsTO CTOJGEl 0603HAUaTh TOH 2Ke OYKBOH, YTO U MPSAMYIO
MyyKa:

X1
Xo

HecmoTpsi Ha HekoTophle HeynOOCTBa, CBsi3aHHBIE ¢ 00O3HAUEHHEM OJHOH
¥ TOH Xe OYKBOHN U NMpPSIMOMN NMydYyKa U MaTPHLbI, TaKas 3alHCb HMEET CBOU
IPEUMYIIeCTEA.

Mpr OyzeM fOoMyCKaTh HEKOTOPYIO BOJIBHOCTbH PEuYH, HasblBas KOOPIH-
HaTaM{ NPsSIMOM MydYkKa 3JeMeHThl cToabua X — uucaa x;, x,. Hectpo-
roCTb TAKOTO CJIOBOYNOTpeOJeHHsl CBSi3aHA C T€M, UTO KaxKJoe U3 YHCeJ
X, U Xy B OTAEJBbHOCTH He UMeeT reoMeTpHyeckoro cmeicaa. OfHako Takas
TEPMHHOJIOTHS LIHPOKO PAaClHpOCTpaHEHa, W C 3TUM Hesb3s He CYUTATBCS.

2. I'omoTeTHuHble cUCTEMBbl KOOpAMHAT B mnyuke. [IBe addHHHBIE CH-
CTeMbl KOOpAMHAT C OOLIMM HayajioM Ha3bIBAIOTCS 20MOMEMUUHbIMU, €C-
JI1 COOTBETCTBYIOLIME KOOPIAMHATHbIE BEKTOPHl 00EHX CHCTEM OTJIHYAIOTCS
TOJIBKO MHOXKHUTEJIEM U NIPUTOM OJHHM H TEM JKe€.

Teopewma. [aa moeo umobel 0se cucmemosl agdunnbix KoopOuram,
HAa4aa0 KOmopolx HAaxo0Umcsa 8 yenmpe ny4xa, onpedessisu 00HY u my oge
cucmemy npoekmusHolx xoopduram, Heobxo0umo u Oocmamouro, 4mobol
cucmemot ObLAU 20MOMEMUYHbL.

HoxkasateascTBO. J[ocmamounocms. IlycTb JaHHBIE CHCTe-

Mbl apPUHHBIX KOOpJAHHAT TOMOTETHYHBI, T. €. CYIIECTBYET TaKO€ YHCJO
h = 0, npd KOTOpOM

X =

-> -3 -2, -
-> - -3 ->,

Tnee;, e, U ey, e — Nnapbl 6a3UCHBIX BEKTOPOB adbUHHLIX CHCTEM KOOpPIH-
-
HaT. JlokaxkeM, YTO HanpaBJ/sIOUMHA BEKTOp X NPOH3BOJbHOH mpsiMoii X
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nmyyka HMeeT B JaHHbIX CHCT€MaX [pPONMOpPLIMOHAJBHEIE KOOpPJAHHATHL.
D10 OyleT o3HayaTbh, YTO B O0€MX CHCTEeMaxX MPOU3BOJBHOH npsiMon X
OTBEYAeT OJUH U TOT e KJacC NPONOPIHOHANbHBIX Nap, T. €. 00e CHCTEMBI
yCT2HABJIHMBAIOT B My4YKe OfHY M TY e CHCTeMY NPOEKTHBHbIX KOODLHHAT.

[Iycts BekTOp X B CUCTeMe (S, el) UMeeT KOODAMHATH (X, X,), T. €.

x == x1€1 "l— x282.
B cuay cootnomenu# (2.1) monyuaem:

X!

e +_62'

> e X X
CnenoBarenbHo, B cucreMe (S, e; ) BEKTOP X HMeeT KOOPIAHHATHI (—1-, ;2),
KOTOpbI€, KaK BHJUM, NPONOPLHOHANBHBl KOOpAUHATAM BEKTOpPa B CH-
—
creme (S, ¢).

Heobxodumocme. IlycTh Teneps HaM JaHO, YTO 06G€ CUCTEMBI YCTAHABJIH-
BAIOT B Ny4YKe OfHY U TY K€ CHCTeMy [POEKTHBHBIX KOOpJHHAT. 3TO 03Ha-
yaeT, YTO KOOpAMHATHl JIOOOrOo BEKTOpa, BHIYHCJEHHBLIE B TOH U APYyroM
CHCTEMAX, MPONOPLHOHABHEL.

B yacTtHOCTH, BEKTOp e1 KOOplLHHaTbI KOTOpOTro B cucreMme (S, e) o6pa-
syt mapy (1, 0), B cucreme (S, ei) UMeeT KoopAuHarthl (h;, 0), T. e. e1 =

- - -
= hye;. AHaNOTHYHO e, = h,e,.
Tenepp paccMOTPUM BeKTOP

- -, - -
e, + e, = hie; + hqe,.
-—
Ero koopaunaTel B cucreme (S, e;) ofpasywor mapy (1, 1), B cucreme

>
(S, e;) — napy (hy, hy). Ilo ycnoBuio o6e mnapel NMpPOMOPLUHOHAJbLHBI, H
notomy h; = h,. O603HaUast 3TH YKCJIa yepe3 h, NIPUXOAUM K PopMyJam
2.1).

Teopema jmokasana.

3. 3ajaHue NPOEKTHBHBIX KOOPAUHAT MPH MNOMOILM MPSMbIX My4Ka.
Mgl BBesiH B ITyYKe CHCTEMY KOOPJAWHAT, HA3BaHHYIO NpoeKTHBHOH. OfHAKO
AJIS ee 3aflaHusl HCHOJb3YIOTCS BEKTOpHI, He SBJSAIOLIHECS 3JeMeHTaMH
nyuyka. Heob6xonumo HaliTu cnocob 3ajjaHus NPOEKTUBHBIX KOOPAUHAT NpH
MIOMOLIY NpPSAMBIX MyYKa, T. €. BHYTPEHHHMH OTHOCHTEJNBHO 3TOrO NydYKa
cpencTBaMu. [locTaBjeHHYIO 3afauy pelnaer Cjefyoolias TeopeMma, KOTO-
py1o Mbl QOpPMYyJIHpyeM Cpasy Ha si3blKe NPOEKTHBHOH I'€OMETPHH.

Teopewma. Kakosor 661 Hu Gotau mpu pazauunele mouku E,, E,, E,
npoexmusHotl npamotl, cywecmeyem eOUHCMBEHHAA CUCMEMA NPOCKMUBHBLX
KoopOuram, 8 Komopot 3mu mouKu Umerom KoopouHarmbl

E,(1:0), E;0:1), Eo(1:1).

IloxasaTenbCTBO INpPOBENEeM Ha s3blKe€ EBKJIMAOBOH TeoMerT-
PHH.

8



Cyuwecmsoearue. [lycth e, — Ka- £, / - / £y
KOH-M00 HalpaBJsilolledl  BEKTOp A %o
npsimoit E, nyuka S (puc. 5). Pas-
- -

MOXKHB €r0 Ha COCTABJSIIOLIHE €; U €,
KoJJIMHeapHue npsaMeiM E; U E,, no-
-

- - >
nydaeM ¢, = e; + é,. 7S € £
Beenem tenepr B myuke § cuc- Puc. 5

—
reMy ap@UHHBIX KoopauHat (S, ¢).
- - —
B sToli cucreme BeKTOpHI €;, €5, €, UMEIOT KOODAHHATHI

e = (1,0), &= (0, 1), & = (1, ).

-
CrnenoBartesibHO, cucrema (S, e;) YyIOBJETBOPSIET YCJIOBHIO TEOPEMEL.

- -
Eduncmeennocme. Tlycts (S, ¢;) u (S, e;) — ABe cucreMbl apdPUHHBIX

KOODAMHAT B MyUKe, ONpEAE/SIOLIYE B 5TOM NMyyYKe NPOEKTHBHbIE CHCTEMBI
ROOpDAHHAT, YAOBJIETBOPSIOIIHE YCJIOBHIM TeopeMbl. 1pebyercs H0KasaThb,
YTO OHHM ONpELe/SIOT OJHY H Ty 2Ke CHCTeMY IMPOEKTHBHBLIX KOOPAHHAT.
B cooTBeTcTBHM C TeOpeMO# NpenblAylnero MyHKTa AJisi 3TOTO JOCTAaTOUHO
JI0Ka3aTb T'OMOTETHYHOCTb OGEHX CHCTEM.

- - - -
Bekrtop e, B cucreme (S, ¢;) ¥ BEKTOp e, B cucreme (S, e;) MMEIOT Ko-
opauHarts (1, 0). ITo ycioBHIO TaKHe e KOOPAHHATHI HMEET U HANPaBJISAIO-
- —
mui BeKTOp MpsAMod E;.CnefoBaTesbHO, BEKTOPHI ¢; U e, KOJJIHHEAPHHI.

- - -

Ananornuso fiesiaeM BBIBOJ O KOJIJIHHEADHOCTH BEKTOPOB €, U €,, & = €; 1

- - - - - - - - - -
+ e, n gy = e, + e, Tak Kak e, = hye;, e, = hqey, €y = hyey, TO
- - - - -
e, = hy (ey + €2) = hyey + hoey

M, CJeloBaTe]bHO, h; = hy = hy;, YTO U JAOKa3blBa€T T'OMOTETHYHOCTh
CHCTEM KOOpJHHAT.

Teopema nokasana.

Urak, npoexmuenas cucmema xoopO0unam O00HO3HAYHO oOnpedeasiemcs
mpolikoll movex. DTH TOUYKH HA3bLIBAIOTCS pyHOameHmarbHbiMy TOUYKAMH
cuctembl KoopauHat. Ilpu stom E; u E,, KpoMe TOro, Ha3plBalOTCA KOOp-
ounamneimu, a E, — edunuurnoi. CucreMy NpOEKTHBHBIX KOOpJAHHAT R,
onpefenseMylo dyHunaMeHTalbHBIME Toukamu E;, E,, E,, Oynem o603Ha-
yath R (Ey, E,, E;) unu, Kopoue, R (E);).

4. MNpeoGpasoBaHne NPOEKTUBHbIX Koopauuat. Halingem 3aBHCHMOCTH
MeX1y KOODJAUHATAMH OJHOH H TO¥ e TOYKH NPOEKTHBHOH NMpsiMOH B pas-
HBIX CUCTEMaX KOOpJAHUHAT. JTO yAOOHO clejaThb B TEPMHUHAX, OTHOCALIUXCS
K NyuKy (Ha S13bIKE E€BKJUAOBOH IeOMETPHH).

ITycrs (S, ¢;) u (S, €;) — nBe cucrembl apdUHHBIX KOOPAHHAT U X —

-
Kakasg-n1u60 npsmasi nyuka §. O603HaunM yepes x OJJUH K3 HaNpaBJ/SIOLIHX
BeKTOpOB NpsamMoil X. Toraa, no onpejesnexio, napa €ro KOOpAUHaT ABJs-
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ercsi NpeiCTAaBHTe]EeM KJacca MNPONOPUHOHANBHEIX MNap — KOOPIAWHATHI
npssMoit X. Kax 6bL10 yCIIOBJIEHO, 0603HarmM TOH Xe 6ykBo#t X crosbern

U3 KOOpJAMHAT BEKTOpa X B cucreme (S, el) crosiber, U3 KOOpJAHHAT TOTO

JKe BeKTopa B cucreme (S, et.) oGo3HauuM uyepes X'. ITu crogblbl, KaK U3-
BECTHO M3 TEOPHU JHHEHHBIX NPOCTPAHCTB, CBSI3aHBI COOTHOLIEHHEM

X' = PX,
rie P — HeocoOeHHast KBafipaTHas MaTpUlla BTOPOro MOpPsiKa, 3ajarolas
- - - -
nepexof OT Mapbl BEKTOPOB €;, €, K Nape BEKTOPOB e, €,, @ HMEHHO:

-, - -
P — Pir Piz el e, = pueér + Pnes,
—|{{Par Paz || R R Y
€y = P12€1 + Poges.

Tak xak cTos6ibl X U X' MOXKHO 3aMEHUTh APYTHMH MPECTABUTES-
MH, TO OHM OIpejie/IeHb! JIMIIbL C TOYHOCTBIO JO HEHYJEBOTO MHOMXKHUTEJS.
IToaTomy ypaBHenue X' = PX cielyer MOHMMATh He OYKBaJbHO, a JHIIb
KaK YTBepXKJeHHe NpONOpLUHOHANbHOCTH cToN6uoB X' u PX. IToCKONbKY
OOIIENPHHATOrO 3HaKa NMPONOPLHOHAIbHOCTH HET, TO YypasHerue nepexoda
om 00HOU cucmembl nPoeKmusHoLx Koopouram K Opyzoll B MaTpUUHOH dopme
OyZeM 3alUChiBaTb B CJEAYIOLIEM BHJE:

AX' = PX (2.2)
HJH (B NoApOOHOH 3anucH):
{Kx; = PuX1 T Pra¥oes
Axy = parXy + Paskas (2.3)

rie A — Ko3¢hdHIHEHT NPONOPLHOHANBHOCTH (11000€ YHCJIO0, OTJIHUHOE OT
HYJS) U

x|

’

Xo

P11 P12
Pay DPao

Ecau 3amenuth marpuny P Ha hP rae h — yucso, “He paBHOE HYJIIO,

X = X = , P=

x1
Xg |’

TO TMapa KOOPAMHATHHIX BEKTOPOB €, e2 3aMEHUTCS Ha hel, he2 Takoe us-

MeHEHHEe, COTJIaCHO TeopeMe O IOMOTeTHYHBIX CUCTeMax ad@HHHBIX KOOp-
IuHaT (CM. M. 2), OCTaBUT NPOEKTUBHYIO CHCTEMYy KOOpAMHAT 0€3 H3MeHe-
nus. [Toatomy roBopsit, uTo MaTpuua P B ypaBHeHUH (2.2) ompeneseHa
C MOYHOCMbI0 00 MHOXCUMEAS.

$ICHO TakxKe, 4TO HEOCOOEHHOCTb MATPULLI P — €IHHCTBEHHOE OTPaHHU-
YEeHHe, HajlaraeMoe Ha Hee.

YpaBHeHHsI TepexOofa MOXKHO 3amnucaTh ¥ B JPYrom BHJE:

pX = QX’, (2.4)
rie p = A7, Q = P71, unu (B mofpaGHOH 3amucH):
{uxl - qllx; + q12x;’ (2.5)
PXy = (arX; + Ga0X3.
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5. IlpoekTHBHble KQOPEMHATH! HA pacCIMpPeHHOH €BKJAHIOBOH MPAMOI.
Onnopoxnbie aduuHble KOOpAUHATHI. [IpOEKTHBHLIE KOOPAUHATH Ha pac-

IUIMPEHHOH €BKJIMJOBOH MNpsaMol R; ciaeayer noHuMath Tak. I[lycte

R, - 8§ — nepcrnekTiBHOE OTOGpaXkeHue NpsAMod R; Ha KakoH-nu6o my-
gok §. Torma NpoOeKTHBHOH KOOPAMHATOM TOYKH, Jexalell Ha MNpsiMOH

R,, Gyner mpoeKTHBHAs KOOPAMHATA COOTBETCTBYIOUEH HpPSIMOH myuKa.

Ecnu Ha npsmoit R; BeiOpaHbl yHAaMEHTa/lbHbIE TOUKH, TO B COOTBETCT-
BUM C TEOPEMOH O 3a3/laHUM NMPOEKTHUBHLIX KOOPAMHAT (CM. I. 3) onpenesieHa
cUCTeéMa KOOpAMHAT, KOTOpasi, CJeLOBaTeJbHO, He 3aBUCUT OT BhlOOpa
BCIIOMOTATEILHOTO MyYKa §.

Ha npoekruBHo#l mpsiMmoit P; BCe TOUKH paBHONpaBHbl. Ha pacmmupesn-

HOM eBKJMIOBOH mnpsiMoit R; HecoOCTBEHHasi TOYKa UTpaeT 0cobyi0 poJb.
Ecau 3Ty TOUKy NPUHATH 32 OJHY U3 (PyHAAMEHTAJILHBIX TOUYEK IMPOEKTHUB-
HOM CUCTEeMbl KOOPJAUHAT, TO NOJYYUTCS CUCTEMA NPOEKTUBHBIX KOOPAHUHAT
ocoboro BHUIA.

Onpepneanesnne IlpoekruBHas cucrema KoopauHaT R (E,, E,,

E,) Ha pacluupeHHOH eBKJIWAOBOH npsiMoi R, HasblBaeTCs cucmemoti 00HO-
pooHbLx aghgpurHbLx KoopOuHam, ecid TouKa E; HeCOOCTBEHHAS.

O6biuHasi cucreMa ap¢HHHBIX KOOpPAMHAT Ha HepaCWIMPEHHOH nps-
Mol R, HaswiBaeTcsi HeoOHopooHoti. OHa onpenenseTcs IByMsl TOYKAMH —
HayasioM KoopAauHaT O W Touko# E, KoopiuMHaTa KOoTopoH paBHa 1. Ecau

0= E, u E = E,, TO cicTeMa OJZHOPOAHLIX KOOpPAHHAT Ha R, U cHUcTeMa
HEORHOPOJHBIX KOOPAMHAT Ha R; HAa3BIBAIOTCH COOMBEMCMBYOUUMU.

[IpenMyiiecTBO OZHOPOAHOH CHCTEMBbl KOOpAHMHAT INepe] HEOZHOpOJ-
HOH B TOM, YTO B OJAHOPOAHOH CHCTEMe HeCOOCTBEHHas TOUKa MMeEeT OIpe-
JesieHHbie KoopauHaThl. V3 TeopeMmbl 0 3ajaHUM MPOEKTHUBHLIX KOOPAMHAT
NpH MOMOIIM NMPAMBIX MyYKa (CM. II. 3) CJefyeT, YTO 3TH KOOPAMHATHI paB-
Hel (1 : 0). KoopauHaTel COGCTBEHHBIX TOUEK ONpEeNeNsioTCs Clefyroliel
TEOPEMOH.

Teopewma. Cobcmeernas mouka X npamoi Ry, umerowas HeoOHO-
podryio xoopduxnamy x, 8 coomsemcmasyrouietl 00HOPOOHOL cucmeme Umeem
koopOunamy (x : 1).

HoxasarteabcTBoO. Ilycth HeogHopoxHas cuctema addguH-
HBIX KOOpAHHAT Ha npsmoit R, samaercsa toukamu O u E. Torpma coot-

BETCTBYIOIIAsl OJHOPOJHAS CHCTeMa KOOpAMHAT Ha R; 3ajnaercsd TOUYKa-

Ilpusegem npsMyro R; B NepCHeKTHBHOE COOTBETCTBHE C HEKOTODHIM
nyykoM §, 1entp S KoToporo

BEIOEpEM MPOM3BOJILHO (puc. 6). J 3‘7/ A Eio
B stoM mnyuke omnpelesum CHC- / //

TeMy KoopauHaT (S, ;2:) TaK, // /

yTOOBl BEKTOPBHI €;, €9, €y = " 2 / 7

=, + e, Obu manpasasio- Of 2 b L £,
mMUMH 115 psaMeix SE,, SE,, /Ez /Eo / X(X)

SE,, NOJIOKHB Puc. 6
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a - E_zz‘o, _52 = S_EQ, é:)—_—g—éo.

Torma npampie SE;, i = 1, 2, 0, B nyuke U, ClefoBateNbHO, TOYKH E;,
{ =1, 2, 0, na npamo#t 6yayTt umers KoopauHatel (I : 0), (0: 1), (1 :1)
COOTBETCTBEHHO. B CBSI3M € 3TUM KOOPAHMHATHI MPOU3BOJBLHOH TOUKM X €
€ R, OyAyT paBHBE KOOpAMHATaM npaMod SX B Myuke, KOTOPLIE B CBOIO
oyepelb paBHb KOOpDAHWHATaM HalpaBJdIONIero BeKTopa mpsiMoil. B ka-
YecTBe HaNpaBJ/fIoOLEro BeKTopa npsmMoid SX ynobHee BCero B3STb BEKTOP
—_
SX, umeromuit KoopauHatel (x, 1). Torma koopaunatoiél Touku X Oyjner
nmapa (x:1).

Teopema nokasana.

[Ipumep 1. Hano 0se cucmemor npoexmusHolx Koopouram Ha nps-
moti Py : R = R (E;) u R" = R (E), npuuem usgecmtolr KoopOUHAMbL 10~
uex E, i =1, 2, 0, 6 cucmeme R:

E 0:1), E;(1:2), Ej@2:—1).
Hatidem ypasrernus nepexoda om o0HOU cucmemot K Opyeot.
Pemenue. YpabHeHusa nepexoma OyreM HcKaTb B Buue (2.5):
{Hxl = 411)5; + (hexé’
WXy = Go1X; T Gaa¥y

Ham wu3BecTHB KOOpIAMHATHl (yHAaMEHTANbHBIX ToueK E; B IBYX Ko-
OpAMHATHBIX CHCTEMaXx:

E, E, E,
B cucreme R 0:1 1:2 2. —1
B cucreme R’ 1:0 0:1 1:1

[lopcraBsisiga 3TH KOOPAMHATHI B YDaBHEHHs IHepexoja, MNOJaydyaeM
uiectb ypaBHeHuH. IIpH sTOM ciefyeT MOMHHTB, YTO KO3Q(PULHEHT mnpo-
MOPLUOHANBLHOCTH W JJIl KaXKJOH M3 TpeX TOYeK HMeeT CBOe 3HayeHHe.
[Tonyuaem:

{0 = (11, { Mo = Gyo, { 20 = Gu1 + Gy2»
U1 = ga35 21y = (ao; —Wo = Ga1 T G20

3HayeHHsl ¢;; U3 TEPBBIX YeThIPEX yPaBHEHHH MOJCTaBJsieM B IOC/eJIHHE
IBa:

{ 2”0 - Mo,
—Ho = W T 2p,.
Pemasi sty cucreMy, HaxOJUM Py = —Olg, W = 2, NO3TOMY

.= 0, 12 = 2, G21 = —Oly, Gu2 = 4ly.

Taxk Kak matpuila Q onpefesena ¢ TOYHOCThIO 10 MHOXKHUTEJS, TO, NOJOKHB
Ko = 1, monyunm q; = 0, 12 = 2, g3y = —9, ¢ = 4. YpaBHeHHUs Nepe-
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X0Jla UMEIOT CJeyOUHH BUA:

pwx, = 2%y,
wx, = —ox| + 4x,.

[ITpuwmep 2. Hanot koopluramer 08Yx mouex npoeKmusHoll npamol
8 KoopOuHamHelx cucmemax u3 npedoidyuieeo npumepa:. A (1 : —1) 6 cucme-
me R u B (2 : 3) 6 cucmeme R. Hatidem Koopdunamer mouku A 6 cucmeme
R u mouxu B 6 cucmeme R'.

Pemenue BocrnonbsyeMcs ypaBHeHHsSIMH MpeoOpasoBaHHsl Ko-

OpAMHAT, HaWJEHHBIMH MPYU pelleHHH Npelblylero npumepa.
Idns Touku A nosayyaem:

{Mx1=2' (—1)
px, = —5-:1-+4+4 . (—1)

ITostomMy x; : X, =2:9u A (2:9).
Jna Touku B umeewm:

2u
{ 3

W, T. e x :x,=1:5 H, craerosarensHo,

—9,
—9.

Il

2x,,
—5x, + 4x,,

OTKYHAa X, = P, X, = —;-
B (1 :5).

[Ipumep 3. Ha eskaudosoti npamoid R, Oarnbr ceoumu HeoOHOpPOOHbL-
mu Koopounamamu mouku E, (—1), E, (4), Ey (1), A (—2). Hatidem xo-
opduramer mouku A 6 npoexmusHotl cucmene xoopduram R (E;).

Pemenue Ilepsoi cnocob. Ilannasa HeopHopodHass apUHHAS CH-
creMa KoopAuHaT Ha npamod R; ompepeaserca toukamu O (0), E (1),
a COOTBETCTBYIOLIAs el OfHOpOmHas cucreMa R’ — toukamu E|_, E, =

= 0, E,= E. B cucreme R’ janHaa Toyka 4, corJacHo Teopeme U3 MyHK-
Ta 5, UMEeT KoopAuHaThl (—2 : 1).
Tak Kax HaM HM3BECTHbl KOOpJAMHATH (PyHIaMEHTAJbHBIX TOUEK CHCTE-

MHl R (E;), T0 MOXHO HalTH dopMysbl nepexoja oT cucremsl R (E;) K cu-
creme R’ (cM. npumep 1):

B cucreme R (E;) 1:0 ‘ 0:1 1:1

B cucreme R’ —1:1 ' 4:1 1:1

3SHasi QopMyJbl li€pexofa, Mbl CMOXKEM HAaHTH KOOpPAMHATHI TOUKH A B

cutreme R (E;) (cm. npumep 2). Halinnte oKoHuUaTebHOE pelueHHe caMo-
CTOSITEILHO.

Bmopoti cnoco6. PaccmoTpuM nepCneKTHBHOE OTOOpaXkeHHWe NaHHOH
npsaMoli R; B KakoH-1u6Go Myd4oK & U BBeleM B NyYKE CHCTEMY KOOpJH-
—_

Har (S, e;), corjacoBaHHymo ¢ cucremodt R (E;) Ha mpsamo#t R;. 3a koop-
- =
JVHATHBIE BEKTOPHI €;, €4 MBI JOJIXKHBI IPUHATH COCTABJAIOIINE HANPaBJIsIO-
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tiiero BekTopa fipsmo# SE; (nyyme
—_—

BCEro B3ATb BeKTOp SE,), €CIH ero
pasJoxuTh mo npsameiM SE;, SE,
(puc. 7). Oasa onpeneseHusi KOOpAU-
HaT TOYKH A Tenepb JOCTATOYHO
onpesenuTh KOOPAWHATH HampapJis-
J0IIIEr0 BEKTOPa | npsmoiét S4, HATIpH-

Mep BEKTOpa SA B cucreme (S, e)
Tak Kak lElEal | E,E,1=2 : 3,
TO

-

_— 5—> — 5 — —> 5— 5

[Tostomy
E/A= — E,E, = —e; — —¢,.
5 24+1 3 1 9 2
CaenoBaTelbHO,
SA=—el+( el—-2—ez)=231—?e2.
1
Hrak, KoopauHaTel BeKTopa SA4 paBHHI 2, - DTO U eCTb KOOpIH-

HaThl TOYKH A B cucreme R (E)) : A (2 : —%) uan A (4 1 —1).

§ 3. ABOAWHOE OTHOWWEHHWE YETBIPEX TOYEK.
FTAPMOHH3M

1. OnpeneneHue nBOMHbIX oTHOWeHU. Eciu A u B — KoopAHuaTHBIe
CTONIOLBl JBYX pas3/MYHbLIX TOYEK MPOEKTHBHOH NpsMoH, a C — KooOpau-
HaTHBIA CTOJ10el, KaKoH-HO0 TpeThbel TOUKH TOH K€ MPSIMOH, TO MOXKHO
nopobpaTh Takue 4uCJa o U [, YTo OYJAEeT BHINOJAHATBCS PaBEHCTBO

C =ad 4+ BB.
B camom pene, ecau
A= al’B—'——" blyc= Cl’
2P by Cy

TO ot ¥ 3 HAXOAATCS W3 CHCTEMBI:

{ G aa; + Pby,
Co = Ay + Pb,,

onpeje/iuTe/lb KOTOPOH OTJIHYEH OT HYJd, TaK KaK ctosblsl A ¥ B Kak Ko-
OpAMHATHLIE CTOJOUBI pPa3/UYHBIX TOYEK He MPONOPLUHOHAbHBEI.

Onpenpenenue. Ilycts A, B, C, D — KoOpAHHATHLIE CTOJOLEL
YeThIPEX Pas3/IHYHBIX TOYEK NMpOEeKTHBHOM mpsmoit U o, B, &', f’ — Takue
yycaa, 4To

C=0ad -+ BB, D=a'A -+ p'B. (3.1)
14



BB

Torna uucno T HasblBaerCss 080UHbiM (MW CAOMGHLIM) OMHOUIEH UEM

o a
uernsipex moyex A, B, C, D. B npuHaTeiX 0603HauyeHUAX 3aMHLIEM:
@aBcpy =& . & (3.2)
02 o

Takum ofpasoM, njs GaKTHYECKOTO HaXOXKAEHHUS [ABOHHOIO OTHOLLe-
HHUS HAJO NpeXKne BCero BbIPAa3HThb KOOPAMHATHbIE CTOJOLbLI TOYEK BTOPOH
napel C, D uepe3 KOOpIHHATHBIE CTOJIOLE!I TOYeK mepBod napel A, B.

Heo6xonuMo y6eduTbCsl B KOPPEKTHOCTH BBILIENPUBEJEHHOIO OIpe-
JeNeHus, T. €. Hajo J0Kas3aTbh, YTO:

1) nBoifiHOe OTHOLUEHHE 3aBUCHUT TOJILKO OT JAHHBIX TOYEK U HE 3aBH-
CHUT OT BhIGCpA CUCTEMBI KOOpPAMHAT,

2) B JaHHOH CHCTeMe KOOpPAHMHAT OHO HE 3aBHCHUT OT BhIGOpa KOOpAM-
HATHBIX CTOJIOLIOB M3 KJAacCOB MPOMNOPLIHOHAJbHBIX CTOJIOLOB.

KoppeKTHOCTb onpejie/ieHHs! JBOHHOTO OTHOLUEHHS YeThIpeX TOYEK Bhbl-
TEKaeT U3 CJEeLYIOUled TeOpEMHI.

Teopewma. Ilyemo A, B, C, D — uemsepxa mouex npoeKmueHoLl
npamoti u Ay, By, Cy, Dy — ux npoussoavrole koopOuramroie cmoabuypi 8
00HOLl npoexmusHoti cucmeme Koopouram, a A,, B,, C, Dy — 6 Opyeoil.
Toeda ecau

{Cl = O61141 + [3,131: {Cz = O‘%A2 + B2,32' (3.3)
D, =%, A+ [3131; D, = 052A2 + |32B2’
mo BB b B
Gy a; e a;

HoxkxasaTtenbcTBo. CornacHo ypaBHeHHIO (2.2) KOOpAHHAT-
Hbl€ CTOJIOLBI JAHHBIX TOYEK B PA3HBIX CHCTEMAX CBSA3aHbl COOTHOLLEHUSIMH

XAg = PAI, y32 = PB[, 2C2 = PC]_, tDz = PD_[,

rie P — MaTpHiia nepexoia OT OJHOH CHCTEMBl K ApYyro#, a x, y, 2z, { —
K03(QPHLIHEHTE! MPOMOPLHOHANBHOCTH.

YwMuoxkast mepBrie IBe W3 JaHHBIX dopMya (3.3) cleBa Ha Matpuuy P,
noJiyyaem:

ZC2 = arleg '+‘ Blsz, tDz - OL;xAz "‘l‘ B;sz.

CpaBHHBasi 3TH COOTHOIIEHHS CO BTOPOH NapoH AaHHBIX GQOPMYJ, ycTaHo-
BHM, YTO

a,x By , ayx ' y
o=, g, =B 0 =2 g =‘3tL.
[To3sTomy
, By By ,
BB _ 2 T _ 8. B
Qg a; ot aix %1 oc'l ,
2 t

4yTo W TpeboBaJOCh J0Ka3aTh.
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2. J1BoiiHOe OTHOLIEHHE YETBEPOK, CONEpPXKalUX COBMABIIME TOUKH.
B onpenenenun NBOHHOTO OTHOIIEHHS Mbl TpeGOBajH, UTOOLI BCE UEThIPE
TOUKU OBbLIM pa3UYHBIMU. 1 peGoBaHHUe HecOBMafieHHs ToyeK A u B Gblio
HeoOXOMNMO AJIs1 TOTO, YTOOb! OblIM BO3MOXKHBI COOTHOWEHHS (3.1). B cuny
HECOBNaJeHHsl TOYEK BTOPOH Maphl C TOYKAMH NEPBOH Mapel Bce KO3Pdu-
IHEHThl OTVIMYHBI OT HYJIS, MO3TOMY B opMmyJie (3.2) HET He/IeHHs Ha HYJIb.

B panbneitiieM 1esnecoo6pasHo 3T0 TpeGOBaHHE HECKOJNBKO OCJIAGHTD.
Jis 3TOr0 HaM NPUAETCA KO MHOXKECTBY NeHCTBHTEJBbHBIX YMCEN HpHCOoe-
JIVHUTb HOBOe YHCJO, KOTopoe 6yneM 0003HaYaTh CHMBOJIOM oo. YHmucay oo
NpunuLeM cjefyroliye CBOUCTBA:

m m
v = co(m+*=0); — =0(m=z=c); m- oo =o (m+~0).
o0
Tenepb orpanuuumcs TpeboBaHHEM, YTOOBI JIHILL TPU TOYKH A, B, C
OblIM pas/MYHBIMHU; TOUYKa e D MoxkeT coBnajaTh C J0OOH M3 HHX (3a-
MeTUM, 4YTO TaK Kak C He coBnajgaer Hu ¢ A, Hu ¢ B, TO B #0wu ﬁ# oo);
o o

1) D= A. B stom cnyuae B’ =0, a' %0, mnosTomy B _ 0 u

4

o
L P_ = oo. Takum o6pasom, (ABCA) = co.
a a
2) D = B. 3pnecy aHanoruyHo nosayuaem (ABCB) = 0.
3) D = C. B stom cayuae %— = % H, cJefoBarenbHo, (ABCC) = 1.

$IcHO, YTO HM B KaKMX APYTHX CJyyasX JABOMHOE OTHOILEHHE YETBEPKH
TOYeK, B KOTOPO# MnepBble TPH TOUKU Pa3UYHBI, HE MOXKET NPHHUMATh 3H4-
yeyu# oo, 0, 1.

3. CymecTBoBaHHe U €IUHCTBEHHOCTb TOYKH, HAXOXSIIUEHCS C JAHHBI-
MH TpeMsl B NaHHOM JBOWHOM OTHOLIeHHH. BbipaKeHHe NPOEKTHUBHBIX
KOOPAMHAT yepe3 NBOMHbIE OTHOLIEHHS.

Teopewma 1. [Tycme daner mpu pasauureie mouku A, B, C Ha npo-
exmusHoll npamot u Osotroe omuowerue (ABCD) = h. dmumu ycrosus-
mu mouka D onpedeasiemcss 00HO3HAUHO.

JokasaTteabcTBO. Ecau h = oo uau h = 0, 10, KaK MokKa-
3aHO B MpeJpIAYILEM NYHKTE, NoJoxKeHHe TOUKH D onpejesneHo: oHa CoBna-
Jaet ¢ A uau ¢ B. Tlosromy mosaraem A == oo u h == 0.

O6patumcs kK ¢opmyaam (3.1): C =ad 4+ pB, D = a’A + B'B.

r
31ech B—, — HCKOMO€, a — H3BeCTHO, NPHUYEeM — == 00 U b = 0. Ilon-
a a a (¢
craBnass (popmydanl (3.2)) 3HaueHHe NBOHHOTO OTHOILUEHHS, HAaXOAHUM He-
[4
uspectHoe: — = —. Temnepr u3 BTOpO# ¢opMynanl (3.1) HaxomuTcs ¢

o oh
TOYHOCTBIO 0 MHOXKHTE/S KOOpJAMHATHBIA ctoJibelt Touku D, 4TO U ompe-
JieseT ee MOJIOXKEeHHEe Ha MpPsSMOH.

Teopema nokasaHa.

M3 Teopembl csenyer, 4TO JBOHHOE OTHOLUEHHE MOXKET CJYKHTb KO-
OpAMHATOH TOYKH HA NPOEKTUBHOH mpsmoH. Takas cucremMa KOOpAMHAT
33/laeTCsl TPEMs Pa3JIMUHBIMH TOYKAaMH.

Mgbi, ofHako, GydeM Mo/Jb30BaThCsl He 3TOH, a BBeleHHOH B § 2, n.l
NPOEKTUBHOH CHCTEMOH KOOpAMHAT, He TpelylolleH pacliHpeHHst MOHATHA-
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gucia. Clenyoliass TeopeMa NOKashiBaeT, KaK NMPOEKTHBHLIE KOOPAHHATHI
CBA3aHbl C JABOWHBIMU OTHOILUEHUSIMH.

Teopewma 2. [Tycms Ha npoekmusHotl npamotl 3adana cucmema Ko-
opduram R (E,, Eq Eo) u mouka X (xy: x5). Toeda (E\E.E\X) =
Xy b Xo.

JokasaTteascTBo. [lo yciosuwo

o= =18 2=+

X1
Xg
MO3TOMY

{EO El + E2’
X = x1E1 "l“ x2E2

H, CJIeJ0BaTe/NbHO, N0 onpeaeneHuto (3.2)

(ELELEX) =—:— e - Xy b X,

X1
4yTOo U TPebOBaNOCH JOKAa3aTh.

4, J1BoiiHOe OTHOLIEHHE M MOPSJOK TOUEK Ha MPAMOM.

Teopewma. Haamoeo umobot napst movex A, B u C, D 6oiau pasde-
NeHHbimu (HepasOeseHHbimu), Heobxodumo u docmamouro, 4mobbul 0B0LiHOE
omrouerue (ABCD) 66110 ompuyamensHolm (MOAOHGUMENLHOIM).

CHUMBOJIHYECKH YCJIOBHE 3TOH TeOpeMbl MOXKeT ObITh 3allHCaHO B Clle-
AyIOeM BHJeE:

(ABCD) <0 < A, B = C, D,
(ABCD) >0 = A, B -~ C, D.

HJokasarteabcTBO. J[lng npoBeneHus JAOKasaTenbCTBa BOC-
MOJIb3yeMCs SI3bIKOM eBKJINJOBOH reomerpuu. Kak o6riuHo, cTo/16un A, B,
C, D — 310 KOOpAMHATHBIE CTOJIOUBLI COOTBETCTBYIOIIMX MNPSMBIX MYydYKa
(puc. 8). OHu ke gBJAAIOTCS KOOPAMHATHBIMU CTOJIOLAMHM HANpaBJ/ISHOLUIU X

—_ > > -

BEKTOPOB a, b, ¢, d NaHHBIX NPIMBIX.
B nmyuke BBesieM aphUHHYIO CHCTEMY KOODAMHAT C KOOPAHHATHLIMU BEK-

-> - - =

TOpaMH a, b U pasJioKUM [0 3TUM BEKTOpaM BEKTOPHI ¢, d:
¢c=oaa-+ Bb, d =d'a-+ p'b.

$IcHo, uTO Te Xe Ko3p(hHLUMeHTH OYAYT U B pasiiokKeHHSX

C=aA+ BB, D =0adA4 p'B. i

8
— > _p
CoiefoBaTeIbHO, 110  ONpeeJeHHUI0 b A AL
JIBOMHOIO OTHOILUEHHS IOJYYUHM: ¢

(ABCD) = & . B S

a o

I~y

ff

Een 2 >0n & >0, 10 ofe
0.4 o
KOOpAHHAThI BeKTOpa ¢ OyAyT OJHOrO Puc. 8
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-
3HAKA; TO XK€ OTHOCHTCS W K BeKTOpy d. DTO 3HAUMUT, 4TO npsiMeie C u D
pacnosio:kensl B I u III yerBepTaiX.

Ecan % <0wu (—E—; < 0, To npsimple C u D Haxoasitcs Bo Il u IV yer-

BEPTAX.

U B Tom u B Ipyrom caydae obe npsimpie C U D HaXonaTCs B OAHOM mape
BEPTHKANbHEIX YIJIOB, 00pa3oBaHHLIX NpsAMEIMA A U B, T. e. Toukn C u D
(Ha s3bIKe MPOEKTHBHOH reoMeTpUH) INpPUHAJJIEKAT OLHOMY U TOMY XKe H3
IBYX OTpe3KoB, oOpasoBaHHbIX ToukamMu A u B. CienoBaresnbHO, €ciH
(ABCD) >0, 0o A, B~ C, D.

Ananoruuno noxkasuBaeMm, uto us (ABCD) < 0 canenyer A, B = C, D.

IloxasriBaemMasi TeopemMa COCTOUT M3 4YeThlpeX OTAEJNbHBEIX YTBEPKIe-
HME. MBI JOKasanu AiBa W3 HHUX, HO MMH OIpelessiercsl CIpaBeNJHBOCTb
OCTaJIbHBIX, UYTO JIErKO [OKas3blBaeTCs Cnoco60M OT [POTHBHOTO.

Teopema nokasana.

5. U3MeHeHHe NBOWHOrO OTHOLUEHHSI MPU U3MEHEHHH MOPSAAKA TOYEK.

Teopewma. [lpu usmeHeruu nopsdka mouek 8 uemeepke 0B80LiHoe
OMHOWEHUE MEHAEMCS 10 CAeOYUUM NPABUAAM.

1) I1pu nepecmaroske nap 080LiHOE OMHOWEHUE HE MEHAEMCA:
(CDAB) = (ABCD);

2) .npu nepecmaroske mouek 00HOU napol 080LHOE OMHOUICHUE MEHS-
emcs Ha obpamHoe:

(ABCD)

3) npu nepecmaroske KpaurHux mouexk 080UHOe OMHOUEHUE MeHAemca
Ha OJonoaHumenvHoe K 1:

(DBCA) =1 — (ABCD).
HokasateanbcTtBo. [lo popmynam (3.1)
C=0aA -+ BB,D=0ad'A+ BB
H, CJIeJlOBAaTENbHO,
(ABCD) = P . &
e/ o

1) Pemmus cuctemy (3.1) oTHOocuTeNbHO cTONIOIOB A M B, moayuum:

A=_F ¢4 P _pB=_% cyi_° p

af’ —a’'P a'f—oaf a’'p-—af’ ap’ —a’'f
Orcropa:
] a
(CDAB) = ¥B—0b" . ab' —a'B _ B . 2 _ apcp)
BI al ﬁ' al

af’ —a’p o' —af’

2) JlokasaTesbCTBO BTOPOH 4acTH TEOPEeMbl TPUBHAJBHO:

aBpcy =% . B 1
@ @ (ABCD)
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3) Pemmus cucremy (3.1) ornocute/nnHo cronbuos C u A, moayyum:
C=3—D+MB°A=—1— _#¥p
o’ ’ ' ’ o’ y

a a
Orciona:
aIB — aBI _ gl.
(DBCA) = — % .o _ =B+, _2B_ 1 __ (aBcD).
° 1 ap’ af’
al al

Teopema nokasana. OHa, B 4acTHOCTH, MO3BOJIsleT, 3HAs JBOMHOE OT-
HOLIEHHE YeThIpeX TOUeK, B3SThiX B KAaKOM-IHO0 MOpsJKe, HAUTH ABOHHOE
OTHOILEHHE 3THX TOYEK B Jpyrom lHopsjake.

[Ipumeuanune. B nyHkre 2 mMbpl paccmMaTpuBaju ABOKHOE OTHOLUEHHE TAKHX
4eTBEPOK TOYEeK, B KOTOPbLIX TPH nepBble TOYKH ObLIH pa3J¥yHbl, a yeTBepTast MOr/a GbiTh
niobod. IJokasaHuas Bhile TeopeMa N03BOJseT elle 6oJee paclIMpPUTh MOHATHE ABOHHOIO
OTHOIUeHHUS!, OTpaHHYUBLWINKCL TpeboBaHueM, UTOOH B YeTBepKe TOYEK OblJIM Pasd4HLIMH
TPH Jio0ble TOYKH.

B coorBeTcTBHH € 3TOH Teopemoi’{ BCeraa MoXHO A0OUTbCSA fIepeCTAaHOBKH COOTBETCT-
ByOLIHX TOYEK Ha [epBbie MeCTa, Hallpumep,

1 1
(ABAC) = 1 — (CBAA) = 1 — 1 = 0 nan (ABAC) = e == 0.

Mul e ocTaHaBaMBaeMcsl Ha J0Ka3aTeJNbCTBE KOPPEKTHOCTH TakKoro oGOOLIeHHS.
6. 'apmMoHHyeckue 4eTBEPKH.

Onpenenenue. Yersepka Touek A, B, C, D, xapaKrepusyio-
wascs ycnosueM (ABCD) = —1, Ha3bIBaeTCsl 2apMOHUYECKOU.

Takue uyeTBepKH HUIrpalOT B NPOEKTHBHOH TE€OMETPUHM OYEeHb BaXHYIO
poJib H 006/1aJJal0T PSIOM HHTEPECHbIX CBOHCTB; HEKOTOPhIE U3 HHUX MbI OT-
MEeTHM.

Cso#ictBoO 1. B eapmonudeckoti uemsepke napvl pasdesawom Opye
dpyea. DTO yTBepXKAEHHE HENOCPEACTBEHHO BHITEKAET U3 TEOpPeMbl NYHK-
Ta 4.

CBo#icTBO 2. apmoOHusM He HAPYUWIALMCS NPU MAKUX NepecmaHos-
Kax (8 uemeepkax), KOMopole He MEHAIOM COCMasa nap.

B camom Jiesie, B COOTBETCTBHHU C TEOPEMOH NyHKTa O NPU NepecTaHOBKe
[lap WJM 3JIEMEHTOB BHYTpH [ap ABOHHOE OTHOUIEHHE HJIH He H3MEHSeTCH
COBCEM HJIM MeHsileTcsl Ha obpartHoe. M1 B ToM U B Apyrom cjydae JABOHHOE
OTHOILIEHHE OCTaeTCsl paBHHIM —I.

M3 3toro cBoiictBa caenyer, uyto ecau (ABCD) = —1, 1o (BACD) =
= (ABDC) = (BADC) = (CDAB) = (DCAB) = (CDBA) = (DCBA) =

I[Ipumep 1. Ha npoexmusnoti npamod Oaner mouku A (1 :(—1),
B(—2:1), C(1:3), D( :0). Haiidem Osoiinoe omrowerue (ABCD).
Pemenwue [Ons HaxOXKIeHWS NBOHHOTO OTHOLUEHHS HAAO0 B COOT-
BeTCTBUU C dopmynamu (3.1) BeipasuTh JHHeHHO cTos6ubl C U D 4yepes
A u B, 1. e. HaliTh @, B, o', B’ U3 cooTHOIEHHH
-9 ]
1

s == -2+ el ol ==l-1]+]
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OTH ypaBHEHUS PABHOCHJIbHBI CJIENYIOUIUM:

{é o — 2B, {1=oc'—2ﬁ’,

'—a_l_ Bs 0=—OL'+[3',
OTKyla ompenensieM oo = —7, B = —4, o' = —1, B’ = —1.
[loncraBasis 3TH 3HaueHUs B (3.2), HaXOAUM:
a' —7 —1 7

[Ipumep 2. Hatidem (DBAC , 20e A, B, C, D — mouxu u3 npume-
pa 1.

Peumenwue. [lepsoi cnoco6. Ina onpenenenus (DBAC) nabigem
Ko3(pduLHeHTsl B PopMmyJax

= 6D + BB, C = &'D + P'B.

STO MOXKHO CJeJaTh HeNoCPeACTBEHHO (CM. mpumep 1), a MOXHO BOCHOJb-
30BaTbCAd yIKe IMOJy4eHHBIMH COOTHOIIEHUSMH C = —7A — 4B, D =
= —A — B. [TlpoBeaure HeoOXOAMMBIE BBLIYHCJEHHS CAMOCTOSITEIBHO.

Bmopoil cnoco6. Tak kak snauenune (ABCD) usBecTHO, TO 1Js1 HaXo-
xaeHHss (DBAC) MOXHO BOCHIOJIb30BAaThbCs TeOPEMOi 06 M3MEHEeHHH JBOM-

HOT'O OTHOLUEHHSA NDH NEPEeCTaHOBKE TOUEK:

DBAC) = — 1 1 _ T
(DBCA) — 1—(ABCD) | _ 4 3

—

IMTpumep 3. ,ZZaHbL 08e cucmemol NPoeKmuUsHolx KoopouHam Ha nps-
mod: R = ( ;) H = R (E;), npuuem ussecmtor KoopOuramot mouex
E,i=1,2,0, B cucreme R : E; O:1), E;(1:2), E,(2: —1). Hane
koopQuramet mouxku B (2 : 3) 6 cucmeme R u mouxku A (1 : —1) 6 cucmene

R'. Haii0em xoopOuramer mouku B e cucmeme R' u mouxku A 6 cucmeme R.
(CpaBuute ¢ npuMepamu | u 2 § 2).

Pemenue. O6Go3HAaUYHM HEU3BECTHbIE KOOPAMHATHI TOUKH B B CHC-
Teme R’ yepes x| : x,. [To Teopeme 2 nyukra 3 umeeMm: x| : x, = (E,E,E B).
TakuM o6pa3oM, JeJI0 CBEJOCh K HAXOXKJAEHUIO ABOMHOTIO OTHOILEHHS de-
TEIpEX TOYeK, KOOPAHUHATBHI KOTOPHIX B cucreMe R H3BeCTHH. TaK Kak

E,= —5E, + 2E,, B = —E, + 2E,,
TO
PRy 2 2 1
H, CJefoBaresbHO, B (1 : 5).

Haxoxzenne KoopiuHaT TOYKH A B cucreMe R — obOpaTHasi 3ajaua.
[Ic To#l ke Teopeme

(E\ELELA) = x|+ x, = 1: (—1) = —L.

Tak KaK KoopAuHaTHBIE CTOJOLEI ToueK £;, A B cucTemMe R CBSI3aHHI CJe-
JYIOIMUMH COOTHOLUEHHSIMH

E,= —bE, + 2E,, A = &'E; + B'E,,
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TO

1 ! ! 2 . ﬁ,
(ELELEeA) = "5 a =—1
B

OTKYyJa
al

2
=5 M MOXHO Mmosoxuth o' = 5, B’ = 2. CienosarenbHo,

' , 2
A = 5E, + 2E, = “9H
T. e. B cucreMe R Oyzer A (2:9).

[Ipuwmep 4. [Jokaxnem moxdecmso
(KLAB) - (KLBC) = (KLAC). (3.4)
Pemenue Ilomoxum:

=xK 4+ A, B=%K-+ ML, C=%"K + ML
Torpa

(KLAB) = * . %— (KLBC) = j,' M KLacy =2 M
A 4

v ”

B cnpaBepsuBoctH ¢opMydanl (3.4) yﬁem,uaemca Tellepb HeNoCpPeNCTBEH-
HOH [OJACTaHOBKOH.

§ 4. ABOTHOE OTHOWEHHWE TOYEK HA PACHIMPEHHOW EBKJIUI0BOH
MPSIMOH

1. BeipaxeHue IBOVNHOTO OTHOLIEHHSI Yepe3 MPOCTbie OTHOLIEHHS.
Onpepnenenue. [lpocmoim omuowernuem (ABC) mpex mouex
A, B, C eBKIUJ0BOH NpPSIMOH Ha3bIBAETCS OTHOLUEHHE, B KOTOPOM TOUKa C

JEJIUT HalpaBJ/eHHbIH OTpe3ok AB: (ABC) = ACICB. Hanomuum, 4TO
YaCTHBIM OT JIeIeHHS] BeKTOpa a Ha KOAAUHCAPHOLL €My HeHyJIeBou BEKTOP b

HasbIBAeTCS YHUCJIO A, YIOBJETBOPSIOLIEE COOTHOLIEHHIO a = Ab.

JIBofiHOE OTHOLUEHHE YeThlpeX TOYEK paCLIMpeHHOU eBKJIWAOBOH Nps-
MOH MO2KeT ObITb BbIpaXK€HO uyepe3 MpocThie oTHOINEHHsI. CoenyeT MOMHHUTD
NPH 3TOM, YTO MOHSATHE NPOCTOrO OTHOLUEHHS YYKJ0 NPOEKTHBHOH NMPSIMOH.
[TosTOMy Te pe3yJ/bTaTbl, KOTOPHIE MBI 3[e€Ch MOJYYHM, He MOTPeOyITCS
NpY M3YYEHUH NPOEKTHBHOH MPAMOH, HO 3aTO NO3BOJIAT NPUMEHSTh (ak-
Thl, Kacawolyecss ABOWHBIX OTHOLIEHHH, K eBKJHJOBOH TeOMETPHH.

IlpuBeseM pacliHpeHHYI0 MPSIMYIO
R, B nepcnekTHBHOE COOTBETCTBHE C

HeKoTopeM NyukoM 8. Torza 3a npoek- S
THBHEIE KOOPAMHATHL UYeTHIpeX COBCT-

BeHHEIX Touek A, B, C, D npamoir R; N - S| -
MOXHO MPHHATL CTONIGIEI H3 KOOPAMHAT a~ b/ c| d

sl

BEKTOPOB q= S_A>, b = S_B>, ¢ = SC, .
d = SD (puc. 9) B nexotopoit abpun- -4 ¢ /B Je \2
HOU cucreme (S, ¢;). Puc. 9
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Oéosnaun BEKTOP AB _uepes . Torna Hannch;l TaKHe UHCIA Y H
d, uto AC = vu, AD Su. CJienoBaTebHO, c=a - yu, d=a + Su.
A TaK KaK u = b—-—a, TO

- -> -> - - -

c= (1 —7vy)a-+ yb, d = (1 — b)a -+ 6b.
Taxkune Ke COOTHOIIEHHS BBIIOIHSAIOTCA M JJIs KOOPAUHATHBIX CTOJIOLOB
touek A, B, C, D B COOTBETCTBYIOLULEH NMPOEKTHBHOH CHCTEME KOOpAMHAT

Ha npaMo#t Ry:
C=(01—9vA-+9yB, D= (1 —08)A + 8B.
Orcrona no dopmy.ie (3.2) sanuiem:
(ABCD) = —Y— . :
l—vy

CB = (1 — V)Z, TO

Ho Ttak xak AC = yu u
l"’ — AC/CB = (ABC).

Axanoruuso 1—6—5 = (ABD). Ilostomy

(ABCD) = (ABC) : (ABD) = (ACICB) : (AD/DB). (4.1)

Hrak, 06otinoe omHowerue yembipex coOCMBeHHbLX MOYeK PACUUUPEHHOU
eB8KAUO0B0LL NPAMOLL eCmb OMHOWEHUE mex OMHOWeHUL, 8 KOmopbLxX MOYKY
emopoil napet Oeaam ompe3ok, 006pa3oeantelli moukamu nepeol napeL.

MenHo 3TO OOGCTOSITENBCTBO OOBSICHSIET TEPMUHBI «IABOMHOE» WJH
«CJIOXKHOE» OTHOILIEHHE.

[lycts Tenmeph ofHa U3 ToueK HecoGcTBeHHas. B cuiy Tteopemn (§ 3,
. 5) 0 nepecTaHOBKe TOYEK MOXKHO JOOHUTHCS, UTOOBI 3Ta TOYKA OblIa IO-
cnenHeit B yetBepke. Mrak, OyleM BbipaxkaTb 4epe3 MPOCThble OTHOLIEHHS
IBoitHoe orHowenue (ABCD ) (puc. 10).

Kak u panee, C = (I — y) A + yB. 3a HanpasJsIlOLIUH BEKTOp INps-
MOHM myuKa &, COOTBETCTBYIOLIEH B NEPCNEKTHBHOM OTOOPaXKeHHH TOYKe
- - -

D_, MOXHO HpUHATH BeKTOp u = b — a, nostomy D= —A + B u,
CJIelOBaTENbHO,
S 7 (ABCD y—=—_ .1 ____ 7
- Doo o l—y =1 1—9
OTKyJa:
g/ & 3 (ABCD_)=— (ABC) = — AC/CB.
R, 4.2)
- D
/A d \8 AN = WUtak, 0soiiHoe omHowerue ue-
Puc. 10 moetpex movek pactiiipernol esKatl-



0080t npaAmMOLl, U3 Komopolx nepevle mpu cobCcmeertble, a demeepmas He-
cobcmeernasn, pasHo NPoOCMomMYy OMHOUWEHUIO NePBbLX mpex Mmo4eK, 633rmomy
C NPOMUBONOAOHIHOIM BHAKOM.

2. l'apmoHMYyecKHe ueTBEPKH TOYEK HAa pacliMpeHHOW eBKJHIOBOIA
npsiMoM.

TeopeMa. [Haa moeo umobbl yemsepxa moveKk PACUUPEHHOU e8KAU-
dosoil npamot, colepasauias 00HY HECOOCMBEHHY0 U mpu COOCMBeHHbIX
mouKu, OblAQ 2apMOHUYECKOL, Heobxo0umo u docmamouHo, umobel mouka,
Haxodsauwascs 8 nape ¢ HecobcmeerHol, bbiia cepedurotl ompeska, 06pa306ar-
Ho2o Opyeou napotl.

IlokasaTeancTBoO. Heobxolumocms. CuvraeMm, 4TO0 B Tapmo-
HUYECKOH YeTBepKe HeCOOCTBEHHOH sIBJIsieTCS MOCJEAHSAS TOYKA; B NPOTHUB-
HOM CJIy4ae 3Ty TOUYKY MOKHO NepeMecTHTh Ha YeTBepToe MECTO C MOMOLIHI0
NepecTaHOBOK, HE HM3MEHSIOMUX COCTaBa Nap H, CJAENOBATENbHO, B CHJY
cBoiictea 2 (§ 3, n. 6) He HapylIAUIUX rapMOHHU3MA.

Urak, (ABCD ) = —1. Orciona serencrsue dopmyast (4.2) (ABC) =

_— —_—

= —(—1) uau AC = CB, ut0 U TpebOBaJOCh JOKa3aTh.
Hocmamourocme. [1ycTh TOYKa, HaXodmasacsd B OJHON nape ¢ HecoO-

CTBEHHOH, JIeJIUT MOMoJaM OTpPe30K, 00pa3oBaHHLIM JNpyroH mapou. Iloka-

JKeM, 4YTO JlaHHas 4YeTBepKa sBJsercsd rapmonuueckod. Ilpu stom Hagmo

DACCMOTPETh YeThIpe CJydasi B 3aBUCHMOCTH OT MeCTa HeCOOCTBEHHOH TOUKH

B UYETBEpKe.

[lycTtb, Hampumep, CB = BD u Touxa A_ necobctBenHad. Torpa mo
Teopeme § 3, . 5 u popmyse (4.2)

(A_BCD) = (CDA_B) = (DCBA_) = —(DCB) = —DBIBC = — 1,

T. €. JaHHasl YeTBepKa BJSETCS FapMOHHYEeCKOH. B Tpex apyrux ciayuasx
J0K43aTe/bCTBA aHAJNOTHYHBI.
Teopema nokasaHa.

[Tpumep 1. Hatidem (ABCD), ecau AB = BC = CD.
Pewenue. [lo dopmyne (4.1) umeem:

(ABCD) = (ABC) : (ABD) = —2 : (:3) — ':T

ITpumep 2. Buccekmpucer 8HYymperHe2o U BHewiHe20 Y208 npu 6ep-
wure mpeyeorvruka ABC nepecexarom npamyio AB 6 mouxax K u L co-
omsemcmeerro. [oxaseem, umo yemeepka A, B, K, L — eapmoruseckas
(puc. 11).

Pewewnue. IlocBolicTBy Guc-
CEeKTPUCH BHYTPEHHEro yrJaa Tpe-
yroabHiKa umeeM: |AK|: | KB| = A,
rie A = |AC|: |CB]; TaK KaK Bek-

topel AK u KB coHanpasJieHBl, TO

(ABK) = A. AHaJIOTHYHO 1O CBOHACTBY

OMCCeKTPHCEH BHelIHero yryia (ABL)= 4 Kk /8 L\
= —A\. Ilostomy

(ABKL) = A : (—A) = —1. Prc. 11




I'JT1ABA II.

MOHATUE MPOEKTHUBHO! MMJIOCKOCTH

§ 5. PACLUMPEHHAS EBKJIHJOBA NJIOCKOCTb.
MMPOEKTHBHAA NJIOCKOCTb

1. MepcnekTuBHOe QTOOpa)XKeHHe MJIOCKOCTH B CBsA3Ky. B § 1, ucxons
M3 [EepPCHEeKTHBHOIO OTOOpaXKeHHs] MHOXKECTBA TOYEK EBKJHJOBOH mnps-
MO B YYOK NPAMBIX, Mbl IPUILVIH K NOHATHAM pacllMPEHHON eBKJIHJIOBOH
npsAMOl M NPOEKTHBHOH NpPAMOH. AHaNOTHYHBIE PACCYXKJAEHHS MPHBOASAT
K TMOHSITUSIM paClIMPEHHOM €BK/MJOBOH IJIOCKOCTH M TNPOEKTHBHOH
TJIOCKOCTH.

B TpexMepHOM eBK/IMAOBOM NpocTpaHcTBe R; paccMOTpuM c6a3ky S
NPsIMBIX M IJIOCKOCTEH, T. €. MHOXECTBO BC€X NPAMBIX H IIOCKOCTeH,
MPOXOASIIUX Yepe3 ONHY TOYKY S, Ha3bIBAEMYIO YEHmpom CBS3KH.

Bo3bMeM Tenepb MIOCKOCTb Ry, He NpOXOAsLLYyIO Yepes IIEHTp CBSI3KH,
M pacCMOTPUM MHOXKECTBO BCE€X TOUYEK M MNpPSIMBIX 3TOH MJOCKOCTH. Hac
GyleT MHTepecoBaTb NOKA TOJNbKO OAHO OTHOILUEHHE MEXAY TOYKaMH H
NPSIMBIMH TJIOCKOCTH R, — OTHOILEHHEe HHIMAEHTHOCTH.

Touka ¥ npsiMasi (IIOCKOCTb) Ha3bIBAIOTCS UHYUOEHMHbIMU, €CTH TOY-
Ka JIeXKUT Ha NpIMOH ([JIOCKOCTH); MNpsiMas U IJIOCKOCTh HAasHIBAlOTCS
UHYUOeHMHbLMY, €CM NpPSiMas JeXHT Ha miockoctdH. O6o3HayaTh HHUU-
JeHTHOCTb OyjeM 3HaKaMM INPUHAAJEXKHOCTH H BKJIodeHus: A €a, A €
€ a, a < o; COOTBETCTBEHHO 0003HauyaeTcss HEMHUUAEHTHOCTh: A ¢ a,
a ¢& o. OT™MEeTHM, YTO B HEKOTOPBIX CJydassX MpeanouYTHTeNbHeH OBl Obl
KaKo#-1M60 CHMMETPUUYHLIH 3HaK, MO0 B NMpPOEKTHBHOH TeOMETpHH Mpsi-
Mas — 3TO CaMOCTOSITeJIbHBIH OOBEKT, a HEe TOYEYHOE MHOXKECTBO.

PaccmoTpuM Temepb otobpaxenue : R, — §, HasbiBaeMoe nepcriex-
MueHoiM ¥ COCTOSIIEe B TOM, 4YTO
Kaxpaass Ttouka A € R, orobpaxa-

eTcsl Ha npsimyto SA, a Kaxznas nps-

S masg a < R, — Ha miaockocth (Sa),

T. €. Ha [JIOCKOCTb, MPOXOASLLYIO

@ yepes S u a (puc. 12). Orobpaxe-
IV’M) Yia) Hue ' ompejesercs, Takum obpa-

30M, YCJOBHSIMH

7 b (4) = (S4), b (a) = (Sa).
' A
2 JIerko BHIETb, UYTO OTOOpaxKeHHe
Puc. 12 \ HHBbEKTHBHO. HO OHO He ABJIAeTCH

24



CIOpBEKIHeH, TaK KaK NJIOCKOCTh @ € S, mapannenpHas R,, He uMeeT B
R, npooGpasa. He umeroT npoo6pa3oB u Bce NpsiMble CBSISKH, pacHoJio-
)KeHHbIE B 3TOH MJIOCKOCTH. JIErKO BHAETb, YTO BCE OCTAJbHEIE NMPAMbE U
MVIOCKOCTH CBSI3KH HMeOT Npoobpaswl. B manbHedimeM NNOCKOCTL ® H
pacnoJ/io;KeHHble B HeH NpsMble OyeM HashBaTh 0COGbIMU.

OcHOBHBIM CBOHCTBOM MEPCHEKTHBHOI'O OTOOPaXKeHHs | SBJSETCS CO-
xpaHeHHe (B 0Oe CTOPOHBI) HHIUAEHTHOCTH:

Acaos P (A) < (a) (5.1)

2. PacwmupenHas eBkau0Ba MIOCKOCThb. C IENBIO «HCTIPAaBHTBY Tep-
CHEeKTHBHOE 0TOOpakeHHe MJIOCKOCTH B CBSI3KY TaK, YTOGBI OHO CTaJI0 GHeK-

LWeH, JOMOJNHHM IUIOCKOCTh R, HOBLIMH 3JleMeHTaMu — Npoobpasam
0COOBIX IIPSIMBIX M 0COOOH MJIOCKOCTH.

Touku, xotoprie 106aBJAIOTCS K MIOCKOCTH R,, GyneM Ha3bBaTh He-
cobcmeerHoMy UIU 6eCKOHeuHO YyOareHHbimlU TOUYKAMH IJIOCKOCTH U 0603Ha-
uath, Hanpumep, A_. Ilpu sToM Kaka0# 0co6oi MPAMOH CBA3KHM CTABUTCS

B COOTBETCTBHE OJHA M TOJBKO OJHA HECOOCTBeHHAst TOYKa, NMPHHUMaeMas
3a npoo6pa3 3TOH MpPSAMOH.

MHOKeCTBO @, BCEX HECOOCTBEHHBIX TOYEK HA3LIBAETCS HeCOOCMBEHHO

WK GecKoHedro yoarenrotl npamot, U 3Ta NpsaMas NPHHHMAETCs 3a Mpo-
o6pa3 0co6o# MJIOCKOCTH CBS3KH.

[lnockocts R, C NpUCOEIMHEHHLIMH K Hell HeCOGCTBEHHBIMH 3JEMEH-
TaMu OyJleM Ha3blBaTh PACUUUPEHHOU eBKAUD080L NAOCKOCMbI0 U 0603HAYATD
R,. IlepcnexrtuBHOe oTOOpakeHUe Temepb MOXKHO CUHTATh JEHCTBYIOLIUM
M3 pacllMpeHHOH MJOCKOCTH R, Ha CBA3KY &, NpuueM Mo OnpefesleHHIO
HECOOCTBEHHHLIX 3JIEMEHTOB OHO SBJSAETCS OUEKMUBHbIM;, IS HEro Gynem
ynorpe6.siTh 0603HaueHue P.

Tenepr BMecTO TOTO 4TOOB!I CKa3aThb: «0Co0ast mpsiMas CBSI3KM mapadi-
JieJIbHa MJIOCKOCTH Rp», MOXHO TOBODHUTL: «0C00ast mpsiMasi CBSI3KH mepe-
CEeKaeT pacCLIMpPEHHYI0 MJIOCKOCTb R, B HEeCOOCTBEHHOH TOUKE», a TaKiKe
BMeCTO: «oco6as NMJOCKOCTh CBS3KH NapaJljeibHa MJIOCKOCTH R,» MOXKHO
CKasaTb: «ocobas NJIOCKOCTb CBA3KH IepeceKaeT PACIIHPEHHYIO NJ0CKOCTh
R, 1o Heco6CcTBeHHOH MpsSIMOiiy.

3. CeoiicTBa HeCOOCTBEHHBIX 3JIEMEHTOB. ¥ CTAHOBHM, KaKHe CBOHCTBa
C/lIeflyeT MNPUIHCaTb HECOOCTBEHHBIM 3JIEMEHTaM, YTOObI MepCreKTHBHOE
oToOpaxkeHHe P COXPAHAJO MHIUJEHTHOCTb BCErJa, a He TONbKO MpPH BO3-
JEeACTBUH HA COOCTBEHHbIE 3JeMeHThl. MHBIMM ciloBamu, morpebyeM, YTO-

Obl OCHOBHOe CBOHMCTBO (5.l1) pacmpocTpaHsasoch Ha BCIO pacUIMPEHHYIO
MJIOCKOCTbD:

A€asp(d)c ) (5.2)

CBofictBo l. Ha xamdot coOCmBeHHOU NpAMOL PaACUIUPEHHOL

e8KAU0080E nAOCKOCMU UMEEMCA HECOOCMBEHHAS MOYKA U NPUMOM MOALKO
00HQ.

HokasarteascTBo. [lycts Ha niockoctH R, JaHa npsmas [
(puc. 13). O6o3Haunm yepe3 m ocoOyI0 NMpsSIMYIO CBSI3KH, N0 KOTOPOH IJIO-
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Puc. 13 Puc. 14

CKOCTb .'LIJ (I) mepecekaeT ocobylo miaockocTb . I[IpooGpas 3Toiét mpsamo#n
OTHOCHTEJIbHO OTOOpa)keHus | o6Go3HauuMm uepe3 A_, C/eLoBaTeNbHO,

¥ (A_) = m. A TaK KaK npsiMasi m JEXKHUT B IIOCKOCTH v(), 0P (A )<
— { (/). Orcrona no csoiictBy (5.2) A_ € L.

JloKaxkeM Tenepp €IUHCTBEHHOCTb HECOOCTBEHHOH TOYKH Ha COOCTBEH-
Ho#t npamoit. Ilycte A_, B_ € | — 1se touku. Torfa mo cBoiicTBy (5.2)
E(Am), ¥ (B )= (1). Ho npsamere ¢ (A_) u (B, ) — ocobrre, T. e. Je-

JKaT B IVIOCKOCTH ®, MO3TOMY KaxKJasi U3 HUX JIEXKHUT B mJjockoctax ¢ (/)
H o, CJef0BaTeJbHO, OHH COBIAJAIOT:

b (A) =" (B,)

M3 GuektuBHOCTH OTOOpa)kenus { ciepyer, uto A = B_

CBolicTBO 2. [lapariesvtole NPamble pPactiuperHnoll eexkAu0080Ll
NAOCKOCHU Nepecexaromes 8 HecobCmeeHHOU mouxe.

IHoxasaTeabcTso. IIycts q, b, c = R, — napaniensisie nps-
meie (puc. 14), a A_, B_, C_ — uXx Hecob6cTBeHHBle TOYKH. O603HAUUM
yepe3 m 0cobymo npﬂMyro HapaJIJIeJIbHyIO npsiMBIM @, b, ¢; Mo npsaMoit m
ocofasi IJIOCKOCTb IepeceKaeTcsi ¢ MJIocKocTsamu ¢ (a), P (b), P (c). O6o-
3HauuM uepes M_ npooGpas NpsaMOit m; U3 m = (M_) < ¢ (a) mo cBoi-
ctBy (5.2) cmenyer, yto M _ €a. AnanoruuHo mokaxem, yto M_€ b, c.
Taxum obpasoM, npsmeie a, b, ¢ nepecekarorcs B Touke M _

JlokasanHoe CBOMCTBO MOXKHO CGHOPMYJIHPOBaTb U HHAye:

Ilapanrserstole npamvie HQ pacliuperHol esxaudosol niockocmu obpa-
3YOM NY4OK ¢ HeCOOCMBEHHbIM YEHMPOM.

4. Ilpocreiitine Teopembl 00 MHUHUIEHTHOCTH Ha PacCLIMPEHHOW EBKJIH-
poso# mnuaockocTH. Ilosib3ysick JOKa3aHHBHIMH CBOHUCTBAMH, MBI MOIKEM
ONepUpPOBaTb HECOOCTBEHHBLIMH 3JIeMEHTaMM, He of0pamasich K CBSI3Ke.

[Ipexxne Bcero, pacCMOTPHM BOMNPOC O 3afaHHH HECOGCTBEHHLIX 3JIEMEHa
TOB Ha ueprexe. HecoGcTeennas npsiMas g, He HyX[aeTCd B 3aJaHHuH,
TaK KaK OHa efuHcTBeHHa. HecoGcTBeHHyio Touky M_ yno6HO 3aiaBaTh

NOCPEACTBOM COOCTBEHHOM MNpsIMOH m, Ha KOTOPOH OHa pacroJioXKeHa
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{puc. 15); stoT cnoco6 3ajaHus oc- m;

HopaH Ha cBoiictee 1. He caenyer /m//M
TOJIbKO JyMaTh, YTO TOYKA HAXOLHT- / o
sl TaM, re CTOMT GyKBa; BCerja Ha- M3

IO NOMHUTH, 4yT0 M_ =m ] a_. /

B cuny ceoiictBa 2 Touka M_ MoO-

)KeT ObIThb 33JaHa W [pH MOMOIIH Puc. 15
JI0O0M M3 NPSAMBIX My, Mg, ..., Na-
paJ/ie/IbHBIX 1.
[lpuBeseM Tenepp npumep N0Ka3aTeIbCTBA TEOPEMEI.
Teopema 1. Cywecmeyem eduncmeennas npamas, uHyulenmnas
08YM NPOU3BONLHOIM MOYKAM PACUUUPEHHOU e8KAU0080L NAOCKOCHU.
JJoKxasaTeadbCTBO paCnafaercs Ha TPU YacCTH.
1) Ecau o6e faHHBIe TOYKH COOCTBEHHBIE, TO T€OpPEMa BepHA B CHIY
aKCHOM €BKJIMJOBOH I'€OMETpHUH.
2) IlycTb ofHa M3 JaHHBIX ToyeK, Touka A, coOcTBeHHas, a Jpyras,
B_, HecobcrBenHas. Touky B_ 3agajum mpH NOMOIUM TpsMo# b, B_€b.

Torna npsimas AB_ no/KHa NpOoXoAuThb yepes A napassensHo b. Cyie-

CTBOBaHHE M €IHHCTBEHHOCTb TAKOU NMPSIMOH CJefyeT U3 aKCHOM eBKJIUJO-
BOH T€OMETPHUH.

3) Ecau o6e faHHBIE TOYKH HECOOCTBEHHBIE, TO MO ONpPENEJEHHIO Yepes
HUX MPOXOAUT HECOOCTBEHHAs NpsiMas U TOJbKO OHa OIHa (CBOMCTBO 1).
Teopema mokasaHa. CaMOCTOSITE/IbHO JOKAXHUTE CJELYIOILYI0 TeOpemy.

Teopema 2. Cywecmsyem eOuHCMBEHHAS mMO4KQA, UHYUOCHMHASA
08YM NPOU3BONLHOIM NPAMOIM PACUUPEHHOU e8Kaudo8oll naockocmu.

5. OnpejesieHHe NMPOEKTUBHOM MJIOCKOCTH. BBeneHHasd HaMH pacluHpeH-
Has MJOCKOCTh 06JIaflaéT CYIUIeCTBEHHLIM HEYAOOCTBOM: Ha HEH HMMEITCSH
KakK COOCTBEHHbIE, TaK 1 HeCOOCTBEHHbIE TOUKH U NpsiMele. [ XxoTs cBoHcTBA
COOCTBEHHLIX U HECOOCTBEHHBIX 3JIEMEHTOB BO MHOI'OM CXOZHBI, Mbl HX BBI-
HYXJeHbl pas3juyaTh. 1akK, HanpuMmep, UMEHHO 3THM OblJla BbI3BAHA He-
00XOJMMOCTb pacCu/JeHeHHS Ha TPH YaCTH J[OKa3aTelbCTBA TeopeMnl 1
NpeAbIAYIIEero MyHKTA.

UTo6B! «ypaBHAThL B IpaBax» COGCTBEHHbIE H HECOOCTBEHHbIE 3/1eMEHTHI,
BBOAMTCSI TOHATHE MPOEKTHBHOH INJAOCKOCTH. [Ig 3TOro omnpeeseHue
NPOEKTUBHON IJIOCKOCTH HOJKHO 0a3HpOBAaTbCS HE Ha MOHSATHH pacCIIH-
PEHHOH eBKJHUJOBOH MJOCKOCTH, a Ha MOHSITHU CBSA3KH.

Onpenenenue. Ilycte P, — MHOXECTBO, COCTOslllee M3 3Jie-
MEHTOB ABYX pOJOB, Ha3blBa€MbIX COOTBETCTBEHHO MOUKaAMU U NPAMbIMU,
npuyeM TOYKH U NpsMble CBS3aHBl OTHOUlEHHeM, Ha3blBAeMbIM UHYUOCHM-
Hocmoeio (018 KaXXJIoH JaHHOHW TOYKH M KaXKAOH NaHHOH MPSIMOH H3BECTHO,
MHIUAEHTHbl OHU WM HeT). Ecsu cyuecTByeT GUEKTHBHOE OTOOpaXKeHHe
g:P,— S8, rme §—cBA3Ka npaMbIX M IUIOCKOCTeH, MPH KOTOPOM
Kaxjasa Touka A € P, oro6pakaeTCs Ha MPsSIMYIO CBSI3KH, a KaxJaas nps-
Masi @ € P, — Ha IJIOCKOCTb CBSI3KH M coXxpaHsercs (B 06e CTOPOHEHI)
MHIUJEHTHOCTb, TO P, Ha3BIBAETCSH NPOEKMUBHOL NAOCKOCHbIO.

Takum o6pasom, OfHU U Te xKe (aKThl MOTYT Telepb ObITh BhIPaXKeHI
KaK Ha s3blKe€ €BKJIUAOBOH IeOMEeTPHH, TaK U Ha SI3bIKE NPOEKTUBHOH B
COOTBETCTBUH CO CJIEAYIOWEH CJOBapHOi Tabgauuei:
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13K e€BKJIHZIOBOI{ F€OMETpHH $13bIK MpOEKTHBHON reoMeTpHH

Cpsiska npsiMeIX B MockocTedl (S) ITpoekTnBHast miockocThb (Py)
IlpsiMasi cBA3KH Touka

IlnockocTh CBSA3KH IIpsimas

HHuuzeHTHOCTD HuuunenTHOCTL

OroGpaxenue ¢ : R, — § ©u ToXIeCTBeHHOe OToOpaxkeHne § — §
GHEKTHBHBl M COXPaHSIOT MHUUAEHTHOCTb. [T03TOMY paciiHpeHHast €BKJIH-

JOBA NJOCKOCTb R2 U CBA3Ka § aBIAI0TCA NPpOEKTHUBHBIMH IIJIOCKOCTSAMH.

Tak Kak npu oto6pakKeHuu { COXpaHSeTCs UHUHAEHTHOCTb, TO MHOMKe-
CTBO TOYEK, HHIUJEHTHBIX KaKOH-THOO NPSMOH NPOEKTUBHOH MJOCKOCTH,
oToOpaKaeTcsi Ha NYy4YyoK MPAMBIX, JeXallMH B IJIOCKOCTH CBA3KH. [lo-
3TOMY B CHJIy onpeleneHusi, gaHHoro B § 1, n. 2, npamas npoexmusroti
NAOCKOCMU, PACCMAMPUBAEMAS KAK MHOMCECMBO UHRYUOCHMHbLX ell moyex,
ecmb npoekmusHas npamas Pj.

[lenecoo6pa3HOCTh BBEAEHHSA MOHATUS NMPOEKTHBHOH MJIOCKOCTH BHJHA,
HampHuMep, U3 A0Ka3aTeJbCTBA TEOpeMbl 1 nmpelplAyllero nNyHKTa, KOTOpPYIO
Tenepb cjaenyer chopMyJsHpoBaTh Tak.

Teopewma. Cywecmsyem eOuHCMBEHHAA npAmMas, UHYUOEHMHAA
08YM PABAUYMHOIM MOYKAM NPOCKMUBHOU NAOCKOCMU.

JokKasaTeabCTBO. B nepeBoie Ha A3BIK €BKJIHIOBOH I'eOMeT-
puu TeopeMa (POpMYJNHUPYETCA TakK: cywjecmsyem eOUuHCMBEHHASL NAOCKOCHb
C8A3KU, UHYUOCHMHAR 08YM PASAULHOIM NPAMbIM CBA3KU. DTO YTBEPKIAECHHE
BBITEKAeT W3 aKCHOM €BKJIMJOBOH I'eOMETPHH.

[IpeumylleCTBO 3TOTO JOKasaTesNbCTBAa B TOM, YTO €r0 He MpPHLLIOCH
pasbuBaTh Ha oTlenbHble YacTd. [Ipu paccmoTpeHnu 6osiee CJOKHBIX BO-
IPOCOB NPEUMYILECTB 3HAUUTENHHO OOJIblIIe.

[Ipyu u3yyYeHHH CBOKHCTB NPOEKTHBHON IUIOCKOCTH MBI 4acTo 6yleM
0Jb30BaThCsl (OCOOEGHHO IPH BHINOJHEHHU UEpTEeXKeH) ee YaCTHBLIM CJyya-
€M — paclIUpPeHHOH €BKJMAO0BOH IJIOCKOCTbIO. OfHAKO MPU 3TOM CJENyeT
NOMHHTh O HeJOCTAaTKax TaKoro moaxoia. HeonmwTHOro uurtatesnss MoMKeT
BBECTH B 3absyxIeHHe TO 0OCTOATENBLCTBO, YTO Ha pACLIMPEHHOH eBKJH-
JIOBOM TMJIOCKOCTH TOUKH U INPSIMBIE CBSI3aHBI HE TOJbLKO OTHOIIEHHEM HHIIHU-
JIEHTHOCTH (2 MMEHHO TOJIbKO OHO IO CYLIECTBY U SBJSETCS MPEeIMETOM
H3YUeHHS] B NPOEKTHBHOM reOMeTPHH); OHHM CBSI3aHbl U APYTHMH OTHOIIle-
HUSIMH, TaKUMH, KaK [apajJjelbHOCTb NPSAMBIX, KOHTPYSHTHOCTb OTpe3-
KOB U T. ., KOTOpblE B IPOEKTUBHOH IeOMEeTpUM He H3YyYaroTcs.

§ 6. MIPGEKTUBHASl CUCTEMA KOOPAHMHAT

1. OnpepeseHne M 3ajaHue NPOEKTUBHBIX KoopauHat. IIpeofpasosa-
HUe KOOpauHAT. [IpoeKTHBHBIE KOOPAMHATH HA IJOCKOCTH BBOAATCH TaK
e, Kak i Ha npsmMoit. Cuutas, YTo yuTaTe b JOCTATOYHO THIATENBHO NPOpa-
Goran § 2, rae paccMarpuBasach NPOEKTHBHAs CHCTeMa KOOPAHMHAT Ha
NpsIMOH, MBI OCTAHOBUMCSI KpaTKO Ha OCHOBHBIX (DaKTax, OTHOCSIIHXCS K
IIPOEKTHBHON CHCTEME KOOPAMHAT Ha IJIOCKOCTH, W PN yTBEPKIEHHH
npuBeneM 6e3 JQKas3aTesbCTBA.

28



Bynem mnonbp3oBaThCs €BKJAMAOBOH TepMHUHosOTHe#. IlyeTh uMeercs

-

cBi3Ka § ¢ ueHTpoM S U apduHHas cHCTeMa KOOpAHHAT (S, e;), rle i =

= 1, 2, 3. Torpa mo6asa npsimas X CBSI3KH MOXKeT ObITh 3ajlaHa CBOUM Ha-
-

NpaBJAIOIIKMM BEKTOPOM X, a 3TOT NOCJAENHHH — TPOHKOH (X;, X,, X3)

-
CBOMX KOOpZMHAT B cHcTeMe (S, ¢;). Knacc nponopuuoHanbHEIX TPOEK C
npeincTaBuTenieM (X;, X,, X3) Ha3bIBAETCH MPOEKMUBHOL KOOPOUHAMOLL

npamoti X cBsisku. Kak u panee, OYAyT NpHUMEHSTbCS Caefyoliue o6o-
3HaueHHUs:

X1
X3

Teopema 0 TOM, YTO IOMOTE@THYHBIE CHCTEMBI KOOPAMHAT ONPENENSIOT
B CBSI3Ke OJJHY W TY Ke [NPOEKTHUBHYIO CUCTEMY KOOpAuHAT (cM. § 2, m. 2),
UMeeT MeCTO M B JaHHOM cayuae. Ee J0Ka3aTeqabCTBO NpPeNOCTABJISEM YH-
TaTeJIIo.

C noMolIBI0 3TOH TeOpeMbl JOKA3BIBAETCS TeOpeMa O 3aJAHUH NPOEKTHB-
HBIX KOOpPJMHAT BHYTPEHHUMH CpPeACTBaMM, KOTOpas AJS HJIOCKOCTH ¢op-
MYJHPYeTCS CJAeAYIoUM 06pa3oM:

Teopewma. Kaxosor 6or Hu 6otau uemsipe mouku E,, E,, E,, E,
NPOEKMUBHOLL NAOCKOCMU, U3 KOMOPbIX HUKAKUE mpU HE KOAAUHEAPHbL
(T. e. He JeXaT Ha ONHOH NpPSMOH), cywecmsyem eOUHCMBEHHAA CUCMEMA
NPOEKMuUBHbLX KOOPOUHAMmM, 8 KOmOpOU amu mouKku UMerom KoopOuHamel

E,(1: 0: 0), E, (0: 1: 0), E5 (0: O: 1), E, (1: I: 1).

JIlokazaresibCTBO 3TOH TeopeMbl no obpasuy TeopeMel § 2, m. 3 mpeno-
CTABJISIETCSl BBIIOJHHUTh YHTATEJNIO.

Taxkum obpasom, cucmema npPoeKmuBHoLx KOOpOUHAM HA NAOCKOCMU Onpe-
Oensiemces yemeepKol mo4ex, He Koaaureaprolx no mpu. Touku E;, i =1, 2,
3, 0, HasBIBAIOTCA (YHOAMEHMANLHBIMU MOYKAMU TIPOEKTHBHOH CHCTEMEI
KOOpPAMHAT, mpuyeM npu i = 1, 2, 3 OHH, KpoMe TOro, Ha3bIBAIOTCS KO-
op0unamuoimu, a Touka E,— edurnuunot. Ilpameie E,Eg, EE,,
E,E, Ha3bIBAIOTCS KOOPOUHQMHbIMU NPAMOIMU.

W Hakonen, orMeTruM, uto (opmyasl (2.2) u (2.4) nmpeob6pasoBaHus
MPOEKTUBHBLIX KOOpJAMHAT [J/ig CAydyass NJIOCKOCTH B MAaTPUYHOM BHUZE 3a-
[MUCHIBAIOTCS TOYHO TaK ke, TOJbKO MaTpHuibl P U  Tenepb HeBBIPOXKIEH-
Hble MATPHULIBI TPETbETO Mopsiika, a X U X' CToAGLBl U3 TpeX 3JeMeHTOB:

AX' = PX, (6.1)
uX = QX'. (6.2)

[TonpoGHo opmyna (6.1) sanucriBaeTcss B BUAE CUCTEMBI:

Ax| = puxy + PreXe + P1s¥s,
Ay = pyXy 4 Pag¥s =+ Pas¥s, (6.3)
Ay = Pg1X; 4 P3oXe + Pas¥Xs.

AHanornyHo MOXKHO 3anucath u (opmyay (6.2).
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BrnepBrle npoeKTHBHBIE KOOpDAMHATHI Ha pPaCLIMPEHHOH eBKJIHIOBOH
IVIOCKOCTH NOJ, Ha3BaHHeM OapUILleHTPHUUeCKHX KOOpAMHAT BBen Mebuyct,
HCXOAMBIUUHA M3 OpPUTHHAJbHBIX MEXaHHUYECKUX cooOpakeHud. B Hamux
TepMHHAaX OapUlleHTPHUECKHE KOOpJAMHATHl MOXKHO ONpeNeNHTb Kak cre-
IHaJbHBIA CJyYyal NPOEKTUBHBIX, XapaKTE€PU3VIOUIMHACS TeM, UTO eNUHHUY-
Hasg ToukKa E, HaXoOUTCsL B TOYKe NepeCeyeHHUsi MefHaH KOOPAHHATHOTO
Tpeyroabuuka E,E,E;. Mebuyc u [Tnokkep? mosoxuIH Hauaslo CHCTEMa-
THUYECKOMY HCIIOJIb30BAHUIO AHAJUTHUECKHX METOJOB B MPOEKTHBHOH Ieo-
MeTpHH.

2. YcioBue KOJNIHHEAPHOCTH TPeX TOYEK M ypaBHeHue npsmoit. Koop-
AMHATBl npsMoit. ITycTh B HEKOTOPOH CHCTeME NPOEKTUBHLIX KOOPJMHaAr
JaHbl KOOPAUHATHl TpeX TOo4YeK:

a, b, ol
A - (12 ’ B - b2 ’ C = 02 .
as by Cg

(HamoMuHaeM, 4TO TOYKH U HX KOOpPJUHATHBIE CTOJGIHI MBI YCJIOBHJIHCH

—_ - —

o6o3nauaTh OfHOH OYyKBoii.) Bekrtopwl a (a;, a,, a3), b (by, bs, bs), ¢ (¢4,
Cyy C3) SIBJISIIOTCSI HANPABJSIOMUMH BEKTOPAMH COOTBETCTBYIOLIHX HpSMBIX
cBsi3Ku. [loatomy ycaosue Korruneaprocmu mouex A, B, C eCTb yCaoBue

- > =

KOMIIJIaHapHOCTH BEKTOpOB a, b, ¢:
a, by ¢

a, b, ¢,| =0. (6.4)
az by ¢,

HatineM ypasnenue npsamod, npoxonsiiei uepes Touku A (q; : a,: a,)
H B (b;:0b,:b;). Bo3spmeM mnpousBosbHYI0 TOUKYy X (X : X5 & X3),
Jgexaimyto Ha (AB). ¥YpasHenuem npsamois AB GymeT yc/joBHE KOJTHHEap-
HocTH Touek A, B, X:

Xy ay by
Xy @y by| =0 (6.9)
X3 ag bg
HJTH
a, b,| _ . |a; b a, b;| _
%[ ay by| ™ *2|ay byl T ¥|ay b, =

3ameTuM, UTO XOTs Obl OAMH M3 K03(h(hHUIIUEHTOB MOCJAENHEro ypaBHe-
HUS OTJIMYEH OT HyJas. DTO CJAEAYeT W3 HeNpPONOPLHOHANBHOCTH CTON6-
oB A u B.

Mpb1 BUZMM, YTO YpaBHeHHE BCIKOH HPSIMOH JIMHEHHO U OJHOPOIHO
OTHOCHTEJNbHO TeKYLUUX KOOpAMHAT. BepHo u oOpaTHoe yTBepKAEHHUE.

Teopewma. Bcakoe auneiinoe 00HOpoOHOe ypasHeHue

WXy + UgXy + UsXs =0, (6.6)

1 Asryct Pepaunang Mebuyc (1790— 1868) — Hemelkuii reomerp.
2 IOanyc Inokkep (1801—1868) — nHemeukuit reomeTp H $U3HK.
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Koaghpuyuermor  Komopo2o o6pasyom Heryaesyrr mpotky (U, U, Ug),
eCcmo YPABHEHUE HEKOmOpoU npamol.

HoxasarteanbcTBo. [lomaras pgns onpeaeneHHoctu u; = 0,
BO3bMEM [Be passiiuHbie TOUKH A (—u, : u; 1 0) u B (—usy: 0: uy), Ko-
OpJAMHATBl KOTOPHIX YIOBJIETBOPAIOT NaHHOMY YypaBHeHuto. Haxoxsa no
dopmyse (6.5) ypaBHeHHe mpsaMoii AB, mnosydaeM JaHHOe YpaBHEHHE
(6.6).

Teopema nokasaHa.

OnpeneneHnue. Kiaacc nponoprnuoHa/lbHBIX HEHYJEBBIX TpoeK
C mpeicTaBuTeNeM (4, U,, Ug) HA3bIBaeTCs Koopduramol npamoi, ompe-
Iensiemoit ypaBHeHueM (6.6).

HyneBas Tpoiika cuuTaeTcs 3amnpelieHHOH, ef He OTBeuaeT HHUKaKaf
npsiMas.

Kak u B ciyuae Toyek, 6yjneM JOnycKaTb HEKOTOPYIO BOJBHOCTb PeuH,
HasblBasl UMUCHAA Uy, Uy, Uz KoopauHaTaMH. CTPOKY M3 KOOpPAMHAT YCJIO-

BUMCS1 0603HAUaTh TOH Ke OYKBOH, UTO U CaMy NPSMYIO: U = || U, Us, Usg ||.
YpapHenue npsamo# (6.6) 6yaeM HHOrAa 3alUCHIBATh B MATPUUHOM BHJE:
uX = 0. (6.7)

B cuny paeeHcTsa HyJIO onpefenuress u3 gopmydsl (6.5) ero cron6us
JIUHeHHOo 3aBUCHMEL. Tak Kak Touku A u B pasiuuHbl, TO BTOPOH U TPeTHH
CTONOLBl HEe3aBUCHUMbI, M TNO3TOMY MNEPBBIA CTONGEL MOKHO NPEeACTaBUTh
KaK HX JIHHEHHYI0 KOMOHHALIUIO:

Xy a, b,
X\l =alay| + Bl b,
X3 a bs
WM
Xy = a’al + Bbh
Xy = aay 4 Pb,, (6.8)
X3 = oag + Pbs.

910 — napamempuueckue ypasrenus npamoi. OHH Moryt ObITH 3a-
NUCaHbl U B MaTPUYHOH GopMe:

X = ad 4+ BB. (6.9)

Kaxpo# nape uncen (o, ) oTBeuaer onpeneseHHas Touka npsimod AB,
IpHueM IPONMOPLHOHANBLHEIM NapaM H TOJbKO UM COOTBETCTBYET OfHA H
Ta e ToukKa, TaK KakK CTOJIOLbI

X=aA+PB u X =ao'A-pB

MPONOPLHOHANBHEI TOTJa H TONBKO TOTJa, KOTAa NPONOPHHOHANbHE Ia-
pul (@, B) u (@', B).

3. YcioBue NPUHAIEXHOCTH TpeX MNPsAMBIX ogHomy nyuky. Hafinem
ycsioBHE, NpH KoTopoM Tpu mnpsmele [ (I :1y: 1), m (my : my: mg),
n (ny : ny: ny) NPOXOAAT yepe3 OAHY TOYKY (MpUHAAJMENKAT OJHOMY Myy-
Ky). laHHble mpsiMble HMEIOT OOLLYI0 TOYKY TOTJa U TONbKO TOrZAa, KOrjia
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cucrema.

Lxy 4+ Lxy + Lx; =0,
myxy + MoXy + Mgxs = 0,
MiXy =+ NaXy + ngxs =0

HMeeT HeHyJeBoe pelieHHe. M3 anreGpel W3BECTHO, YTO 3TO OYHET TOrAa,
Korja

Lol
ml m2 m3 = O. (6. 10)
n, Ny, fg

DTO U eCTb YCAo8Ue NPUHAOAEHCHOCMU Mmpex NPAMbLX 00HOMY NYy4Ky.
YcnoBue TOro, 4to npaMas 4 (4 : U, : Uz) IPUHALJIEKHT YUKy, Onpe-

Hensemomy npsameiMu [ (0 : 1, 2 l3) u m (my : my 2 my), MOXKET OBITH 3a-
NUCaHO TaK:

Uy Uy Uy
I, 1, I |=0.
my my Mg

Orcropa crefyer, 4To CTPOKa & W eCThb JuHefiHAad KOMOMHAUusl CTPOK [
Hm

U =M+ pm (6.11)
WM B NOAPOOHOH 3amucu:

Uy = Ay 4 pmy,
u, = M, 4+ pm,, (6.12)
Us = Mg + pms.

YpaBuenusi (6.11) u (6.12) HaswBalOTCS napamempuyeckumu YpasHe-
Huamu nyuka. CpaBHUBas UX C NMapaMeTPUUECKUMH ypPaBHEHHSIMH Mpsi-
moii (6.8) u (6.9), obunapyKuBaeM 60/IbILIOE CXOACTBO, TMYGOKHE HPHUHHBL
KOTOPOTO 3aKJ/IOYEHbl B CTPOEHHH NMPOEKTHBHOH IVIOCKOCTH H BCKPBIBAIOTCS
B§ S, m 1.

I[Ipuwmep 1. Haiilem ypasrHeHus KoOpOUHAMHOIX NPAMbIX.

Pemenue, Cornacio dopmyne (6.5) ypaBuenue mnpsamoii E,E,
MMeeT BU:

x 00
x, 1 0} = 0.
x3 01

[ToncuuTniBasi onpepenuTenb, nonyyaeM x; = 0. AHAJOrHYHO HaXOAATCH
ypaBHeHHS APYTHX KOOPAMHATHBIX NPAMBIX: X, = 0, x5 = 0.
[Ipumep 2. Hailidem mouxy nepeceverus npamerx u (2:—1:1)
Ho(l:3:-—-2).
Pemesnue., Pemas cucremy:

{2)61— x2+ x3=0,
Xy - 3%, — 2x3 = 0,
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COCTaBJEHHYIO H3 ypaBHeHHﬁ AaHHBIX MNPAMBIX, HaXOAHUM.

e e =1 1].__|2 2 —1|__+q1.¢.
X1.12.X3—| 3—21. |1 ‘1 3‘——' 1.U.7a

l .
-9
STO U eCTb KOOpJAMHATHI TOUKH NepeceyeHus.

[TpuMeuanue 3mech u fajee HCNONb30BAH H3BECTHBIH CIIOCOO pelleHHS CH-
creM JIHHEHHBIX OLHOPOAHBIX HE3dBHCHMBIX ypaBHEHHﬁ, B KOTOPBIX YHCJIO HEHM3BECTHHIX
Ha eHHHULY Gosblle YHC/Ia ypaBHEHHH.

IMpumep 3. Haiidem mouxy nepeceuerus npamot u (2 : —1:1)
c npamoil, npoxodsauell ueped mouku A 2:—1:0) u B3:—3:1).

PeweHue. [lepsoi cnocob. Ilo dopmysne (6.5) HaxoauM ypaBHEHHE
npsimoit AB ¥ pelllaeM ero COBMECTHO ¢ ypaBHeHHeM npsimoit u. IIposene-
HU€ BBIUHCJEHHH NpPeNOCTaBJSETCS YUTATEJIO.

Bmopoti cnoco6. PemuMm Ty e 3ajauy OPH NMOMOIIY NapaMeTPHYECKHX
ypaBHeHHll npsimoii AB, koropeie corsiacHo ¢dopmysae (6.8) uMeOT BHA:

x, = 20 + 3B,
X2 = —0 — 3[3,
X3 - B.

OmnpenennM, MpH KaKHX 3HAUeHUSX MapaMeTpPoB ¢ U 8 KOOpIAMHATHL
TeKylleli TOYKH npsiMoii AB YHOBNETBOPAIOT YPaBHEHHIO MNPSAMOH U.

Hmeem:
2Q2a+3p) —(—2—3p) +B=0

WK mocsie ynpouienui: o + 2p = 0. MoxHO nosoXuTh o0 = 2, f = —1
J160 B3STh KaKue-THOO JApYyrue, NpONOpIHOHA/bHBE 3HAaUeHHA o U .
M3 napameTpHueCKHX ypaBHeHHI npsamoit AB Npu 3TUX 3HauYeHHAX Napa-
METPOB MoayyaeM x; = 1, x, = 1, x; = —1. CnenoBarenbHo, HCKOMast
TOuKa uMeeT KoopauHatel (1 : 1 :—1).

[MMIpumep 4. Hauot uwemeipe mouku: A (5:1:0), B(1:0:0),
C@2:3:1),D(1:—1:2). Haiidem xoopdunamer mouku M = (AB) ()
N (CD).

Pemenue. OG6Go3HauHM KOOPAUHATHI HMCKOMOH TOYKH M uepes
(X; : Xo : x3). Torna us M € (AB) B cuny (6.9) cnenyer M = oA + B
HJTH

X, 5 1
x2 = O 1 +ﬁ O ]
Xg 0 0

oTKkyza x; = 0.
Ananoruuno us M € (CD) cnepyer M = yC + 8D unu

Xy 2 1
=73 + 6| —1]|
X 1 2

UroGel B MOC/JENIHEM YypaBHEHHH MONYYHTb X3 = 0, MOJOXKHM Yy = 2,
8§ = —1. Tlonyuaem:

3
71l
0

M=
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I[Ipumep 5 Haldem ypasuenue npamod, npoxodawell uepea mouxy
nepeceuerusn npamoix 1 (2:—1:1), m({A:1:—1) umouxy A 2 : —1:3).
Pemenune MoxHO HaliTU CHauyasa KOOPAUHATHI TOUKU B = [ ()

(lm, a NOTOM HaHTH ypaBHEHHE HCKOMOH NPSMOH NO JBYM HU3BECTHLIM
TOYKaM.

Mur pemrnm 3amauy, nosb3ysich YCJIOBHEM NPHHAJJEXKHOCTH TpeX Mps-
MbeIX (I, m u uckomo# u) ogHomy nyuky. Ilo dopmyne (6.11) u = Al -
-+ um unu

g, ug, ug || = A 12, =1, 1| 4+ w1, 1, —I1]| =

rae (4, @ U, © Ug) — KOOPIAMHATHI UCKOMOH NpPsIMOH u, ypaBHEHHE KOTOPO#
Tenepb MOXKHO 3amucaTh B CJIEAYIOMIEM BUIE:

@\ + wx; + (= + Wxs + (b — P, = 0.
[TonyueHHOMY YpaBHEHHIO YIOBJIETBOPSIOT KoopAuHaThl Touku A. [Tostomy
@+ w2+ (A +p)- D)+ GA—p-3=0,

OTKYyJla mnocjie ynpoiieHud mnosyuaeM 4A — p = 0. Ilosmaras A =1,
u = 4, HaxoguM u = || 6, 3, —3||. CokpaTuB KoOpAHHATHl Ha 3, MNoJIy-
qaeM ypaBHeHHe HCKOMOH MNpsIMOH
2%, + xo — x5 = 0.
I[Ipumep 6. [Hanor 06e cucmembl npoekmusHolx Koopouxam Ha nAo-
ckocmu P, — R = R (E;) u R" = R (E}), npuuem ussecmmubl K0OpOUHQ-
mot mouex E., i =1,2,3,0, 6 cucmeme R: E; (1:1:1), E;(0:0:1),

Esg(—1:2:1), Eo(0:3:1). Hatiem ypasrerus nepexoda om 00HOU
cucmemol K 0pyeoii.

PemeHnue. YpaBHenus nepexoma 6yneM HCKaTb B BHAE CHCTEMH,
ABJSIOMIEHCSA NOAPOOHOIN 3amHChi0 MaTpuyHoro ypasHeHus: (6.2):

ux; = quxi -+ Chzx; -+ ‘hgxé,

Uxy = %1’5{ -+ ‘722)5; + Gosxs,

uxg = 5131?51 + qazx; -+ qaax:;-
Hafinem yncna g;; — snemMenTtsl MaTpHis! Q.

HaM u3BecTHBl KOOpAMHATHl (yHIAaMeHTaJlbHBIX ToueK E; B ABYX KO-
OpPAMHATHBIX CHCTEMAX:

E, E, E, E,
B cucteme R 1:1:1 0:0:1 —1:2:1 0:3:1
B cucteme R’ 1:0:0 0:1:0 0:0:1 1:1:1

IloncraBnsis 3TH KoopAuHaTBl B ypaBHEHUsS Iepexoja, MNOJy4YaeM
IBeHanuaTb ypaBHeHHH. [Ipu aToM Heo6XOAMMO MOMHHTB, YTO KO3(hdH-

IHEeHT NPOMOPLHOHANBHOCTH W AJIA KaXJOH U3 YeThIpeX TOUeK HMEET CBOE
3HayeHue. [lomyuaem:
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251 11, 0 = gy, —U3
51 do1, = (a9; 2u3

d13» 0 =4qu + G12 + Gus,
G23» 3o = Go1 + Gas + Gas,

H1 = Gs1, He = g39, 2F d33s o = G31 + G32 + Gas.
3HaueHHs §;; U3 NEePBHIX NEBATH YPaBHEHHH MOACTaBJfEM B MNOCJHEIHHE
TPH:

0= — s,
St = Wy ~+ 24,
Po = My + Ky + Us.
Haxonum pelnensie 3Toil CUCTEMBL:
0—10 1 —-10] |J]100
Byilp:ipg=1|0 23|:—|1 23 103|=-3:3:-3.
1 11 1 11 111
[Tonaras p, = 1, py, = —1, pu3 = 1, nosyvyaem BCe 3/71eMeHTHl HCKOMOMH
MaTpHILBL:
I 0 —1
Q=1 0 2|
1 —1 1
YpaBHeHHs1 mepexoja, CJIefOBaTeNbHO, HMEIOT BHA:
Wxy, = x| — X,
WXy = X + 2x,,

Pelnennnlit npuMep anasoruyeH npumepy 1 us § 2.

[IpuMmep 7. Touka A 6 cucmeme R uz npedoidywyeeo npumepa umeem
KoopOurnamet (1 : —1 : 0). Haiidem ee koopduramet 6 cucmeme R'.

Pemenue JlaHHble KOOpPAHHATHI MOACTABJsSEM B HalJ€HHbIE Bbl-
[lle ypaBHEHHs, CBsi3bIBaIOLlHe KOOPAMHATHI TOUKH B cucteMax R u R’:

’

b= x, — X3
—u = X -+ 2x,,
0=x —x,4+ x,.
Pemmas 3Ty cuCTeMy OTHOCHTENBHO X @ X, : X, MOJydaem:
0—1 1 1 —1 | 1 0 1
X ixXyix,=1, 0 2—1 1 2 —1 1 0—1|=1:—1:-2,
—1 1 0 1 1 0f {1—1 O

3To U ecThb KoopauHaThl Touk# A B cucteme R,

§ 7. OJHOPOAHBIE A®PHUHHBIE KOOPHUHATDI
HA PACLUIUPEHHOH EBKJIMAOBOY NMJIOCKOCTH

1. Onpenenenue omHOpoaHbix addPUHHBIX KoopauHAaT. TakK Kak pac-
IUHPeHHasl eBKJAUAOBA MJIOCKOCTh R, sIB/SIETCSI NPOEKTUBHOM MJIOCKOCTHIO,
TO BCe (DaKThl aHATUTHUYECKOH IeOMETPUU, YCTaHOBJeHHbIE B § 6, umeror
MECTO M Ha pacCIUUpPeHHOH €BKJHJOBOH mJyocKocTH. OfHaKoO B CBSI3U C
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Y £ oo ocoGoff POJIbI0 HECOGCTBEHHBIX 3JIe-

/ £o /' MeHTOB MOSBNAIOTCS HEKOTOPLIE HO-

g £  Bble GakThl, KOTOpHIE PEACTaBAAOT
UHTepeC B eBKJIMJOBOH TIeoMeTpHH,

HO TepsIOT CMBICA B MPOEKTHBHOM.

- Ing u3yuyeHus 3TUX BOIMPOCOB Yj00-
g er . £, oo HO BOCMONB30BATBCA ONHOPOAHEIMHU
7Ey / X addHHHBIMM KOOpJAWHATAMH, SIBJSI0-

IIMMHCSI €CTeCTBEHHBIM 0600IeHHeN
OJHOPOAHBIX a(p(UHHBIX KOOPAUHAT
Ha pacllMpPEHHOH eBKJHUJIOBOH nps-
Mol (cM. § 2, m. 5) M 4ACTHBIM CJyyaeM NPOEKTHBHBIX KOOpPJHMHAT.

Onpepneanenmune. [lpoektuBHas cucrema koopaunat R (E,, E,,
Eg4, E;) H4 paclIMpeHHOH eBKJHIOBOH IMJIOCKOCTH HAa3bIBAETCS CUCMEMOL
00HOPOOHbIX aghdhurHblx KOOpOUHam, eC1U KOOpAHHATHbIE Touku E,, E, He-
COOCTBEHHBIE,

O6riuHasi cucteMa apdhUHHBIX KOOPAMHAT Ha HepaCLIMPEHHOH IJIOCKO-
CTH Ha3blBaeTCsl He00HOopoOHoUu. OHa MoXeT ObITh 3ajlaHa OCSMH H TOYKOH E
¢ KoopauHatamu (1, 1), 6o mpU 3THX YCJOBHUSX JIETKO HAXOAUTCSA HAYAJIO
KOOpJAWHAT U OPThI OCEH.

Onpenenenue. CucremMa HeOTHOPOAHBIX abPUHHBIX KOOPIHHAT
Ha maockoCtH R,, 3amanHas ocamu OX, OY u touko#t E (1, 1), u cucrema
OJHOPOAHBIX ad(bHHHBIX KOOPAMHAT Ha MJOCKOCTH R,, 3ajaHHas GyHAa-
MeHTaNnbHbIMH TouKamMu E,_, E, , Ej, E, (puc. 16), HaspiBaloTCs coomeemn-

cmeyrowumiy IPH CJAELYIOLHX YCJIOBUAX:
0 = E;, (0X) = (E3E, ), (OY) = (E3E,.), E=E, (71.1)

Cpasy 3ameTuM, 4TO YpaBHEHHE HeCOOCTBEHHOH MPSAMOH B OJHOPOJIHLIX
ahdUHHBIX KOOpPAMHATaX UMeeT BUJI x; = 0. OT0 cienyer u3 npumepa |
(cMm. § 6), ecau yueCTb, YTO HeCOOCTBEHHAS NpsMas SBJSETCS KOOpPAUHAT-
Hoi mpsamoit E_E, .

2. CBs3b OAHOPOXHBIX adPHHHBIX KOOPAUHAT C HEOXHOPOXHBIMH.

Teopewma. Cobcmsennas mouxka naockocmu Ry, umerowas Heoo-
HOPOoOHble KoopOuxamst (X, y), 8 coomeemcmasyrowieti 00HOPOOHOU cucmenme

umeem xoopluramet (x .y :1). Hecobcmsennana mouxka naockocmu R,
-

onpedessemas npamoi ¢ Hanpasasouum sexkmopom ¢ = (a, b), 8 00HopoO-

Hoti cucmeme umeem xoopduramot (a : b : Q).

HoxaszaTteabcTBsBo. [lycte HeofHOpOAHAs cucTeMa KOOPAMHAT
Ha miaockoctd R, 3amana ocamu OX, OY wu toukoit E (1, 1). Torma co-

OTBETCTBYIOIlAasl OAHOpPOAHAs cuCTeMa Ha R, corsacHo (7.1) 3ajmaercs He-
co6cTBeHHBIMH ToukaMu E,_, E, oceit OX, OY, Toukoit E, mepeceyeHus

ocefl u Touko#l E, = E.

IIpuBemeM maoCKoCTh R, B NMepCrleKTHBHOE COOTBETCTBUE C HeKOTopoﬁ
cBaskoit §. B aToii cBSi3Ke yCTaHOBUM CHUCTEMY KOOpPIHHAT (S e) _TIe
- -

e;, €, — OPTHl OCe#l HEONHOPONHOH CHCTEMBI KOOPAHHAT ¥ e3 = SE
(puc. 17). Jlerko BuzeTb, YTO NPH ITOM e1 -} 32 -+ e3 = SEO, T. €. HalpaB-

Puc. 16
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Jgqiomui Bektop SE, npsamoi SE,
uMeer koopauHathl (1, 1, 1).

Torma npsimple SE; B CBSI3Ke H,
cjefoBaTeNlbHO, TO4KM E;, i =1,
2, 3, 0, mna mnaockoctu 6ynyT
VIMeTb KOOPAMHATBI COOTBETCTBEHHO
(1:0:0), 0:1:0), 0:0:1),
(1 :1:1). TosTomMy KoOpauHATHI IpoO-
u3BOJbHON Touku M € R, 6ynyT pas-
Hbl KOOpPAMHATaM HaNpapJ/sOLIETO
BeKTOpa mpsiMmoir SM.

B cayuae, korma M — co6CTBeH-
Has TOYKa, 3a HanpabJsIOLHH BEK-
TOp npsamoii SM MOXHO B35ITb BekK-

—

>
Top SM, Kortopwlii B cucreme (S, ¢;) Puc. 17
¥MeeT KOOpPAUHATHI (X, y, 1). [TosTomy
OIHOPOJHOK KOOpAHMHATOH TOUuKH M OYZeT KjacC TpoeK C mpeacTaBHTe-
Jaem (x, y, 1).
Ecau Touka M HecoOcTBeHHasi, TO 3a HaMpaBJAOUIUMH BeKTOp Hpsd-
-

-~
Mol SM MOXKHO B3SITb BEKTOP €, KOTOPBIH B CHCTeMe (S, €;) UMeeT KOOpaH-
HaTel (a, b, 0), a onpenensieMass UM HeCOOCTBEHHas TOUKAa B OJHOPOLHOM
cucTeme kKoopauHat — (a : b : 0).

Teopema mokasaHa.

CanenctBue. O0HOpoOHble agppuHHbie KoOpOuramel (X : X @ X3)
COBCMABeHHOIL MOYKU €8a3aHbL C ee HEeOOHOPOOHbIMU KoopduHamamu (x, y)
8 coomsememeyroweti CUCmeme COOMHOUEHUAMU

x=2, y=22 (7.2)
X3 Xg
B camom nese, no nokasaHHOH TeopeMe TPOHKH (X, X,, X3) U (X, ¥, 1)
NpUHALIEXAT OJHOMY KJacCy SKBHBAJIEHTHOCTH, T. €. IPONOPLHOHANbHEI,
OTCIOJla U BbiTeKaeT cooTHoleHue (7.2). B atux ¢opmynax Her nenenus Ha
HYJIb, TaK KaK JJIg JI060H COGCTBEHHOH TOUKH x5 5= O.

3. Mpsambie B ogroponubix addHUHHBIX KOOPAUHATAX. ¥ PABHEHHE MNPs-
MOH B HEOJHOPOAHBLIX KOOpJAHMHATAX HMeeT BHJ:

Ax 4+ By 4+ C = 0.

Ee nanpaBasgiomuii BEKTOp, KaK H3BECTHO, HMeeT KoopAuHaThl (B, —A).
CnenoBatenbHO, MO TeopeMe HNPeAbIAYIIEr0 NYHKTa HeCOOCTBEHHAs] TOYKa
M_ nanHO# npsiMoii HMeeT KoopauHaTel (B : —A : 0).

B ypaBHeHun npsaMoii mnepelijieM K OJIHOPOAHBIM KOOpAMHATaM IO
dopmysam (7.2)
AL + B2 4+ C=0.
X3 X3

[Tocne ymHOXeHHs Ha X, MOJydaem:
Axl + sz + st — 0-
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3aMeTuM, UTO MOC/JAeJHUE Ba YPABHEHUS HE SKBUBAJEHTHBHI: B NEPBOM
M3 HHX X3 HE MOXET PaBHSATLCS HYJIO, a BO BTOPOM MOXET, T. €. BTOPOMY
YPaBHEHUIO MOT'YT YAOBJETBOPATb KOODJAUHATHL HECOGCTBEHHOM TOUYKH.
Jlerxo BujeTh, yTo 3T0 OYyJeT KaK pa3 Touka M_. 3TO 3HAYMT, YTO MEpexox

OT HEONHOPOAHLIX ad(UHHBIX KOOPAMHAT K ONHOPOAHBIM MPUBOJUT K HpPH-
COeIUHEHHIO K NpPSMON ee HeCOGCTBEHHOH TOUKH.

PaccmoTpuM mpuMep Ha UCHOJNb30BaHHE ORNHOPOAHBIX KOOPAMHAT INpPH
BLIBOJIe NPH3HAKa Napaj/elbHOCTH MpPSMBIX.

Bosbmem Ha noockoctH R, nBe npsiveie A;x + By +C, =0 #u
Ay,x + B,y + C, = 0. TlepeiineM K oqHOpPOAHBIM KOOpAMHATaM (M OJHO-

BpPeMEHHO K paCCMOTPEHHIO 3THX NPSIMBIX Ha paclIMpeHHON NI0CKOCTH R,):

Asxy + Byxs + Cixg = 0
H
Agxy 4 Baxy + Coxz = 0.

DTH npsiMble NapaJslyieNbHBl, eCJH UX HeCOGCTBEHHBIE TOUKU (B, : —A; : 0)
H (By: —A, : 0) coBnagalor, uto GyaeT NpH YCJIOBHHU

By 4

B, A
MBI npUIIIM K U3BECTHOMY YCAOBUIO NAPAANECALHOCMU NPAMbIX.

4. Kpusble BTOPOro MOpPsAaKa B OXHOPOAHBbIX aPPHUHHBIX KOOPAMHATAX.
Hawm n3BecTHB! KaHOHHUYECKHe YpaBHEHHS HEBBbIPOXKAEHHBIX KPUBLIX BTOpO-
ro nopsiika, NpUHaJJeXxallluX pasHbIM apUHHBEIM KJjaccam, — 3JJIMICA,
runepObossl U napabodibl:

X2 2 X2 2

—2 y—=1’ -——y—-=1, y2=2px.

a b? a? b2
OTu ypaBHeHHs Mocje mepexofa no gopmyaaMm (7.2) K OTHOPOAHBIM KO-
OpAMHATaM ¥ YMHOXEHHs Ha X3 NPUHHMAIOT CJELYIOUIHH BHA:

A TR . TP
@ T T T T R

Kpusble na0CKOCTH R,, OTBeyarolliye NOCJAeIHHUM YPaBHEHHSM, MOTYT
OT/IMYaThCSl OT 3JJIMNCA, Tunep6osbl M nmapabosibl HECOOCTBEHHBIMH TOY-
KaMH, OJHAKO Mbl COXpPaHMM JJS HHUX MpeXHHEe Ha3BaHHA.

BrisicHuM, KaK pacCnosioXeHbl 5TH KpPUBBIE OTHOCHTEJNBHO HECOOCTBEH-
HOM MPAMOH a_, AJI YEro pellMM YpaBHEHHE KaXKJOH KPHBON COBMECTHO
C ypaBHeHHeM x; = O.

B cnyyae snnunca mosyuaercsi ToabKo HyJeBoe peiuenue (0 : 0 : 0).
EMy He cooTBercTByeT HHKakasi TouKa. CielloBaTeNbHO, 3AauUnc Hecoob-
CMBEHHbLX MOYeK He umeemn.

B cayuae runep6ossl noayyarorcss Toukd K_(a:0:0)ul_(a:—b:0).

b
[leppass U3 HUX JIEKHT Ha aCUMITOTE X, = — X;, 4 BTOpasg—Ha aCHMII-
a

b

TOTE X, = — —X;. SJHAUUT, 2Uunepboaa umeem 06e HeCOOCMBEHHbIE MOUKIU —
a

HecoOCmBeHHble mOoYKU ee  QCUMNMOMm.
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B cayuae napa6onnl obe TOUKH
nepeceyeHus COBNALAOT B OQHOH TOY-
ke M_ (1 :0:0), KoTopas JeXKHUT Ha
ocu napaboJisl x, = 0. Taxkum o6pa-
30M, napaboia Kacaemcs HecooCcmeeH-
HOU npamoil 6 HecobcmeeHHOU mou-
Ke ceoell ocu.

Ecnu ycnoBHO u306pasuTh HecoO-
CTBEHHYIO NPSIMYIO B BHJAE COOCTBEH-
HOH, TO HeBLIPOXKJEHHbIE KPHUBLIE BTO- daunc  flapadona  [unepbona
poro mopsiika OyAyT BBIMISNETh Tak, Puc. 18
KaK 3TO NTOKas3aHo Ha pucyHKe 8.

Y CTaHOB/NE€HHbIE 3aKOHOMEPHOCTH MOT'YT OBITb HCIOJNb30BaHbl MPH
U3yyeHHH ah@UHHBIX CBOHCTB KpPHBBIX BTOporo nopspka (cm. § 18, a
TaKXe NpuMep 2 Hacrosiero maparpada).

I[Ipumep 1. Haiilem HecobcmseHHY0 mouKy npamoil

2x + 3y —2 = 0.

Pemewnue. [lepevui cnoco6. HanpaBadromui BeKTOp JaHHOH npsi-
MOl MMeeT KOOpAMHATH (3 : —2), HO3TOMY IO TeopeMe NMyHKTa 2 HCKoMas
TOYKa UMeeT KoopauHathl (3 : —2 : 0).

Bmopoii cnoco6. OpHoponHoe ypaBHeHHe 2X; -+ 3x, — 2x3 = 0 nan-
HOM MpSMOH pellM COBMECTHO C YpaBHEHHEM HECOOCTBEHHOH npsAMOH
x; = 0. D10t cucreme ynomaerBopsieT Tpokka (3 : —2:0).

IMIpumep 2. Ymo moxcHo ckazams 06 appurnom Kiacce Kpusot emo-
poeo nopsadka

X 4dxy+ 3y 4+ x—1=0?
PemeHue OnHOpOIHOE YpaBHEHUE JAHHOHU KpPUBOH
x2 4 dxyxy + 3% 4 xyx3 —x2 =0

pelliaeM COBMECTHO C ypaBHeHHeM HecoGCTBeHHo# npamoi x; = 0. ITomy-
yaem:

x4 dxix, + 3x2 =0
HJIH

(ﬁ)2+ 4% 43 —0.
X X

Pemas 3170 ypaBHeHHe OTHOCHTENBHO Xy : Xy, HOJY4YaeM JBa 3HAuYeHUS:
(1 : x5) = —1, (x; : x5)" = —3. Takum o6pasom, JaHHasi KpHBasi HMe-
eT siee Heco6CTBeHHBIe TOUKH (—1 : 1 :0) u (—3 : 1 : 0). CnenoBaresnbHo,
310 K60 runepbosa, Jubo Mapa nepeceKaroOUUXCs NPSIMBIX.

IIpumep 3. Touku E; (1,0), E,(1,1), E; (—2,1), E, (0,0,
KoopOuramsl Komopoelx 0aHol 8 HEOOHOPOOHOU athgurHol cucmeme KoopOu-
Ham, npuramer 3a (pYHOAMEHMANbHbIE MOYKU NPOEKMUBHOL cucmemsl KOop-
dunam R. Hatidem koopdurnamet Hecobcmsernold mouku ocu OY 6 cucmeme R.

Pemenune O603HAUUM OJHOPOAHYIO CHCTEMY KOOPAHHAT, COOT-
BETCTBYIOLLYIO JaHHOH adduHuHOil, uepe3 R’. Ham u3BecTHB KOOPIHHATHI
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dbyHIaMeHTalbHBIX TOYeK CHCTeMBl R B JBYX CHCTeMaX MPOeKTHBHBIX
KOOpAMHAT:

El E2 E3 EO
B cucteme R 1:0:0 0:1:0 0:0:1 1:1:1
B cucreme R’ 1:0:1 1:1:1 | —2:1:1 0:0:1

[lTonb3ysich 3THUMH JAHHBIMH, MOXHO HaHTH YpaBHEHHS Nepexoia OT
OIHOH cucteMbl K apyroii B Bujie (6.3). ITocKonbKy 3afauu TaKoro THma
yxKe pewanuch (cM. § 2, npumep 1; § 6, npumep 7), Mbl IPenOCTABIAEM BhI-
MOJIHEHHE BHIKIAJ0K uHTaTesN0. B nmpouecce BEIUUCAEHUH HaXOAATCS ypaB-
HEeHHsl, CBSI3bIBAIOLIHE KOOPIAHHATHI (X; : Xy : X5) KAaKOH-TUOO TOUKH B CH-
creMe R ¢ KOOpJMHATaMH (X, : X, : X;) TOH »Ke TOUKH B CHCTeme R':

My = 3%, — Xy — 2x3,
}be = — x2 “I" x3,
}\«x; = 3x1 _ x2 + )C3.

Tak kak Hampapastomuii Bektop ocu OY umeer xoopiaunatel (0, 1),
TO NO TeopeMe NYHKTa 2 KOOpJAMHATHl HecOOCTBeHHOH TO4YKH ocd OY B
cucreMe R’ 6ynyt paBusl (0 : 1 : 0). [logcraBassa X B ypaBHeHHS Nepexo-
Ja, TOoJyyaeM CHCTeMY:

O = 3)61—-)62-—-2)63,

A ""‘x2+ X3,
0 =3x% — x5, + x5.

Pemasi nepsoe U TpeTbe YypaBHEHHS COBMECTHO, HAXOIUM X; @ Xy @ X3 =

= 1:3:0. Mbl onpeenund KoOpAHHATH HeCOOCTBeHHOH ToukH ocu OY
B cucteme R.

[Tpumeuwanue. [Ipu pemennn nociaenHeit cucreMbl He OBUIO HCIIOJIB30BAHO
BTOpOe ypaBHeHHe. BBHIAY NDOM3BOJILHOCTH Ko3b(HIMEHTa MTPONOPLHHOHANBHOCTH A
OHO He COJNIeDXKHUT MOUTH HHKAKOH HHGOpPMallHH O HEH3BECTHBIX X;, X2, X3: U3 HErO CJIEAyeT
JUHLIb X5 = Xg3.



I'JIABA IlI.

NMPOCTEMMIME ®AKTbl TEOMETPUH
NMPOEKTHBHOHN IJIOCKOCTHU

§ 8. NPUHUHII ABOUCTBEHHOCTH. TEOPEMA JIE3APTA

1. MpuHuun peodcTBeHHocTH. IlycTh JlaHa npoeKTUBHAs NJIOCKOCTh
P,. PaccMoTpUM HeCKONbKO HeOObIUHOe MJIsi HAauWHAIOUIero YHTaTessi
oTobpaxenue f. UroOwl ero onpenenuTth, BBeJeM Ha P, NPOEKTHBHYIO CH-
CTEMY KOOpAHHAT U OyIeM cyuTaThb 00pa3oM Kaxuoi Touku A npsamyio a
C TEeMH XKe KOOpJHUHaTaMH, ¥ Hao0OpOT:

f: Ay :ay:a;3) < a(a:a,: ay).

Tak, Haupumep, oOpasoM npsaMoi 2x; — X, -+ 3x; = 0 OymeT ToukKa
2:—1:3).

M3 onpeneneHus ortob6paxeHus f SICHO, YTO OHO 3aBHCHT OT BhIGOpa
CUCTEMbl KOOpJMHAT H YTO TaKUX OToOGpa)KeHHH, CJef0oBaTeJbHO, CYlle-
CTBYeT OeCKOHEYHO MHOrO.

ITockonbKy myocKocTb P, MBICJAHUTCS KaK COBOKYNHOCTb NpHHAAJE-
JKAIUX el ToueK U MNpsIMBIX, oTob6paxkeHHe [ sABJsieTCs OTOOpaXKEHHEM
P, na cebs. Takoro poja npeo6pa3oBaHHsl NMPOEKTHBHOH IJIOCKOCTH Ha-
3BIBAIOTCS KOPPEAAYUAMU.

Omobpascerue [ obnamaer 3aMeuyaTesJbHHIM CBOHCTBOM — OHO COXpa-
HAeM UHYUOEHMHOCMb:

Acbe[(A)S]®).

B camom gene, ycioBue MHUHAEHTHOCTH Touku A(a; : a, : ag) U mpsi-
Mo# b (b, : by : b;) uMeerT BHA:

blal + b2a2 + b3a3 == O-

Ho Touno Tak Ke 3amuChiBaeTrcsi W yCJAOBHE HHIMAEHTHOCTH MNPSIMOH
f(A) u Touku f(b).

Bynem HaseiBath ¢urypsl (3mecs noj GUrypoil noapasymeBaeTcsi MHO-
XKeCTBO, COCTOfAlllee U3 TOYEK U NPSMBIX) 080UcmBeHHbiMU, €CJIH OfHA W3
HHMX MOXKeT ObITb MOJIyueHa U3 Jpyroil mocpeacTBom otobpaxkeuus f. Ilpu-
BeJEM NPHMEphl IBOACTBEHHBIX (PUTYp.

1) Touxka u Heunyudenmnas et npamas. B camoM Jeie, MpUMeM JaHHYIO
TOYKY 3a KOOpIAMHATHYIO TOuKy E,, a KoopauHaTHBIe ToukdH E, u E; no-
MECTHM Ha NaHHOH npsMo#. Toraa KoopAHMHATHI JAHHOH TOYKH M JAHHOMH
npaMod ogHu H Te xe — (1 : 0:0),
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2) MHoscecmgo moueK, aAexcaujux Ha npamol, U ny4ox Npamoelx, yeHmp
Komopoeo Heuryudermen O0anHol npamoti. JIBOACTBEHHOCTb 3THUX (uryp
BbITeKaeT U3 NEePBOro NpUMepa U COXpaHeHHUsl MHUUAEHTHOCTH IIPU oToOpa-
XKenuu f.

3) Dueypoii, O0solicmeeHHOEL mpexsepuUHHUKY:, 6ydem Hexomopblil
mpexsepuiuHHuK. Ecayu BeplIMHbl JAHHOTO TPeXBEpIUMHHUKA NPHHATH 34
KOOpJUHaTHbIE TOYKH, TO BUAHO, UTO TPEXBEPLUMHHUK JBOHCTBEH CaMOMY
cebe.

Bosee monHoe onpeneneHue ABOHCTBEHHBIX (PUTYP CBSI3AHO C OOIIUM
MOHSTHEM KOppesslHH U 3[eChb He pacCMaTpHUBAaeTCH.

M3 Toro, uto oTo6paxeHue [ CoXxpaHseT HHUHJIEHTHOCTb TOYEK U Mpsi-
MBIX, BBITEKaeT CJeJyiolllee 3aMeuaTesibHOE CBOHCTBO MPOEKTHBHOH [JI0-
CKOCTH:

[Ippuruun ABOUCTBEHHOCTH. [lycms 6epHa xaxkasa-aubo
meopema, KACarouasacsa mouex U npambLx nPOEKMUBHOL NAOCKOCMU U OMHO-
wenus unyudenmnocmuy mexcdy Humu. Toeda 6ydem 8epHa u 08oLicmeeHHAA
meopema, KOmMopas noAY4aemcs, ecau 8 OQHHOU meopeme NOMEeHAMs Mecrmamul
CA0BQ «MOYKA» U MPAMASY.

B camom fesie, BCsiKas Takasi T€OpeMa eCThb YTBepXKAEHHE O HaJIHUHH
onpefieIeHHbIX HHLUACHTHOCTEH B HEKOTOpPOH ¢urype, a aBoHCTBeHHas
TeopeMa — O HaJWYHUM COOTBETCTBYIOLIMX HHIHAEHTHOCTEN B JIBOHCTBEH-
HOM durype.

[IpumepaMu ABOHCTBEHHBIX TeOpEM SBJSIOTCS, HaNpHUMEp, TeOpeMbl
§ 5, n. 4; ycnoBue KOJIJIHHEADHOCTH TPEX TOYEK H YCJOBHE NPHHANJIENK-
HOCTH TpeX MNPSMBIX OLHOMY IyUYKY.

[IpuHUMI JBOHCTBEHHOCTH TII03BOJISIET OTPaHUYHBATHCA JOKa3aTe/b-
CTBOM JIMIIb OfHOH M3 ABYX JBOHCTBEHHHIX TeopeM. BTopas BepHa B cuay
3TOTO NpHHUHUIIA.

2. Teopema [le3apra®. [Iycmo Oaxol 08a MpexeepuiUHHUKA, NpU4CM
Men0Y Ux sepuLUHaMU U, CAe008AMEAbHO, CMOPOHAMU YCMAHOBAEHO B3AUMHO
00HO3HauHOe coomsemcmeue. Ecau npu 3mom mpu npameie, uHyuOeHmHole
napam Coomeemcmeyrowux 6epuiur, UHyuleHmHsl 00HOU mouke, mo mpu
MouKU, UHYUOeHMHble napam CoOMmeEemcmayouiux CMmopoH, UHYUOeHMHbL
00HoU npamoi.

BepmiuHbl JaHHBIX TpPeXBEpPIIHMHHHKOB o6o3HauuMm uyepes A, B, C
Ay, B;, C; cootBercTBeHHO. [anpHedmyue 0603HaYeHUs:

S = (44;) N (BB1) N (CCy),
P = (BC) N (B:Cy), Q= (AC) N (AiC1), R = (AB) NI (41By).
Tpebyercs n0Ka3aTb KoJJIHHeapHOCTb ToueK P, Q, R (puc. 19).

JloxaszaTenbcTBO. DBBeleM NPOEKTUBHYIO CHCTEMY KOOpPJIH-
HaT, NpuHAB ToYKH A, B, C, S 3a ¢yHIAaMeHTa/bHbIE:

! Tpexsepuwunnukom HaspiBaeTcss (HUrypa, COCTOALIAst H3 TPeX HEKONIHHeapHBIX
TOYEK, Ha3bIBAEMBIX 86PULUHAMU, K TPEX NPSAMBIX, Ha3bIBAEMbIX CHIOPOHAMU, HHLIMIEHTHBIX
nmapaM 3THX TOYeK.

2 JKepap Hesapr (1593—1662) — dpanuy3cKuii apXuTeKTOp U MaTEeMaTHK, OLUH H3
OCHOBaTeJIell MPOEKTHBHOH T'eOMETPHH,
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] 0
A=]0|, B=|1]|,
0 0
0 1
C=1|0}], S=|1
1 1

KoopauHaTHbIH cTOJI6€1 TOUKH A
B cuay (6.9) ectb JHHEHHass KOMOH-
Hauusg croa6uoB A u S. Tak Kak
A== A; (B3TOM Cllydae TeopeMa TpH-
BHa/JbHA), TO B BhIpaxeHuu A; =
=0aA + 0S MOKHO MOJIOXKUTb 0 = 1.
ITonyuaem Torpa A; = a4 + 8. To
JK€ CaMO€e OTHOCHTCS U K APYTUM Bep-
muHaM TpexBepuyHHHKA A;B;C;. Puc. 19
[losromy sanuuem:
1
1 H
Yy +1

Haiinem tenepp xoopaunaTel Toukd P. Tak kak P € (BC), T0 BepXHUH
sJ1eMeHT B ctonibue P papen HyJo. Ho P € (B;Cy), u notomy P = B,B; -
+ :C;. Tak Kak BepXHHI 3/1eMeHT cTos0ua P paBeH HyJ10, TO By + y; =

o+ 1
A, = 1
1

1B]_= ,Cl=

1
p+1
1

= 0, uau P, = —y,; nonoxum B, = 1, y, = —1. Torna nonyuvaem P =
= B; — C; u ananoruuno Q = C; — A,, R = A, — B,. CnenoBartenbHo,
0 —a o
P=|| pl, o=l o, R=|—pl.

Ocraercsi ¢ MOMOIIBIO YCJAOBHS KOJJIHHEAPHOCTH TpPeX ToueK yOenuTb-
cs, yTo TOukH P, Q, R nexat Ha ogHOo# npsimoii. Mmeewm:

0 —a o
p 0 —p|=0.
—y v 0

YcoBre KOJMJIHHEApHOCTH BhINOJHEHO. Teopema JfoKa3aHa.

[Ipumeuanue. Ilpu joKasaTesbCcTBE TEOPEMBl MOXKHO BOCIOJb30BaThCS
TEM, YTO

P+ Q-+ R=(B;— Cp) -+ (C,— Ay + (4, — B) = 0.

[IpyHATO Ha3bBATh TPEXBEPIIMHHUKH, VYIOBJETBOPSIOIHE TeopeMe
Iesapra, Oesapeosoimu, TOUKY S — Oezapeosoil moukot, NPSMYIO
sy P, Q, R — Odesapeosoti npamot.

durypa Ha pucyHke 19, cocroslllas us JeCATH 0003HAYEHHBIX TOYEK
U JECATH NOKa3aHHBIX HA YepTexxe NPSMbIX, HASLIBAETCS KOH(puaypayuell
He3apea. Boobue xe koHgueypayueti Ha3bIBaeTCSI COBOKYMHOCTb TOYEK U
NpSIMBIX, B KOTOPOH KaxKJO# NpsIMOH MHIUJEHTHO OJHO M TO XK€ YUCJIO TO-
YeK, a KaxkJOoH TOUKe — OJIHO H TO XK€ YHCJIO NPAMbBIX.
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3. OGpatras Teopema Jlesapra. Tenepb BHIACHMM, YTO IpeNCTaBJser
coboii Teopema, ABoficTBeHHast Teopeme e3apra. /s 3TOro, Kak cjaefyer
M3 NpHHUKIIA ABOHCTBEHHOCTH, Halo B (GOPMYJHUPOBKE TEOpEMHl mepecTa-
BUTb CJIOBAa «TOUKa» U «npsamas». [Ipy 3TOM CJIOBO «TpeXBepIUMHHUK» OCTa-
eTcs 6e3 M3MEHEHHS, HO CJOBO «BEpILUHHA» MEHSETCS Ha CJI0BO «CTOPOHAY,
1 Haob6opoT.

Teopema. [Iycmo Oanor 06a mpexsepUuluHHUKA, nputesm Mexnsoy ux
CMOPOHamMU U, CAe008AMEALHO, BEPULLHAMU YCIAHOBACHO 83AUMHO 0OHO3HAM-
Hoe coomsemcmeue. Ecau npu amom mpu mouku, uHyudenmrole napam co-
OIMBemMCmMBYWUX CMOPOH, UHYUOeHmHbL 00HOU npamoi, mo mpu npamote,
UHYyudeHmuble napam COOMEeMCMBYOWUX BepULH, UHYUOeHmMHbL 00HOU
moUKe.

JIBONCTBEHHYIO TeOpeMy HJIIIOCTPUPYeT TOT ke pucyHok 19. Ho Tte-
nepb AaHo, 4To TOUKU P, Q, R sexxaT Ha OJHOH NMpsIMO#, a yTBepKaaeTcs,
yto npsimele AA,, BB;, CC; npoxonsiT uyepe3 oaHy TOukKy. Kak Buaum,
noJsyuusiace obpatHas teopema llesapra.

CoBnagenue JIBOHCTBEHHOH M 0OpaTHOH TeopeM, HMeIOllee MeECTO B
JaHHOM cJlyyae, SIBJSeTCsl OOCTOATeNbCTBOM CJayuyaiHbM. Kak npasuJo,
JABOHCTBEeHHast ¥ oOpaTHAas TeOpPeMbl He COBNajalT (CM., HampHMep, Teo-
peMbl, Ha KOTOpble Mbl CChLIAJIUCh B KOHIle NMyHKTa 1).

4. Teopema [le3apra Ha pacCIIHPEHHOH €BKJIHIOBO# MJIOCKOCTH. [lo-
CKOJIbKY HEKOTOpbI€ 3JeMeHThl KOHdurypauuu [lesapra mMoryt ObIThb He-

COOCTBEHHBIMH, TO TeopeMa [le3apra Ha mjockocTH R, pacnajaercs Ha
pPAL YacTHBIX CJydYaeB, Ka)KJAblH H3 KOTOPBHIX C TOUKH 3pEHHUS TeOMETpUH
HepacIUHpPEeHHOH MJIOCKOCTH IIPEACTaBJAseT COO0H OTAEJNBHYIO Teopemy.
@opMYyJUPOBKH U CILOCOOHI JOKA3aTeNbCTBA 3THX TEOpEeM CPEACTBAMU €BKJIH-
JIOBOH reoMeTpHU MmojuyaC BeChbMa HECXOXKH.

PaccMoTpuM HeKOTOphle M3 YaCTHBIX cJydaeB Teopemsb! [lesapra, mpu-
YeM TepMHH «TPEeXBEepPIIMHHHK», He NPUHATHIH B eBKJIHIOBOH reoMeTpHH,
IPHUMEHATh He OylIeM.

1. Ilpamasa teopema [lesapra B ciyuae, Korfa Toyka R KOHUTYpauuu
HecOOCTBEHHAas, a Bce OCTa/bHbIE TOUKH COOCTBEHHbIE, HA 513bIKE [€OMETPUH
eBKJIHJ0BOH [JIOCKOCTH MOXKeT ObiTb CGHOPMYJHpPOBaHA CJAEAYIOLUM O0-
pasom:

Ecau mpeyeorernuku ABC u A,B;C; maxosst, umo npamete AA,, BB;,
CC, npuradaexcam odnomy nyuxy, (AB) || (A1B,), npamseie BC u B,Cy,
AC u A,C, nepecexaromes, mo mouku P = (BC) N (B,Cy) u Q = (AC) N
N (A:Cy) sesmcam wna npamoid, naparsesvroll npameim AB u AB;
(puc. 20).

2. Ilycte Teneppr HecoGCTBEHHOH OyIeT JMIIb Je3aproBa Touka S
(puc. 21). UtoObl MOJNYyUYUTb EBKJIHAOBY (POPMYJHPOBKY NPSMOH TEOPEME!,
Hal0 U3MEHUTb (OPMYJNHPOBKY Teopemnl Jle3apra, cuuTas, YTO JaHa ma-
pannenpHocTh npsMeiXx AA,, BB;, CC; u Hemapa/JeJbHOCTb COOTBeET-
CTBYIOLIUX CTOPOH J€3aprOBBIX TPEYTOJbHUKOB.

[IpuBoaUM TaKxke GOpMYJIUPOBKY OOPaTHOH TEOPEMBI:

Ecau dea mpeyeorsnuka ABC u A,B,Cy maxoset, umo npamele AB u
AB;, BC u B,C;, AC u A,C, nepecekaromcs u npumom mouku nepeceverus
nexeam Ha o0Hou npamod, u ecau, kpome moeo, (AA,) || (BBy), mo npamas
CC, napaanerva npamoim AA, u BB;.
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Puc. 20 Puc. 21

Ha nocnenneiél Teopeme ocHOBhIBaercsi pelienne cJelyiowell 3ajauu
Ha NOCTPOeHHE:

LaroL pasauurble napariesvtvle npamoie a u b u HeuHYUOEHMHAR UM
mouka C. Tpebyemca nocmpoume ¢ nomowjpto 00HOL AuHelKU Npamyio,
npoxodauyro 4epes C napasreasto a u b.

Pemenue. BosbmeMm mpousposbno Touku A, A; Ha npsamol a,
B, B, Ha npsaMoii b, Tpebyst ToNbKO, UTOGHI CyllecTBOBas a Touka R=(AB)
N (A;B;) (cm. puc. 21). TTocsie 3Toro yepes B; MPOH3BOJBHO IPOBOLUM
MpsSMyI0 Tak, YToOBl OHa mepecekaJsa npsiMyio BC B Touke, KOTOpYIO 060-
3HayuM uyepe3 P. [lajpHeHIHe MOCTPOEHHS TAKOBBI: CTPOUM NPSAMYIO § =
= (PR), touky Q = (AC) N s, mpamyio QA, u Touky C; = (QA4,)
N (PB,). Ilpamas CC; — uckomas.

§ 9. ABONHOE OTHOWIEHHUE TOYEK
H NMPAMbBIX HA NJOCKOCTH

1. OnpenesieHue ABOMNHOIO OTHOLIEHHS YEThIPEX KOJIMHEAPHBIX TOUYEK
MJIOCKOCTH M €ro 3KBHBAJEHTHOCTb C MpexHUM onpepeneHueM. B § 3, m. 1
ObLI0 BBEIEHO MOHATHE JBOMHOIO OTHOLLEHHS YeThblpeX TOYeK NpPOEKTHBHOH
npssMOH, KOTOpOE ONpelessoch 4yepe3 KOOpPAHWHATHI TOYEK B HEKOTOpPOH
CHCTEME NPOEKTUBHBIX KOOPAMHAT Ha NPSIMOH, XOTH, KaK 3TO ObLIO NOTOM
JOKa3aHo, OHO He 3aBHCHUT OT BbIOOpa CHCTEMbI KOOpAUHAT.

IIpH u3yyeHHMH CBOMCTB NPOEKTHBHOH IJOCKOCTH TNOHATHE JBOHHOIO
OTHOLIEHHUS BeCbMa BaxHO. B To xXe BpeMms onpefenenue § 3, n. 1 neync6-
HO, [TIOCKOJIbKY B COOTBETCTBHH C HUM BCAKHH pas, Korja tpefyercs HalTH
JABOHMHOE OTHOLUEHHE TOUeK, HeoOXONMMO BBOJUTbL CHCTeMy KOOpPAMHAT Ha
MpsIMOH, Ha KOTOPOH JeXaT 3TH TOUKH. )KenaTeNlbHO UMeThb BhIpaKeHHe
IBOMHOTO OTHOLIEHHS TOYeK yepe3 MX KOOPAMHATHI B HEKOTOPOW CHCTEMeE
IPOEKTUBHBIX KOOPIAMHAT Ha naockocmu. C 3TON LEJbI0 Mbl AaJHM HOBOE
ofpefesieHHe JABOMHBIX OTHOLIEHMH M JOKaxeM, YTO OHO PaBHOCHJILHO
[IpeXKHEMY .

Onpepneanenue. Ilycts A, B, C, D — KOOpAHHATHBIE CTOJIOLEI
YeThIpEX pPas/MYHLIX KOJJIHHEAPHBIX TOYEK INPOEKTUBHOH IJIOCKOCTH H
a, B, ', p* — Takue uucaa, 4TO

45



C=aAd+ BB D=oA+pB 9.1)

(cyliecTBOBaHIEe TaKHX YHCENl TapaHTHPYETCH ypaBHEHHEM (6.9)). Torza
UHCJIO —S— : % HasbIBaeTCs 080UHbIM omHouweHuem moyex A, B, C, D.

[Ipexne BCEro OTMETHM, 4TO 3TO ONpeJe/ieHHe KOPPEKTHO B TOM CMEICJIE,
YTO HE 3aBUCHUT OT BhIOOPa CUCTEMEBI KOOPAHHAT HA IVIOCKOCTH. ITO CJIeNyeT
M3 TeopeMbl, KoTopasi GopMyJ/HpyeTCs U AOKA3LIBAETCS JOCJOBHO TaK XKe,
Kak TeopeMma § 3, m. 1, TONBKO Tenmepb KOOpPAMHATHBIE CTOJOLBI TOYEK CO-
Jep:kaT He JIBa, a TPH 3JeMeHTa W KBaZpaTHas MaTpuua P — matpuia He
BTOPOTO, a TPETbero MOopsiaKa.

Tenepn JokaxeM, YTO ecau uckameo 0B0LIHOE OMHOWEHUE HembLpeX moveK
no onpedeaeruio § 3, n. 1 u no onpedeseruro Hacmosauieeo nNYHRKMa, Mo no-
AyquM 00HO U mo swe 0B80LiHOe omHouleHue Yemsipex movex. Ilast 3TOro Jo-
CTaTOYHO yOeJUThCS B CYLIECTBOBAHHM TAaKHX CHCTEM KOOpAMHAT Ha Mps-
MOH W Ha MJIOCKOCTH, YTO KoahduuueHts @, P, o', B’ B dopmynax (3.1)
1 (9.1) 6yAyT ONHHAKOBHI.

Chnauana BpiOepeM NpPOM3BOJBHO CHUCTEMYy KOOpPAMHAT Ha NpsIMOH, Ha
KOTOpOH HaXOAATCA AaHHBIE TOUKH. Ha si3biKe eBKJIHJOBOH I€OMETPHU 3TO
3HAUHT, UTO B NJIOCKOCTH p CBSI3KH, KOTOPOH NpUHAAJexaT npsamee A, B,

> -

C, D cBsisku, BoiOpana HekoTopas apdHHHas cucTeMa KoopauHart (S, ey, €,).

Insa Bbibopa CHUCTEMBI KOOPAHHAT B CBSI3KE BO3bMEM IIPOH3BOJIBHO e€llle
—

- = =

OJLMH BEKTOD €5 TaK, YTOObI TPOKiKa e;, €, €5 Oblila He3aBUCHMOM.
-
Torna, eciu kKakoH-mu60 BEKTOpP a MJOCKOCTH p HMEET B CHCTeMe

- > -

- =

(S, e, €5) KoOpaMHATHL (@, @s), TO B cucteme (S, e, €5, €5) €ro Koopau-
HaTel OyAyT paBHBHI (@, @p, 0). [To3TOMY B TaKHX CHCTEMAaX KOOpPIAMHAT
croabusl A, B, C, D B popmyaax (3.1) u (9.1) oTMuaroTcs NUlllb HYJIEBBHIM
3JIeMEHTOM:

c a b Cl al bl
lC; =oc|a: + P b; ’ 82 = gz + P 82 .

CnegoBaTenbHO, Ko3huuueHTst o, f, &', B’ B 060UX Cayuasx OfHM H Te
3Ke, a NIOTOMY pPaBHBI H JBOHHbIE OTHOILEHHS.

2. Bplpakenue NPOEKTUBHBIX KOOPAMHAT TOYEK TUIOCKOCTH uepe3
ABO/iHble OTHOLIEHHS.

Teopewma. ITyemv R (E)), | = 1, 2, 3, 0 — cucmema npoexkmusrsix
KoopOuram Ha naockocmu u M — mouxa ¢ KoopOuramamu (X, : Xo & X3).
Obosrauum uepe3 E,q u M, npoexyuu mouex Ey u M u3 mouku E, Ha xo-

opOunammyro npamyro, npoxodauyro yepes dee Opyaue KoopOuHAmMHbLE MO4-
ku E; u E;. Toz0a

(EiEjEkOMk) = xi . xj'. (9.2)

HoxasartearpctBo. [lonoxuM 15 ONpefeNeHHOCTH k = 3,
i =1, j = 2 (puc. 22). Tpebyerca nokasaTb paBeHCTRO (EE,Ez;M,;) =
== x1 . x-z.
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Koopauuatel Touek E;, E, us-
BECTHBI, KOODAHUHATH TOYeK Egy, Mg
JIETKO HaXOAATCS:

| 0

E, =|0], E,=|1],
0 0

& N

1 X 7 (€30 M\

E30 = || 1 , M3 = || Xo |l p 99
O O HcC.

CnefoBarte/bHO,

Egy = Ey + Esy M3 = x,E; + %,E,.
[TosTOMYy

(EL1EoE36Msy) =1 P2 = Xy & Xg,
1 x
4TO ¥ TpeOoBaJOCh NOKAa3aThb.

CpaBHHM 3Ty TeopeMy ¢ Teopemo# 2, § 3, m. 3. MbI BUAUM, UTO (X; © X;)
eCTb KOOpAMHATA TOUKH M, Ha npamoii E;E; B cucreme R (E;, E; E.y),
{i, i, k} = {1, 2, 3}.

3. /lBoitHoe oOTHOUIeHHME NPAMbIX NY4YKa M pacCLIMPEHHBIA NPHUHLUDI
ABOMCTBEHHOCTH. [[BOHHOE OTHOILEHHE YeThipeX NPSAMBIX, I1PHH alJIexaliux
ONHOMY NYUKY, ONpelensieTcsl uepe3 KOOPAMHATHLIE CTPOKH 3THX NPSMBIX
(cMm. § 6, 1. 2) Tak ke, KaK M JBOHHOE OTHOILEHHE KOJIJIMHEAPHBLIX TOYEK.
[Ipu 3ToM Mel nmosbsyemcsl ¢opmyJon (6.11), cornacHo KoTOpoO# Koopau-
HaTHas CTPOKa KaKOH-1H60 npsiMOH Mydka MOXKeT ObIThb BLIPAXKEHA B BUJIE
JIMHEHHOH KOMOWHAUWM KOOPAHWHATHBIX CTPOK JBYX pPas/IMUHBIX NPSMBIX
nyyka.

Onpenenenue. Ilycrs a, b, ¢, d — KOOpAUHATHBIE CTPOKH Ye-
TBIPEX Pa3/UYHBIX MPAMBIX NPOEKTHBHOHN IJIOCKOCTH, NpPUHAAJEXRAIMUX
OJ(HOMY NYUKy, 4 a, f, &', f’ — Takue uyucma, uto

c=oaa-+ Bb, d =a'a-+ p'b. (9.3)
B .

— Ha3bIBA€TCA 080LIHbIM OMHOUEHUEM uemoLpex npPamolx
07 a

u obo3HauaeTcs (abed).

KoppeKTHOCTh onpejiesieHnss OyneT JOKa3aHa B MYHKTe 5.

Beenennoe 31eCh NOHSITHE NO3BOJISET HECKONbKO YCUIHUTH NPHHLIHI
TIBOHCTBEHHOCTH, KOTOPBIN Obl1 H3s0xkeH B § 8, nm. 1. C3Tol 1enbio Mbl CHO-
Ba BOCMOJIb3yeMcst 0ToOpaXxKeHHeM f, KOTOpoe KaXAYIo TOYKY MPOEeKTHBHOH
MJIOCKOCTH NEPEeBOJUT B NPSIMYIO ¢ TEMH XKe KOOpAUHATaMH, U HaobopoT.
Tak KaK OHO COXpaHsieT UHLUAEHTHOCTb, TO YeThIpeM KOJIJIMHEAPHBIM TOY-
kKaM A, B, C, D otBeuator ueThipe npsmuie a = f (A), b =f (B), ¢ =
= f(C), d = [ (D), npuHanjexaiiye OfJHOMY NYUKY.

Ho croabuwt A, B, C, D, ¢ oxHo¥t CTOpOHHI, U CTPOKHU a, b, ¢, d — ¢
JApyro#, COCTOAT U3 OAHUX U TeX e 3JeMeHTOB. [losTtoMy B dopmysax

(9.1) u (9.3) O6ynyT onuu H Te Ke KO3P(HUUEHTH, H, CJIEIOBaTEJbHO,
(ABCD) = (abcd).

Toraa ugucso
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Mgl BuauM, 4to orobpaxkenue f
COXpaHseT JBOHHOE OTHOLUEHHE. ITO
JJaeT BO3MOKHOCTbL paCIUpPUTHL 006-
JIaCTb NpUMEHEHUs NpPUHLUNA ABOH-
CTBEHHOCTH H C(HOPMYJHPOBATHL €ro
TaK.

[1ycmeo sepra kaxas-aubo meope-
Mma, Kacarouwjasacs mo4exk U HpPAMbLX
NPOEKMUBHOL nAoCKOCMU, OMHOUie-

Puc. 93 HUA UHyuleHmrocmu mene0y Humu u

' 0sotinbix omHoweruti. Toeda 6Gydem

gepHa u 0solicmeeHHas meopema, no-

AYHaouanca u3 O0aHHoU, ecAu 8 Hell NOMEeHAMmb Mecmami CA08Q KMOYKAY»
U «npamasy.

4. OcHOBHOE CBONCTBO JBOWHBIX OTHOLIEHHH.

Teopewma. ITycmo uemsipe pasiuursie npamve I, m, n, p, npurad-
Aevgauue 00HOMY NYUKY, COOMBEMCMBEHHO UHYUOCHIMHbL Yemblpes MOYKaM
A, B, C, D, aemawum nHa npamot, He npoxo0aweil uepe3 YeHmp ny4xa.
Toe0a

(ABCD) = (Imnp). (9.4)

HoxasarenwbcTtBoO. [loycmoBuo A €1, B €m,C €n,D €p
(puc. 23). CorsacHo paBeHcTBY (6.7), yCIOBHS MHLIUAEHTHOCTH MOXKHO 3a-
nucaTh B CJeAYIOLEeM BHIE:

[A = mb = nC = pD = 0.

BcesencTeue NpHHAL/IEKHOCTH NMPSIMBIX OJHOMY NMyYKy W KOJIJIMHEAPHOCTH

TOYEK HMeeM:
n= M-+ um, C = ad + PB,
p=AIl+ um, D =da'A+ B'B.
[ToncraBisisi 3TH Bbipa)Ke€HHS B YCJAOBHS HHIMAEHTHOCTH, MOJyYaeM:
{(M + wm) (¢4 + BB) =0,
A1+ p'm)(@'A + p'B) = 0.
PackpbiBasi cKOOKH W NPHHHUMAs BO BHHMaHHe JiBa NE€PBLIX YCJIOBHS HHIIH-
JIEHTHOCTH, NOJyYaeM:
AB (IB) = —pa (mA),
A" (IB) = —p'a’ (mA).
[TopenuM 3TH paBeHCTBa nouseHHo. Uucaa [B u mA OTIHYHBI OT HyJ4,

TaK KaK PaBeHCTBO UX HYJIO O03HAyaso Obl, yto B € [ u A € m, a 310 He
COOTBETCTBYeT ycaoBHIO. [locse COKpaleHnss HaXOAUM:

AP po

xlﬁl u,a,,
YTO, KaK HETPYAHO BHJETh, PABHOCUJILHO PaBEHCTBY
£ * g freand _}_‘_‘ . E.
a a AN
Teopema jpokasana.
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5. CnecTBusi U3 OCHOBHOTO CBOMiCcTBa JBOWHBIX OTHOwweHu#. M3 oc-
HOBHOTO CBOMCTBA BHITEKA€T KOPPEKTHOCThL ONpejie/ieHusl NBOHHOTO OTHO-
IIeHHs 4YeThipex NpsiMblXx. B camom Jene, mepecedeM YeTBEpKY MNPAMBIX
I, m, n, p nyuka KakKoH-nuGO MNpsIMOH, TOYKH MHepecedeHHs O0OO3HAUHM
uepes A, B, C, D cootBerctBeHHO. Tak Kak (/Imnp) = (ABCD), a (ABCD),
KaKk HM3BECTHO, HE 3aBHCUT OT Bbl6Opa CHCTEMBI KOOPAMHAT, TO HE 3aBUCHT
OT KOOpAHHAT U JBOHHOE OTHOLIEHHE NMPSMBIX, YTO U JOKa3bIBA€T KOPPEKT-
HOCTb ONpeJe/eHus.

OcHOBHOE CBOHCTBO IO3BOJISIET TaKKe pacClpOCTPaHUTL Ha JBOKHHOE
OTHOLIE€HHE NpPSMBIX [YyYKa BCe Te CBOHMCTBA M NMOHATHS, KOTOpbie B § 3
Obl/I1 YCTAHOBJIEHBI AJ151 ABOHHBIX OTHOLUEHHH TOYEK.

OTMeTuM JiBa CJ€ACTBUSl U3 TEOPEMbI NPEAbIAYIILEro NMyHKTA.

CnencrtBue l. Ecau uemoipe npamelx nyuxa nepecedervl 08Ymsa
NPAMBIMU, MO HA IMUX NPAMLIX NOAYHAIOMCA YeMBEPKU MOYeK, UMeouux
pasHble 060iiHble omHouieHus (pasyMeercsi, NOPSAOK TOUEK He NMPOU3BOJIEH:
Ha OJHMX M Te€X XK€ MecTax B YeTBepKaxX CTOST TOUKH, HHUHAEHTHbIE Of-
HOH W TOH ke NpSIMOH Nyuka).

Ha pucynke 24 npsamble nyuka ¢ LeHTpoM P nepeceuyeHbl NPSAMBIMH U
U ;. Touku nepeceuenus: o6osnavarrcs uepes A, B,C,DuA,, By, Cy, Dy
cootBerctBeHHo. Torma (ABCD) = (A,B,C:D,;), TakK KaK KaxJoe M3
STHX JABOHHBIX OTHOLUEHHH MO OCHOBHOMY CBOMCTBY PaBHO JBOHHOMY OT-
HOILEHUIO NPSIMBbIX [yYKa.

CnencrBue 2. Ecau 4yepe3 yemoipe KOAAUHEAPHbIE MOUKU NPOXO-
0am vemoipe npsmole 00H020 nyuKa U demosipe npamsie 0pyao20, mo 080LiHble
omrowerus amux yemsepox pagubl. (O mopsiiKe NPSAMBIX B YeTBepKe —
Ta JK€ OrOBOPKa, YTO U B CJeACTBUU l.)

JloxaseiBaeTcsl TakK ke, KaK U ciaenctsve 1. Kpome Toro, mMoxer ObiTh
MoJIy4eHo U3 CJeACTBUSA | 1Mo NpUHUHUIy ABONCTBEHHOCTH B €ro pacCliMpeH-
HOH TpaKTOBKe (CM. II. 3).

6. IMocTpoeHHe rapMOHHYECKMX YeTBEPOK HA pacLIMPEHHOW EeBKJIMIO-
BO¥ MJockocTH. [IpuBenem pemeHus AByX 3aJ4ay Ha NOCTPOEHHe YETBEPTHIX
rapMOHHYECKHX 3JIEMEHTOB.

3anaua l. Janet mpu npameie a, b, ¢ nyuxa. Ilocmpoum 1emeepmyro
eapmorudeckyio (T. e. Takyl npsmyto d, utobul (abed) = —1).

Pemenue UYepes npousBosbHy0 TOUKy M NpsAMOH ¢ NPOBOAUM
(MA) || b u (MB) || a, npuuem A € a, B € b (puc. 25). 3ateM NpoBOAUM

npsimyto AB. Ilpsimas d, npoxopsmas yepe3 LeHTp Nydyka P napaJuiens-
o (AB), uckomas.

a
.Dca Z
Do A ¢ B
a
W b
c
Puc. 24 Puc. 25



B camom nene, eciu C = (AB) N cu D =(AB) (] d, 10 (abcd) =
= (ABCD ). Ho C — cepenuna orpeska AB, Tak kak AMBP — napaJ-
nenorpamm. CiieoBaTesIbHO, N0 Teopeme § 4, n. 2 yerBepka 4, B, C,D_ —

rapMoHHuecKasi, 4TO JOKa3blBaeT apMOHH3M YeTBEpPKH a, b, ¢, d.
3agaua 2. [anoe mpu mouku A, B, C Ha npamod m. [Tocmpoun
yemeepmyo 2apMorudeckyro mouky D.

PemeHnue DBosbMem NpOH3BOJBHYIO TOUKY P, He Jexallyio Ha
npsamoii m, W nocrpoum npsmele PA, PB, PC. Kak B nepsoii sajaue,
CTPOMM K HHUM YeTBEPTYIO TapMOHMYECKYIO, KOTOPAs MepeceyeT NpsimMyio B
HCKOMOH Touke D.

B caenyomem naparpage (nMyHKT 3) GyAeT PacCMOTPEHO HOCTPOEHHE
rapMOHMYECKHX YeTBEpOK Ha NPOEKTHBHOH IJIOCKOCTH.

Mpumep 1. [Jdanor mouxu A (1:—1:2), B (—2:1:3),
C(:0:—5),D(—3:2:1). Hoxasem ux korrureaprocme u Hatidem 060d-
Hoe omuouerue (ABCD).

Pemenue Y6exnasach HENOCPEACTBEHHEIM NOACYETOM B PABEHCTBE
HYJIIO ONpefesuTeNeH

1 —2 1 1 —2 —3
—1 1 0o|lu|l—1 1 2|
92 35 2 3 1

ycranaBnuBaeM B cuay (6.4) xonnuneapHoctb Tpoek A, B, Cu A, B, D
¥, CJIeOBaTeNbHO, BCEH UETBEPKH.

Tenepp nHaxoium KosgduuueHtel B popmynax (9.1). Hmeem:

1 1

—2 —3 1 —2
Ol =all—1| 4+ P L, 2| =’ || —=1||+ P 1,
—5 2 3 1 2
OTKyJa:
1= a— 2§, —3 = o —2f,
0=—a+ B, 2 =—a' + P,
—5 = 2o + 30, 1 = 2a" 4 3f".
Pemassi 3TM cHCTeMbl (OHH COBMECTHHI B CHMJIY KOJUIMHEAPHOCTH TOYEK),
noayuaeM: a = f = —1, o’ = —I1, f’ = 1 u panee
AaBcpy =L ¥ _=1. 1 ___ 4
a o -1 -1

IMMpumep 2. Hanet npameiea (2:1:0),56(0:1:3),c(2:0:—-3).
I1posepum, npunadiexcam AU amu npamvie 00HOMY NY4KyY, U Hatidem 8 nyu-
ke npamyio d, maxyio, umobsr (abed) = — r.

Pemenue. [lpuHamiexHOCTb NPAMBIX a, b, ¢ OMHOMY MyYKy MPO-
BepseTca no ycaosuio (6.10).

[To onpenenenyo ABOMHOIO OTHOLIEHHUS HMeeM:

_1_B . F

LS ]
3 a a
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rie c, B, o, P’ — Ko3pUILEeHTEI
B dopmyaax (9.3). Ilo ananoruu c
NpeRbIAYIIUM [IPHMEPOM A/ HaXOXK-
IeHHsd o U [} coCTaBJjisieM CHCTEMY:

2 = 2a,
0=ua + 13’
—3 = 3B,
oTkyZa o = 1, B = —I1. I[lo3Tomy
T3 1 Puc. 26

M, CJIeJI0BaTEJIbHO, % = 3. [lonaras o’ = 1, B’ = 3, u3 BTOpOTO YypaBHe-
HeHus (9.3) umeem:

d=12,1,0[+ 310, 1, 3l =112, 4, 91I.

[Tpumep 3. B Hexkomopoti cucmeme npoexmusHolx koopounam R’
Oarbl KoopOuHamet PyHOAMeHMAarbHbLX modeK cucmemst R:

E,(1:1:1),E;0:0:1), Eg(—1:2:1), Eg(0:3:1).
Hatidem xoopdunamot mouku A 6 cucmeme R, ecau 6 cucmeme R’ ona umeem
koopdurnamet (1 : —1 : 0). (Cp. c npumepamu 6, 7, § 6.)

Pemenue 3afaua peliaercss Ha OCHOBaHHU TeopeMul § 9, m. 2.

Haxonum koopaunatel Touek Eq, Eqg, Aj, A, (puc. 26, 0603HaUeHUS
Ha PHUCYHKe COOTBETCTBYIOT OOO3HAueHHWSM B YCJOBHH Teopembl). Tou-
Ka Ejy JexuT Ha npsaMblXx E.E; u E E,, no3tomMy ee KOOpJHHATEHI
(§; : €5 1 E5) yIOBJIETBOPSIIOT yPAaBHEHUAM 3THX INPSMBIX:

£ 0 —I1 g 10
E20 2=0’ 3213=O.
&1 1 8 11

Pemiasi COBMECTHO 3TH YpaBHEHHs, NOJyYaeM KOODJAUHATHI TOYKH Ey,.

AHaNlOrMYHO HaXOHATCH KOOpAMHATHI APYruX Todek. [losywaem:
Ew(1:—2:0), E5q(0:3:2), A; (—2:4:1), A, (—3:3:1).
[To Teopeme nmyHKTa 2 HACTOsILEro nmaparpada

X1t X3 = (E1E3EAs), %o 1 x3 = (EE3E44,),

e (x; : Xy : X3) — HEH3BECTHble KOOpAHWHATH TOUKH A B cucteme R. Ilpsa-
MBIM BbIYHCJIeHHEM (KaK B npumepe 1) Haxomum:

Eqy = E, + E5, Ay = —E; + 2E,

"
Ey=—E; + E;3 A, = —E, + 2E;.
[TosTOMy
1 2 1 1 2 1
X iXg=—! — =——, Xy i Xg=— 1 — =—,
L T T
CilenoBaTeNbHO, X; @ Xg : X3 = 1 :—1 : —2. Mpbl HallJH KOOPAMHATHI

Touku A B cucTeme R.
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I[Tpumep 4. Hanot uemeipe
mouKy eeKaAudo80t NAOCKOCHU CB0-
UMl  HeoOHOPOOHbIMU  ApDUHHbL-
mu  koopdunamamu: A (0, 2),
B (1, 4), C (2, 6), D (4, 10). Y6e-
oumcs 8 Ux KOAAUHeapHoCmu U
Hatidem (ABCD).

Pemenue. B koanuneap-
HOCTH TOYEK MOXKHO yOeguThCH,
Hanpumep, Mepeias K OINHOpOA-

Puc. 27 HbIM KOOpJAWHATaM H NOJAb3YysaCh

ycJoBHeM KoJuHeapHoCTu (6.4).

[Tocse s3TOro ABOMHOE OTHOLIEHHE MOXKHO HAHTH TeM XKe crnoco6oM, KOTO-
peIfl Hcnmosb3yercss B npuMepe 1. Mbl paccMOTpPUM HHOE pellIeHHeE.

Uepes NaHHble TOYKH INpoBejeM IMpsiMble, mnapajnenbHsie ocd OY
(puc. 27). Onu nepecekator ocb OX B Toukax A; (0, 0), B; (1, 0), C; (2, 0),
D, (4, 0) coorBercrBenno. Ilo caexactBuio 1 M3 OCHOBHOTO CBOHCTBa
(nyHKT 8) u dopmyne (4.1)

(ABCD) = (A,B:CiD;) = (A,C\/C\By) : (A1Dy/D,B).
HO IA]_C]_I = 2, ICIBII = 1, IAIDII = 4:, IDIBII = 3. I-IOSTOMy

(ABCD) = 2. A _ 3

—1 -3 2

[Tpumep 5. Ilpamve a, b, ¢, d, npoxodaujue 4epes Hawaro KoopOu-
Ham, 3a0aubl credyrowumu ypasHenuanu: y = 0, y = x, y = 3x, y = 5x.
Hatidem (abed).

PemeHnwue Tak KakK KOOpPAHHATH JAaHHBIX NpPSIMBIX HAUTH JIETKO,
TO JBOHHOE OTHOIIIEHHE MOXKHO BBIYUC/AHTL TaK XKe, Kak B npumepe 1. [1pu-
BEJleM Jpyroe pelieHue.

[Tepeceuem faHHBIE NpsMble NPSIMOHA x = 1, NOJYyuUB CJaeAylOLIHe TOY-
ku nepeceuenus A (1, 0), B (1, 1), C (1, 3), D (1, 5) (puc. 28). Torza

(abed) = (ABCD) = (ACICB) : (ADIDB).
Ho |AC| =3, |CB| =2, |AD| = 5, |DB]| = 4. Tloatomy

3 5 6

abcd) = — : — = —,

( d) —2 —4 5

§ 10. MOJIHBIA YETHIPEXBEPLIMHHUK
U NMOJIHBbIA YETBIPEXCTOPOHHUK

1. Onpenenenusi. [1oaxbim uembipex-
gepuuHHUKom (MM TOJHBIM YeThIpex-
YTrOJIbHUKOM) Ha3bIBA€TCs COBOKYIMHOCTh
YyeThlpeX TOYEK, HE KOJIJIMHEapHBIX IO
TPH, Ha3bIBAEMBIX G2PUUIUHAMU, W ILIECTH
WUHIUJEHTHBIX MapaM JaHHLIX TOYEK
NDAMBIX, Ha3blBaeMbIX crmoporamu. CTo-
POHBI, HEe UHUMUAEHTHbIE OJHOH U TOH XKe
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Puc. 30

BEPIIMHE, HA3bIBAIOTCA NPOMUBONOA0NHIHbIMU (UMEETCS TPH Napbl NPOTH-
BOMOJIOKHBIX CTOPOH). TpH TOYKH, HHUHJEHTHBIE [apaM NPOTHBONOJIOXK-
HBIX CTOpPOH, Ha3bIBalOTCA OuazoHasbHoimu. Tpu MpsMble, HHIUAEHTHLIE
napaM JAHaroHaJbHbIX TOYEK, Ha3bIBAalOTCA OuacoHarsamu. TpexBeplUHH-
HUK, OOpa3OBaHHbIM JHaroHAJbHbLIMH TOYKAMH W JHaroHaJsMH, Ha3bl-
BaeTcst OuUQ2OHANbHbLM.

Ha pucynke 29 A, B, C, D — BepIlunHbBI TOJHOTO YeThIpeXBEepPIINHHUKA;
P = (AB) N (CD), Q= (AC) N (BD), R = (AD) N (BC) — nuaro-
HaJIbHbl€ TOYKH; p, ¢, r — JAuaroHa’du; PQR — JuaroHajbHBIH Tpex-
BEPILMHHHUK.

Qurypa, ABOHCTBEHHAsl MOJHOMY YeThIPEXBEPIUMHHUKY, Ha3bIBAETCS
[OJIHBIM 4embl pexcrnoporHuKom. [10THEIH YeTEIPEXCTOPOHHUK HMEET YeThipe
CTOpOHH! U 1iecTh BepiuuH. Ha pueynke 30 a, b, ¢, d — CTOPOHBI YeThIpeX-
CTOPOHHHKA, a [ buc N d,a N cub () d,aN dub (| ¢c— naps npo-
THUBOIOJIOXKHBIX BEPILUH; NIPSIMBIE p, ¢, r, HHIUAEHTHbIE IPOTHBONOJOXKHBIM
BepIUMHAM,— JHaroHa/ly; TOYKH HX nepecevenuss P, Q, R — AuaroHasnb-
Hble TOYKH.

2. TapmMOoHHYeCKMe CBOHCTBA MOJIHOTO 4YeThIpexBepPLIMHHHKA.

Teopewma. 1) Ha kamdoil cmopoHe noaHo2o yemvipexsepuiurHruka
UMeemCs 2aPMOHUMECKAA YemBepKa modeK: 00HQ Napa mo4ex dmot vermeep-
KU — BepuiuHsl, OpYyeas — MouKy nepeceqeHus 3motl cmopoHs. ¢ Ouazo-
HAaAbHBIM mpexeepuiunruxon (TaKUX TOYEK JB€, a He TPH, TaK KakK CTOpOHa
NMPOXOJUT Yepe3 BepINHHY AHATOHATBHOIO TPEXBEPIUMHHHKA).

2) Ha kaxdoti duaeorHaru noaHo2o 4emblpexeepuiunnuKa umeemes aap-
MOHUMECKAA 4emBepKa movexk: 00HQ napa 3motl demeepxku — O0UA2oHaAbHbLIE
mouku, 0pyeas — MmMoMKU nepecedeHus CmopoH, nPoxXo0auLUuX Hepes mpemsto
O0ua2oHarbHY0 MouKy, ¢ 0aHHol Juazorabio.

HanuM Takxke He BIOJHE CTPOTYIO, HO YAOOHYIO QOpPMYJTHPOBKY Te€O-
PEMBL: 8Ce 4emBepKU MO4eK HA CMIOPOHAX U OUA2OHAAAX NOAHO020 4emblpex-
8epluUHHuUKa, cocmoauue U3 pasleseHHblx nap, — apMOHUYecKue.

JloKkasaTeanrCTBO. DBseneM [ONOJHUTENbHbIE O0OO3HAUEHUS
(cM. puc. 29):

pN@AB)=X,pN(D)=Y,qN (AC)=2Z,qN (BD)=T,
rN (AD) = U, r N (BC)=V.
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Tpebyercs n0Ka3aTh apMOHH3M CJEAYIOMHX AEBATH YETBEPOK TOUEK:

(A, B, P, X), O,C, P, Y), (4,C,Q, Z2); (B,D, Q, T), (A: D, R, U);
(B,C,R, V), (Q,R, X, Y); (R, P, T, Z); (P, Q, U, V).

CHayana JOKaXeM TapMOHU3M KakoH-1HOO ONHOH UYeTBEpKH, Hanpu-
Mep nepBoi. C 3TOH 1e/bI0O BBENEM CHCTEMY IIPOEKTHBHBIX KOOpAHHAT
¢ ¢ynnamentanbHbiMu ToukKamu: A4 (1 :0:0), B(0:1:0), C(0:0:1),
D@:1:1)—wu onpegenuMm KOOpAHMHAThl BCeX TOYEK YETBEPKH
(A4, B, P, X).

Tak kak P € (AB), To TpeTu#l sseMeHT cronbua P paBeH Hy.J0. [To-
stomy u3 P € (CD) caenyer P = D — C. IlpoBojs aHaJIOTHYHBIE pacCyK-
IeHHsl B OTHOUIEHHH APYTHX AHATOHAJBHBIX TOYEK, HaXOJAUM HX KOOpPIH-
Hatel: P (1 :1:0),Q(1:0:1), R(O:1:1).

Tenepp Haxonum KoopauHaTel TOYKH X. Tak kKak P € (AB), To Tperui
sjeMeHT cTosibna X paBeH Hydqo. [lostomy us X € (QR) caenyer X =
= Q — R, OTKyza HaX0JuM, YTO KOOpAHHATHI TOUKH X paBHel (1 : —1 : 0).

CJaefoBaTtebHO,

P=A+B, X=A—8B
U 1O OMNpeJeseHHIO NIBOHHBIX OTHOLIEHHH

(ABPX) =—i : _Tl =1,

YTO U JOKa3biBaeT NEePBYIO YaCTh TEOPEMHI.

rapMOHI/IBM OCTaJIbHBIX BOCbMH YETBEPOK TOUEK JNOKA3LIBACTCA aHaJIo-
F'H4YHO. I'Iposezm're JOKa3aTeJbCTBO CAMOCTOATEJIBHO.

IIpumevanue. OcraBumascs yacTh AOKA3aTeJbLCTBA TeOpeMbl MOXKeT ObiTb MpOBe-
JleHa ¥ Ha OCHOBAHMM CJeACTBHS | M3 OCHOBHOrO CBO#MCTBa MABOHHBIX OTHOWeHHH (§ 9,
1. 5). C 3Toii neJIblo PACCMOTPHM Y€TBEPKY NPSMBEIX NMYYyKa, UMEIOLIero CBOHM LIEHTPOM TOY-
Ky R. Ilpamele nmyuka nepeceyennl npsambiMu AB, CD, PQ, mostomy Ha HHX 0OpasyioT-

CS1 YeTBEPKH C OJHUM M TeM e JABOHHbIM oOTHolleHueM: (ABPX) = (DCPY) = (UVPQ).
A Tak KaK rapMoHH3M IepBOil YeTBEeDKH IOKa3aH, TO JIOKA3aHHl elle [Be YacTH TEOpEeMEI,

PaccmorpeB nyyok ¢ nentpoM Q, noayuum (ABPX) = (ZTPR).

M tak panee.

CorslacHO NPUHLUIY ABOHCTBEHHOCTH B €ro pacCIlMpPeHHOH TPAKTOBKE
(§ 9, n. 3) BepHa u ABOHCTBeHHas TeopeMa — TeOpeMa O FapMOHHYECKHX
CBOMCTBAX MOJIHOTO YeTelpexcTopoHHHKa. ChopMynupyliTe ee camoCTos-
TeNbHO. DTa TeOpEMa He MpeCTaB/aseT O0BIIOr0 HHTEpeca, TaK KaK SBJIsgeT-
Csl IPOCTBIM C/IEACTBHEM M3 TeOpPeMbl O FapMOHHMYECKHX CBOHMCTBAX MOJIHO-
ro 4YeThbIpeXBepLIMHHHKA.

3. TlocTpoenune uetseproii rapmonnyeckod. B § 9, n. 6 yxe paccmar-
pUBaJOCh NMOCTPOEHHE FAPMOHHYECKHX YETBEPOK TOUYEK U NPSAMBIX HA pac-
ILMPEHHOH eBKJHAOBOH IIOCKOCTH. TeopeMa MNpeaplayllero NYHKTa O
rapMOHHYECKHX CBOMCTBaX NOJHOTO YeThipeXBepIUHHHUKA MO3BOJSIET BbI-
MOJHATL 3TH NOCTPOEHHST HA MPOU3BOJBHOH MPOEKTHBHOH MJIOCKOCTH,
NnpHYeM C MOMOLIbIO OAHOH JIMHEHKH (AuHelikoli, KaK U3BECTHO, Ha3hiBaeT-
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csl HHCTPYMEHT, KOTOPBIM MOXKHO NOCTPOUTH NPAMYIO, HHIHAEHTHYIO ABYyM
JIOOBIM TOYKaM).

Urak, k mpem Oarnoim moukam A, B, C Ha npamnoil HYxeHo nocmpoums
yemeepmyro eapmoruseckyro mouky D, T. e. Takylo TOUYKY, YTOObI UeTBepKa
(A, B, C, D) 6bl1a rapMOHHYECKOH.

ITepebiii cnocob. Bynem CTPOUTH NOJHBIH YeTHIPEXBEPIUHHHHUK, B KO-
TOPOM JaHHAas NpsMasi — JuaroHanb, TOYKH A U B — quaroHafbHble, a
C — TouKa mepeceueHus CTOpPOoHHI ¢ auaroHannio AB. C 370l Leabo mpo-
M3BOJIbHO BO3bMEM TPH CTOPOHBI UETHIPEXBEPIUHHHHKA, JBE€ H3 KOTOPBIX
HHIUEHTHBI Touke A, a TpeTbs — Touke C. TOUKH nepeceueHusi NnepBbIX
IBYX CTOPOH C TpeTbeH, o603HaueHHble HA pucyHke 31 uepes X u Y, 4B-
JSI0TCS BepIIHHAMH YeThipeXBeplUMHHMKa. J[lajlee HaXOAUM OCTaJbHBIE
Bepiunuel: Z = (BX) 1 (AY) u T = (BY) (AX), a notoM CTPOHUM HC-
koMmyto Touky D = (TZ) | (AB).

Bmopoti cnoco6. TlpumeM IaHHYIO NpPSMYyI0 32 CTOPOHY, TOYKH A U
B — 3a BepuiuHb, ToUKy C — 3a AHAroHaJbHYI0 TOYKY MOJHOTO YEThIPEX-
BepiMHHUKa (cM. puc. 31). Uepes C npoBejemM NpPOU3BOJBHO CTOPOHY, HE
coBnapatouiyto ¢ (AB), 1 Ha HeH NPOU3BOJBHO BO3bMeM JiBe ToUKH X H Y,
KOTOphlE NPHMEM 3a BEpIUHHBl MOJHOTO YeThlpexBepiuuHHHKa ABXY.
Tenepb cTpouM ocraBluuecs auaroHanbHeie Touku: T = (AX) ) (BY),
Z = (BX) N (AY) — u npoBoauM yepe3s HUX auaroHasbp TZ. Touka me-
peceyeHHs] 3TOH AMaroHaJd C JaHHOH NPSIMOH ecTb HCKOMas Touka D.

JIBOliCTBEHHOE MOCTpPOEHHE YETBEPTOH rapMOHWYECKOH NpaMoH B Nyy-
Ke TpeNOCTaBJsercsl BBLIMOJIHUTL 4uTaTeNto. KpoMe TOro, 3aMeTHM, 4TO
OHO MOXeT OBbITb OCYILECTBJEHO B CHJY OCHOBHOI'O CBOHCTBAa JBOHUHBIX OT-
nomenuit (§ 9, 0. 4).

4, T'apMOHHUYECKHE CBOWCTBA HEKOTOPbIX YeTbipeXBepUIMHHUKOB Ha
paclUMPEHHO# eBKJUAOBOM TMJIOCKOCTU. [lpencraBsser unTepec paccMmoT-
peHHe YACTHHIX CJy4aeB TEOpeMbl O FapMOHHYECKHX CBOHCTBaX MOJHOTO
YeTBIPEXBEPILHHHUKA HAa paCIIMPEHHOH eBKJIUAOBOH MJOCKOCTH, KOTOPHIE
BO3HHKAIOT, €CJH HEKOTOpble 3JEMEHThl MOJIHOTO YeThipexBepIUHHHHKA
SIBJSIIOTCS HECOOCTBEHHBIMH.

1. TlycTe HeCOGCTBEHHBIMH SIBJISIIOTCS JiB€ JHAroHaslbHbIE TOYKH P_ U

R_. B stoM ciyuae ueThlpeXBepIUMHHHUK HMeeT IB€ Naphl NapaJsienbHbIX
IPOTHBONOJIOKHBIX CTOPOH (puc. 32), a auaroHadaesio P_R_ sBJdeTcs He-

Puc. 31
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qQ
A U Roo
7 / AN
Puc. 33

COGCTBEHHAA NpsMas a_ MNJIOCKOCTH.

O6o3HayuM TOYKY mepecedyeHus mps-
MbiXx AC ¥ a_ yepe3s Z_. Mer noJay-

UMM FapMOHHYECKYI0 yeTBepKy (4,
C, Q, Z_). 13 rapmonusma 3o yer-

BepKH 1o TeopeMme § 4, m. 2 craenyer,
yto Q — cepenuHa otpeska AC.

TakuM o6pasoM, Teopema €BKJIH-
JIOBOM reOMETPHUH: «OUAZOHAAL NAPIAN-
NeA02PAMMA MOUKOU nepeceverus Oe-
NAMCA  NOnoAam» — €CTb  YaCTHBIH
caydyadl TeopeMbl O TapMOHHYECKHX
CBOHICTBaX MOJIHOTO YeTbIpEeXBEpIIHH-
HUKA.

2. Tlycth HECOOCTBEHHOH $IBJIsSIET-

CA TOJIBKO OJlHA JMaroHasnbHas To4ka R_, H, CJel0BaTe/]bHO, YeThbipeX-

BepWHHHUK ABCD umeer ofiHy Napy napaJjJesbHbIX NPOTHBONOJOXKHBIX
cropoH (puc. 33). Torma, o6Go3Hauas TOYKY [epeceueHUs NPAMbIX AD
u PQ uepes U, nonyuaem rapmMoHuueckyio uetBepky (4, D, U, R_), a us

3TOro cienyer, uto U — cepenynna orpeska AD.

Taxum o6pa3oM, Teopema €BKJHAOBOH FeOMETPUH «npAmas, coedursro-
was mouky nepeceueHus OuazoHarell mpaneyuu € MOYKOU nepecederus
60K08bIX CMOpPOH, Oeaum OCHOBAHUA mpaneyuu nonoiam» SIBJASETCS YacT-
HBIM CJy4aeM TeOpeMbl O TapMOHHYECKHX CBOHCTBaX MOJIHOTO YeThipex-

BEPILHHHHKA.



TJIABA IV.
NPOEKTHBHbBIE NPEOBPA30BAHUS

§ 11. MIPOEKTUBHOE OTOBPA)KEHHUE NMPSIMOHA
HA NPAMYIO

1. IepcnekTuBHOE OTOGPaMeHHe nNpsaMoit Ha mpamywo. B § 1, m. 2 MuI
paccMaTpuBany MepCleKTHBHOe oToOpakeHHe pacliipeHHOH €BKJHAOBOH
NpsSIMOM Ha NYYOK IIpAMBIX. Temnepp TEPMHH «lepCIeKTHBHOE oToOpaxke-
HUe» OYeT NPUMEHSTLCS IIHpe: OH OyAeT TaKxKe UCIOJb30BaAThCA AJisd 000-
3HaueHHs CHelHaNbHOrO BHJA OTOOpaxKeHWH NpsAMOH Ha mNpsamyl. Bce
pesy/abTaThl 3TOr0 M CJelyouero naparpagos No NPUHLUNY JBOHUCTBEH-
HOCTH MOKHO NEpPeHEeCTH Ha NYUYKH [pPSIMBIX.

Onpepneanenue. IlycTth Ha NPOEKTUBHOH IIOCKOCTH HMEIOTCS
IBE pa3JIUyHbIe NpPSMbIE U; U U, U He MpUHaAJexamas uM Toyka S. Oro-
Gpaxenue \ : u, — Uy, IPH KOTOPOM NpoH3BOJbHAS Touka A, € u; oTo-
Opaxaercsl Ha Takyl TOUKy A, € u,, uto Touku S, A;, A, KoJIuHeapHbI,
Ha3bIBACTCS NEPCreKmusHbim omobpaxceHuem ¢ yeumpom S TOPAMOH i
B OPSMYIO U,. DopMalibHas 3aMUCh 3TOTO ONpeNeJeHHs] HMeeT BHJ:

VA; €uy b (A1) = uy NN (SAy).

[TepcrekTuBHOe oTOGpakeHHe 0003HauaeTCsi 3HAKOM ». Dynaem wuc-
NoJb30BaTh JBa BHJAA4 3alluCH.

—
—

.., A A
’l.l).u1—>u2 )54 lp.ul?uz,

npUYeM NOCJeHsS 3aNuCh NO3BOJISIET YKa3aTh S — LEHTP OTOGpaxKeHus.

OTmeTHM CJEAYIOUHe CBOHCTBA NEPCHEKTUBHBIX OTOOpaXKeHHI.

CeounctBoO 1. Ilepcnekmusroe omobpasierue GUeKmMUBHO.

CBoHicTBO 2. [lpu nepcnexmusHom omobpasceHuu npamol Ha
npamyro obwas mouka amux npamelx omobpacaemcsa Ha cebA.

CBoHictBoO 3. [lpu nepcnexmusHom omobPaMCeHUU COXPAHACMCA
d6otiHoe omHoweHue 2000l YemeepKu mouex.

[lepBrie ABa CBOKMCTBA BLITEKAIOT HENOCPEACTBEHHO H3 ONpele/eHHS.
Tperbe CBOUCTBO MpeicTaB/isieT Co00H MepedpasHpoOBKY CJAEACTBHA 1 u3
OCHOBHOI'O CBOHCTBA JBOMHBIX OTHoweHu# (§ 9, m. ).

2. IlpoexkTHBHOE OTOOpaKeHUe MPAMOIN Ha MPSAMYI0 M ero 3ajaHwue.

OnpeneJdenue DuekruBHoe oTo6paxkeHue NpsiMOH Ha NPAMYIO,
coxpaHsitollee ABOHHOE OTHOIIEHHE NPOU3BOJIbHOH UETBEPKH TOYeK, Ha3bl-
BAETCS NPOEKMUBHbIM Omobpadrceruem.



[Ipy HeoOGXomMMOCTH MNOAYEPKHYTH NPOEKTHBHBIA Xapaktep oTobpa-
JKeHUus1 OyjneM ynotpebasaTh 3HaK A, chonbsyﬂ 3anuch @ i

[Ipumeuanue. B namem onpenenermn TpeGoBaHHe GHEKTHBHOCTH H3GBITOUHO:
GHEKTHBHOCTb MOKHO Obl10 OBl JOKa3aTb, HCXOJAA U3 MHBAPMAHTHOCTH JABOHHOrO OTHO-
1Ie HUd.

OueBHJHO, 4YTO MEpPCHEKTHBHbIE OTOOpAXKEHHUS MpPENCTaBJAIT COOOMH
YACTHBIH CJydyall NPOEKTHUBHBIX — 3TO BhITEKaeT U3 CBOUCTB 1 u 3, 0 KoTO-
PhIX IJIA peyb B NpeApIfylieM NyHKTe. A Tak KaK nepcrnekKTHBHOe 0To6Gpa-
JKeHHue CyLIeCTBYyeT, TO 3THM CaMbiM JOKa3bIBA€TCH CYIIECTBOBaHHE IPOEK-
TUBHBIX OTOOpaXKeHuu.

OTMeTHM TaK¥XKe, U4TO KOMNO3UYUA HECKOAbKUX NPOEKmMUBHbIX omobpa-
oHCeH ULl mode npoexmusHoe omobpasicerue.

Teopewma. Ilyems A;, By, C, — mpu pasauunele mouku npsamou
Uy, @ Ay, By, Co — mouxu npamoii u,. Toeda cyuwecmasyem 00HO U MOALKO
00HO npoeKmugHoe omobpascerue @ : U, — Uy, NPU Komopom mouxu A, By, Cy
0mobpasearomcs coomeemcmeeHno Ha Ay, By, C,.

IHokxasaTeasbcTBO. Edurncmeennocms. Ilycte @ u ¢ — ;Ba
oToOpaxKeHus, YAOBJETBOpPSIOUIYE YCJIOBUAM TeopeMel, U M, € u1

NpousBoJbHAsE Touka. [lycre pmanee o (M) = M, u ¢ (M,;) =
Torpa nmo ompepeneHyio NPOEKTHBHOTO OTOOpakeHusi GYZHeT:

(A3B5CoM,) = (A3B,CoMs) = h,

rae h = (A,B,CiM,). B cuny teopemnt 1 § 3, n. 3 M, = Ms ¥, clenosa-
TeJbHO, ¢ = @',

3aMeTHM, YTO €JIMHCTBEHHOCTb OTOOpaxKeHHs HOKasaHa 6e3 KaKHX-
JUOO0 OrpaHUYEeHUH B OTHOINEHHUH MPSMBIX U; U Uy, KOTOPHIE, B YACTHOCTH,
MOTYT U COBNajaTh.

Cyuwecmsosarue. PaccMoTpuM chHauasna cayuad, Korja u; = u,. Ha
npamoi A;A, Bo3bMeM NPOH3BOJLHO IBE pasjHuHble TOUKH S; u S,,
oT/INuHble OT A;, A,, a 3areMm uepe3 ToUKH B = (§;B;) () (S.B,) u C =
= (S5;C1) N (SeC,) npoBenem npsMyto u (puc. 34).

Otob6paxenue P = 1[32 Py, THE

/\
Uy —> U u-—> Uy,

ecTb HCKOMO€ OTOoOpaKeHHWe: OHO
NPOEKTHBHO KAaK KOMIO3HIUS Iep-
CIHEKTHBHBIX OTOOpa)KeHHH u

¢:A4, > A,, By —>B,, C,—C,.

Ecin xe u;, = u, (3TH CoBnaB-
mue npsmele 6ygeM o603HayaTh Of-
HON OyKBOH u), TO Ha KakOH-1HGO
JIpyro# mpsaMou u, BO3bMEM MpPOU3-
BOJNIbHO TOUKH A,, B,, C,. Ilo no-
Puc. 34 Ka3saHHOMY Bbllle CYIIECTBYIOT Npo-




eKTHBHBIE OTOOpaXKEHUSA
@yt U = Uy Qg t Uy > U
TaKHe, 4TO
@ : Ay = Ay, By = By, C; —Cy; @, Ay — Ay, By = By,
Co — C,.

WX KOMIO3HUHST @y o ¢; €CThb HCKOMOe MPOEKTHBHOE OTOOparKeHHE.

Teopema nokasana.

CnencrBue. [Ipoexkmusroe omobpaxserue 00Hol npamoil Ha Apy-
eyro Modcem BbLme PASAONHCEHO 8 KOMNO3UYUIO He 6oaee 08YX NepcnekmusHoLx
omobpasceHutl, ecau npamvle pasiudHel, U He 6oaee mpex, ecau npaAmole
cognadarom.

[lepoe yTBep:KIE€HHE 3TOrO CJEACTBHSI CO BCEH OYEBHAHOCTHIO BHITE-
KaeT W3 J0Ka3aTeJbCTBAa TEOpPEMbl; B CIPaBEJJHUBOCTH BTOPOLO yTBEpIKJIe-
HUS JIETKO yOeIuTbCsl, ecJM MpOaHAJM3MpPOBaTh KOHEll JA0Ka3aTesbCTBa
TeopeMbl. DAaKTHYECKH JA0Ka3aTeJbCTBO BTOPOH YacTH BBINOJHEHO HpH
pelieHuy npumepa 1 B § 12.

3. YcjoBHe nMepCneKTUBHOCTH MPOEKTUBHOTO OTOOpaXKeHHs.

Teopewma. [aa moeo umobsl npoexmueHoe omobpadxcerue npamot
HA Npamyro OblA0 NepcnekmusHoiM, Heobxo0umo u docmamouro, 4mobel
mouka X, npuradiemauian obeum npamoim, omobpaxarace cama Ha cebs.

JokxaszarteancTBo. Heo6XoauMoCTh JOKa3blBaTh HE HALO, MO-
CKOJIbKY 3TO YTBEPXKAEHHE COBIIaJaeT CO CBOHCTBOM 2 MEPCHEKTUBHLIX OTO-
Opaxenu#t (nyHKT 1). JlokaxkeM AOCTAaTOYHOCTb.

[Tycte @ — mpoekTHBHOe OTOOpaxkeHHEe NPAMOH #; Ha MNPAMYIO U,
u ¢ (X) = X. Ilycrs nanee A,, B; € u; — Kakue-1u60 TOYKH, HE COBMaA-
paroupe ¢ X, a A,, B, € u, — ux obpassl npu orobpaxkenuu ¢. Ilo Teo-
peMe NpeapIAyILero NyHKTa ¢ — eJUHCTBEHHOE IPOCKTHBHOE 0TOOpaxkeHue,
npd KoTopoM o6Gpasamu Toyek A;, B;, X OYyAYT COOTBETCTBEHHO TOYKU
A,, By, X. Onnako TeM ke CBOHCTBOM 06J1afiaeT M NEPCNeKTHBHOE OTO-

Opakenue 4 : ul—S& u,, tne S = (A,4,) N (B.B,). CaenoparensHo, P=q.

Teopema nokasana.

4. Teopema MNannal. [Tycme u u v— 08e pasiuuxble npamele, HA KAXC-
doil u3 Komopelx 632mo no mpu pas-
Audrolx mouxku: Ay, Ag, As € u, A,
Ay Ag €v. Toeda mpu mouku

P = (A1A2) N (A4A5),
Q = (A:243) N (As54e),
R = (A3A4) N (AGAI)

uryudernmroL 0010t npamoii (puc. 35).

! Nann (III—1V B. H. 3.) — rpeueckui
MaTeMaTHK.
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HJokasateascTBo. O6o3naunm npsmeie A A, u AAg cooT-
BETCTBEHHO Yepe3 p U ¢ U PacCMOTPHM NPOEKTHBHOE OTOGpaXKeHue ¢ : p —-
—- ¢, KOTOpOe OnpeJieIuM KaK KOMIIO3HLHIO JIBYX MEPCHeKTHBHLIX — @ =
= P o, Tle

p:p f» v, Y1 v

1

qg.

>|>

BBenem o6Gosnauenus ewme aByx Touek: K = p (] (A;4q), L =4
N (A3A,) — v Halinem o6pasnbl Touek As, Ay, K, P € p OTHOCHTENBHO
NPOEKTHBHOTO oToOpaxkeHus ¢. Imeewm:

rASiunvi;AEn

.lb ?
q):lA4_> A4—’)L,
K—% A= A,
P> 4,5Q

[Ipexxne Bcero 3aMeyaeM, 4YTO IPOEKTHBHOE OTOOpaXKeHHE @ @ p — ¢
OCTaBJISIET HEMOJBUKHOM TOUKY IepecedeHUs NPSMBIX p U ¢ — TOUKY As.
[To Teopeme npenplAyLIero NyHKTa 3TO 03HAYaeT, YTO ¢p — NEPCIeKTHBHOE
oToOpaKeHue.

Hatinem umentp nepcrnekTtuBel. Tak Kak @ (A,) =L u ¢ (K) = A,
TO LEHTP NEPCHEeKTUBEI JeXKHUT Ha NpsiMbIX A,L u KA, T. e. 310 Oyaer ToY-
Ka R. A tax kax ¢ (P) = Q, 10 npsamasa PQ NpOXOAUT yepe3 LEHTp nep-
CIIEKTHUBHI.

Teopema nokasana. durypa Ha pHCyHKe 3D siBIsieTcsl KOH(QUrypaiuei
§ 8, n. 2).

Uuraresao npefnaraercs CaMOCTOSITENbHO CPOPMYJHpOBaTb JBOHCT-
BEHHYIO TeOpeMy, CAeNaTb K HeH 4epTex WU yOeAUThCS, UTO OHA BJASETCS
NPOCTBIM CJeACTBHeM Teopembl [lamma.

[TonesnpiM ynpaxkHenueMm OyleT aHAJUTHUYECKOE JOKA3aTEeJbCTBO TeO-
pembl Ilanna, pjaa yero uesecoofpasHO 3ajaTh HPOEKTHBHYIO CHCTEMY
KOOPJAHHAT UeTBepKO# (yHIaMeHTaJbHHIX TOYEK M3 YMcJ/a ToueK A;.

Teopema [Tanna npexnctaBisier cobol yacTHwilfl cayuail Teopemsl Ilac-
KaJssg, Kotopas Oyjier paccMoTpeHa nosjxee (cm. § 17, n. 1).

S, 21 HPHMepIL Ha pacuu-

D, peuroll e8KAUO0B0L NAOCKOCMU 3Q-

@ OanbL npamvle Uy U Uy U NPOEKMUB-
Hoe omobpaserue @ . Uy — Uy,
onpedeseHHOe mpems napamu co-
omeemcmsyouwjux mouex: A,—A,,
B; &> B,, C,— C,. [Ilocmpoum
obpaz D, HecobcmsenHol mouxku
D, npamoil u,.

Pemenue. OrobpaxeHue
@ NpeNCTaBHUM B BHJ€ KOMIO3UIHH
IBYX IEpCNeKTHBHBIX OTOOpaxKe-

HHH — @ = gy 0 P!
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P, ulE’\:u; P, uE’\:uz,
rne S; U S, — TMPOU3BOJIbHEIE TOUKH npsimolt A;A4,, a ¢ — npamas, npo-
xoasimasa uepes Touku B = (S;B;) N (S,Bs) 1 C = (§:C)) N (S.C,)
(puc. 36). Touka D = ; (D, ) HAXOANTCS Ha MepeceueHHH NpsAMOi u u
npsmo#t S;D,_, mpoxoasmeid yepes S; napanjenpHo 4. Mckomas Touka
D, = ¢ (D,,) = ¥ (D) ecTb TOYKa nepeceueHusi NpsAMbIX U, ¥ S,D.

§ 12. MPOEKTHBHBIE NPEOBPA3OBAHHUS TMPSMON.
HHBOJIIOIHUH

1. MpoexTuBroe npeobGpasosaHue npsimoit. HanomHuMm, uTO npeobpa-
308aHuem MHOXMCecmea HasbiBaeTcsl OUEKTHBHOE OTOOpakKe€HHe MHOMKEeCTBa
Ha ce0s1. [IpoeKTHBHBIM NpPeoOpa3s0BaHWEM MPOEKTHBHOH NpAMOH P; Mbl

HasplBaeM [POeKTHBHOE oToOpaxeHue ¢ . Py RiN P,. Onpenenenne npoek-
THBHOTO oToGpaxeHus (§ 11, m. 2) B maHHOM ciayyae MoxKeT ObITh KOH-
KPETH3HPOBAHO CJELYIOIHM 00pa3oMm.

OnpeneaneHnue. [IpoekmusHeim npeobpasosaruers npamou P,
Ha3hIBaeTCs Npeo6pas3oBaHHE, MPH KOTOPOM COXPAaHAETCs ABOHHOE OTHO-
IieHHe IMPOU3BOJbHBIX YETHIPEX TOYEK.

Teopema 1. [Ipoekmusrobie npeobpasosarus npanoi Py obpasyom
epynny.

Jlokas3aTeNbCTBO BHTEKAET HENOCPEICTBEHHO H3 oMpeje-
JIeHUS .

Teopema 2. [lycme Ha npoexmusHot npamoii 3adanst 06e ynops-
douerHble MpoLiKy movex, npudem 8 Kaxrcdol mpotike ece mouky pasiuyHel.
Toeda cyuwjecmsyem eduHcmeeHHoe npoekmusHoe npeobpasoearue npsamoi,
omobpadcarouiee nepsyro mpouKy Ha 8mopyio.

SOra Teopema npejcTaBJ/sieT COO0K YaCTHBIM cyydall Teopemsl § 11, m. 2.

CnenctBHue. [Ipoexkmusroe npeobpasogarue npamoil, omauuHoe
om mooOecmeerH020, moxcem umemos He 6osee 08Yx HenoOBUNCHBIX MOUeEX.

2. ¥YpaBHeHMs] TPOEKTUBHOro nmnpeoOpa3oBaHusi npamMod. [lycte Ha
npsiMoit P;, Ha KOTOpPOH YCTaHOBJIeHa INPOEKTHBHAs CHCTEMa KOOPAHHAT
R=R(E), i =1, 2, 0, nefictByer npoekTHBHOe INpeoOpasoBaHHe .
Tpebyercs HaliTh ero ypaBHEHHe, T. €. ONPEAEIUTL CBSA3b MEXAY KOOPAHU-
HaTaMH NpPOU3BOJbLHON TOUKH X (X1, Xp) M ee obpasa X (x| : x,).

BeeneM o6o3Hauenus A5 00pa3oB QyHAaMEHTalbHBIX ToUeK: ¢ (E;) =
: LA
=E; i=1, 2,0, 1 pacCMOTPUM BCIIOMOTATEJNbHYIO CHCTEMY KOOPAMHAT
R’ = R (E;). Tlo omnpeneseHHi0 NMPOEKTHBHOIO NpeoOpa3oBaHUd

(E1E.EoX) = (E1EsEoX")

H B CHJY TEOPEMBI O CBA3H IPOEKTHBHBIX KOOPAHHAT C JIBOUHBIM OTHOIIIE-

niem (§ 3, m. 3, Teopema 2) koopauHaTel TOYKH X B Cucreme R 6ynyr
TaKue e, KaK U KoopJuHaTel TOYKH X' B cucreme R'.
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Takum o6pasoM, Touka X' B cucreMe R HMeeT KOODIMHATHL (X, @ Xy),

a B cucreMe R" — (x; : X,). KoopAuHATLI TOUKH B ABYX PasHbIX CHCTEMaXx
KOOpJAMHAT CBfA33Hbl YpaBHEHUSAMH @epexofa (2.2), nosTomy
AX = PX', (12.1)

rie X u X' — KoopIauHaTHBIE CTOJOLBI NpooGpasa u obpasa, P — He-
ocobeHHasi KBajJpaTHas MaTpHIla BTOPOTO NOpsiiKa, A — KodbduIMeHT
NpOMNOPUHOHANBHOCTH.

B KOHKpeTHBIX 3aJlayaX BMECTO MaTPHYHOI'O YpPaBHEHHS MPOEKTHBHOIO
npeo6pa3oBaHHsl OOBLIYHO HCIHOJB3YIOT CHUCTEMY

Ax, = Pux; + P10x;’
' "4 12.2
{ Axy = P21X; + P22Xys ( )
TA€ p;; — 3JeMeHThl MaTpulnl P.
YpaBHenue (12.1) MOXHO paspeliuTb OTHOCHTENbHO X':
pX' = QX, (12.3)

rie p = A1, Q= P,

O6paTyM BHHMaHHe Ha TO, 4YTO GOPMYJBl NpeoOpa3s0BaHUS KOOPAUHAT
(2.2) u (2.4) u ypaBHEHHs NpPOEKTHBHOrO npeobpasosanus (12.1) u (12.3)
UMEIOT PasHbId reOMeTpPHUUYEeCKHH CMBICH, XOTS GOpMaJibHO OHH OJHHAKOBHI:
NepBLIE BLIPAXKAIOT CBSI3b MEXJY KOOPAWUHATAMU OIHOU W TOH K€ TOUKH
B pa3HbIX KOOPAWHATHBIX CHCTEMAax, a BTOpble — MEXAY KOOpPAMHATAMH
pPasHbIX TOYEK B OJHOHU CHCTEME.

3. Komno3uuus npoekTHUBHbIX mnpeoOpa3oBaHuit. Halinem Kommnosu-
IIUI0 JBYX NPOEKTHBHBEIX NpeoOpasoBaHUll @; M (g, 3aNaHHBIX COOTBETCT-
BeHHO ypaBHeHHAMH MX = P X' u A X = P,X'.

ITycts X — Kakasi-mu6o Touka u @ (X) = Xy, ¢, (X;) = X'. Torzna
7\,1X = P1X1 H }\2X1 = PzX,, OTKyﬂ,a:

(MAg) X = (PyPy) X'. (12.4)

Mbl monyunnu ypaBHeHue NpeoOpasoBaHHA @, o ;. Ero marpuua c
TOYHOCTBIO 1O MHOXHTesnsi paBHa PP, (o6paTuTe BHUMaHHE Ha NOPSIIOK
COMHOzKHUTEJNeM!).

Hrak, mampuya romnosuyuu 08yx npoexmusHolx npeobpasoeariiii
C MouHocmoio 00 MHONCUMEAS PABHA NPOU3BEOEHUD MAMPUY NepemHONcae-
molx npeobpasoearuil, npuuem mampuya nepsoco npeobpasosarus bydem
NeBbIM COMHONCUMENEM.

Mampuya modcdecmeerHo20 npeodpasosanus ¢ MOUHOCHbI0 00 MHOXCU-
meas pasra edunuuHot mampuye E:

SENNEH

TaKas MaTpulla HasbBaeTCsl cxkaaapHou. Ilostomy mampuya obpamrozo
npeoopasosarus ¢ mouHocmoio 00 MHONUMEAR PaBHa 00pamroil mampuye
darroeo npeobpasosanus.

4. OnpeneneHue W mNpu3HAK HHBOMOLMH. 3aganHue. Kak usBecTHO,
HHBOJIIOLMOHHBIM NIpeo0pasoBaHNEM Ha3bIBAIOT HETOXKIECTBEHHOE npeobpa-
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soBaHHE @, COBIIajarolee co CBOUM obpaTHuIM: @ = ¢!, IIpusHak wuHBO-
JIOLMOHHOCTH MOXKHO 3aNKCaTh ¥ B TAKOM BHJE: @® = e, Ill€ e — TOXKIeCT-
BeHHOe npeo6pa3oBaHue.

B stoM maparpade Mbl OyieM H3ydaTb HHBOJIIOIHOHHBIE NPOEKTHBHLIE
npeoGpa3oBaHus NpsSMOH, OOLIYHO Ha3bIBaeMbl€ NPOCTO HHBOJIIOLHUSIMH.

OnpepeneHnue. Hugoaroyuel Ha3bIBAGTCS HETOXK]IECTBEHHOE
NpOEeKTHBHOE NpeoOpasoBaHue MpsSiIMOH, COBMajaroliee CO CBOMM 06-
PaTHLIM.

Teopema l. [Iaa mozo umobbl npoexmugHoe npeobpasoearie ¢
npamoll b0 uHeosoyuell, Heobxo0umo u Oocmamouro, umobbl Ha amoil
npamoll umesace napa passuurolx mouek A u A', omobpararouuxca o0Ha
Ha dpyeyro.

JokasaTeabcTBo. Heo6xomuMocTh oueBHIHA, AOKaxeM 00-
CMAMmMoYHOCb.

[Tycth paHO mpoekTHBHOe npeoGpasoBaHue @ u @ : A< A’. Tpebyer-
csl J0KasaTh, 4To AJs Jwoboi Touku X u3s @ : X — X' N0JI3KHO CIef0BaTh
o: X — X.

OGosHaunM o6pa3 touku X' uepes X". Torma B CHJly TIDOKTHBHOTO
Xapakrepa npeoépasoBaHHH [0) 6y11eT (AA'XX")== (A'AX'X"), a no Teo-

peMe § 3, n. 5 (AA'XX') = (A'AX’X) u, cnepoBatensHo, (A'AX'X) =
= (A'AX’X”), a U3 3TOTO PaBEHCTBA B CHUJYy TeopeMsl 1 § 3, n. 3 mosyua-
eM X = X", uTo U TpeGoBaNOCh JOKAa3aTh.

Teopema 2. [lycmoe nHa npoexkmugHoll npamoil 3adaxbt Ose napet
mouex, npuuem xomsa 6ot 8 00HOU u3 nap mouku pasaudnsl. Toeda cyuwecm-
8yem eOUHCMBEHHAA UHBOMOYUA, NepecmasAfiowias mouKky Kaxooi napot.

[Tpumeuanue. B parpuefimem TpeGoBaHne HeCOBNajeHHs TOUEK GYAET CHSATO.

JJokKkasaTenbCTBO TeopeMbl. TOUYKH NepBOH Mapbl 0603HAYHM
uepes A, A’, Bropoit — B, B, A = A’. 3aganum npoekTHBHOEe npeobpa-
30BaHHE YCJIOBHSIMH

¢:A4—>A", A~ A, B->B;

B CHJy TeopeMnl 2 N. 1 Takoe mpeoOpasoBaHue CYLIECTBYET U €NHHCTBEH-
HO, a MO NpeabIAVIieHd TeopeMe OHO HHBOJIOLHOHHO.

Teopema Jnokasana.

5. ¥YpaBHeHuss uHBOJMIOUMH. [laHO INpoekTHBHOEe mnpeobpasoBanue @
¢ ypaBHenuem AX = PX'. Tpebyercsi BbIICHUTb, KaKHe OTpPaHHUEHHS
IOJIKHBI ObITh HaJIOXKEHB! Ha KO3(h(UIIUEHTHI ypaBHeHHs (T. e. HA MaTpULLy
P), utobpl npeo6GpasoBaHue CTaJIO HHBOJIIOLHEH.

YcnoBre MHBOJMIOLMOHHOCTH @° = ¢ B COOTBETCTBHH C HPABHJIOM Iie-
pPEMHOXKEHHS NPOEKTUBHBLIX NpeobpasoBaHui (M. 3) O3HAYaeT, YTO MaTpH-

na P? ckanspuaa. ITycts
_llad
P=|2al
TOTZA B MaTpulle
p? — ”a bH . ”a bH_” a1+ bc ab-bd
cd ~|lac +dc bc -} d?
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5JIeMEHTBI, CTOSIIM€ HA IVIABHOH JAMAroHaJd, paBHBI Mexnay coboH, a
OCTa/IbHble — HYJIH. DTO NPUBOAUT K CJAEAYIOIIeH CHCTeMe ypaBHEHHH:

b(a+ d) =0,
¢c(a-+d) =0,
(@—d) (a+d)=0.

Ecmna+ds~0,10b=c=0, a=d. CnerosatenbHo, P — cka-
JsipHasi MaTpula, a ¢ — TOXKAECTBEHHOe NpeobpasoBaHMe.

Ecau a + d = 0, To cucrema ypaBHeHUH, obecneuyBaloiias HHBOJIO-
LIMOHHOCTL MpeoOpasoBaHus, YyJloBJerBopsercsa. IlpeoGpasoBanne ¢ B
3TOM CcJlyyae HeTOXAECTBEHHoe (mouemy?).

Hrak, 0asa moeo umobor npoexmusHoe npeobpasosanue npamoil 6via0
UHBONMOYUOHHbIM, He0OXx00umo u 0ocmamouro, 4mobsl. CYmMma IAeMeHmos,
Croswux Ha 2Aa8HOU OuazoHaal mampuuybl npeobpas’oearus, pPABHAAACH
HY 0.

Y paBHEHHS HHBOJIOLUN HMEIOT CJENYIOMUN BHJ:

Ax, = ax; + bx,,
Ax, = Cx; — aX,.

(12.5)

Oun MoryT OBITh YNpOLIEHB!, €ClN B KauecTBe KOOPAMHATHBIX ToueK E; u
E, npuHATH TOYKH, COOTBETCTBYIOILME APYT APYTYy B HHBOJIOUHH. B 3TOM
cnyyae o6pa3 touku E; (1 :0), B cuny ypaBrenus (12.5), 6yner umerb
KoopAuHaThl (@ :c¢), a NOCKoJbKY obOpasoMm Touku E; (1 :0) sBasercs

touka E, (0 : 1), To a = 0. [lonyuaeM ypaBHEHHS HHBOJIIOLHH B CJAELYIO-
IeM BHIE:

{7"‘1 = bxy (12.6)

Ax, = cx,

rae b %= 0 u ¢ 5= 0, Tak Kak B NPOTHBHOM CJyyae oTo6paxeHue, onpese-
Jsaemoe ypaBHenusMu (12.6), ne Oyner npec6pasoBaHueM. B camom nede,
ecny, Hanpumep, b = 0, To Bceraa x; = 0, T. e. o6pasom JiCcGOH TOUKH
Oyzer Ttouka E, (0 : 1). Otobpaxenue, cienoBaTesbHO, He GHEKTHBHO H
MOTOMY He momnajaer noj obiiee onpejneseHde npeo6pa3oBaHus.

6. HenoasuxHble Toukn. Buabl uresomoumii. Hafinem uucsao Hemoa-
BUXKHBIX To4YeK HHBOJMOUMU (12.6). KoopauHaThl HENOABHKHON TOYKH H

ee o0pasa NpPONOPIMOHAJIbHBI, NOSTOMY OHH MOTYT ObITb HAHIEHBl U3
CHCTEMBI:

{}»xl = bx,,

Ax, = Cx4,

-2
X ¢’

b
Ecau — > 0, To uMeloTcs JBe HENOABUXKHBIE TOYKU. HBoJolusa Ha-
C

3bIBaeTCA eunepboauUecKotl.
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b
Ecnu — < 0, TO HeNOJABHXXHBEIX TOUeK HeT. MHBoJiouusi HasbiBaercs
C

ANAUNMULECKOLL.

Teopema 1. B cayuae eunepboruueckoti urgoaroyuu aobvle Ose
napel PasAudHbLX COOMBEMCMBYWUX moYeK He pas3deasrom 0Opye Opyea,
a 6 caywae arunmuseckoll — pasdesarom. boaswe moeo, kakosa 6b. Hu
bbira aaaunmuueckas UHBOAOYUS, OAf AO0L napel COOMBeMCMBYOULUX
mouex eOuHCMBeHHbIM 00pasom Haiilemcs Opyzas napa, Komopas nepsyro
Oeaum eapmOHUHECKU.

JlokasaTteabCTBO. Touku ofHOH Napel NPUMEM 32 KOOPAHHAT-
Hye Toukd E; (1 : 0) u E, (0 :1). Torma ypaBHeHHS MHBOJIOLUHH HMEIOT
Buf (12.6). Eciu A (a; : a,) — oiHa W3 TOueK BTOPOH mapel, TO Jpyrad
Toyka B B coorBercTBuHM ¢ ypaBHeHHSAMH (12.6) uMmeer KOOpAMHATEHI
(bay : cay). Tlostomy

A == alEl + a2E2; B = ba251 + Ca1E2

H, CJENIOBaTebHO,

(E,E,AB) =% . ¢ _ 2 2

a  bag c af

3HaK JBOMHOTO OTHOILIEHHS COrJacHo § 3, M. 4 mo3BOJSEeT CYLUTb O

b
pasfieJIeHHOCTH WJIH HepasJeJeHHOCTH map ToueK. A uMeHHo, ecmy — > 0
c

(eunepboruseckas uneoroyusn), 1o (EE,AB) >0 u E,, E, == A, B; ecnu
b < 0 {saaunmuyeckan uneosoyus), To (E;E,AB) <0wu E,, E, = A, B.
c

J1s HaXoXKAeHH S napel COOTBETCTBEHHBIX TOUE€K, 'apMOHHYECKH AE€J -

wux mapy £E,, E,, Hajo Ha#TH q; : @, U3 ypaBHEHUT — - — = —I,
c

b
Tak Kak HHBOJIOUHA 3JaUNTHYECKas, TO — < 0 U MOTOMYy YypaBHeHHE
c

paspemiumMo. OHO HMeeT J[Ba pelleHUS — @; : Ay = ]/\bl :iVch.
Herpyano BumeThb, 4TO JBE TOUKH, ONpejessieMble STHMH peILeHHUsIMH, CO-
OTBETCTBYIOT APYT APYTY B HHBOJIOLHH, MOITOMY CYLIECTBYET €IUHCTBEH-
Hasl mapa COOTBETCTBYIOLIUX TOYeK, Aensdiias napy E;, E, rapMOHUUYECKH.

Teopema poKaszana.

Teopewma 2. Henolsusmrele mouxu eunepbosuuecKOll UHBOAIOUUU
eapmorudecky Oeasm 00y napy cOOMEemCmBYyrOUUX MOoUeK.

HokxasateabctBo. Ilycte U u V — HenojxBuXHbIE TOYKH,
a A, A" — mapa COOTBETCTBYIOUIMX TOYeK. Torjga B CHJy NPOEKTHBHOIO
xapakTepa unBosionuu Oyger (UVAA') = (UVA'A). A Ttak kak, Kpome

TOIO, (UVAA,) = (‘m‘, TO

(UVA'A)Y = 1.

Ecmu (UVA'A) =1, 10 Touku A u A’ coBnanaror. Ho Tak xak Tpex
HEMOJBHIKHLIX TOYEK HETOX/ECTBEHHOe IPOeKTHBHOe HpeobpasoBaHue
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HMETb HE MOXKeT (CM. CJIe[ICTBHE W3 TeopeMel 2, I. 1), TO 3TOT BapuaHT OT-
nagaer. Ocraercsi enMHCTBeHHass BO3MOxkHOCTb — (UVA'A) =—1.

Teopema nokasana.

CanenctBue 1. [lse HenoOsuscHele mouku 3adarom eunepboruve-
CKYI0 LUHBOMOUUIO.

B camom pese, mpu 3THX YcJ0BHAX o6pas Jio60H TOUKH MOXKeT ObITh
HafiieH N0 Teopeme 2.

[IpumMeuanue., PaccmoTpeHHOe CJIeJCTBHE I[O3BOJISIET CHAThH
OorpaHUYeHHe, COfleprKalneecss B YCJIOBHH TeopeMsl 2, I. 1, U cunuTaTh, 4TO
JioOble JiBe Napbl COOTBETCTBYIOUIMX TOYEK OMNpENesSOT HHBOJIOIHIO.

CnenctBue 2. Kakosor Gor Hu bviau 0se HepasdeseHHble napel,
cyujecmeyem eOUHCMBEHHAS Mpempvs napa, Komopas kaxcoyo u3 OaHHbIX
nap Oeaum eapMOHUHECKU.

JIBe NaHHBbIe Maphbl, €CJAU TOYKHM KaXKJOH Napbl CUUTAThb COOTBETCTBYIO-
IUMH APVT APYTY, B CUJY TeopeMbl 2 (NYHKT 1) onpelressioT HHBOJIOLHIO,
KOTOpasi BCJEACTBHE TeopeMbl | macTosinero nynkra Oyjer runep6osuue-
ckoi. HemoaBukuble TOUKH 3TOM MHBOJIIOIIMY — HUCKOMBIE TOUKH, TaK Kak
10 TeopeMe 2 OHHU JeJsIT JaHHble Napbl rapMOHUYECKH.

[Ipumep 1. Ilpoexmusnoe npeobpasosanue ¢ : P, — P, 3adato
Mpemsa napamu COOMBemCmeyrouuUx mo4ex:

A—~>A'", B> B, C—C.

ITocmpoum obpas npouseossroti mouku M (puc. 37).

PemeHue. Pasnoxum npeobpasoBanHe ¢ B KOMIIOSHIHIO Tpex
NEePCNEKTUBHBIX OTOOPaXKEHUH: @ = Py o Py o P (CM. CJAEICTBHE H3 TeEO-
pemet § 11, n. 2). C aT0#i esbl0 NPOU3BOJIBHO BhIOEpEM NPSAMYIO U U TOY-

Ky S, nocje uero 3amaguM oToOpaxkenue P :P; 5 u. OG6pasel Touek

UJ.})

N PN

Puc. 37
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A, B, C otHOCHTe/IbHO npeobpa3oBanus P 0603HAYUM COOTBETCTBEHHO ye-
pes Ay, By, C;.
3ajafiyM OTOGpaXKeHHS

P, i u

., A
s Py uo?Pu

°’l>ll

1

rie S; u 8’ — npousBosibHBe ToukH npamoit AA’, u, — npsimas, npoxo-
namas yepes Touku By = (SiB;) 1 (S'B’), Co = (§;C;) N (S'C’). Te-
nepb JIETKO CTpoUTCA o6pa3 M’ touku M npu oToOpaxkeHUU @:

@ (M) =Py 0Py 0 P (M) = Py 0Py (My) =, (M) = M.

IIpumep 2. 3naa koopdurnamoer mpex mouex u ux o6pasos: A0 : 1) —
A" (1:2), B2:—1)—=>B (1:0), C(1:—2)—C"(0:1), Hatiden
YPABHEHUS NPOeKmusHo2o npenbpal3osarHus npamou.

PeweH ue. Coraacuo paBenctsy (12.3) ypaBHeHnust npeobpasoBaHus
llleM B BHJE:

{Axi = puX1 + Pi12Xe
Ay = parxy + PasXs.

[ToacraBnisisi B 3Ty ¢UCTEMY KOOPAMHATHI NAHHBIX TOUEK, MOJYydaeM:

{ M = Pios {7\2 = 2Py — P12» {0 = P11 — 2P12
M = P22, = 2Pg1 — Paar | Az = Pag — 2Poo.

B 3TuX wecTH ypaBHEHHSIX CeMb HEU3BECTHBIX, HO TaK KaK HEH3BeCT-
Hble OINpefie/IeHbl JIUIIL C TOYHOCTBIO IO MHOXKHTeJsl, TO, NPUAAB OJHOMY
M3 HEpPaBHBIX HYJ/IO HEH3BECTHHIX MPOH3BOJIBHOE 3HAYEHHE, HaIpHMep
7"1 = 11 HO‘quHM: P12 = 1, P22 = 2! Por = 1’ Pui1 = 2.

Takum o6pasoM, Mbl onpejenujd BCe KO3(P(GHIUHEHTH B ypaBHEHHAX
npeo6pasoBaHHus:

A,x; == 2x1 + X2,
7\,)6'2 = x1 + sz.

[Mpumep 3. HHsoawoyus 3adarna 08Yms napamu COOMBEMCMBEHHbIX
mowek: 9 A(1: 1) A" (5:—-3), B(1:0)« B (2: —1). Haiidem
YPABHEHUS UHBOAIOUUL.

Pemenue. Ilockonbky ypaBuenus (12.5) obecrnieunBaioT MHBOJIO-
LIMOHHOCTb, TO JOCTATOYHO NOTpeGoBaTh, uToObl TOUKH A’ u B’ 6bliu 06-
pasamu Touek A U B (B OJHY CTOPOHY). DTO NPUBOJUT K CHCTEMaM:

{ S5\ = a 4 b, { 2N = a,

—3\N =c¢—a, —A" = c.
TMonaras ¢ = 1, HaXoguM cHavyajga A" = —1, a = —2, a 3ateM A’ =
= —1, b = —3. llosyuaeM ypaBHEHUS HHBOJIOUUH @:
Kx; = x1 + 2X2.
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§ 13. KOJUJIMHEAIIUH

1. O npoekTHBHBIX mpeoOpa3oBanuax maockoctTH. [lo onpenenenwio
NPOEKTHBHAS MJIOCKOCTb NPeACTaBAsieT COO0H MHOXKECTBO TOYEK U NPSMBIX,
II03TOMY MPOEKTHBHOe mpeoOpasoBaHue P, MOxeT 0ToOpaKaTh TOYKH —
Ha TOYKH, MpsiMble — Ha npsamble. OJHAKO BO3MOXKHHI U TakKHe mnpeobpa-
30BaHHUsl, NPU KOTOPHIX oOpasoM ToukH Oyler npAmas, a obpasoM mnps-
Mol — Touka. ViMenHo Takoil xapakTep umeso npeoOpasoBanue f, KoTo-
poe Mbl paccMaTpuBaiu B§ 8, n. 1 u§ 9, n. 3 npu yCTaHOBJEHHUH NPHH-
nuna jasoicTBenHocTH. C/ie0BaTe/IbHO, UMEIOTCH JBa THIA NMPOEKTHBHBLIX
npeo6pa3oBaHiii B 3aBHCHMOCTH OT TOIO, NEPEeBOAAT JIH OHH 3JIEMEHTHI
NPOEKTHBHOM IJIOCKOCTH KaKOro-jau00 BUJa B 3J1eMEHTHI TOTO Ke HJIH ApY-
roro Buja. [lpeoGpa3oBaHus INepBOrO THNA, OTOOpaxkawollye MpsSIMbIE B
nmpsiMble, a TOYKH — B TOYKH, Ha3biBalOTCS KOAAUHeayusmu, npeobpasoBa-
HUS BTOPOTO THINa, OTOOpaKawoliye mpsiMble B TOYKH, a TOUKH B NpPAMEBIE,
Ha3bIBAIOTCS KOPPEeAAYUAMU.

[IpoekTHBHBIE npeoOpasoBanus ¢ : P, — P, omnpenensiorca Tpebo-
BAHHSIMH, B COOTBETCTBHUU C KOTOPBLIMH JOJIKHBI COXPaHATHCA:

1) HHUMJEHTHOCTb TOYeK U HPSIMBIX;

2) JIBOiHOE OTHOIUEHHE.

HanomMuum, uyto Tpe6GoBaHHe OHEKTUBHOCTH CONEPXKHUTCA B OOIIEM
ompejeseHnd mpeobpasoBanusa (cMm. § 12, n. 1), ¥ notomy 3aeCb OHO OT-
cyTcTByeT. Ilpu paccMOTpeHHMH e NPOEKTHBHOTO OTOOpakKeHHs OLHOH
NJIOCKOCTH Ha JPYTYI OHO JOJIKHO OBbITh BKJIIOYEHO B ompejnesieHue (Jau6o
ObITh AOKa3aHHLIM).

[lepBoe TpeGoBaHMEe HAaJO MOHUMAThb TaK, YTO MHLHAEHTHbIE TOYKA H
npsiMas nepexoisiT B WHUHJEHTHBIE, & HEHHIUJEHTHbIE — B HEHHLIUJIEHT-
uple. M3 3TOro ke TpeGOBaHMSA BBHITEKAeT, YTO KOJIJHHEApHbIE TOYKH Ipe-
00pasyloTCsl B KOJJIMHeapHble TOYKH (NPH KOJNHHEAUUsX) HJIH B NPsSMbIe
ORHOI'O MyuyKa (pH Koppensauusax). D10 06CTOATENbCTBO AeNaeT KOppeK-
THHIM BTOpOe TpeGoBaHUe.

M3 onpenenenyss NPOEKTHBHOIO NnpeoOpa30BaHUsl CJEAYeT, YTO MHOXKe-
CTBO BCeX MPOEKTHUBHBLIX Npeob6pasoBaHUi o6pa3dyeT rpynny. dTa rpynna
Has3bIBaeTCs npoekmugHoil. J1eACTBUTENbHO, KOMMNO3UIUA ABYX KOJJMHea-
KA WM ABYX KOppe/asiliil eCTe KOJJMHealysl, a KOMIO3HLHUA KOJNHHea-
LMK U KOppeJsiiiui — KoppeJslusi. MHOXeCTBO KOJIJIMHealUHH Takxke
SIBJISIETCS TPYNNOH, Ha3blBaeMOH epynnoil xoasureayuili W 0003HAYAEMOH
6ykBoit K. Mnosicecmso koppeasyuii epynnst He obpasyem. I'pynna Bcex
NIPOEKTUBHLIX NpeoOpa3soBaHMM, Ipynma KOJJIHHEAUHE H HEKOTOphle HX
noarpynnel 6yAyT CnelnuanbHO paccMaTpuBaTbCs B TriaBe VI.

2. Onpepenienne KoJUIMHeAUUil U UX 3ajaHHe.

Onpeneanenue. IlpeobpasoBanue % : P,— P, Ha3bIBaeTCa K0A-
Auneayueti, ecii 06pa3soM TOYKH fBJISETCS TOUKa, 06pa3oM NpsMoi — nps-
Mas U COXPaHseTCs HWHIUAEHTHOCTb TOYEK U MNpPSIMBIX, a TaKXKe JBOHHOE
OTHOLIEHHE J/000i YeTBepKU KOJIIMHEAPHBIX TOYEeK.

Tpe6oBanue MHBAPMAHTHOCTH JBOHHOTO OTHOLIEHHS YeThIpeX NPSIMBIX
ny4yka MOXxeT ObITb JOKAa3aHO, Y NOTOMY HE BKJ/IOYAeTCS B OIpeleJseHHe.

Ilycts q;, { = 1, 2, 3, 4, — npsMble ofHOro nyuka, A, — TOUKH mepe-
CeueHHs 3THUX NPSMBIX ¢ Kakoifi-nu6o npsmoii. [lycTb » — KoanuHeanus
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" at =% (q), 41 = % (Ai) Torzma no ONpefie/IeHHIO KOJUIHHeAlnH TOYEH

A; KOJIIHHEAPHBI, A; €a; u (A,4,4,4,) = (A1A2A:4, ). A Tak Kak mno
OCHOBHOMY (CBOHCTBY nBongm oTHoleHu# (9.4) (a1a2a3a4) = (A;4,4,A))

’

H (al as a; a4) = (A, A2A3A4) TO (210,030,) = (al as as a4)

Mpl JOKa3anu UHBAPUAHMHOCMYL OB0LIHbIX OMHOWEHUL NPAMLIX npu
KoArUuHeayUU.

[IpuBenenHoe omnpejeneHHe KoJauHeauMH Hus6biTouno. Irayar' mo-
KasaJjl, YTO B ONpeJieJIeHHH He 00513aTe/IbHO TaKXKe TpeGOBaHHe HHBApHAHT-
HOCTH JBOMHOI'O OTHOIUEHHUS TOYeK, IOCKOJBKY 3TO CBOHCTBO MOXKET ObITh
nokasano. Hccnemopanus lliTayara oCTaloTCsS 32 paMKaMH HACTOSILETO
nocobus.

Teopewma. [lycme 3a0anse 08e YynopsAOOYEHHULIE HEMBEPKU MOYEK,
npudem 8 Kaxc0oll U3 IMuUX Hemeepox HUKAKLUE MPU MOLKU HE KOAAUHEAPHSL.
Toz0a cywecmsyem eOUHCMBEHHAS KOAAUHCAYUS, O0mobpaKcaowas nepsyro
HemeepKy Ha 8Mopyio®.

JloxasaTeabcTBo. Cyuwecmeosanue. JJaHHbIE YeTBEDKH TOUEK
npuMeM 3a (PYHAAMEHTAJbHbIE YETBEPKH, ONMpeNe/siioliHe CHCTEMBI KOOp-
quHaT R u R’. Paccmorpum npeoOpa3oBaHHe NMPOEKTHBHON IJIOCKOCTH,
onpesesisieMoe CJAeLYIOUUMH yCJIOBUAMHU: 06pa3oM oo TouKu (npsMoi)
ABJIIETCS TakKas TOYKa (npsMasi), KoTopas B cucTeMe R’ HMeeT TakHe 3Ke
KOOpAMHATHI, KaKHe HCXOJHAs TOUKa (mpsiMasi) WMeeT B CucTeMe R.

dto npeobpa3oBaHue ecThb KOJIMHealusi. B camoM gnene, oHo coxpa-
HeT MHIUJIEHTHOCTb, TaK KaK YCJOBHE HHUUAEHTHOCTH uU;X; + UoXo
+ ugxs = 0 Touku X (X : Xy : X3) U npaMoH u (U : Uy & Uy), 3aNHUCAH-
HOe NPHU MOMOLIY KOOPAHHAT B CHCTeMe R, IBISeTCS B TO XKe BpeMsl H yC-
JIOBUEM HHIMIEHTHOCTH HX 00pa30oB, 3amUCAaHHBIM B cHCTeMe R’. AwnaJo-
TMYHO OPHXOAUM K BBHIBOLY 00 HHBAPHAHTHOCTH JABOHHBIX OTHOIUIEHHH:
JBO¥HOE OTHOLIEHHE BhIpaxaeTcs yepe3 KOOPAUHATHI, @ KOOpJAHHATHL 006-
Da30B U NpooOpPa30B PaBHH! (XOTA H B pasHbIX CHCTEMaX).

Kpome Toro, Hama KOJJIMHealHs OToOpaXkaeT NepBYIO YeTBEpKY Ha
BTOPYIO, TaK KaK KOOPJAHHATHI TOYEK NepBOi YeTBepKH B CUcTeMe R Takue
ke, KaK KOOpAHHATHI TOYeK BTOPON uyeTBepKH B cucteMe R’. IlosTomy
NOCTPOEHHAsl KOJIJIHHeallUsi YAOBJIETBOPSIET YCJOBUIO TEOPEMEI.

Eduncmeernocmo. I1yCTh % — KoJsIMHeanus u

®:A—>A",B—>B,C—~C',D—>D’,

JIoKaxkeM, UTO 3THMH YCJOBHSIMH 00pa3 X' npousBoJibHOM Toukd X on-
penejieH OAHO3HAYHO. Touka X He MOXKET HaXOAMTHCS OJHOBPEMEHHO Ha
BCeX NPAMBIX, COeIHHSAIUX nouapuo Touku A, B, C, D. IlycTs, Hanpu-
mep, X ¢ (CD).

Beenem o6o3navenus m = (D X), n = (CX) u y6egumcsi, 4TO NMpPsSIMbI@
m' = % (m), n’ = % (n) onpeaeseHsl OAHO3HAYHO.

[lo onpeneseHHI0 KOJJIHHEAINH

%:a—>a,b—->0b,c—>c,
1 Xpucruan Ilrayar (1798—1867) — HeMenxuit MareMaTux, aBTop GyHIaMEHTadbe
HbIX paboT MO OCHOBAHHSIM NPOEKTHBHON TreoMeTpHH.
2 CpaBHHTE C TeOPEMOH O 33JaHHU NPOEKTHBHOIO NPeobpa3oBaHHUs NPSMOM.
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rae a = (DA), b = (DB), ¢ = (DC), a’ =(D'A"), b’ = (D'B’), ¢ =
= (D'C").

[Tostomy (abcm) = (@’'b'c’'m’). B cooTBeTcTBUHM C MpeNJOKEHHEM,
ABoHCTBeHHBIM TeopeMe 1 § 3, m. 3, mpsimas m’ 3TUM paBeHCTBOM OmNpeje-
JleHa OJIHO3HA4YHO.

AnaJIOTHYHO NOKA3LIBAETCSI, YTO MpsiMas n’ TOXe OmpejesieHa OfHO-
3HayHO. TeM caMbIM OfHO3HAYHO onpepeasercs W Touka X' =m' | n',
TaK Kak npsMeie m’ U 11’ He COBNAjaioT.

Teopema nokasana.

3. ¥YpasHenus xonuHeauuu. Ilycte % : Py — P, — KOMINHeanus
u R=R(E), i=1,2,3,0, — Kakag-1u60 cuCTeMa NPOEKTUBHLIX KO-
OpPAMHAT Ha IJIOCKOCTH P,. Tpebyercsi, 3Has KOOPAMHATHI MPOU3BOJIHHOM
TOUKH X (X : X5 : X3) B CHCTeMe R, RaliTH KOODAMHATH (X, : X, : X;) TOU-
ku X' = x (X) B 370} ke cucreme. TOT e BONpPOC HOJIKeH OLITH pelleH
U JJIS TPSIMBIX.

M3 pokasaTenbCTBa TeOpEMbI NPEABAYLIETO NYHKTa BHITEKAET, YTO
touka X' B cucreme R’, onpelensemoil GyHAAMEHTAJbHEIMH TOYKaMH
E', = « (E;), uMeeT Takue € KOODAHHATH, KaKHe HMeeT Touka X B CH-

cteme R, T. e.
7 ’r o, ’r o, ’
X' (x;: %Xyt X;) —B CUCTeMe R,
X' (x; 1 x5 ¢ x3) — B cucTeMe R,
Ho xoopaunaTbl OZHON M TOH K€ TOYKHM B Pas’HLIX CHCTEMaX KOOpPIAHHAT

CBSI3aHBbI MeXAYy cobo#l nuHeiHbIMU ¢opmysaMu (6.1). IToatomy mosyuaem
CJIefyIolllee ypaBHEHHe KOJIJIHHealuu:

A X = PX'. (13.1)

31ece X — KOOpAMHATHBIA cToJibel; npoobpasa, X' — obpasa, P — He-
oco0enHasi KBajipaTHasi MaTpPULA, ONpeleseHHAss C TOUHOCTBIO IO MHOXKH-
Teasl, A — Ko3(hpULIMEHT NpONMOPLUOHANBHOCTH. B mnoapo6HOi 3amnucu
ypaBHEHHS KOJJHHEALUU HMEIOT CJEYIOIUHA BUA:

Ay = pnx; 4+ prexy, + P13x;';§
Ax, = PaiX; T PosXy + PosXs; (13.2)
Axs = pgi%; + PsaXy + PasXs.

Ypapuenue (13.1) MOXXHO pa3peliuTh OTHOCHTENBHO X :

uX' = QX, (13.3)

e p =A% Q =PL

BriBeneM ypaBHeHHe npeoOpa3oBaHUs NpPSIMBIX. Y paBHEHHE MNpPSMOWH
B MaTpuuHOH# dopme uX = O npexcrapnasieT co60il 3aNUCh YCJIOBHS, CBS3bI-
BalOIlero KOOPAMHATH! Touek npsiMoil u. KoopauHaTel 06pa30B 3THX TOUeK
B cuay (13.1) cBsizannl ycaosuem uPX' = 0. 3nauurt, uP — CcTpoKa U3
KoopauHaTt npsamoit u' = x (u). TloaTomy

A’ = uP. (13.4)
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Puc. 38 Puc. 39

4. MepcnekTusal.

Onpeneaenue. IlycTh B paclinpeHHOM €BKJHULOBOM NpOCTpaH-
cTBE2 JaHBI ABE PA3JMUHbIE PACIIHPEHHBIE €BKJHNOBHI IJIOCKOCTH R, R;
H ToYka S (UEHTpP MEepCNeKTHBEL), He NpHHAJIeKAMAs JAHHBIM MJIOCKOC-
M. Torza oroBpaente ¥ : R, — Ro, _TIpH  KOTOPOM o6pa3oM TOYKH

A € R, cuntaetcs Touka A’ = (SA) | R: (puc. 38), HasblBaeTcs yeH-
MPAAbHBIM NPOEKMUPOBAHUEM WU nepcnekmugoli U o003HayaeTcs:

P : ﬁz:glﬁ;.

Ecnu 310 ompepe/ieHHe NONBITaTbCA CHOPMVJIHPOBATH [Jisl HepacCluu-
DEHHBIX MJIOCKOCTEH, TO OHO CTaHET HEKOpPEKTHhIM. B camom nese, nycTh
® — IJIOCKOCTb, NPOXOnsdiias yepes S mapassensHo Ry, u h= o ] R,.

Torpa Touku npsMoOi A He HUMeT 00pas3oB Ha MJ0CKOCTH Ry. MimenHo B
CBSI3HM C 3THM U ObLIM BBeJeHB! [le3aproM HecOOCTBEHHBIE 3JIEMEHTHI.
OTMeTHM TpPU CBOHCTBA IeEpPCIEKTHUBHI.

CBo#icTtBo 1. [lpu nepcnekmusHom omobpaxeHuu npamas omo-
bpascaemea Ha NPAMYIO.

[Tycts | — nmpsimaa miockocty R,. Torma Bce mpsiMble, COeAMHSIONIHE
LEHTP S MepCcreKTUBBl C TOYKAMU npﬂMoﬁ [ (mpoexkTHpyolye HpHMbIe)
Jexat B miockoctH (SI). O6pasom np MO [ 6yner npsimas ', no Kotopo#
njockocThb (S/) mepecekaeT nJIOCKOCTh R (puc. 39).

CBo#icTBO 2. [lpu nepcnekmusHom 0mobpaneHuu COXpaHsemcs
060iiHOe OMHOUIEHUE KOAAUHEAPHbLX MOYeK.

Ilyets A, B, C, D — KosnvuHeapHble TOYKH IJIOCKCCTH R,, a A’, B,

C', D' — ux o6pasbl Ha R, NpH HepcneKTHBE ¢ LeHTpoM S (cM. puc. 39).
Torma nmo caenctsuio | U3 OCHOBHOIO CBOHCTBA ABOMHBIX OTHOILEHHH
§ 9, n. 5 (ABCD) = (A'B'C'D").

CBoiicTBO 3. [lpu nepcnekmusHom OmobpadNceHul COXPaHsemcs
060UiHOE OMHOWEHUE NPAMBIX NYUKA.

! Teopuio mepcnekTHBH Hayaj paspa6aTthiBaTh eme Jleomapaq xa Bunum (1452—
1519).

2 Onpefesienine paclIHPeHHOr0 €BKJHAOBA IPOCTPAHCTBA aHAJOTHYHO OINpPefesIeHHIo
paclUMPEHHOM NMpsMOM U OMNpeAe/IeHHIO pacliMpeHHOH IMJIOCKOCTH,
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JloKa3aTenbCTBO &HAJNOTHMYHO JOKa3aTeJbCTBY CBOHCTBA KOJIJIMHEA-
uui (IyHKT 2).

Ha ocHoBanuM JOoKa3aHHBIX CBOHCTB JejlaeM BBIBOJ, UTO INEPCTEKTHBA
SIBJISIETCST NPOEKTHBHBIM OTOGPaXKEeHHEM IJIOCKOCTH Ha IJIOCKOCTb. DBoJgee
TOr0, KOMIO3HIUA Py © Py, TAE

REAR o RAR
‘4’1 'Rng’RSZ’ 1172 -R2?R2,
1 2

aBJIseTcs KOJJIMHealueli, oTo6paskamomeit naockocTs R, Ha cebs.
[Ipumep 1. Haner ypasrenus sorsuxeayuu :

PX; = X; — 2Xq, PXy = Xo | 3X3, Xy = —X,.

Haiidem: 1) ob6pas mouxku A (3:1:—2); 2) npoobpaz mouxu
B (—1: —2:1); 8) obpaz npamot 1(2:0:—1); 4) npoobpas nps-
motdi m' (1:1:1).

Pememnue. 1) Koopaunate ¥ouku A noactaB/isieM B ypaBHEHHUs Npe-
00pa3oBaHHUA % BMECTO X;, X, X3. llosyuaem x; :x,:x, = 1:—5:—1I.
D10 U eCcTh KoopAuHATH Toukd A’ = % (A).

2) Koop;mna'rbl TOUKH B nopcTaBjsieM B ypaBHeHHS MpeoOpa3oBaHHUS

% BMECTO X, X, X, llonyuaewm:

Pemas 3Ty cHCTeMy, HaXOLHM X; : X, : X3 = 9 : 3 : 1. My noayuuiu Ko-
OpIHHATH HCKOMOH Touku B = »~! (B’').

3) Iepeviii cnoco6. Ha npsimo#t | Bo3pMeM MPOH3BOJIBHO JBE TOYKH,
Hanpumep C (1 : 0:2), D (0:1:0). Ilpy nomowmu ypaBHeHUH npeobpa-
30BaHHA HaxoiuM ux obpasei: C' (1 :6:0), D' (—2:1:—1). Ilpamas
C'D’ uckomas. Ee ypaBuenue B cuay (6.5) uMeer Bua:

x, 1 =2
x 6 1|=0
X30_1

UIH
6x;, — xo, — 13x53 = 0.

Bmopoil cnocob. ¥ paBuenus npeo6pa3oBaHHsl X PEIIHM OTHOCHTEJIBHO
KOOpIAMHAT Ipoobpasa x;, X,, X3. [lonyyaem:

xy =W — 20)), %y =— Py X = (4 + X))

{loacraBaigsl 3TU BHIpaXKEHHSi B ypaBHEHHUE NAHHOH NpsiMOH [
2x;, — x5 = 0,
TI0J1y4aeM:

2u (x; — 2x,) — % (x5 -+ x3) =
HJIH
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6x, — x, — 13x, = 0.

310 U eCTb ypaBHeHHe npsamo I = x (I).
Tpemuii cnoco6. IlanHoe npeoOpa3oBaHMe B MAaTPUYHOM BHJAE HMeeT
ypaBHenue pX' = QX, rue

1 —-20
Q=10 1 3|
0—10

[lostomy ypaBueHue, ompepenswoliee npeoGpasoBaHue NPAMBIX, Ha OCHO-
BaHMM NYHKTa 3 MMeeT BUJA pu = u'Q WAM B moApoGHOH 3amucu

’ ’ 4 / 7
Wiy = ty, Wiy = —2u; + Uy — Uy, Pz = 3U,.
[loncraBnsig KoopAMHATEI JaHHOH MPsSIMOH [ BMECTO uy, U, U, MOJNYUAEM:

4 é
2u = u;, 0= —2u + u,— u;, — u = 3u,
Pemas 3Ty cucremy, HaxomuMm u, : u,: u,=—6:1:13 — KoopauHaThl
HCKOMOH npsiMol [' = % (l)

4) KOOpILI/IHaTbI HCKOMOH mnpsiMolt m = %~ (m') moayuum, NOJCTABHB
B yXKe HafileHHble ypaBHEHHS npeoﬁpasoBaHnﬂ MPAMBIX BMECTO Uy, Uy, U,

KOOpAHHAThl AaHHOH npsmo# m'. Haxomum u, :uy:u;=1:—2:3.

MIpumep 2. Ha pacuupentodi eskaudo8oil naockocmu 6 npamo-
yeonvHblx Oexapmosslx KoopOuHnamax 0ana okpyseHocme (x — 2)2 4 y? =
= 2. Haiidem ob6pa3s amotl oKpYy#eHOCMU OMHOCUMEAbHO KOAAUHEAUUU, Ypas-
HeHUS KOmopoil 8 coomBemcmeyoujux 00HOPOOHbLX KOOPOUHAMAxX uUMerm
credyrowyuti 8uo:

WX, = Xp, WXy = Xg, WXy = X; — X3
Pemenwne Pemas ypaBHeHHS KOJJIHHEAUHWH OTHOCHTENBHO X,
Xy, X, TOJIyYAEM:
Xy = WX, Xy = PXg, X3 = P (X] — Xp).
O1H BblpaxkeHHsl MOJACTABHM B OJHOPOJIHOE ypaBHEHHE (x; — 2X3)® + X2 =

= 2x? naHHO# OKpyxHocTH. [locae v
YOpOLIEHUH [O0Jy4aeM YypaBHEHHE #

obpa3a OKpYKHOCTH:

2 42 — 942

x; — xi = 2x:.

g X

BosBpamasicb K HEOJHOPOJHBIM KO- -
OpAMHATaM, NPUXOIAUM K YpPaABHEHHIO

x2 —y? = 2.
Hrak, noJsyyaercsi pPaBHOCTOPOHHSS
runep6o/ia ¢ acHMINTOTAMH y = -+ X
(puc. 40). Puc. 40
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§ 14. TOMOJIOTHH

1. OnpeneneHue U BUIbl FOMOJIOTHUM.

Onpeneaenue. ['omoroeuel Ha3bIBAETCS HETOXKIECTBEHHAs KOJI-
JIMHealusi, JJs KOTOpOH CYLIeCTBYeT TOYEYHO HEMOJABHXKHAas mnpsimas?,
Ha3bIBaeMasi 0Cor0 20MOA02UU.

Teopewma. [aa scakoil eomonrocuu ¥y cyujecmsyem HenooBUsGHAA
mouka (yeHmp eomoiroeuu), obiadarouian mem Ceolcmeom, 4mo kanoas
urnyudenmnasn eil npamas HenodsudxcHa. Kpome yenmpa u mouex ocu, 20mo-
02U HenoOBUNCHbLX MOYEK He umeem.

HokasaTteanbcTBO. Ilyctb p — ocb romosoruu, A ¢ p —
Kakasi qiubo Touka, A’ = y (A). Ilycts nanee B ¢ p U (AA’') — kakasi-
Jau6o touka u B’ = 9 (B). Torna npsameie AA” u BB’ HenoxBuxHH (I10-
yemy?), M, CJeIOBaTesNbHO, OyJeT HemoABHKHOH M Touka P = (AA') N
N (BB'). HokaxeM, 4To P — LIEHTP TOMOJIOTHH.

a) P ¢ p (eunepboauueckan 2omonoeus). B 3TOM ciayuae BCgKas Mpsi-
Mas u, NPOXOoAsias yepes P, HemoJBUKHA, TaK KaK HMeET JiBe HENOJBHXK-
Hble TOYKM — TOYKY P u Touky X = u (] p (puc. 41).

6) P € p (napaboauueckas eomonoeus). B 3Tom ciyuae BCsikas mpsiMas
u, NIpoxojsiuias yepes ToYKy P, HemoJBHKHA NOTOMY, YTO OHA U ee 06pas
JOJI2KHBI COCTABJIATh OJIHO U TO K€ ABOHHOE OTHOILEHHE C TPeMsl NPSIMbIMH —
p, AA’, BB’ (puc. 42).

CyuiecTBoBaHHE LIEHTPa TOMOJIOTHM J0Ka3aHo. OTCYTCTBHE HENOJBHIK-
HBIX TOUEK, KpOMe IIeHTpa U TOYeK OCH, YHTATE/I0 NpeJJjaraercs 10KasaTh
CaMOCTOSITE/IbHO.

IIpuBeseM MpHMepHl BMAOB TOMOJOTMHM Ha IUIOCKOCTH R,. JLas 3Toro
paccMOTpUM MNpeoOpasoBaHHE y = P, o \;, The

e
Py Rz?l’Rgv Py Rg_s: R,
(cm. § 13, n. 4). d10 npeobpasoBaHHe, KAK OTMeYaJsoch, €CTb KOJJHHEea-

uus, npudeM npsmas p = R,(] Ry TOUEUHO HENOABHIKHA, CJeIOBaTe/b-
HO, 3TO — TOMOJIOTHSI C OCbl0 p. LLeHTpOM TOMOMNOTHH SIBJIS€TCS TOUKa

S = (8;S,) N R,. Ha pucynxe 43 npexcrasiena runep6oJsiiyeckasi romMo-

1 Tak nHasbiBaeTcsl MpsMas, BCe TOYKH KOTOPOH HENOABMIKHEI MPH HEKOTOPOM Mpe-
obpasoBanuu. TepMuH «HeNOABHXKHAA MpPAMaA» HCNOJb3yeTcs JJja 0603HAYeHHS NPAMOH,
otobOpaxaromeiicss Ha cebs; ee TOUKH MOTYT H HE ObITh HeNOABHXKHBIMH,

Puc. 41
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Puc. 43 Puc. 44

JOTHS, Ha pUCYHKe 44 — mapabGoaunueckas. Ha 3Tux pHCYHKax
Ay =P (4), A" = P, (A1) = v (4).

Cnenytouiye JBa CBOHCTBA HeNOCPENCTBEHHO BBHITEKAIOT H3 CBOHCTB
OCH M LIeHTpa.

CBo#ictBoOo l. Touka u ee ob6pas ressam Ha 00HOU npamoLi ¢ yeHm-
pom 20MOA02UU.

CBoHcTBO 2. [Ipaman u ee 0bpas nepecekaromcs Ha ocu.

2. 3ajgarue romMoJIOTHH.

Teopewma. [Tycmo P up— npoussorsrele mouka u npamas, A, A'—
mouxku, saemoauiue Ha 00HoU npamot ¢ P, Ho omauutele om P u He unyu-
Oemrote p. Toeda cywecmsyem eOuHCMBEHHAA 20MOA02UR, 0AR KOMOPOL
P — yenmp, p — ocv, A" — o0bpas A.

OGosHauenne TakOH TOMONOTHU: YH™4'.

JJoKkasaTeJdbCTBO BBIIOJHUM TOJABKO JJg caydas rumnep6o-
qudecko#t romosioruu. C HeGOMbIIUMU H3MEHEHUSIMH €T0 MOXKHO NPUMEHUTb
H K CJydyar napabosHuecKOH TOMOJIOTHH.

Cywecmeosarue. O603nauuM yepes U u V kakue-nu6o TOUKH NPSMOH
p, He sexamue Ha npsmod AA’. PaccMOTpUM KoJ/IMHEAUHIO %, ONpene-
JSIEMYIO YCJIOBHSIMHU:

PP, U—~>UV—->V,A—>A

(cM. TeopeMy O 3aJaHMM KoJJHHeallWH). drta KOJJIUHEAUHUs OCTaBJsgeT
HEMOJABMKHBEIME TpH Touku mpsmo#t p: U, V u X =p | (AA’). Ha
OCHOBaHWH CJEJCTBHS U3 TeopeMnul 2 § 12, m. 1 3aksrouaeM, 4YTO HEMOJBUXK-
Hbl BCE€ TOYKH TPSIMOH p, CAEL0OBATENbHO, X — TOMOJIOTHS C OChIO p; LEHT-
pOM TOMOJIOTHH OyjieT ToYyKa P Kak HEmoABMIKHAsA TOYKa, He NPHUHALJIeKa-
as OCH.

Eduncmeernocms. BCsikasi roMoJIOTHS, YAOBJETBOpPSAIOLIAs YCJIOBHIO
TeopeMbl, 00/1aJla€T TeMH CBOHCTBaMM, KOTOPBIMHU 33JlaBajaChb KOJIJIMHeEa-
uMs MpU JOoKasaTelbCTBe CyLlecTBOBaHMA. HoO KoJ/MHealMs, 3ajaHHad
JBYMsl YeTBepKaMH TOUeK, B CHny TeopeMsl § 13, 1. 2 efHHCTBEHHA.

Teopema poxasaHa.

BepHa U nBOHCTBEHHAasd TEOpEMa: 2oMOA02UID MONCHO
sadame yeHmpom, oCeto U napot coomeemcmeennsix npamoix a u a'. O6o-
3HaueHHE B 3TOM C/yYae aHaJOTHUHO: Y474

Ecnu romosiorusi 3ajaHa ONHMM M3 YKa3aHHBIX JABYX CIoco6o0B, TO
o6pasbl JAHHBIX TOUEK H MNPSIMBIX CTPOUTb Jerko. Ilyctb, Hampumep,
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p 3azana romosiorus y4*4". Tlocrpoenue

o6pasa M’ Touku M ¢ (AA") (puc. 45)
MPOBOLUTCSA CJENYIOIWUM 06pa3oM.
Crauasna crpoutrcs o6pa3 MnpsMOH
AM. VM Gyner npsamas A’'X, rue
X=p () (AM). Touka M’ nexuT Ha
3TOH MNpsMOH, W, Kpome TOro, B COOT-
BETCTBUM CO CBOHCTBOM 2 MpeAblaylle-
ro NMyHKTa OHA JEXHUT Ha npsamod PM.
HUrak, M’ = (PM)N(A'X).
Ecmu M € (AA’), 10 cHayana CTpo-
Puc. 45 uTcs o6pas N’  KakoH-1M60 TOUKH
N ¢ (AA’), a 3areM Touka M’.
TeopeMa 3TOro myHKTa NO3BOJISET JaTh BTOpPO€ JOKAa3aTe/lbCTBO TEO-
pembr Hesapra (cM. § 8, n. 2). IIycts ABC u A,B,C, — 1Ba TpexBepLUHH-
HUKa, npuuem npsmeie AA,, BB;, CC, npoXoiaT uepe3 ONHY TOYKYy S
(cm. puc. 19). Tpebyercs pnokasaTth, uto TOukH P = (BC) N (B1C),
Q= (AC) N (A:C), R = (AB) \ (A,B;) nexaT Ha OfHOI NpsIMOH.
PaccMoTpuM roMoJIoTHIO Yg}g’Q)- Tak kak npu 3TOH TOMOJIOTHH

(PC) - (PC,), To B —~ B; u anamoruuno A — A,. CrnenoBarenbHo,
(AB) — (A{B;), u nmotoMy ToYkKa R mnepeceyeHHs] 3THX NPSIMBIX JEKHT
Ha ocH, T. €. R € (PQ), uto u TpeGoBasoCh AOKA3aTh.
[lono6ubiM 06pa3oM MOXKHO JOKa3aTbh H 0OPaTHYIO TeOpeMy.
BosBpaTuMCsi K pUCYHKY 45, noJarasi, 4To OH OTHOCHTCS K THnep6oJiu-
yeCKol romoJsoruu. I[lo caemcTBuio 1 M3 OCHOBHOIO CBOHMCTBA JBOHMHBIX
otHowenu# (§ 9, n. 5) umeem:

(PUAA') = (PVMM),

rne U = (AA)Y N p, V= (MM') N p. Mul BuauM, yTo uncio (PUAA')
He 3aBHCHUT OT BblOOpa TOYKU A, a ONpefensieTcss CaMOH¥ rOMOJIOTHEH; OHO
Ha3bIBAeTCHd KOHcmanmotl 2unepboauueckoil eomoroeull.

CnepcTBHeE H3 TeOpPEMbl O 3aJaHMM ToMoJoTHH. Kakoser Obl Hu
ObLau HeuHyudenmHble npamnas p u mouxa P, a maxowge uucaro h, He pasroe
0, 1, oo, cyujecmeyem eOUHCMBEHHAA eunepboiudeckas eomoroeus, 045
Komopoil p — oce, P — yenmp, h — KoHcmanma 2omonoeuul.

3. UHBOJIIOLHOHHbIE TOMOJIOTHH.

Onpenesaenue T'oMOJNOTHS Yy HASLIBAETC UHBOAOUUOHHOL 20MO-
ao2uedl, €ecJlM OHAa COBNAJaeT €O CBOUM OOpaTHHIM Ipeo6pasoBaHUEM:
Y=yt

[Ipexje Bcero nokaxem, 4yro na-
pabosiuecKasi TOMOJIOTHSI He MOKeT
ObITb WHBOJIOIHOHHOH. B camom ne-
Jie, NyCTb y — NapaboJsyuuecKas HH-
BOJIIOLIIOHHAs TOMOJIOTHS C OChbIO P H
1eHTpoM P u nycTb HMeeTcd JABe Na-
pbl COOTBETCTBEHHHIX ToueK: A<«-A’,
B — B, npuuem (AA’) s~ (BB')
(puc. 46). Torna
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v : (AB) « (4'B’), (AB') « (A'B).

[lostomy Toukn Q = (AB’) N (A’'B) u R = (AB) (| (A’B’) nomxHsI
nexatb Ha ocH. Ilonyuaercs, uTo BCe AuaroHa/lbHbe TOYKH P, Q, R moJ-
HOrO yeThipexBeplIMHHUKAa ABA’B’ nexar Ha OfHO! NpPAMOH, Yero GhiTh
He MOXET (CTPOTO 3TO MOXKHO OGOCHOBaTb, NMOACYUTAB KOOPAMHATHI TOUEK
P, Q, R B Kako#i-nu60o CUCTeMe KOOpAMHAT).

Teopewma. Haa moeo umober eunepboruseckas 2omoro2us 6614a UH-
800U UOHHOLL, Heobxo0umo u Odocmamouro, 4mobbl ee KOHCMAHMA pPABHs-
aace —1.

HoxasateabcTBoO. Ilycth p — ocb, P — LEHTP TOMOJIOTHH,
P ¢ p. Ilyctb M’ — o6pa3 npousBosbHOi ToukH M u U = (MM') () p.
Torma, ecsu KoHCTaHTa roMoJiorud paBia —I1, to (PUMM’') = —1, a
u3 3TOro cjaenyet (B cuay teopemsl § 3,n. 5) (PUM'M) = —1. Cnenosa-
TeIbHO, M — o6pa3 M’ u romosIoTHSI UHBOJIOLHOHHA.

O6paTtHo. Ecau romosorus HHBOJIOUMOHHA, To M u M’ otoGpa-
XKaroTcsl ApPYT Ha Jpyra, U NOITOMY KOHCTaHTa A TOMOJIOTHH MOIKET ObiThb
BhIpaXkeHa JBOSAKO:

h = (PUMM’), h = (PUM'M).

Orciona cienyer h*> = 1, a Tak Kak h = 1, T0 h = —1.

Teopema JnokasaHa.

CnenctBue. Lenmp u oco onpederarom UHBOMOUUOHHYIO 20MO-
A02U10.

OGo3HaueHHe HHBOJIIOLHOHHON FOMOJIOTHH C LEHTPOM P H OCBIO p : ¥, , -

4. l'omonoruyu Ha pacLUMPEHHON EBKJIUAOBOHM MJIOCKOCTH. PaccMmoTpum
HEKOTOpbl€ YaCTHbIE CJyYau TOMOJIOTMM Ha paClIUpeHHOH eBKJHAOBOH
MJIOCKOCTH.

1. T'omonoeuu c necobecmsentoin yenmpom P u cobecmsenrodl ocero p.

A=A’ !
[ycrs sajana romosiorust >4, TpHYeM, pasymeercs, P_ € (A4A4").

O6pas B’ kako#-n1n60 TOUKH B B COOTBETCTBHM C NYHKTOM 2 HaXOJUTCS Ha
OCHOBaHMM JBYX ycaosuit: B” € (A'X), rne X = (AB) N p u (BB') ||
| (AA") (puc. 47). D10 mocTpoeHHe COBNAJAET C MOCTPOEHHEM COOTBETCT-
BYIOHIMX TOUEK NPH NepCreKTHBHO-apdHHHOM (POACTBEHHOM) Npeobpaso-
BaHHH, 3aJaHHLIM OChIO p M mapoil Touek A — A’. Takum o6pasom, romo-
JIOTHS1 C HeCOGCTBEHHBIM LIEHTPOM U COOCTBEHHOM OCBIO €CTb nepCnexmusHo-
apgurroe npeobpasosarue.

Ecau romosiorus K TOMy ke HH-
BoJIIOLMOHHa, TO (P_UAA') = —1,
rie U = (AA’) N p. Tlo Teopeme
§ 4, n.2 U — cepenuna oTpeska
AA’. Tako#i yacTHBIi cayuall mep-
ClIeKTUBHO-apuHHOrO npeobpasoBa-
HUSl Ha3bIBAETCS KOCoU cummempuetl.
Eume 6osee 4aCcTHBIM CJayyaeM Oyner
OObIYHAST 0cesas CUMMEMPUS C OCBIO p.

2. Tomonoceuu c¢ HecobcmeeHHOU
ocvro p_ U cobcmeertoim yenmpom P.
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A, al

A
M’
L pP

Aeo M

A

2’ o
AN A
Puc. 49 Puc. 50

PaccmotpuM romosoruio A=A, rne P € (AA’) (puc. 48). O6pas B’
KaKo#-mu60o Touku B sexur Ha npsamoit A'X_, rne X_=(AB)N p,,
1 Ha npsmoil PB. Ilpameie AB u A’B’ napannenbHsl, U, CJI€I0BATENbHO,
B JIAHHOM CJlyyae TOMOJIOTHS SIBJISETCA TOMOTeTHeH C LieHTpoM P u mapoi
cooTBeTCTBYIOIIUX ToueK A — A’. Uurarenp caM MOXKeT BbIPasHTb KO-
5p¢dULIHEHT TOMOTETHH Yepe3 KOHCTAHTY TOMOJIOTHH.

Ecau paccmaTpuBaemasi eomoaoeust ungomoyuorxa, mo (PU_AA’) =
= —1, tne U_ = (AA") N p_. B atom ciyuae P — cepenuna orpeska
AA’, u, cnenoBareslbHO, TOMOJIOTHSI HpPENCTABJSET COO0H LeHmpPaabHYro
CUMMEMPUI0 OMHOCUMEAbHO mouku P.

3. T'omonoceus ¢ Hecobemserroimu ocoro p, u yenmpom P_. HUutarento

npearaeTcss CaMoCTOsATeNbHO YOEIUTHCS, YTO TOMOJIOTHS yﬁ"ﬂ; siBJIsIeT-
oor {00

—_—

¢ napaanresvroim nepedocom (sektopom AA’'). Tak Kak 3Ta romoJsorus

SIBJISIeTCSl NapaboJiMueCKod, TO MHBOJIOLMOHHON OHA OLITH HE MOXKET.
[Mpumep 1. Tocmpoum npamyo, npoxodsuyr 4epe3 0anHyro mouxy A

u HeDOCMYNHY0 MouKy nepeceverus 08yx Oanrolx npamoix a u a’(puc. 49).
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Pemenue PaccMorpum romosoruio y§¢, rie P — npoussosib-

Hasl TOYKa, a p — uckomas npsimMasi. [loctpoum obpaswr B',C’ npousBob-
HHIX ToueK B, C € a. Tenepp Bo3bmeM Ha (AB) Kakywo-1u60 Touky D u
HaliieM ee o6pa3 D’. OueBujHO, uto obpasoM npsimoit DC siBasieTcs mpsi-
Mas D’'C’, crajo GuiTh, TOUKA HX NepeceueHuss X JeXUT Ha ocu. [Ipamas
AX siBnsercss UCKOMOH NpsiMOH p.

MHTepecHO, YTO TO.XKe€ CaMOe NOCTpOeHHe MOXKeT ObITb O00CHOBAHO U
npH nomolu Teopembl Mesapra.

[Ipumep 2. Ilocmpoum obpas oKpyxsHocmu U ee UeHmpa OomHocus

a =»a’

meabrio eomorceun yp°, (no ceoHetBy 2, m. 1 Hacrosulero maparpaga

4
@ || p)-

Pemenue TIlepeceueM NJaHHYIO OKPYKHOCTD NYYKOM NapasjesbHbIX
npsiMbix ¢ ueHtpoM A_ (puc. 50). O6pasom ToukH A dABJIgercs ToyKa
A'"=ad N (PA_). Teneph Jerko HaxoiaTcs o06pasel NPAMBIX MYYKa,

a Ha 3THX o6pasax — ob6pa3bl TOUEK OKPYXKHOCTH U ee lieHTpa. [lonyueH-
Hble 06pa3bl TOUEK COeNHHAEM IJIABHOH KPHBOH.



TJIABA V.
KBAJIPUKH

§ 15. KBAJPUKHU U HUX KJIIACCHOUKALUSI.
3AJAHHE KBAJIPHUKH NATbIO TOUKAMH

1. OnpeneneHue KBagpUKH.

Onpenenenue MHOXKECTBO TOYEK, MPOEKTHBHLIE KOOPJAMHATEHI
KOTOpBIX YJOBJIETBOPSIIOT yPaBHEHHIO

811X f‘{' gzzxg + g33x§ + 2g12X%1%5 + 2813%1%3 + 2893%0x3 = 0, (15.1)

Ha3bIBAETCS AUHUEL 6mOpo20 nopadKka IR Kealpukxol.

Mgl BUAMM, YTO JIeBasi YaCTb yYPaBHEHUS KBAJPUKH NpeNCTaBJseT CO-
00l OZHOPOAHBIN MHOTOYJEH CTEMeHH 2, T. €. KBaApaTHyHYIO ¢opMmy OT-
HOCHTE/IbHO NEPEMEHHBIX X;, Xg, X3. ONLHOPOAHOCTL CylIECTBeHHA: OJaro-
Japs OJHOPOJHOCTH YypaBHeHHe (15.1) uMmeer reomeTpuueckuil CMbIC/,
100 OHO OJNHOBPEMEHHO YIOBJIETBOPSETCH (MJIM, HANPOTUB, He yIOBJETBO-
psieTcs) BCeMH TpPOHMKaMH H3 KakKoro-iubo KJjacca HPOHNOPLHOHAJbHBIX
Tpoek. HeolHOpoAHOE XK€ OTHOCHTENbHO MPOEKTHBHBIX KOOPAMHAT ypaB-
HeHHE MOXKET U He MMeTb NeOMETPHYECKOIO CMEIC/IA, TaK KaK HEKOTOphIe
TPOHMKH M3 JAHHOTO KJlacta MOTYT yJOBJIETBOPSTH €My, a8 HEKOTOpPhie HET.

OTmeruM, 4TO TaK KaK ¢QopMmyJasl (6.2) npeo6pasoBaHHs KOOPAHHAT
JIMHEHHBI U OJHOPOAHEI, TO, Nepexojs B ypaBHeHUsX (15.1) mo atum dop-
MyJiaM K Jpyrod CUCTeMe KOOpJAWHAT, Mbl HOJYYUM B JEBOH 4aCTH CHOBA
KBaJlpaTHYHYIO PopMy. DTO 3HAUHUT, YTO OllpefiesieHHe KBaJIpUKH He 3aBH-
CHT OT BbIOOpA CHUCTEMBI KOOPAHHAT.

Marpuna

&11 812 &3
G =|go Gos &osl|s &ij = 8ji (15.2)

831 832 Hss
KOTOPYIO MBI yCJOBHMCSl 0003HauyaTb TOH e OyKBOH, 4TO H caMy KBaj-
PHKY, Has3blBaeTCsd MaTpHlled U3 Ko3(QPULHEHTOB KBAAPHUKH HJH INPOCTO
mampuyeri keadpurxu. OHa cuMmMeTpuuHa, T. e. G' = G, rae «T» — 3Hak

TPaHCIIOHUPOBAHHUS.

Ecau TeKyllylo TOUKy KBaJpUKH U CTOJOeL U3 ee KOOpAMHAT 0HO3Ha-

uiTh OyKBOH X, TO ypaBHeHue KBaApuku (15.1) MoxHO 3anucath B mar-
pUYHOM BHJIE:

X'GX = 0. (15.3)

B ToxnectBennoctu ypaBHeHu# (15.1) u (15.3) MoxHO y6emuThCs NyTeM
HernoCpeACTBEHHOIO NEePEeMHOXKEHHS MaTpull B ypaBHeHuu (15.3).
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2. IlpuBeneHue ypaBHEHHMS KBaAPUKM K KaHOHMYECKOMY BHAY. Bri-
NOJHHM B YPaBHEHHM KBaJpHKH IepexoJi K HOBBIM KOOpAMHAaTaM 1o ¢op-
myJjam (6.2). Ilia atoro B ypaBHenuu (15.3) npoussenem 3ameHny no ¢op-

mysne X = —}1: QX’, B pesynbraTe uero noayuum ypasrenne X' (Q'GQ)X =

= 0, T. €. B HOBBIX KOOpJHHaTax Matpuua G' KBapUKH TAKOBa:

G = Q'GQ. (15.4)

Mgl BUAMM, YTO MEpeXoj K HOBbIM KOODAMHATaM B yPaBHEHHUH KBaJpH-
KU ajre6panyeckd SKBHUBAJIEHTEH JIMHEHHOMY NpeoOpasoBaHUIO KBaJpa-

THYHOH QOPMbI X'GX. IlosTOMY 31€CH NPUMEHHMBI H3BECTHBIE (PAKThI TEOPHU
KBafpaTHYHBIX GopM. MBI UX cpOpMYyJHpYEM B TEPMUHAX TEOPHH KBAJpPHK.

CeBoiictBo 1. Pané mampuybt KeaOpuku UHBAPUAHMEH OMHOCU-
MeAbHO npeobpasosarus KoopouHam.

D10 cBOHCTBO BhiTeKaeT U3 ¢opmyJbl (15.4) BBULY HEBHIPOXKAEHHOCTH
MaTpulisl Q. Ecny paHr mMaTpuibl paBeH TPeM, TO KBaJipHKa Ha3bIBAETCS
HeBbLPOYGORHHOL, €CJTM MEHbIIe TPeX — BbLPONCOeHHO.

CBoiicTBO 2. [Ipeobpasosaruem xoopduHam YypasHeHue KBaOpUKL
Mosem Obims npusedeHo K 8udy:

£1x% + €9 X3 + €3x2 = 0, (15.5)

ede &, = 1, —1 uau O.

Takoit BUx ypaBHeHUS KBaApAKH HasbBaercsl karonudeckum. [1puBene-
HHE K KAHOHMYECKOMY BHAY MOKET ObIThb BBIMOJHEHO pasHBIMH crocobamy,
paccMaTpuBaeMbIMH B TEOPHH KBaApaTHYHbIX ¢opM. Haubosee pacnpo-
CTpaHeH cnocob 6bideseHus noAHbLX KBadpamos, HasblBaeMbIH TaKxKe Cro-
cobom Jlazparawa. 110 3aKOHY HHEPUMH KBaJApaTHUYHBIX (POPM YUCJO MOJO-
YKHUTE/NbHbIX, OTPULATENBHBIX M HYJEBHIX KO3((hUIHUEHTOB B KaHOHHYEC-
KOM BHJE KBaZpaTUYHOH (OpMBI HE 3aBHUCHT OT CHoco06a INpUBEJEHHS ee
K KaHOHHYeCKOMY BHAY.

Taxk KaK maTpulla KBapUMKH B KaHOHUYECKOH QOpPME MMEEeT BHI:

e, 00

0 & O |,

0 0 e4
TO €e PaHl PaBeH UYUCJY HEHYJEBbIX KO3(PPHLHEHTOB B KaHOHHUECKOM
ypaBHeHuu (15.5). Ecau Bce KO3GPUUUEHTH OTJIHYHBLI OT HYJsS, TO KBaji-
pHKa HEBBIPOXKJEHHAS.

3. MpoektusHas kaaccudpuxauus ksappuk. C TOYHOCTBIO JO Hymepa-
IIMH KOODAMHAT KBajpaTuyHas (popMa OT TpeX NMepPeMeHHBIX MOXKET WMETh
(B 3aBHCMMOCTH OT paHra MaTpPHLEBI) CJAEAYIOIIMe KAaHOHWYECKHEe BUIbL:

Paur 3 ' Paur 2 Paur 1
2 2 2 2 2 2

Xy + x5+ x3 Xy =+ x5 X
2 2 ) 2 2 2

x1+x2—x3 x| — X3 — X
2 ) 2 g2 2

2 2 2

— X —x— X
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Ecsn paccmaTpuBaTh 3TH KaHOHHYECKHE BHJBI KaK JieBble YaCTH ypPaB-
HEHHH KBaJpHK, TO JONYyCTHMO YyMHOXeHHe Ha —I1. Torpma, ymuoxas,
Hanpumep, ypaBHeHHe x? — x2 — x2 = 0 Ha —I1, mosnyyaeM ypaBHeHHE
—x? + x2 + x2 = 0, koTopoe JMLIb HyMmepainuell KOOPAWHAT OTJHYAET-
cA OT ypaBHeHus x? + x3 — x2 = 0.

Takum o6pasoM MoJiy4aeTcst BCEro NATb BUJAOB KBaJpUK HA NpPOEKTHB-
HO# nJockoctd. OHU NpHBeNeHb! B TabJuIle BMECTE C HA3BAHHAMH.

Paur | YpasHenue HasBanmue
xl2 + xg' + xg =0 HyneBas kBappuka
3
2 2 2 OBasbHast KBaJpHK
xl2 + xg =0 [Tapa MHHMBIX TPSIMBIX
2
xf — xg =0 [Tapa npambix
1 xf =0 Ilapa coBmaBuKX mpsMbIX

YpaBHEHHIO HYJIEBOH KBAJPUKH YAOBJETBOPSIET JIMIIbL ONHA BeLIeCT-
BeHHas1 Tpokka uucen — (0, 0, 0). Ho 3Tta Tpoiika He 9Bjs€TCa KOOpPAHHA-
TOH HH AJ KaKOH TOYKH, CJENOBATEJbHO, HYyJ€Bas KBaJpPHKaA TOYEK He
COLEPIKUT.

[lapa npsMbIX COCTOMUT U3 ABYX HNPSAMBIX X; + X = 0 ¥ x; — x, = 0.
Mgl He TOBOpHM «Mapa nepeceKaloluXcsl MPsAMbIX», TAK KaK Ha NPOEKTHB-
HOH NJIOCKOCTH BCe INpsSMble HNepeceKaroTCH.

[Tapa MHHMBIX NPSMBIX HasblBaeTcs TaK [OTOMY, YTO JieBas 4acTb
ypaBHEHMSl pasjaraercs Ha JBa JIMHEHHBIX MHOXKHTE/S C MHUMBIMH KO3(-
dULHEHTaMH: X; —+ Xy U X; — [Xy. DTA KBAAPHUKA COJNEPIKUT TOJBLKO OLHY
Touky — (0 : 0 : 1).

[lapa coBmaBmIMX NPSMBIX €CTb [JBaXK/bl B35iTas KOOPAUHATHAS MNpPs-
mas x; = 0.

YpaBHEeHHEe KBaJpHKH, pacnaBsliefics Ha napy npambiXx uX =0 u
vX = 0 (cm. dopmydaty (6.7)), MOXKHO 3anucaTh B CJeAYIOIEM BUIE:

(uX) (vX) = 0. (15.6)

IIpu 3TOM €CJIM ¥ ¥ ¥ HEe NpPONOPLUOHANBHBI, TO NPSMbIE Pa3/IUYHbL, paHT
KBaJIpUKH B 3TOM cJlyyae paBeH ABYM. ECiM ¢ W U NpONOpLHOHAJBHEL, TO
npsiMble COBMNAJAIOT, ypaBHeHue (15.6) nmpuHUMaer BUA:

(uX)? = 0; (15.7)

B 5TOM CJlyyae paHT KBAJpPUKH paBeH eIUHHIE.

IlpuBenennass Ttabsuila He NO3BOJSIET pas3jHyaTh BELIECTBEHHbIE H
MHHMble KBaJpUKU OJHOTO paHra. B rteopuu KBajpaTHUHbIX GOpPM COOT-
BEeTCTBYIOUIUH KDUTEpPHUH HMeEeTCs, HO OH He pacCMaTpPUBAETCsd B paMKax
Haulero Kypca. B npumepe 2 6yjeT maH 4acTHBLIH NpHEM, NO3BOJAIOLIMH
pasJjiyaTh BEILECTBEHHbIE U MHUMbl€ KBAAPHKH.
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K knaccudukauuy KBaJpuk Ha NPOEKTHBHOH MJIOCKOCTH MBI BEDHEMCS
B§ 19.

4, 3ajganue KBaJAPUKH MATHI0 TOYKAMH.

Teopewma. Kakosoer 661 Hu 6biau name mouex NPOEKMUBHOLL Naoc-
Kocrmu, U3 KOMOPbIX HUKAKUE Yemblpe He KOAAUHEapHsl, cyujecmsyem eouH-
(mBeHHas K8adpuxka, npoxo0auas 4epe3 Hux.

HokasaTeabcTBo. CHayuasa nokaxem, YTO M3 JAHHHLIX NATH
TOYeK MOXKHO BhIOpaTh 4YeTBepKy TOYeK, He KOJIJHHEAapHBLIX MO TPH.

Ecnu cpenu gaHHBIX TOYEK e€cTh KoJsJuHeapHasi TpoHka A, B, C, 1O
THIIb OJIHA U3 3THUX TpeX Touek (Hanpumep, C) MoxeT ObITh KOJIJIMHeapHa
IByM ocTaBliuMcs ToukaM D u H. Uersepka A, B, D, H Bo BCAKOM CJy-
yae He COJIEPXKUT KOJIIHHEAPHBIX TPOEK.

BospMem cuCTeMy [pPOEKTHBHBIX KOOpJAMHAT, B KOTOpPOH BbiOpaH-
Hhle TOYKH OyayT ¢yHnaMentanpHeiMu: E;(1:0:0), E,(0:1:0),
E;0:0:1), Eo(1:1:1). Koopaunatel ocraBueiicss Touki C 0603Ha-
uiM (¢; : Cg & C3)-

Tenepr OyieM HCKaTh ypaBHeHHEe (T. €. ero Ko3(QdHIHEHTH) BHJIa
(15.1), KoTOpPOMY YIOBJIETBOPSIJIM Obl KOOPAUHATHI BCEX MATH ToueK. Ilox-
crapasisi B (15.1) koopauHatel Touek E;, E,, E;, noayuaem g, = gy =
= g33 = 0. CnegoBaresnbHO, ypaBHEHHe HCKOMOH KBaJpHKH HUMeeT BHI:

g1 X1Xo + Q13 X1X5 + ZGag XoX3 = O,

npuyeM eMy AOJIXKHBI yAOBJETBOPSTbh KOOpAUHATHI Touek E, u C. Ilostomy
KO3QPULUEHTHL Z10, J13s Log JOJIKHBI YIOBJETBOPATHL CHCTEME YpPaBHEHUH:

{glz + 13 + 825 = 0,
812 C1Cy + g13 C1C3 + g23 CoCy = 0.

[lonyuunach nuHe#Has OAHOPOAHAsl CHCTEMa C YHCJIOM ypaBHEHHH, MeHb-
LIMM YKC1a HeusBecTHhiX. ColeoBaTe/IbHO, OHA UMEeT HeHYJeBhle pellieHus,
U 3TO JOKA3bIBAET CYUIECMBO6aHUEe KBAPUKH.

Panr MaTpuupbl 3TOH CHCTEMBI:
1 1 1
C1Cy CiC3 CoCq
paBeH 2, TaK KaK U3 JHHEHHON 3aBUCUMOCTH CTPOK CJI€H0BaN0 Obl, UTO TOY-
ka C coBnajaeT ¢ OAHOH U3 (yHIaMeHTaJbHLIX Touek E;, i =1, 2, 3, 0.
B camom gene, B 3TOM ciaydyae OYHET C;Cy = C;C3 = Col3, @ 3TO MOXKET
ObITh TOJBKO TOTAA, KOTJa ¢; = C, = (3, T. €. C = E, HJH KOTJa JBa 4uC-
Jla U3 TPOHKH (C;, C9, C3) PABHBI HYJIO, T. €. C COBNajaeT ¢ OAHOH H3 KOOP-
IMHATHBIX Touek E,, i =1, 2, 3.

Cucrema, TakuM 00pa3oM, MMeeT €JHHCTBEHHOE (C TOUHOCTHIO IO MHO-
XKUTEJIS1) pelleHue:

1 1
CiC3 CoCq

1 1
C1Ca CoCs

1 1
CiCy C1Cs

812 - 813 23 =

YTO U JIOKA3LIBAET eQUHCMBEHHOCMb KBAJPUKH.
Teopema nokasana. B mpouecce ee fokasarenbcTBa Mbl HALIIK ypaB-

HeHUe KBaJpUKH, NPOXOAfAILeH yepe3 (yHAaMeHTa/JbHble TOYKH H TOUKY
C (cy 2 ¢yt c3):
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C3 (C2 — €1) X1%g + Cp (¢ — C3) X3%, + € (05 —

- 02) X2X3 = O. (15.8)

- / " Ecnu cpeid JaHHBIX NATH TOYeK HeT KOJ-
JIHHEeapHO! TPOHKH, TO Yepe3 HUX HeJb3s Ipo-

Puc. 51 Duc. 59 BECTH ABYX mNpsiMpix. Mcxoms U3 kJaaccuduka-

LIUHM KBAJIpUK, JEJaeM BbIBOJ, YTO B JAHHOM CJYy-
yae MATEPKA TOUEK Ompefie/sieT OBaJbHYIO KBaApUKY (puc. Sl).

Ecau cpeiu JaHHBIX TOYEK €CTh KOJIIMHeapHas TPOHKA, HO HeT KOJ-
JIHHEapHO! uYeTBepKM, TO KBaJpHKa pacnajaercs B [Be IpsiMble: OfHA
NPOXOJHUT Yepe3 TPH KOJIJIHHEAPHbIE TOYKH, a Jpyras — 4epes JBe OCTaB-
muecs (puc. 52).

Cnyuaii, Korja cpeid JaHHBIX TOYEK €CTh KOJIJIMHeapHas 4YeTBepkKa,
UCKJIIOYEH U3 TEOPEMEI, TaK KaK IPH TaKOM YCJIOBHH HapyllaeTcsl €HHCTBEH-
HOCTb: OfiHA NpsIMasi NPOXOAUT Yepe3 KOJJIMHEApHYIO YeTBEPKY, a BTOPYIO
MOXKHO NPOBECTH Yepe3 MSTYIO TOYKY OeCYMCIEHHBIM MHOXKECTBOM CIO-
co6oB.

[Ipumep I. Hadae)u ypaeHeHue x@adpufcu, npoxodsauell uepea mou-
kuA©0:0:1),B(2: 0),C2:—1:0,D(—2:0:1),E2:2:3).

Pemenue. HO}ICTaBJIHH KOOPJAMHATHl JAHHBIX TOYEK B ypaBHEHHE

(15.1), nosyyaeM OXHOPOAHYIO JIMHEHHYIO CHCTEMY MNATH yPaBHEHHH cC
IECTHI0 HEH3BECTHBIMH g

833 = 0,

4gy; + o2 + 4812 = 0,
48y + Gas — 4812 = 0,
4g; + G33 — 4815 = 0,

4g1; + 4890 + 9833 1+ 8812 + 12g15 + 12g,5 = 0.

Pemas 3Ty cucremy, HaxoauM ee €IMHCTBEHHOE (C TOYHOCTBIO JO MHO-
XKHUTeJNS) pelleHHe:

O3 = G110 = Qo3 =20, g1 : oo Gs=1:—4: 1L

Mpr Ham Ko3(p$UIMEeHTH HCKOMOIO ypaBHEHHMSI KBAJPHKH, KOTOpoe
HMeeT CJeAyIomUd BUA:

x% — 4x§ + 2x1x3 = 0.
[Ipumep 2. [Ipusedem K KaHOHUuECKOMY 8UOY YpasHeHue KeaOpUKU
x4+ x2 — 2x1%5 + 2x.x3 = 0.

Pemenue. [lepsoii cnocob. Kpagpatuunywo ¢opmy, CTOALLYIO B
JIEBOH YacTH yYpaBHEHUS, NPUBELeM K KAHOHHYECKOMY BHALY cnocobom Jlar-
paunxa. HMmeem:

X3 4 X2 — 2x1%5 + 2Xo%3 = (X, — X3)* — ¥+ X2 +
+ 2x0x3 = (X, — X3)® + (x5 + Xa)* — 2x2.
Brinonusasa npeo6pasoBaHue KoopauHar o ¢opmyJsam
X1 = Xy — Xg, X2 = X -+ %3, X3 = V2 %3,
84



NPUXOAMM K CJIEAYIOlleMy KaHOHHYECKOMY YpaBHEHHIO!
r? 12 '2
X1 + X9 — X3 = 0.
Bmopoii cnoco6. Tak xak

1 0 —1
01 10,
—1 1 0
TO PaHT MaTpUUBI JAHHOM KBaJpUKHU paBeH 3 U KBaJApHKa, CJAeJOBATEJb-
HO, fIB/ISIETCS HeBBIpOXKJAeHHOH. Kpome Toro, sICHO, YTO OHa NPOXOAMT

gepes Toyky (0 :0: 1) u, 3HauuT, gBAsIETCS oOBaJbHOil. KaHoHHueCKoe
ypaBHEeHHE TaKoi KBaipuku: x? 4+ x2 — x2 = 0.

ITpumeuanue. IlepBuift crioco6 mepex BTOPHIM HMeeT TO NPEHMYILECTBO, YTO,
KpoMe KaHOHHYEeCKOro BHIla, OH IIO3BOJISIET MOJNYYHTb U yPaBHEHHS NpeoOpa3oBaHHs KO-
OpPAMHAT, MPH IIOMOLIH KOTOPOro ypaBHeHHe KBAJpPHKH INPHBOAMUTCS K KAHOHHYECKOMY
BHIY.

§ 16. BBAUMHOE PACIOJIO)KEHHUE MPAMOH U KBAJIPHKM.
noJissPbl U MOJIOCHI

1. Toukn mepeceueHus npsamoi u KBajapuku. [{anyM pelieHHe BaKHOHU
LTSl U3yuUeHUs JajbHeHIlero MaTepuaJsia 3afauyl O HAXOXJEHUU TOYKH Ie-
peceueHHss OBa/lbHON KBajpuku U C mpsiMoi, NpPOXOjsiliefi uepes TOUKH

A u B.
[Tapamerpuueckoe ypaBHeHue npsimoit AB mno cdopmyse (6.9) umeer
BUJL:
X = aA 4 BB.
Heo6xonumo onpenenuts o u f§ (BepHee, HX OTHOLIEHUE @ : [3) Tak, 4TOOHI
X €G. Ins 3TOTO HAfO PELIUTH CHCTEMY:

{XTGX =0,
X = aA + BB. (16.1)

[ToncraBnsisa cronbery X u3 BTOPOTO ypaBHEHUS B NepBoe, MOJYyyaeM:
(@A + BB)'G (@4 + BB) = 0.
[Tocne sToro packpbiBaeM CKOOKM, NPHHHMAasi BO BHHMaHHE DaBEHCTBO
@4 4 pB)" = A" 4 pB":
a2 (ATGA) + ap (A"GB + B'GA) + p2 (B'GB) = 0.

T
IlpousBenenus A GA, ATGB w T. 1. sBAsIOTCS MaTpPULLAMH NEPBOTO
mopsiika, T. €. yucaamu. B camom gene, AT — crpoka, A'G Toxe crpoka,

a npoussenenue A'G - A ecTb mpousBeleHHe CTPOKH Ha CTOJGeI, T. €.
ypcsao. OTMETHM, YTO B paMKaxX NOCTaB/IEHHOH 3aflayd BCe 3TH YMCJIA H3-
BeCTHBI, TaK Kak A, B, G maHbl.

Tak kak BCsKas MaTpHIa NepBOTO MOPSiAKa CHMMETPHYHA, TO

A'GB = (A"GB)" = B'G"A = B'GA



(MBI BOCIIONB30BANUCh TaKKe CHMMETPHUHOCTBIO MaTpuubl G). ITonyuen-
HOe YpaBHEHHe MOXHO 3aNlHCaTh B CJENYIOLUIEM BHJE:

a2 (A'GA) 4- 20p (A'GB) + B2 (B'GB) = 0. (16.2)

PemuB 370 ypaBHeHHEe OTHOCUTENbHO o : B (Mau B : @), MBI NOACTaBHUM
HalileHHOe 3HaueHHe BO BTOpPoe ypaBHeHHe cucCTeMbl (16.1) u moayuum
KOOpJHHATHBI cTosI6el, TOYKH MepeceyeHHs.

OtmetuM, uto ypaBHeHHe (16.2) He MoxeT OGPaTHTBCA B TOXKJAECTBO,
TaK KaK 3TO 03Hauaso Obl, yTo JI06asi Touka npsamoit AB npuHaglexur
KBajzipuke G, YTO BO3MOXKHO JIMILIb B CJy4yae BbIPOXKAEHHOH KBAJPUKH.

Tak kak ypaBHeHHe (16.2) — KBajgpaTHOe OTHOCHTENBHO @ : [, TO
BO3MOXKHBI TPH CJydass B3aUMHOTO DPacloJIOKeHHs NPSAMOH M KBaAPUKH
B 3aBHCHMOCTH OT 3HaKa JUCKpuMHHaHTa A ypaBHeHus (16.2):

1) A >0 — nBe TOUKHM NepeceyeHHs,

2) A <0 — npsimass He uMeeT OOLIMX TOYEK C KBaJPHKOM;

3) A = 0 — npsimas uMeeT OJHY OOLLYI0 TOUKY C KBAJPHKOH H HA3hI-
BaeTCs KacameavHou.

2. KacateabHble K KBajpHuKe. Y CJOBHE KacaHHUs OBaJbHOH KBaJpHUKU
U OpsiMOH, 3afaHHbIX ypaBHeHHsMH (16.1), umeer, Kak OTMeyeHO, BUJ
A =0 umu

(A"GB)2 — (A"GA) (B'"GB) = 0. (16.3)

STO YC/lOBHE MO3BOJSET pellUTh CJAEAYIOUYI0 BaXKHYIO 3aJauy: JaHb
oBanbHas KBaipuKa U M Touka A; Halmu ypasHeHus KacamesbHelx, npo-
8edeHHblx K KBadpuKe u3 mouxku A.

Ilycte TOuka X — MpOM3BOJNIbHAsA TOYKa KaKOH-THOO KacaTesbHOH,
nposefeHHoi u3 A (puc. 53). Torna pasa npamoit AX NOMXKHO BBINOJHATD-
cst ycaoBue Kacanus (16.3), KoTopoe Temepb MoKeT ObITh 3aNHCaHO B
BUE!

(ATGX)* — (ATGA) (X"GX) = 0. (16.4)

DTO0 U eCTb YPABHEHUE KACameAbHolX, TaK KaK eMYy YJIOBJETBOPSIOT BCe
TOYKM KacCaTeJIbHBIX M TOJbKO OHH. PacCMoTpuM ero noapoGHee.

ATGX — nunefinas hopMa OT TpexX MepeMeHHEIX X, X, X3, a € KBaj-
paT — KBaJpaTHYHas; A"GA — uucno; X'GX — kBafpaTuuHas copMa.
Takum oGpasom, JieBas yaCtb ypaBHeHHs (16.4) ecTb KBajpaTtuuHas ¢op-
Ma, CTaJo ObITb, 3TO — ypaBHEHHE KBaJpHKH.

B To ke Bpems (16.4) ectb ypaBHeHHe KacaTesbHBIX. Cle0BaTesNbHO,
KBazipuka (16.4) pacnanaercs B npsmble, a paHr
ee MaTpHLbl paBeH 2 WU

PaccmoTpuM aBa caydyasi B3aUMHOTO pacro-
JIOXKEHHSI TOUKH W KBaJPHUKHU.

X 1. A €G. B stom cayuae ATGA=0 u, cre-
JoBaTesNbHO, ypaBHeHue (16.4) nmpuHUMaeT BuA
C (A"GX)?2 = 0, a kBazpuka (16.4) ecTb IBaXIbl

B3siTas INpsMasi, ypaBHEHHEe KOTOpoH

Puc. 53 ATGX= 0. (16.5)

N>
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Meul nonyuunu ypasnerue kacameaoHoti Kk keadpuxe G 6 ee mouke A.

2. A¢G. B stom cnyuae A'GA == 0. TTokakeM, uTo paHr KBaJApUKH
(16.4) pasen 2. Ilpexnonoxum MpPOTHBHOE: NMYCTh 3TOT PaHr paBeH 1,
Torma ypaBHenue (16.4) moxHo 3anucath B Buze (15.7):

(A'GX): — (A'GA) (X"GX) = (uX)?,
OTKyJza:
1
AT GA

X'GX = (AT GX)2— uX)?)

WIH
1
AT GA

Mbl monyuusu passnoxkeHue KBaipaTHUHOH (HOPMBI X"GX nua nuHefiHble
MHOXKUTEJIH, YTO NPOTHBOPEUYHT YCJIOBHIO 3aJaul, N0 KOTOPOMY KBaipHKa
G oBanbHas.

Hrak, B paccmarpuBaemoM caydae KBajpuka (16.4) ectb suGo napa
npsMBIX, 00 mapa MHUMBIX NpAMBIX. B nepBoM ciyyae CyLiecTBYIOT
JBe KacaTesbHble, BO BTOPOM KacCaTeJbHBIX HeT.

HaiiTi ypaBHeHHS KacaTeJbHBIX [0 OTJAEJbHOCTH MOXKHO, Pas3JiOXKHB
Ha MHOXHTEJNM JIeBYIO 4acTb ypaBHeHHs (16.4), T. e. npencTaBuB ero B
Bune (15.6):

XTGX = (ATGX —uX) (A" GX + uX).

(ATGX)? — (ATGA) (X"GX) = uX) (©X).

STO NO3BOJIMT HAWTH MCKOMBble KacaTesbHble U U U (puc. 54).

Haittu kacartesibHbBle 4 U U MOXKHO W APYTHM IyTeM, ONpPeNEJNUB Npej-
BAPUTENbHO TOYKH KacaHHUsl. Eciu X — TouKa KacaHMd, TO ee KOOpJH-
HATHI YJIOBJIETBOPSIIOT U ypaBHEHHIO KBaApuUKH G, U ypaBHEHHIO KacaTeJb-
HBIX:

{XTGX =0,
(ATGX)? — (A"GA) (X"GX) = 0.
OTa CUCTeMa pPaBHOCH/BHA CJelyoLied:
X'GX =0,
{ATGX _0 (16.6)

PeiniuB ee, Hafinem Touku Kacauusi X; U X,, a 3aTeM U CaMH KacaTejbHble
u= (AX;) uv=(AX,).

Cnpenenenue. Touka Ha3bBaeTCH X,
8HewHel IO OTHOLIEHHIO K KBaJpHKe, eCqU U3
Hee MOXXHO [POBECTH K 3TOH KBaJipHKe JBe Ka-
caTesqibHble, U BHYmMpeHHew, eCAu TaKHX Kaca-
TeJbHBIX HET.

3. OnpepeneHue MOJSIP M MOJIOCOB.

Onpenenenune. Ilycte G — oBanb-
Has KBaJpuka, A U B — ne Jjexamue Ha Hel
ToukH, K u L — ToOuKH MepeCeueHHs] MNPSIMOH
AB c kBagpukoit G. Eciu (ABKL) = —1, To Puc. 54
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TOBOPSAT, UTO KBajipuka U eapmonu4ecku pasde-
asiem napy ToueK A U B wnu uto Touku A u B
2APMOHUYECKU CONPAXCEHb. OTHOCUTEJIHLHO KBAaj-
puku G (puc. 55).

BriBenem ycioBHe TapMOHHYECKOH CONps-
JKEHHOCTH ToueK A U B OTHOCHUTENbHO KBajJpH-
Ku G. Hmeem:

K=oA+4pB,L=a"A-+p"B,

npuuem B’ : o’ u f”:a” — KopHH ypaBHeHHs
16.2). Tlo onpeneseHHI0 TapMOHHYECKOH CONMPAXKEHHOCTH 3alUIleM:
peEL

@aBrLy =& . ¥
(0]

Puc. 55

OTKYyJa:

T. e. cyMMa KopHeii ypaBHeHus (16.2) paBua nymo. [lostomy B cuay
TeopeMbl BHera ycioBHe TapMOHHYECKOH CONPSXKEHHOCTH TodeK A u B
OTHOCHTENbHO KBajipHKu G HMeeT BHUI:

A'GB = 0. (16.7)

OTMeTuM, 4TO BCE TOUKH X, TApMOHHUYECKH CONpSIKEHHbIE OTHOCHTEJb-
Ho KBajpukun G c QukcHpoBanHoi Touko A ¢ G, pacnojoxeHsl Ha
npsamo#i (puc. 56, 57), Tak Kak u3 (16.7) ciefyer paBeHCTBO

ATGX = 0, (16.8)

a 3TO — ypaBHeHHe TMepBoH cCreneHu. Takas
npsiMasi HasblBaeTcs NOJAAPOH ToukKH A.

31ech He ONpejesieHbl NOMsipbl TOYEK, MpH-
HajJexalmux KeaJpuke. IlpuBenem mnosHoe
omnpefieNeHHe MOJfAP.

Onpenenenue. [loaspod Touku A
OTHOCHTEJIbHO OBaJbHOH KBajpHKH ( HasblBa-
eTcsl npfsimas a, KoTopas B cayuae A ¢ G conep-
JKUT BCE TOYKH, TapMOHUYECKH COIpSKEHHBIE
¢ A otHocurenbHo G, a B ciyuae A € G Kacaer-
a cs G B Touke 4.

Ecau A ¢ G, To ypaBHEHHE MNONSIPBI HMEET

Bux (16.8), a eciu A € G, Tto (16.5). O6a 3tH

4  YpaBHeHHs (OpMaIbHO COBMANaIOT. [TosTomy
<= BO BCeX C/yyasX YypaBHeHHe

T
X ATGX =0 (16.9)
G
SIBJSIETCS YPABHEHUEM NOAAPb. TOUKU A OTHOCH-
TeJbHO OBa/NbHOH KBaApUKHU G.
YpaBHeHue nossipbl @, KaK YpaBHeHUE BCS-
Puc. 57 KOl mNpsMOH, MOXeT ObITb 3anuCaHO B BHJE
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aX = 0 (cm. (6.7)), roe a — KoopAuHaTHasi CTpoKa nossipel. CpaBHHBAS
sto ¢ (16.9), umeem:

ua = A'G, (16.10)

rie b — K03(hdHUIHEHT NPONOPIHOHATBHOCTH.
OTO ypaBHEHHE MOXKET ObITh paspellleHO OTHOCHTEIbHO A!

A = G, (16.11)

clefoBaTeNbHO, KakoBa Obl HM Obla mpsMasi a 4 oBajJbHAas KBajpuka @,
CyLIECTBYET eNUHCTBeHHas Touka A, NJs KOTOPOH mpsMas a sBJIsercs
nosipoit oTHocuTesnbHo G.

Onpeneanenue. Touka A, an1s KoTopo#t JaHHAs NpsiMas a siB-
NIeTCsl MOJISIPOii OTHOCHTENBHO OBaJbHOH KBaapuKU (, Ha3bIBaeTCs nOAI0-
com TpsMO# a oTHocuteanHO G,

KoopauHatel noJioca onpelenstorcsi ypaBHeHuem (16.11).

4. CpoiictBa nostocosB u noasip. IonsipHas kKoppeasuus.

CeoictBoO l. Ecau mouka u npamas uryulermrel, mo ux no-
AApa U NOAKOC MOojce UHUUOeHMHbL.

OGo3nauas JaHHBIE TOUKY U npsMyto uepe3 A u b COOTBETCTBEHHO, a
HX MONSIPY U TMOJIOC — 4Yepe3 a U B, MOXeM 3amucath JOKa3blBaeMoe
CBOHCTBO CJEAYIOIUM 006pa3oMm:

A€be=adB.

Ycnosue unnugentHoctd A u b B cuny (6.7) umeer Bua bA = 0, yc-
JoBHe HHUMAeHTHOCTH @ U B — aB = 0. Ilo dpopmynam (16.10) u (16.11)
UMeeM:

wa = A'G, AB =G,
MO3TOMY

aB =1 (A6 G W) = L AT " =L pay.
A pA pA

CnenoatesbHO, aB ¥ bA o6pamarnTcs B HyJb OLHOBPEMEHHO, YTO H Tpe-
00BajOCh A0Ka3aTb.

CeBoticTrO 2. Ecau mouka A — BHEWHAA NO OMHOWEHUI K KBAOD-
puxe G, mo ee noaspa a npoxooum uepe3 MOUKU KACAHUS KACAMEAbHbIX,
nposedernoix u3 A k ksadpuxe (puc. 58).

B camom pene, KoopauHaThl Touek KacaHusg X; U X, ONpefensiorcs
cucremoit (16.6). Ho nepBoe u3 ypasuenuit sToi
CHCTEMBbI €CTb YpaBHEHHEe KBaJpHKH, BTOpOE —
ypaBHeHUEe NOJpbl TOUKH A, 3HAUHUT, TOUKH X,
U Xy — 3TO TOYKHU IlepeceyeHHs] KBaJPHKH C
NOJISIPOH.

Onpenenenune. Orobpaxkenue o;: P, —

— P,, npu xoropoM o6pa3oM KaKAoH TOUKH
IBJIIETCS ee MoJsgpa, a o6pasoM NPsSIMOH — Mo-
JIIOC OTHOCHTENIbHO OBAJIbHON KBaJpHKH (, Ha3bl-
BAETCA NOAAPHOU Koppesayuell. Puc. 58

A
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Mbl onyckaeM J0Ka3aTeJbCTBO TOro (ax-
Ta, YTO NOJISIpHAs KOPpPeJslus SBJASETCS KOp-
pensuyend B CMBICJE ONpellesieHHs, NaHHOrO B
§ 13, o. 1.

[lonsippas Koppensuus Oblia HCHOJbL30-
BaHa [loncese! mia oGOCHOBaHMSI MpHHIKNA
JBONCTBEHHOCTH.

5. ABTONMOJSIpHBIA TpPeXBepUINHHUK U ero
CBSI3b C 3ajauyed mNpuUBEIEHUs] YypaBHEHUS
KBaJPUKH K KAHOHHYECKOMY BHJY.

Onpenenenue. TpexBeplIHHHHUK

Pre. 59 HA3LIBAETCH  ABMONOAAPHOIM — OTHOCHTEJbHI
HEKOTOPOH OBaJIbHON KBaJpHUKH, €CJTH KaxKaas
€ro BEpPILIXHA SBJASETCS NMOJIOCOM NPOTHBONOJOXKHOK CTOPOHHI.

OueBHAHO, YTO 3TO OMNpeje/]eHHE pPaBHOCHJILHO CJEAYIOLIEMY: TpeX-
BEPIIMHHUK HAa3bIBAeTCH QBMONOAAPHbIM OTHOCUTENbHO KBajpuku G,
ecJIH NP NOJISPHOH KOPpensltHu O, OH oToOpaxkaercs Ha cebs.

Kaxnass KBajpuka HMeeT OeCKOHEYHOE MHOXKECTBO AaBTONOJSIPHBIX
TpexBepILHHHUKOB. [lokaxem 3T0.

[Tyctb umeercsi kBajpuka G. BosbmeMm npoussosbHyr Touky A ¢ G
u ee nonsapy a (puc. 59). Ha 3Toit mossipe Bo3bMeM NPOU3BOJBHYIO TOUKY
B ¢ G u o6o3nauuM uepe3 b ee nosasipy. Ilo cBoiictBy 1 (nyHkT 4) U3 B € a
caenyer, uto b 5 A. Ilo Tomy Ke cpoiicTBY Touka C = a (] b saBasercs
nositocoM npsimoit ¢ = (AB).

Tpexsepununuk ABC — aBTONOMSIpHHIL.

Teopewma. [ra moeo umobel ypasHerue 08arbHotl K8aOpuxku He co-
depacaro 4aeHo8 ¢ npoussederuem xoopduram (T. e. yTOOBI MaTpHlla KBaj-
pUKH Oblla JHaroHaslbHOH), Heobxodumo u docmamouro, 4mobbl Koopou-
HamHoll mpexeepuiurHHux 6oin  ABMONOAAPHBIM OMHOCUMEAbHO OAHHOL
Keadpuxu.

HoxkxasaTteabcTBo. Heobxodumocme. IlycTh ypaBHEHUEe KBaj-
pukH € uMeeT BHA:

ax? 4 Bx3 + yx2 = 0.

Haiinem moaspy e; koopiunatHoit Touku E; (1 :0:0). Ilo cdopmyne
(16.10) nmomyuaem:

o o 00 B
we, =EiG=|1,0,0]-/|0B O =] 0 0.
00%y

3HauuT, ypaBHeHHe NPSIMOH e; uMeeT BuA ax; = 0. D10, Ciel0BaTeNbHO,
KoopauHaTHasa npsamas E,E,.

AHasnoruuHo y6exJaeMCs, 4TO NOJSPAMH APYTUX BEPUIMH KOOpAMHAT-
HOT'O TPeXBepIIMHHHKA ToxKe OYLyT ero CTOPOHBIL.

Hocmamournocms. IlycTb Tenepp KOOpPAMHATHBIH TPeXBEPIUMHHUK

1 >Kan BukTtop [Toncene (1788—1867) — ¢panmysckuil uHXKeHep H MaTeMaTHK, OLHH
M3 co3jaTesied NMPOEKTHBHOH reOMeTPHH, YETKO PasrpaHMYHBLUMH IIPOEKTHBHEIE H METpH-
yecKue cBoOiicTBa Guryp.
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E.E,E, aBTomno/isipeH OTHOCHTENIbHO KBajpuku G. Torga nns ero CTopoH
e; HMeeM:
we, = EiG, i =1,2,3.

Orctopa npu i = 1 noayuum:

811 12 &is
ne; =[[1,0,00 - || o1 Go2 Las|| =l G0 G12v Luslls
831 832 L33
rze |lgill = G. A Tax Kak npsamas e, umeeT xoopAuHatel (1 :0:0), To

gs = g3 = 0. lonaras i = 2, nonyuum g,3 = 0. Teopema foKasaua.

6. MoaspHble CBOWCTBA MNOJIHOrO 4eThIpeXBEepLUIMHHUKA, BMHCAHHOTO
B KBaJpuKky. [lOJIHBIH UYeTbIpeXBEPIIHHHUK HAa3bIBAETCA 6NUCAHHLIM B
KBaJIpUKY, €CJH ero BepLIMHEI JeXxaT Ha KBaapHke. IlpuBomumas Huxe
TeopeMa HCIOJAb3YeTCsl NDH BHIIOJHEHHU pas/IHYHBIX MOCTPOEHHH, CBf-
3aHHBIX C MOJIOCAMU H MOJSIpaMH.

Teopema. JuazoHarbHoul mMpexeepuiuHHUK NOAHO020 4embipexeep-
WUHHUKQ, BRUCAHHO20 8 0BANbHYIO KBAOPUKY, ABASLMICA QBIMONOAAPHLIM OM-
HOCUMEAbHO 3mol Keadpuxu.

HoxasarteabcTBo. Ilycte G — nanHasi KBaapuka u A, B, C,
D € G — BeplIMHB NOJIHOIO YeThlpeXBepliuHHUKA (puc. 60). Torza Tpex-
BepiIHHHUK PQR, rae

P = (AB) N (CD), Q = (AC) N (BD), R = (AD) n (BC),

—uaroHanbHblil. TpefyeTcs J0Ka3aTh, YTO OH aBTONOJSIPEH OTHOCHTEJb-
Ho G.

O60o3HauuM HOJSIPBHl BEPIIUH 3TOrO TPeXBepPIUHHHHUKA COOTBETCTBEHHO
yepes p, q, r. Hago nokasats, uto p = (QR), ¢ = (PR), r = (PQ). Or-
pPaHHYVUMCH J0Ka3aTeJbCTBOM OJHOIO M3 3THX PABEHCTB, HallpUMep BTOPO-
ro. OcrasnbHble [OKa3bIBAIOTCS aHaJOTHYHO.

[lo Teopeme 0 rapMoOHHYeCKHX CBOHCTBAaX NOJHOIO YeThIpEeXBEPILHH-

HHKA
(ACQZ) = (BDQT) = —1,
rie
T = (PR) N (BD), Z=(PR) N (AC).
3uauut, Touku T U Z rapMOHHUYECKH COMPSIKEHHbl C TOYKOH Q M, CaefoBa-

TeJbHO, JexaT Ha ee mnoaspe. [lo-
stoMy (TZ) = (PR) = q, uTOo U Tpe-
60BaJIOCh JIOKa3aTh.

Ec/i ueTblpeXxBepIIHHHUK Ha pH-
cyHke 60 mnoaBeprHyTh NOJIAPHOU
KOppeJsiiid O;, TO OH IepeHJeT B

ONHCAHHBII YETHIPEXCTOPOHHHUK (mo-
yeMy?), a AMATOHANbHBIH TpexBep-
IHHHHK — B ce6s. [Tonyuyaem nBoii-
CTBEHHYIO TeopeMy, KOTOpYIO uuTa-
TeJI0 NpeAJaaraeTcs cpopMyJaupoBaTh
CaMOCTOSIT@JILHO.
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[Ipumep 1. Hatidem noaapy mouxu A (1 : 3 : —1) omuocumersto
ksadpuku G, umeroueli ypagrerue x? — 2x2 + 4x,x3 = 0.

PemeHue KoopaHHarel HCKOMOH MOJSIPHE @ onpefensieM 0o ¢op-
myJae (16.10):

. 1 00
e =AG=11,3, -1 - 8—3% = |1, =8, 6.

YpaBHeHHe HCKOMOH NpsMOi a : x; — 8x, 4 6x; = 0.

IIpumep 2. Haiidem nomoc npamoid a (0 : —1 : 2) omuocumesbHo
keadpuru G, umeroweld ypasrenue x2 4 4x; x5 = 0.

Pewenune. Taxk kKak

1
002 05
G=1|010}|, Gt= 1 Of,
200 oo
2
To no ¢dopmyse (16.11)
1
00?1 0 L
M =G1a"=| 010 |-|—1 :\—1.
%ool 2 ol

Urak, A (1 : —1 :0).

ITpuwmep 3. Hane osarerasn keadpuxka G u mouka A ¢ G. ITocmpo-
UM noaapy OaHHOU mMouKU.

Pewenue. Ilepsoi cnocob. VIcxonuM u3 onpeneneHus MOJSPHI,
NpUBeAeHHOro B nyHKTe 3. Ha ABYX NpOU3BOJBHBIX CEKYLIUX, NPOXOAs-
KX yepe3 TOUKY A, CTpOUM TOYUKH B; U B,, TapMOHHYECKH COMpSIXKEHHBIE
¢ A orHocutenbHo KBagpuKu G (puc. 61, 62); Takoe nocTpoeHue OMHCAHO
B § 10, n. 3. I'lo onpenenenuo npsamas a = (B,B,) — noaspa Touku A.

Bmopoi cnocob6. UcxonuM U3 TeopeMbl O MOJSIPHLIX CBOACTBaX BIHCAH-
HOTO uYeThIpexBepUIMHHHUKA (MYHKT 6). Uepe3 Touky A npoBOJUM MPOH3-
BOJILHO JIBe INpsAMble, IepeceKawoliye KBaipHKy B Toukax X, Y u Z, T.
HuaroHanb yerhipexBeplunHHuKa XY ZT, npoxoasiias yepes guaroHanlb-
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Puc. 65 Puc. 66

Hole TOuKH B = (XT) 1 (YZ) u C = (XZ) N (YT), ectb uCKoMas noJs-
pa (puc. 63, 64).

Tpemuti cnocob6. Uepes Touky A mpoBOAHM TPH CeKyllue, nepecekalo-
mue KBagpuky BToukax X u Y, Zu T, U u V (puc. 65). Ha ocHoBanuu
TeOpeMbl O MNOJISIPHBIX CBOHCTBAX BIUCAHHOTO YeThIPEXBEPILHHHHKA, OT-
HeCEHHOH K ueThipeXBeplUMHHUKY XYZT, jenaeM BBIBOJ, YTO TOYKa
P = (XT) N (ZY) nexutr na nosnsipe a toukun A. Ananoruuhno Q € a,
rae Q = (ZV) N (UT). CnepoBatenbHo, a = (PQ) — uckomas moJspa.

IMMpuwmep 4. Hano osarvran keadpuxa G u erewnas mouka A. Ilo-
cmpoum kacamenvHoie u3 A k G.

Pemenue. Crpoum npsamyio a — nonaspy Touku A (cM. puc. 58),
TOYKH ee fepeceyeHuss C KBaApUKOH 0003HauuM yepe3 X; U X,. CorysacHo
cBoHCTBY 2 (nyHKT 4) nmpsamule AX; u AX, — HCKOMBbIe KacaTesbHEIE.

[Tpumep 5. Hanot osarerasn ksadpuka G u npamas a. ITocmpoum
noArOC NpAmol a.

Pemenue. DBepem npoussonbHo Touku B, C €a U CTPOUM uXx
nonsipel b u ¢. Ilo cBoiictBy 1 (nyukT 4) us B, C € a caenyert, uto b, cd A,
rie A — uckomeli nomoc (puc. 66).

[Ipumep 6. Hanot 0sarerasn keadpuka G u mouka A € G. ITocmpoum
noaapy mouxu A

Pemenue. UYepes A npoBoayM MPOHU3BOJBHYIO MPAMYI «& H
crpouM ee mosoc U (cM. mpeabiaymuit npumep). Ilpamas a = (AU) —
HCKoMas (mouemy?).



§ 17. TEOPEMbI NMACKAJISI' U BPHAHIIOHA?

1. Teopema Ilackans. Kak H3BeCTHO, NATh TOYEK ONpPENENSIOT KBaj-
puky. PaccmorpuM Tteopemy Ilackans, Bhlpaxamoulyl HeoGXOAMMOE U
JHOCTAaTOYHOE YCJOBHE TOrO, 4YTO IHeCTb TOYeK NpPUHALJEXKAT KBaJpHKe.
B npyrom Buze 310 ycsioBue naetcs TeopeMoit Iltefinepa®, koTopas snech
He NPUBOAUTCA. B «J0aHaJHMTHYECKHH» NEpPHOJ pPa3BHUTHUS IPOEKTHBHOH
reOMETPUU 3TH TEOPEMHl 3aMeHAJH ypaBHeHHe KBagpuku. Ho naxe u
Tenepb, KOTJa aHaJHTHYeCKHe METOABl B NIPOEKTHBHOH I'eOMETpUH paclpo-
CTPaHMUJIUCh OYeHb IIMPOKO, OHH He IMOTepsNH CBOEro 3HaueHus, H6o Io-
3BOJISIIOT B psfie CIyyaeB JIeTKO YCTaHaBJAUMBATh TaKHe CBOHCTBAa KBaJpHK,
KOTOpPhIe DU aHAJUTHYECKOM MOAXO0Je YCMOTpPETh He MPOCTO.

[Ipu paccMorpenuu TeopeMnbl Ilackans, IJis TOro 4TOGHI MCKJIIOUHTH
TPpUBHAJNBHBIA CcJaydal, OyaeM TpeGoBaTh, 4TOObI B JAHHOH IuecTepKe
TOueK He ObLIO KOJMJMHHeapHHIX TpoeK. B caMoM Jene, KBajpukKa, coaepKa-
IIasi TPU KOJIJIMHeapHble TOYKH, BBHIPOXKAEHHas, MO3TOMY, AJS TOT'O YTOGHI
11eCTh TAaKHX TOUEK JIeXaJH Ha KBaJpHKe, HeOOXOAHMO H JOCTATOYHO,
yTOOB! JaHHbIE 1EeCTb TOYEK OblJIM HHIIMAEHTHBI OXHOH HJH JBYM MPSIMBIM.

OnpeneJgenue. COBOKYNHOCTb INECTH pPa3J/HYHBIX YHOPsSJOYEH-
HBIX Touek A,;, i =1, 2, ..., 6, Ha3bIBaeMbIX 6epuwiuHamu, ¥ IUECTH pas-
JUYHBIX NpsaMbiX A;A,, AAs, ..., AgA;, Ha3bIBAEMBIX CMOPOHAMU, HA3HI-
Baetcs wecmusepuiurnukom. CToponsl A1A, U A As, AsAs u AzAg, AzA,
u Ay A, Ha3BIBAIOTCS NPOMUBONOAOKCHBIMIL, TAK K€ KaK U BePUIHHH A, H
Ay, Ay Ay, Az v Ag (puc. 67). lllecTUBEpIIHHHUK HA3LIBAETCH 6MUCAH-
HolM 8 KBadpuKYy WIH nackaieebim, eCIH BCe ero BepIUMHBl MPHHALJIEKAT
KBaJpUKe.

Teopewma. [aa moeco umobsl wecmb mouex, u3 KOMopslx HUKAKUE
mpu He KOAAUHEApHbL, npuradiescaru 00HOU Keadpuke, HeoOX00umo u
docmamouro, 4mobbl NPOMUBONOAOHCHble CIOPOHbL LECMUBEPULUHHUKA, 8ep-

! Bas3 IMTackanp (1623—1662) — Brinarouuiics dbpaHuysckuil GU3HK, MAaTeMaTHK H
¢unocod. I'my6oro ycsous uneu [esapra, OH OTKpPBLI H3/1araeMylo 3eCb TEOPEMY B IIECT-
HaJllaTHJIETHEM BO3pacrTe.

2 apap )Kionven DBpuanumion (1785—1864) — dpanmysckuil reomerp.

8 fIko6 Ilrteitnep (1796—1863) — HeMenxkHil MaTeMaTHK, Pa3BUBLIKHI IPOEKTHBHYIO
reoMeTPHIO Ha OCHOBe NPOEKTHBHOIO COOTBETCTBHSA NPSIMBIX M My4ykoB. HMHTepecHbill dakT

Guorpaguu: CelH KpecTbsiHMHA, LlTefiHep Ha AeBATHAZALATOM FOAY KU3HH elBa yMeJs MH-
caThb.

A/ N Az
A5 AJ
A 5\ h
Puc. 67
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WUHAMIU KOMOPo2o SBASIOMCS OQHHbIE MOYKU, NepeceKasuch 8 mpex mou-
Kax, Aexcaujux Ha oOHol npamoil (nackairesa npamas).

HJoxkasaTeabcTBoO. JlaHHbe TOUKM 0GO3HAuHM uepe3 A,
i=1,2,..,6, u nepBule YeThbipe M3 HUX NpHMeM 32 (YyHIaMeHTaJbHBIE
TOYKH CHCTEMbl KOOPAHHAT:

A;(1:0:0,A4,(0:1:0),A;0:0:1,A4,(1:1:1).
BeemeM Takxke 0603HaueHHs1 AJISi KOOPAHHAT OCTABIIUXCS ABYX TOYEK:
As (€1 i ¢t c3), Ag(dy :dy:dy).

CorsiacHo ypaBHenuto (15.8), nJs1 TOro 4To6b! BCe 3TH IIECTh TOYEK JIexKaJH
Ha ONHOH KBaJpHKe, HEOOXOAHUMO H JOCTATOYHO, YTOOBI BBHINOJIHSJOCH
cleflyroliee  yCJIOBHE:

€3 (cg — €)dydy + ¢y (63 — €3) dady + €1 (€3 — ¢3) dods = 0. (17.1)
Teneps HafineM yC/IOBHE, NPH KOTOPOM TOUKH
P = (A1A2) N (A4A5), Q= (AzAa) N (AsAe), R = (A3A4) N (AGAI)

nepeceueHus IIPOTHBOIOJIOKHBIX CTOPOH IIeCTHBEPIINHHHUKA
A A A A A Ag nexkaT Ha opHOol mpsiMo# (puc. 68). Il 3TOro HaXoauM
ypaBHEeHUsI BCeX CTOPOH ILECTHBEPIIHHHHKA W pellaeM COBMECTHO YpaB-
HeHHsI NPOTHBOIOJIOXHBIX CTOpOH. [losyuaem:

P (Cl b C3 : c-z — C3 . O), Q (O : Cld2 - C2d1 . Cld3 - C3dl), R (dz . dz: d3)'

Benenctue ycnoBus (6.4) /s KOMMHEaPHOCTH 3THX TOoYeK HeoOXOLHMO
H JOCTAaTOYHO BBHINOJIHEHHE CJIe[YIOLIEr0 YCJOBHS:

C;—C3 Cp—Cg 0
0 cdy —c,dy ¢ dg—csd, | = 0.
d2 d2 d3

HenocpencTBenHbM nopcyeToM YyOexxpaeMcsi, YTO 3TO YCJIOBHE paBHO-
cunbHo (17.1)

Teopema poKasana.

3a CcyeT HEKOTOPOro YCJOXKHEHHsS (POPMYJUPOBKH U JHOKAa3aTeNbCTBA
teopemy [lackazis mMoxHO OblIO Gbl 06OGIIUTE TaKUM 00pa3oM, YTOGH Teo-
pema Ilamna' Morsa paccMaTpHUBATBCS KaK €e YaCTHBIM Cayudail.

2. IpenenbHble cayuyau teopembl Ilackans. IlpennosoxuM, yuTo ogHa
M3 BepIUMH ulecTHBepluuHHUKa [lackans, nepeMeinasicb Mo KBaipHKe,
CTPEMHTCSI K JPYroH BepllHHe, NpHueM oGe BEPIIMHLI HMEIOT COCENHHE
HOMEpa H, CJIeLOBATeNbHO, JexaT Ha ONHOH CTOpPOHE IeCTHBEPILIHHHHUKA.
Eciu, nanpumep, A, crpemurcsi K A,;, To cropona A,;A, uMeeT CBOHM
npefiesioM KacaTeNlbHYIO K KBajpuke B Touke A;. ®durypy, Kotopas npu
3TOM IOJy4aeTCsl U3 nacKaJjeBa IECTUBEPIUIMHHHMKA (OHA COCTOUT U3 MSATH
TOUEK M ILUECTH NMPSMBIX), OYIeM HA3LIBATH NPe0efbHbIM UECUBePULLHH -
KOM; B JaJbHEHIIeM BCTPETATCS U JpPyrHe BUALI MpefeJbHBLIX IleCTHBEp-
WMHHKMKOB. EcJi¥ BepiuHy, B KOTOPOH CJHJHCH JBe BEPIUMHBI (ABOHHYIO
BepIIMHY), 0003HauUUTL AByMs (cocennHuMH!) HoMepamH, TO 0GO3HaueHHe

! Teopemy I[Tanmma uacTo HasbiBawT TeopeMoit [lackana — [lamna.
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IpelesbHOTO 1IeCTHBEPIUMHHUKA He OyIeT OTIMYaTbCA OT 0603HAUEHHS
OOBIYHOTO.

TlpumMensss npelenbHBbIl Mepexoj] pa3HOe YUCJAO pas, Mbl MOXKEM IO-
JIVUUTh NpeJie/ibHble [LEeCTUBEPIIUHHUKU C YETHIPbMS U TPeMs BepILIHMHAMU
(puc. 69—72, obpaTtuTe BHUMaHHEe Ha 00O3HAUYeHHE CTOPOH, MPOXOAALINX
yepe3 JBOIHbIE TOYKH). MBI mpHBeJEeM TOJBKO OZHY (GOpPMYJIHPOBKY, CO-
OTBETCTBYIOILYIO OJHOMY Tpefe/bHOMY Nepexony (cM. puc. 69).

Teopewma. ITycmv Oanbr namob mouex, u3 Komopelx HUKaKue mpu
He KOAAUHeapHsl, U npamas, npoxodiwas yepes 00HY U MOALKO O0HY U3
HUux. [aa moeo umobsl npaAmas Kacaiace Keadpuxku, onpedeasemot 0amnHol-
MU NAMbH moYkamu, Heobxolumo u docmamouro, 4mobel 045 npedesbHo20
WeCMUBEPULLHHUKA, 0npedessemoe0 OQHHbIMU MOUKaMUu U npamoil, 6ol-
NOAHAAUCY mpebosarus meopemot Ilackaasa.

3. Teopema bBpuanumpoHa u ee nOpexejabHble cily4yam. Paccmorpum
TeopeMy, [ABOHCTBeHHYIO Teopeme Ilackans.

durypoi#i, 1BOACTBEHHO! 1LECTHBEPLIMHHUKY, SBJASETCS ONATh ILIECTH-
BepLIMHHUK. [lo9TOMY TepMHH «LIECTUCTOPOHHHMK» Mbl YHOTpPeOASATH He
oynem.

K ¢urype, npeacraBieHHOR Ha PUCYHKe 68, HIMIOCTPUPYIOLEM Teope-
my [lackazs, npuMeHHM NOJISPHYIO KOPPEJSIMIO O, OTHOCHTENBHO KBaJ-

puky G. Torza BepiuuHbl A; BOMCAHHOTO HIECTHBEPIUMHHHKA OTOOpas3siTCs

06



Ha KacaTeJbHBIE @, K KBajJpuke, a CTOpoHH A4, ..., A¢A; — HA TOUKH
nepeceyeHusl 3THX KACATENbHBIX; 3TH TOUKH C LEJIbI0 COXPAHEHHS €IHH-
cTBa o6o3naueHuil 6yfeM o603HauaTh (a,a,), ..., (@4a,). llecTHBepIIMHHYK,
CTOPOHBI KOTOPOTO KacaloTCSl KBaJApHUKH, Ha3bIBaeTCs ONHCAHHBLIM. TaKHUM
06pasoM, mojsipHas KOPPeMNAlUs O, 0ToOparkaeT LIECTHBEPLIHHHHK, BITH-

CaHHBIH B KBaApuKy (, HAa ONHCaAHHBIH.

Touku P, Q, R, B KOTOPEIX NepeceKaroTCsl NPOTHBOIOJOXKHbBIE CTOPOHDL
BIHCAHHOIO ILECTUBEepLUNHHUKA, 0TOGpaXKalTCsl Ha Npsmele p, ¢, 7, Opo-
Xofsillie Yepe3 MPOTHBOIMOJIOXKHbLIE BePILIHHBI ONHCAHHOTO LIECTHBEPILHH-
HHKa, a mackKaJjeBa npsmasi S, Ha KOTopoi# JexaT Touku P, @ R, otobpa-
K®aeTcs Ha ToukKy Bpuanimona S, uepes KOTOpyo NPOXOAAT NpsMEIE P, ¢, I
(puc. 73).

Cthopmyaupyem TeopeMy bpuaniuona.

Teope™ma. [aa moeo umobel uiecmb npamolx, cpedu KOMopvLx Hem
mpex, npuHadiemcauux O00HOMY NY4YKY, Kacaauce OOHOU KBaOpuku, He-
06x00umo u OncmamouHo, 4mobsr mpu npamole, cOCOUHAOWUE NPOMUBONO-
M0XCHbIE BEPULUHbL LECUBCPUIUHHUKA, CHOPOHAMU KOMOPO2O SBASIOMCSA
daHHble npAMble, NEPeceKasucs 8 o0Holl mouke (mouka bpuarnuiona).

[TpenenbHble cayyan Teopembl DpHaniloHa MoryT ObITh NOJYYeHBI
1ByMs croco6aMu. Bo-niepBbiX, OHH JBOKCTBEHHBI TeOpPEMaM, BhIPAKAIOLLHUM
npefenbHBIe CJayuau TeopeMbl [lackass. Bo-BTOpBIX, HX MOXHO NOJYYHThb
nyTeM MpeleJbHOrO Mepexofa M3 caMol TeopeMbl bpuanmona. Ilpu sTom
Hafl0 TOJIbKO MMETb B BHUJIY, YTO NMpPH CJAHUSHUHU ABYX KacaTeJbHbIX a; U Q4
K KBaJ[]piKe TOYKa HUX nepeceuenus (a,a,) UMeeT CBOMM IpeflesiOM TOUKY
KacaHHS.

Mur He OyneM noapoOHO OCTAaHABJAUBATBHCS HA 3THX NPENETbHBIX CJY-
yasgx. OrpaHuyuMCcs pacCMOTpeHHeM uepTexedt (puc. 74—77), Ha KOTO-
PEIX M300pakeHbl Npejie/ibHble ONUCAHHblE LIECTHBEPILHHHHKH, HMEoLLHe
MO LIECTb BEPLIMH, HO TOJIBKO MSTh, YEThipe WJIM TPHU CTOPOHHL. Bo Bcex
clydasiX MCIOJB3YIOTCS 0003HAUYEHUS, BBEJIEHHBIC HA pUCYHKe 73.

[MIpumep 1. aner nams mouex xeadpuxu. ITocmpoum xaxyro-aubo
wecmyro.

Pemenmne. Hckaouags TpHUBHAJBHOE IMOCTPOEHHE, pPACCMOTPHUM
clyyal, KOrja cpefld JAHHBIX TOYEK HET KOJJHHEapHBIX TPoeK, T. €. CJy-
3afi OBaJIbHOH KBAaJpHKHU.
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Puc. 76

O603HaYUB JaHHblE TOUKHU yepe3
A, i=12,.. 5 mnpuMeM HX 3a
BEepIIMHBl MacKaJjeBa lliecTHBEpPILUH-
HUKa, llecTas BepumHHa Agz KOTOpO-
ro HeussecTHa. M3 Tpex Touek

P = (4,4, N (A445),
Q= (AzAa)n (AsAe)’
R = (A344) N (4¢4y)

nacKaJieBo# NpsIMOM S U3BECTHA TOJIb-
KO Touka P, ocTajabHble 3aBHCAT OT
HeusBeCTHON ToukH Ag. Ilposenem
npsiMylo § 4epe3 P NpPOU3BOJIBHO H
BepHeMCsl K mocTpoenuto Touek Q u R (puc. 78). Temepp oHHM Jierko Ha-
xousatest: Q = (A.A3) NS, R = (A3A,) N S, NO3TOMY MOXKHO IOCTPOUTD
JiBeé HEH3BECTHble CTOPOHB! ILECTHBEPIIUHHHUKA:

(4546) = (A5Q), (A641) = (AiR).

Hckomas Touka Ag sBASETCS TOUYKOH NepeceueHusl 3TUX CTOPOH.

Bribupas mnackaJjeBy NpsIMyl0 JPYTHM CIOCOGOM, MOXKHO MOJYYHTh
ApyTHe TOYKH, Jexalllde Ha KBaJpUKe.

IMMpumep 2. [Jano name mouex o6arsroil keadpuku. Ilocmpoum 6
00HOU U3 HUX KACAmeAbHYo K Keadpuxe.

Pemen ue. [lanHple TOYKH NpuMeM 3a BepiluHbl A; nmackaJjieBa
IIECTHBEpPIINHHHUKA, IPHYEM TY, B KOTOPOH HYKHO NPOBECTH KacaTe/bHYI0,—
3a gBofiHyl0 (Hanpumep, 3a A,;, A,). OcTanbHble BeplIHHE 0603HAaya-
eM OoCTaBIUMMHUCS OyKBaMH npousBosbHO (puc. 79). Takum oGpasom, B
NpefebHOM ILeCTHBEPIIMHHUKE H3BEeCTHBI BCE BEPIUHHBEI U MSITb CTOPOH,
HE H3BeCTHa TOJIbKO cTopoHa A;A,, OHA KaK pa3 U sIB/IsSETCs MCKOMOH Ka:
caTeJIbHO1.

CrpouM TOYKH MacKaJ/ieBOH NpsiMOii

Q= (AzAa) N (AaAe)’ R = (454, N (AeAl),
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a 10 HUM M caMy IacKaJeBy Hpsi-
Myio s. Tak kak P=(A;4,) N (4 ,4;5) €

€s, TO TOYKY P MOXKHO HNOCTPOHTH as
KaK TOYKY NepeCeueHHUs MacKaJ/leBOH

IpsIMOl ¢  M3BECTHOH CTOPOHOM >
(A4A5). Temepp cTpOHM HCKOMYIO
Kacateapuyio (A,4,) = (4,P).

[Ipumep 3. [Hanoet name Ka- r
COMeAbHbLX K 08aAbHOU  KBadpuke.
[locmpoum mouxy xacarnus 00HOU u3 a,,a, (@, a;)
HUX.

Hacrosimuii npuMep JIBOHCTBeH Puc. 80
0 OTHOLUEHHI0O K MpeAblayIIeMy.

Ero pemenve ocHOBaHO Ha TeopeMe DBpuaHIoOHA.

Pemesn ue. [lanube npsiMble npuMeM 3a CTOPOHBI @; [I€CTHBEPIIHH-
HHMKa, NPUYEM Ty, TOYKY KaCaHHUSA KOTOPOH HAN0 HAWTH, — 33 JBOUHYIO
(HanpuMmep, 3a a;, a,). OcTa/lbHbIE CTOPOHbI 0003HAYaeM OCTaBIIMMHCS
6ykBamu npousBosibHO (puc. 80). Takum o6pasoM, B mpeaesbHOM IIeCTH-
BEPIIMHHUKE H3BECTHH! BCe CTOPOHLI M NSTh BEPIIHH, He H3BECTHA TOJIbKO
BeplUHHA (@;Q,), OHA KaK pa3 U SIBJSIETCS HCKOMOI TOYKOHN KacCaHUs.

CrpouMm npsiMble ¢ U r, COEIUHSIIOLIME NPOTHBONOJIOXKHbBIE BEPIIHHBI
HIECTUBEPIIMHHHKA (@yQ3) U (A5as), (As4) U (Qga;) COOTBETCTBEHHO, a MO
HUM — Touky DBpuanmona S = g (] r. Tak Kax 3Ta Touka JIEeXUT Ha Nps-
MO p, CoefuHAIOUIeH W3BECTHYIO BepIUHHY (@,a5;) ¢ UCKOMO# (a,a,), TO
MOKHO NIGCTPOUTH NPSIMYIO p, 4 3aTeM K HCKOMYIO TOUKY (a,as) = a; ] p.

—
AN
s

§ 18. KBAAPUKH HA PACUUPEHHON EBKJUAOBOA NMJIOCKOCTH

1. Addunnas kaaccubukauus ksaapuk. B § 7, n. 4 Mbl yxKe uUmesH

JeJI0 ¢ KBaIpMKaMHU Ha paClUHpPeHHOH MJOCKOCTH R,. Mbl BUAeH, UTO 3J-
JIMIIC He HMeeT HecOOCTBEHHBIX TOuek, mapaboJ/a KacaeTcss HeCcOOCTBEHHOH
NpsiMOH B HeCOOCTBEHHOH TOYKe CBOeH OCH, a runep6o/a nepecekaeT He-
COOCTBEHHYIO MPSIMYI0O B JABYX TOYKaX — HECOOCTBEHHBIX TOYKAX CBOHX
aCMMITOT. DTH Pe3yJbTaThl MOTYT ObIThb HCIOJb30BaHb /IS KJjacCHPHKa-
IIMM KBaJpHK Ha HepacClUHPeHHOH MNJOCKOCTH R,.
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IlycTs mano ypaBHeHHe KBaJAPUKH Ha IJOCKOCTH R, B adpuHHBIX
KOOpAMHATaX:

g11X% + 2812Xy + Go2¥? + 2813 X + 2803y + g33 = 0.

KosdbHuiueHTsl 3TOr0 ypaBHEHUS MOTYT ObITh JIOOBLIMH UYHCJIAMH, €CJIH
cTapiiie KO3hOUIHEHTEl 1y, Z12, Zoo HE PABHBI HYJIO OJHOBPEMEHHO.

B naHHOM ypaBHEHHH BBINOJHHUM Iepexol K OXHOPOIHBIM adHUHHBIM
KoopauHaTaM no ¢opmyaam (7.2). B pesysbraTe nosyuutcs keajapuka G

Ha NJOCKOCTH R,. ¥YpaBHeHHe 3TOH KBAaIpPHKH HMeeT BHA:
guX? + 2819%1Xy + GooX3 + 2813%1%3 + 2803%0X5 + gs3x 3 = 0.

KBazpuka G MOKeT OT/IMYATBCS OT JAHHOH TOJIbKO HECOGCTBEHHBLIMH
Toukamu. Halizem ux konndectBo. C 3TOf Lesbio pelllaeM COBMECTHO ypaB-
HEeHHe KBaJApHUKH G ¢ ypaBHeHHeM HeCOOCTBeHHOH mpsamoél xg = 0. [loay-
yaem:

gux? + 2819%1%5 + Goox3 = 0.

9TO — KBaJpaTHOe YpPaBHEHHE OTHOCHTEJIBHO X, : X, (HJIH X, : %), YHCJIO
pelleHHH KOTOPOro 3aBUCHT OT 3HaKa JUCKpUMUHaHTa A = g2 — g, 0,,.

ITpu A > 0 HecoGCTBEHHBIX TOYEK ABe (rumep6osia MM Mapa mepeceKaio-
IUXCS BEIleCTBEHHBIX NMpAMBIX), Npu A = 0 — oana (napaGosa WM na-
pa napaJiJie/IbHbIX NPAMBIX, KOTOPbIE, B YaCTHOCTH, MOTYT COBNJaTh); NPH
A < 0 xBajpHKa He MMeeT HeCOOCTBEHHLIX TOYEK (3JJIHNC WJIM Mapa MHH-
MBIX MEpeceKaloIuXCsl MNPSAMBIX).

Tenepr ¢ yyeTOM NPOEKTHBHOH KJaCCHQUKAHM KBaJPHK MHOJydYaeM
GoJiee fleTaJbHYIO KJACCH(HKALHIO KBAJAPHK Ha IJOCKOCTH R,, Ha3bIBae-
MYIO aurroll ¥ W3yYaBINYIOCA B NMPEABIAYIIHX pasfesnax Kypca reoMer-
pun. OHa npuBeleHa B Caenylomei Tabmauie:

Paur l 3nak A Addunnnit Kiace I ITpoexkTuBHBIH KJacc

MuuMBIf ss1mHIC HyneBass kBanpuxka

Munyc
Anmunc

3

Hyas [TapaGouna OsBasbHast KBafpuKa

[Tnioc T'unep6oua

Munyc [Tapa MHHMBIX TMepeceKalOIHUXCH NPAMBIX

Ilapa MHEMBIX mpAMBIX
ITapa MHMMBIX NapaJJlesbHBIX NPSMBIX

o | Hym
[Tapa napanne/bHbIX MPAMBIX
[Tapa mpsameix
[Nmoc [Tapa mepecekaiouMXcs MPAMBIX
1 | Hyas [Tapa coBnaBwHX mnPAMEIX [Tapa coBmaBlI#X NPAMBIX
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2. lentp kBagpuku. LleHTp KBanpuku OOLIYHO OMpENENseTcss Kak
TOYKa, B KOTODOH JEJATCS NONOJaM BCe NMPOXOASALIHE Yepe3 Hee XOpIbl.
Ha eBkunoBoi#l miockocTy R, 3//unc v runepbosia UMEIOT LEHTpP, a na-
paboJjia — HeT.

[lepefinem Tenepb K paclIMpeHHOH €BKJUAOBOH MIOCKOCTH R,. Besakas
TOYKa, FApPMOHHUYECKH CONPSXKEHHAs C LIEHTPOM 3JIMICA WJIH THNepGOJHI
OTHOCHTEJbHO 3TOH KBaJDHKH, — 3TO HEeCOOCTBEHHas TOYKa (CM. TeopeMy
§ 4, n. 2). Otcioga B cUJIY ONpeAesieHHs NOJSPHL CAEAYET, UTO HOALPOL
yeHmpa ABASEMC HecobcmeeHHas npamas. D10 JaeT OCHOBaHHe JJis CJie-
IYIOIIETO ONpelreseHNs .

Onpeneanenue. [leumpom OBaJbHOH KBaJpPUKH HaA3LIBAETCH
noJiroC HeCOOCTBEHHOH MPSIMON.

D10 onpezelieHHe, KaK CIeAyeT M3 NpPEALIeCTBYIOIIUX eMy paccyxie-
HUil, AJIS JJIMNCAa U runepOo/ibl PaBHOCHIBHO OOGBLIUHOMY ONpefeeHHIo,
NpUBENEHHOMY B HayaJe NyHKTa. Ho ero MoXHO NpUMEHUTb U K mapa-
6ose. HecoOcTBenHass mnpsiMas, KakK OTMeYaJoCh, KacaeTcs I1apaboJibi
B HecoOCTBeHHO#H Touyke C_, KOTOpasi MO3TOMY M SIBJSIETCS NOJIOCOM He-

co6ctBenHo# mpsiMoii. CriefloBaTesbHO, yeHmp napaboael HAXo0UMCS 8 ee
HecobCcmeeHHOU mo4ke. DTO He IIPOTHBOPEYUT HU3BECTHOMY (GaKTy, UTO Ha
HepaclIMpPeHHON MJIOCKOCTH R, napabosa LEeHTpa He HMeeT, TaK Kak
C.¢R,.

Tenepb Jierko HaxoAsiTc KOOpAuHATHl IeHTpa C /mo60H oOBasbHOM
kBanpukd G B ofHOpOAHO! adduHHOU cucTeMe KoopiauHaT., C HOMOLIbIO
dopmyJisl (16.11) Haxopum:

AC = G-laT, (18.1)

rie a_ — KoopiuHaTHasi CTpoka HecoOcTBeHHOH mpamoi a_ (0:0: 1),

3. Juametrpn! kBagpuku. J[H#aMeTp KBaJApPHUKH Ha MJocKocTH R, o6bluHO
onpenesisieTCss KaK MHOXKECTBO CepeljdH napaJliiebHbIX XOpA. [lokasbl-
BaeTCsl, YTO BCE CEepeJMHbI JieXKaT Ha NMpAMOH. YI0OHO Ha3bIBaTb JUHAMeT-
poM Bcio 3Ty npsimyio (puc. 81).

Ha paciunpeHHO#R eBKJINAOBON MIOCKOCTH R, CePEeIHHBI Mapajie/bHbIX
XOpA TapMOHHYECKH COMNpPSAMXKEHbBl OTHOCUTENbHO KBaJPHUKH C OJHOH H
TOH K€ HeCOOCTBEHHO# TOYKOi P_, uepe3 KOTOPYIO NPOXOASAT BCe napaii-

Ae/ibHEIE XODAbl. 3HAUMT, AHAMeTP p ecTb mossipa Touku P _. B ceasu ¢

5THM NIPHMeM CJeNyIollee ONpeeieHHe.
Onpenenenue. Juamemponm

0BaJIbHOH KBaJDUKH HA3bIBaeTCsl IOJIsI- Q
pa HecOOCTBEHHOH TOUYKH. G =
Tak xkak P_€ a_, TO moasipa p TOuY- / / / A,
ku P, # momoc C mpamoit a, OymyT 4 A
WHIMJICHTHBIMH, T. €. AHAMETP KBajpH- / ] ] p
[~ -1

KU BCerfia IMpOXOAHUT yepe3 IEHTpP. ITO,

MexXAY NPOYUM, O3HAYAeT, YTO B CJydyae

napabosibl, y KOTOPOH LEHTP ABJSETCH P
HeCOOCTBEHHBIM, BCe AHAMETphI MapaJi- Puc. 81
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Jeabubl. HecoOcTBeHHass npsiMasi TOXe
IvameTp napaboJibl.

BosbMmeM Ha fuameTpe p HeCOOCTBEH-
Hylo Touky Q_. Tak kak Q_ € p, 10
gd P_, 1. e. moansipa ToukH Q_ (mua-
MeTp ¢) MPOXOAMT yepes TOUuky P_ (cm.
puc. 81).

JluaMeTp p nenuT nomosaMm Bce na-

Puc. 82 paJiiesbHble XOPIbl, NPOXOASAILHKE Yepes

TOUKY Q_, a fuaMeTp ¢ — XOpJAH, Mpo-

xousimue depes P_. JlunameTprl, oba-

Jalolue TaKuM CBOACTBOM, HAasbIBAIOTCSl CONpPSXKEHHLIMH. Tenepb 3To
TIOHATHE YAOOHO ONpPEJEJUTb B TEPMHHAX NMPOEKTHBHOH TeOMETPHH.

Onpenenenue. JiBa nuamerpa KBaJAPUKH HA3LIBAIOTCHA CONpS-
dHCeHHbLMIL, €CTH KaXK/BIAl U3 HUX TPOXOAHUT Yepes MoJIoC APYroro.

Jlerko BUIETb, 4TO B ciyyae napaboJibl KaxKIbifi JAHAMETD CONpSIXKEH
c HecOOCTBEHHBLIM ee JAuaMeTpoM. B camom jene, Kaxupli COGCTBEHHBIH
auameTp p mapaGoJibl MMEEeT OfHY HEeCOOCTBEHHYI0 TOUKY — LIEHTpP napa-
Goael C_ . CliefoBaTeNIbHO, OH CONPSiXKEH C NOJIAPOH 3TOH TOYKH, a €0 SB-
JsieTcss HecOOCTBeHHAas IpsiMas a@_; 3Ta CUTyallus YCJIOBHO H300parkeHa
Ha pHUCYHKe 82.

Ha nepacuiypeHHOH IJIOCKOCTH R, AHaMeTphl MapalGoJikl HE UMEIT COo-
NpsiXKEHHbIX.

4. AcumnroTbl KBagpuku. B § 7, n. 4 Obljo yKe yCTaHOBJIEHO, 4YTO

2 2
4 Xg

1 2

runepbosia — — R 0 wumeer HecoOcTBeHHBle TO4KH K_ (a:
a

:b:0)w L_(a: —b:0). Haiinem mo dopmy.se (16.5) kacatenbrbie K

runepboJjie B 3THX Toukax. Jljusa Touku K_ umeeM:

L o o
a? Xy

la b0l -[ o =t of [x=]|=0
0 0 —1

15885
1% _
a b

[lepexonst K HeONHOPOIHLIM KOOpDAMHATaM, NOJyd4aeM yYpaBHEHHE acHMI-

TOTHl y = —X. AHaJIOrMYHO OGCTOMT [€JIO M C KacaTe/lbHOH B TOuke L_ .
a

JlaguM crenyrolee OrnpejesieHue.

Onpeneneunune. Acumnmomoli KBaIpHKH HAa3LIBAETCS Kaca-
TeJibHAA K HEH B ee HeCOOCTBEHHOM TOUKe.

DuiUne HeCOOCTBEHHBIX TOYEK He HMMEET U MOTOMY He UMeeT aCHMIITOT.

AcumnroTro#t napaGosibl Ha paclIMpeHHOH MJIOCKOCTH R, siBaseTcs Hecob-
CTBEHHas IpsiMasi, Ha IJIOCKOCTU R, y napaboJibi aCUMITOT HeT.
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Heco6ctBennete Touku K u L 6
runepGOIEl MHIMACHTHBL HECOOCTBEH- L4

7] © - -]
HOH MPAMO# @, NO3TOMY HX TMOJSs-

pel 2 u [ nepecekawTtca B nojioce C

HeCOOCTBEHHOH NPSIMOM, T. €. aCHUM- k |

NTOTBl TUNEpOONBI MEpeceKaroTcsl B

ee LIEHTpe (CM. YCJOBHBIH puc. 83). T
MIpumep. 1 Hana xeadpuxka G

B0UM YpasHeruem 8 apPuHHbLX KO-

opdunamax: Puc. 83

x2 — 6xy 4+ 8y? + 2y = 0.

Hatidem ee agphunnsbili Kaacc.
Pemenue. Cucrema:

x2 — 6x;x + 8x2 + 2xx;3 = 0,
{x:} - O,

COCTOSIILIasi U3 ypaBHEHHUs KBaipHKH (G B ORHOPOAHHIX addHHHBIX KOOD-

JUHATaX M YypaBHEHHS HecOOCTBEHHOH NPSMOHN, NOC/E HCKJIOYEHHS Xg

NPHBOAMT K KBajJpaTHOMY ypaBHeHHIO X2 — 6x;x, + 8x2 = 0, auckpu-

MUHAHT KOTOPOro 6oJibille HYJs. A TaK Kak MaTpUlia KBaApPHKU

1 —30
—3 81
0O 10

IBJIleTCS1 HeoCOOeHHO#, TO B COOTBETCTBUHU C Tabuiniield nyHKTa | nmenaeM
BLIBOZ, 4YTO KBaZpuka (G — runepboJa.
Ilpumep 2. Haiidem acumnmomer 2unepborsr u3 npumepa 1.
Pemenue. Pemas kKBaapaTHOe ypaBHEHHe, MOJYYEHHOE MNpHU
pElleHHH MpeNBIAYIEero NpuMepa, OTHOCHTEJBHO X, : X,, HAaXOAHUM [iBa
3HaueHusi: (X; : Xy) = 2, (x; : x5)” = 4. Tem caMbIM MBI HalIM KOOPAH-
HaTHl HecoOCTBeHHBIX TOoueK rumepbonbl: K (2:1:0) u L (4:1:0).

YpaBHEHHs] aCHMNTOT HaXOAWUM KaK YPaBHEHHS KacaTeJbHBIX B TOYKaX
K_wu L_. das toukn K_ 1o popmyJe (16.5) umeem:

1—-30 Xy
N2, 1, O)|- || —3 8 1|-|x,]|=0.
0 10 Xg

[Tocsie nmepeMHOXKEHHSI MOJyuaeM YpaBHEHHs ACHMITOTHL — X; + 2x, 4
4+ x3 = 0. AHaJOTHYHO HAXOJUM YypaBHEHHE BTOPOH ACHUMIITOTHL X; —
— 4x, + x3 = 0. Ilepexonss K HeOZHOPOXHBIM KOOpAMHATAM, TIOJY4a-
eM COOTBETCTBEHHO:

X—2y—1=0,x—4y +1=0.
Ilpumep 3. Haiidem yenmp eunepborvt us npumepa 1.
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Aseo , Asoo Pemenwue. [Tepsuii cnocob.
, Re  BBIMHCIHB MaTpHIY

AJIAE

103
~ "o G1=1001|,
= (M 311
< R o Haxopum neutp C no dopmyae (18.1):
Az

o

103y |0 3
(A, Az) < AMC =001 -lloll=11

R = 311 1 i1
\y < CrefioBaTesibHO, B HEOJHOPOXHON CH-
I CTeMe 1IeHTP uMeeT KOOpAMHATHI (3,1).
7 Bmopoii cnocob. LleHTp MOXKHO
/ HaUTH KaK TOYKY MEPECeUYEeHHs] acum-
Prc. 84 TOT, AJISI Yero HaJO peILIUTb CHCTe-
' My:

{x-—2y——1=0,
x—4y + 1 =0.

Pemas ee, npUXOAHM K TOMY K€ Pe3YyJAbTaTy.

[Ipumep 4. Hano ocb napaboasl, ee gepuiuta u ewe o0Ha mouxa
napaboast. [locmpoum kacameavrHyr K napabose 8 3moil mouxe.

Pewenue. KacaresbHas kK mapabose B ee BepilMHE H3BeCTHa —
3TO MepreHAUKYIAp K ocH. [TosToMy BepIuMHY cuuTaeM JBOHHOH BepILH-
HO1 NpeJie/IbHOrO lecTuBeplInHHKKa [lackans, o6o3nauas ee AByMsi Gyk-
Bamu A; u A,; KacatejbHas B 3TOi TOuKe Oyner croponoi A,A, mecTu-
BepIIUHHHKA (puc. 84).

HecoGcTBenHy0 TOYKY napalboJibl TOXKe CYHTaeM IBOHHOM BepHIHHOM
¥ obo3HauaeM uepes A, u A, ; cTOpOHa ILlecTUBepIIMHHUKA AgA, ecTb
HecoOCTBEHHAsl MpsMasi.

JlanHyi0 TOYKY TOXKe cuuTaeM [ABOMHOH BepuuHO#H A;, Ag CTOpOHa
IleCTUBepIIMHHUKA AzA,— UCKOMas KacaTesbHas.

Takum obpa3om, B npelesnbHOM luecTuBepluvHHUKe [lackansi usBecTHH
BCe BepIIMHBI U MATH CTOPOH, lIECTasi — HUCKOMas.

ITo Toukam P = (A;A,) | (A445) 1 R_ = (434,) N (Ag4;) (Touka
R wecobGctBeHnHasi, Tak Kak npamasi AzA, HecoGCTBeHHAs1) CTPOUM MacKa-
JeBy npamyio s = (PR_). Nanee naxopum Touky Q = (A,43) N (4s4),
NOJIB3YsCh TEM, UYTO OHA JIEKHUT Ha ackKaJjeBoH NPsMOH M, CJIefl0BaTe/bHO,

Q =s () (A,45), rae (A,A3) — ocb nmapabosel. Mckomasi npsiMasi mpo-
XOAUT yepe3 JAHHYIO TOUKY H TOYKY Q.



I'JIABA V1.
FECMETPUM T'PYIIbl KOJJAUHEALMA U EE MNOATPYIII

§ 19. TEOMETPUS U TPYMNIbl NPEOBPA30OBAHUA

1. KJueitHoBCKOe ompejeneHHe reoMeTpuud. Kak H3BECTHO, C KaxkaoH
rpynnoit W npeoGpa3oBanuit MHOKecTBa T CB13aHO HEKOTOpPOE OTHOLLE-
HMEe SKBHUBAJIEHTHOCTH MeXAY INOAMHOMKECTBaMH MHOxKecTBa T (B reomer-
pUH MPUHSATO MOAMHOXKECTBa OCHOBHOTO MHOXKECTBA HAa3blBaTb (uaypami).
Mur 6yzneM roBOpUTh, YTO Tpymna npeoOpa3oBaHu#l uHAYyupyem OTHOLIE-
HHE SKBHBAJIEHTHOCTH. A UMEHHO SKBHBAJIEHTHLIMH OYAYT TaKHe QUTYDHI,
KOTOpble MOXKHO OTOOPa3nTh OJHY Ha APYTYIO npeo6pa3oBaHUAMM U3 JaH-
Ho#t rpynnel. ['pynnoBble CBOHCTBA MHOXeCTBa IpeoOpa3oBaHM{i NO3BO-
JAIOT JIETKO JIOKa3aTh, YTO BBEJEHHOE OTHOIIEHHEe OyAeT HUMEHHO OTHOLle-
HHEM 3SKBHUBAJICHTHOCTH.

Tak, nanpumep, rpynna D nepemelnenuii eBKJAHIOBOH mJaocKocTy R,
HHIYIUPYET OTHOLIEHHE KOH2pYysHmHocmu; rpynna noxpobuit M — otHo-
menue nodobus; abdunnas rpynna A Ha R, — OTHOLIEHHUe, A/ KOTOPOTro
HeT CIEeIHaJIbHOTO TEPMHHAa U KOTOpOe MO3TOMY Ha3bIBAIOT MOJHLIM HMe-
HeM» — aghdhunroll axsusarenmrocmoro. OTHOILEHHe, CBSI3aHHOE C TpYyM-
nott K KossiMHealuuit Ha NMPOEKTUBHOM IJIOCKOCTU P,, Ha3bBaeTcs npoex-
MUBHOU 3KBUBANEHMHOCIBIO.

Bce MHOXeCTBO GUryp pa3buBaeTcsi Ha KJacChl 9KBUBAJEHTHOCTH, KO-
TOpBIe, KaK M3BECTHO, XapaKTEePH3YIOTCS CJEAYIOLUMH ABYMsl YCJIOBHSIMH:

1) mo6rle fBe GUTypH U3 OFHOTO KJjacca 3KBUBAJIEHTHBI,

2) moOble ABe (GUTYyPHbI U3 Pa3HBIX KJIACCOB HE 9KBUBAJIEHTHEL.

DTU YCJIOBHA HA «A3bIKe TPynn» GOPMYJHPYIOTCS Tak:

1) xaroset 6oL Hu GbLau 06e uzypel u3 o0Ho20 Kaacca, 8 epynne cyuyecm-
syem npeobpasosarue, omobpascarouiee 00HYy u3 amux ¢ueyp Ha Jpyeyr;

2) 6 epynne He cyujecmsyem npeobpasosanus, omobpasxarouieeo guaypy
HEKOMOpPoeo Kaacca Ha ghueypy 0pyeoeo Kiacca.

[locsennee TpeGoBaHHe MOXKHO CHOPMYJHpPOBATH H HHAue: 6CAKaAA
tueypa u ee obpa3 omuocumeabHo 1006020 npeobpasosarus U3 epynnol
exo0am 8 00uH Kaacc.

CaoiicTBa, obmue AJs BceX QUryp Kakoro-aubo KJacca, HasblBalTCs
eecomempudeckumu. VIHBIMH CJiIOBaMH, TeOMeTpHuYecKue CBOHUCTBA — 3TO Te,
KOTOpbLIE COXPAHSIIOTCS NMPHU BCeX NpeoDpasoBaHHMAX W3 AAHHOH IpYMNMHL

Tenepb siCHO, YTO CyLIECTBYeT OECKOHEUYHOE MHOXKEeCTBO PpasJHYHBIX
reoMeTpuii. QOHU XapaKTepu3ylOTCH KaK BbIOOPOM OCHOBHOTO MHOKECTBA
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T, tak u JeicTByromed Ha HeMm rpynnoii W npeoGpasoBanuii. Brpouem,
MHOXKeCTBO T BbIOMpaeTcsi OObIYHO HE BIOJIHE NMPOU3BOJBLHO: OHO HOJXKHO
OTHOCHTBCSI K KJacCy TaK Has3blBaeMblX MHOroo0pasuii, Ha ONpenejieHHH
KOTOPBIX 3leChb OCTAHABJIUBATLCS HE OyleM. 3aMETHM TOJIbKO, YTO €BKJH-
JIOBO NPOCTPAHCTBO R, NMPOEKTHBHAs MJIOCKOCTb P,, OKPYKHOCTb, Tpe-
YTOJbHUK, KOHTYD TPEYTrOJbHHKA, HHIHUHAPHYECKAs IOBEPXHOCTb U T. J. —
CyTb MHOrooGpasusi.

Manoxennsle cooGpaxenus npusenn O@. Kieiina'! K ¢opMy/iHpoBke
o0lIUX TPUHIUIOB TeOMETPHH, YTO TNO3BOJHJIO €My JaThb OmnpejesieHHe
reoOMeTpHH:

«Jlano MHOrooGpa3ue ¥ B HeM rpynna npeoOpa3oBaHHH; HYXKHO HC-
cjeoBaTh Te CBOHCTBA (GUTyp, NPUHALJIEKAMUX MHOroobpasmio, KOTo-
pble He U3MEHSIOTCS NOJ JeHCTBHeM npeoOpa3oBaHHil T'PYINIBL.

ITO onpezesieHHue OH POPMYJIHPYET U NO-IPYroMy:

«Jlano mMHOroo6pasue W B HeM rpynna npeoOpasoBaHuid; Tpebyercs
pa3BUTb TEOPHIO HHBAaPHAHTOB 3TOH TIPYMNIBI».

ITO Xe onpelesieHHe HHOrAa GOPMYJHPYIOT elie Kopoue (HO He
TOYHEH):

Teomempus — 3amo Hayka o ceoticmeax uayp, UHBAPUAHMHBLX OMHO-
CUMEAbHO Hexomopoll epynnsl npeobpaszosarnuii.

2. leomeTpus rpynnbl ¥ ee moarpynn. BBISICHUM COOTHOIIEHUE MeX-
Ny ABYMsl TeOMETpHUsIMH, AEHCTBYIOIIMMH HA OJHOM MHOXecTBe 7T': OfiHa
u3 HuX onpefensiercs rpynnoit W,, npyras — ee noarpynnoit W. Tlpu
nepexofie OoT reoMeTpuu rpynnsl W (Mbl 6ynem roBoputb: W -reomerpun)
K reometpuu Oosee mupoxoit rpynnsl W, psil reoMeTpHYECKHX CBOHCTB
yTpauuBaeTcsi, HOO CBOHCTBA, «BBIAEPIKHUBAOLIME» NPe0OPa3OBaHHUS H3
rpynnsl W, MOryT «pa3pymuTbes» NpH Apyrux npeobpasoBanusx. Crajo
GeiTh, npu nepexone ot W-reomerpuu k Wi -reomeTpuu psig reoMerpuye-
CKHX (aKTOB OTNajaeTt, T. e. reoMeTpus OoJiee LIMPOKOH Tpynnel GenHee
¢aKTaMu 1O CDABHEHHIO C reoMeTpHelt Oosiee Y3KOH IPYMNMHL.

Te dakTthi, KoTopble npuHamiexat W -reoMeTpuH, NpeacTaBIsIOT CO-
601 «Gosiee YCTOHUUBBLIE» CBOHCTBA (PUIyp, CBOHCTBA, KOTOPhIE «BHIAEDIKH-
BaloT» OoJiee WIHPOKYIO rpynny npeoOpasoBanuii. OHU npucymu GoJiee
OOLIMPHBIM KJaccaM 3KBUBaJEHTHOCTH. IJTO Oojee riyboKHe CBOMCTBA
¢uryp.

CpaBHuM, Hanpumep, M-reomeTpuio U A-TeOMETPHIO MJIOCKOCTH R,
TIe NPUHATH 0003HAYEHHS NpeAblayuero nyHkra: M — rpynna nopobui,
A — abdunnas rpynna; M < A.

1. B M-reoMeTpuu MHOKECTBO NOAOCHBIX TPEYTONBHHKOB 0Opasyer
KJIaCC 9KBUBAJIEHTHOCTH, a B A-TeOMETPUH BCE TPEYTOJBHHUKH 00pasyioT

OIMH KJacc.

o [a)? b\2
2. Teopema Iludaropa, sanucanHasg ¢GopmyJoi (—) —l—(—) =1,
c c
rAe a, b — KaTeThl, ¢ — IMIOTEHy3a NPSIMOYTOJBHOTO TPEYroJbHUKA,

COXpaHsieTcsl NMpH npeob6pa3oBaHUM NMOAOOUs, TAK KAaK BEJHUYHHA yrJia H

1 Qenuxkce Koefin (1849—1925) — Buijamoimuiics HeMmeukHuit MarteMaTHk. OO6imue
NPHHLKNEL TeOMETPHH GBIIH H3JI0XeHB UM B JieKIHH «CpaBHHTeIbHOE 0603peHHe HOBeli-
IIMX FeOMETPHYECKHX HCCJeJoBaHHH», H3laHHOH B 1872 r. oTAesnbHO# GPOLIIOPOH H H3-
BECTHOH MOJ HasBaHHeM «SpJyaHreHcKas nporpamma KiedHar.
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OTHOLUEHHE OTPE3KOB HHBapHaHTHH OTHOcHTenbHO M. CiienoBaTeNbHO,
510 dakT u3 M-reometpuu. B A-reoMeTpuu, rme Bce TPeYTrOJbHHUKH SKBH-
BaJIEHTHBI, 3Ta TeOpeMa He HMeeT CMbICJa.

3. Teopema «MejuaHbl TpeyrosbHHKa MepeceKaloTcs] B ONHOH TOYKe»
NpuHaAJeXUT A-reoMeTpuu U, cJefoBaTesbHO, M-reoMeTpuH TOXKeE.

4. TlonsiTue OKpPYKHOCTH MNpHHANJEXKUT M-reoMeTpuu, NOHATHE 3JI-
aunca — A-reoMeTpuu.

W rtak pasee.

B sakmouenue OTMeTHM, UYTO IUKOJbHASl (€BKJIHIOBa) TeOMETPHS —
310 D-reomerpust, rae D — rpynna nepemenienuii. Ho GoJbIIKHCTBO T0-
HATHH W (PaKTOB IIKOJBHOH reoMeTpuu Moxet GbITh OTHeceHO K M -reoMer-
PHH, a HEKOTOpHIe Jaxe U K A-reoMeTpuu.

BrisicHenue Bompoca O NMPHUHAAJ/IEKHOCTH MOHATHA ¥ (PAaKTOB IIKOJb-
HOM TeoMeTpHUH K OJHOH U3 TpeX YIOMSHYTHIX TEOMETPHH — MNOJe3HOe
yIpaKHeHUe.

3. IlpoekTHBHAsi reoMeTpUs Kak reoOMeTpPHUsl TPynnbl KOJJIMHeALHH.
B coorBercTBUM C omnpenenenueM KiiediHa NMpOeKTHBHASI TeOMETPHs H3Y-
YaeT CBOHCTBA (Uryp IIPOEKTUBHOH IJIOCKOCTH, COXPaHSAMOLIMECS TIpH
KOJUTMHEealMsX. DTH CBOHCTBA HA3BIBAIOTCH MPOCKMUBHbIMU.

['pynna komnuHeauuit K HHAYUHUPVET Ha TNPOEKTUBHOH TIJIOCKOCTH
OTHOLUEHHE NPOEKMUBHOU 3xsusareHmrocmuy. 110 3TOMYy OTHOIUEHHIO MHO-
XXECTBO BCeX GUTVp pasbHBaeTCs Ha KJacChl NPOEKTHBHO 3KBUBAJIEHTHBIX
MeXny coboit ¢uryp. IlpeameToM mpoeKTHBHOH reoMeTpuH, TakuM o6pa-
30M, fIBJISIIOTCA CBOHCTBA QUryp, KOTOPHIMH OO/MafaiOT 8ce GUTYPHL TOTO
WIH HHOTO KJjacca.

PaccMoTpUM HEKOTOpHIe KJlacChl NPOEKTHBHO 3KBHUBAJIEHTHBIX (ULYp
M NPHCYIIHe 3TUM KJjacCaM NPOeKTHBHLIE CBOHCTBA.

1. Kaacc npamox. JJOKaxkeM, UYTO MHOXKECTBO NMPSIMBIX 06pasyeT Mpo-
eKTHBHBIH KJjacCc. TakK Kak NpU KOJJIUHealusx npsiMasi oTofpaxkaercs
Ha NpsIMYI0, TO JOCTATOYHO MOKAa3aTb, YTO KAaKOBHI Obl HH ObLIH ABE Mps-
mble [ ¥ I’ cyliecTByeT KoJ/uHealus, oToOpakamoliasi OfHY U3 HHX Ha
ApYryio.

Bo3sbmem npou3BOJIbHO JBE yHOPsAOUEHHEBIe yeTBepKH Touek A, B, C, D
u A', B', C', D’, He Ko/i/ldHeapHEIe 110 TPH, HO TakK, 4ToObl A, B €l u
A’, B" €l'. Torna KosanuHeanusi, oroOpaKaiomiasi NepByi0 YeTBEPKY Ha
BTOpyIO (CM. TeopeMy § 13, n. 2), orobpaxaet [ na ['.

2. Kaacc nap pasiuuHolx npamelx. JJoKasaTenbCTBO TOTO, YTO NapHl
NPSMBIX 00Pa3yIOT KJaCcC MPOEKTUBHO 3KBUBAJEHTHHIX (QUrYyp, aHAJOTHYHO
npeipiaymeMy. 3aMeTuM, YTO Mapa pa3/iMUHBIX BEIIECTBEHHBIX NPAMBIX
obpasyeT KBapHUKYy paHra 2 U YTO KJacC TAKUX KBaJpUK yiKe Obli Bblie/eH
B § 15, n. 3.

3. Kaacc noarelx demoipexsepilurHnukog. T1o OYIEeT KJjacC SKBHBAJIEH-
THOCTH B CHJIy TEOpeMB! O 3aianuy KoJtuHeanuu (§ 13, n. 2). Bee durypsr
3TOro kKJsacca o0JafaioT CBOHCTBAMH, COCTABJSIOLUMH CONEPXKAHHE TeOo-
peMbl O FapMOHWYECKHX CBOHMCTBaX MOJHOTO 4YeThipexBepimiuuHuka (§ 10,
n. 2).

4. Kracc mpexsepiuttHHUKOS.

5. Kaacc eapmoruueckux wemeepox mouex. JloKaxkeM, 4TO MHOMKECTBO
rapMOHHUYECKHX YETBEPOK OOpa3yeT NMPOEKTUBHBIA KJacC. Tak Kak mnpu
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qQ\y KOJIIMHealusix TapMOHU3M He Hapy-

laeTcsi, TO JOCTATOYHO TIOKa3aTh,
D R p uTO, KAKOBBl Obl HU OBLJIHM rapMOHH-
~— yecKHe yeTBepKu Touek A, B, C,D u

A', B', C', D', nafizercsl KOJIJIHHe-
auus, otoOpaxkawoliasi NnepByl Yer-
BEpKY Ha BTOpYIO.

IlocTpouM moJHBIE YeTHIpexBep-
mWHHHUK PQRS Ttak, uto6nl A u B
ObIM €r0 JAMaroHa/JbHLIMH TOYKaMH,
a C u D jyexanyu Ha CTOpOHaX, NpoO-
XOASILIUX uepe3 TPEThIO JUAroHaJb-
HYI0O TOuKy (puc. 85); Takoél yeThl-

Puc. 85 peXBEpIUUHHUK MOXKeT MOJYy4YUThCS,

HanpuMep, NpH MOCTPOEHHH YeTBEp-

TOH rapMOHHUYeCcKO# K ToukKam A, B,

C. Takum xe 0o6pa3oM, UCXOJs1 U3 BTOPO# YeTBEPKH, CTPOHUM UYeThIpeXBep-
mwHHHEK P'Q'R'S’.

Ecin o0o3HaueHHs1 YeTHIpeXBepLIMHHUKOB BHIOpAHBI COOTBETCTBEHHO,
TO KOJIMHeanus, oTobpaaioiias nepBblil Ha BTOPOfi, NepeBOAUT MEepPBYIO
rapMOHUYECKYIO 4eTBEPKY BO BTOpYIO.

6. Kaacc osarvreix keadpux. Tak Kak KoJJuHealusi eCTb JHHEHHOE
npeoObpa3oBaHue, TO ypaBHEHHe BTOPOTrO MOpPsifiKa TMpPH KOJJIUHEAIUH
IIepeXOJUT B YpaBHEHUe BTOPOTO NOPSiAKa, T. €. KBaApHKa oToOpakaercs
Ha KBaJpHKy. BoJsee Toro, eciu JaHHas KBaZpHKa OBaJibHasi, TO ee oOpas3
TOXKe OBaJ; 3TO NpsIMOe CJeACTBHE 3aKOHA MHEPLHH KBaJApPaTHUHBIX QOPM.

OcraJioch 0Kas3aTh, 4TO AJisi JIOOBIX IBYX OBaJbHBIX KBaipuk G u G
HalifieTcsl KOJJ/MHealnus %, otrobpaxatwomasn G ua G'.

Ilycte R = R (E;) — Ta cucteMa KOOpJAHHAT, B KOTOPOH KBaJpHKa
G umeer KaHOHHMYecKoe ypaBHeHue x? + x2 —x2=0, a R' = R (E)) —
cucrema, B Kotopoit G' uMeeT Takoe e ypaBHeHHe. PacCMOTpUM KOJIJIH-
Heauuio x, ONpenessieMylo ycjoBusiMu E; — E:;, i=1,2, 3,0. Torxa,
KaK TNOKAa3aHO MpPH J0Ka3aTeJbCTBe TeopeMbl § 13, m. 2, KoopauHATH Ka-
KO#-1100 TOYKH B cucTeMe R paBHBI KOOpAMHaTaM ee oOpas3a B CHCTeMe
R’. CnenoBatesibHO, 00pa3 BCAKON JUHUU HMeeT B R’ Takoe ke ypaBHe-

HHe, KaKoe caMa JiuHHus uMeeT B R. Orciona 3akJjouyaeM, yto G' — obpa3
G npu KOJJHHEaluH .

[IpoBenennoe H0Ka3aTeJIbCTBO MO3BOJSET OOBSCHUTb, MOYEMY INpHU
MIPOEKTHBHOM KJIaCCH(PUKALIUHM OBaJIbHblE KBaJpPHKH BHIIEAAIOTCS B OT-
JeNbHBIM KJacc, a IepBble JBa NpHMepa HACTOSAIIEr0 MyHKTa—I04eMY BhI-
JeJISIIOTCS B OTHEJIbHBIE KJacChl Napbl COBNABUIMX M TNapbl pas/iMYHBIX
NpsiMBIX.

Panee Obliy pacCMOTpeHbl MHOTHE TPOEKTHBHEIE CBOMCTBA OBaJIbHBIX
KBaJpHK. DTO MOJISIPHBEIE CBOHCTBA, a TaK¥Ke CBOUCTBA, BhIpa)kaeMble Teo-
pemamu Ilackans u Bpuaniona.

4. A6comot. PaccMoTpum oOmIMH nmpHeM NMOCTPOEHHS Pa3HBIX TeoMeT-
pull, Toxke npepioxeHHbii ©. Kieihnom.

Ilyctb Ha MHOXkecTBe T, 3JieMeHTH! KOTOpOro OyjeM HasblBaTh TOYKa-
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MH, JeHcTByeT HeKOoTOpasi rpynmna mnpeo6pasoBanuilt W. Bo wmHoxecTBe
T BoigesnuM Kakoe-Ju00 NOAMHOXKeCTBO N M pPacCMOTPHM JIHIUbL Te Npe-
o6pa3oBanusi v € W, Koropble 3TO NOAMHOXKECTBO OTOOpaxkaioT Ha celbsi:
v(N)= N. Takue npeoOpa3oBaHHUsI HA3BIBAIOTCS QBMOMOPHUIMAMU OT-
HOCHTEJILHO ToAMHOXKecTBa N, a camo nogMmHoxectBo N — abco-
AOMOM.

3ameTuM, YTO 3TO OmpefieseHue He TpebyeT, YTOOBl Kaxkjaas Touka ab-
coJoTa OToOpaxkanach Ha ce0Osi; JOCTATOYHO JIMILb, YTOOBI abCOMIOT Kak
eJsioe ocTaBaJscsi 6e3 U3MEeHEeHUH.

Teopewma. ITycme na mromecmee T, nHa komopom 3adan abcoaom
N, Oeticmeyem epynna npeobpasosaruii W . Toeda

1) mroxcecmeo V npeobpasosarnuti us W, agmomopghHeix omuocumesbHo
abcoaroma, ecme nodepynna epynnet W,

2) cymcenue 8caxkoeo npeobpaszosanus, exodaueeo 8 V, Ha MHONECMBO
T \\ N ssrsemca npeobpasosaruem muoxmecmea T \_N.

HokasaTteabcTBo. l.Ilokaxewm, uto V ynosjerBopsier AByM
TpeOOBaHHUSAM, XapaKTEPHU3YIOUUM NOJACPyNNy.

[lyctb vy, v, €V, T. €. vy (N) =0, (N) = N.
Torna:

U0 (N) =0, U, (N)) =0, (N) =N

H TIOTOMY 0,0, € V.

Ecnu Ha obe yactu paBeHctBa v (N) = N nogeiictBoBaTh npecGpaso-
BanueM v, To moayuuM v~! (N)= N. CnemoBatesibho, u3 v € V BeITeKa-
erv ! €V.

[lepBasi yacTb TeOpeMbl JOKas3aHa.

2. TlokaxeM, uTo J060e npeobpasoBanue v € V OuektuBHO 0TOOpa-
xaet MHOXecTBO T \ N Ha cebs.

[Ipexxne rcero 3ametuM, uto ecii A € T\ N, Tonv (A) €T \\ N.
B camoMm gene, ecnu Oul v (A) € N, 10 v (v (A)) € v (N) u, creposa-
tenbHo, A € N. Urax,

(T \N)=T \_N.

M3 3Toro COOTHOIUEHHS] W OnpeleseHus abcofioTa ClefyeT, 4yTo mnpe-
oOpa3oBanue U OHEKTHBHO oToOpakaeT mMuHoxkectBo 7 \ N Ha cebs, Tak
KaK B NPOTUBHOM CJydae OblJI0 Obl HapyLIeHO COOTBETCTBYIOIEE CBOHCTBO
otoOpaKeHHUs1 v Kak npeoOpa3oBaHus MHOxkecTBa T .

Teopema nokasana. OHa Mo3BOJISIET pacCMaTpHUBaTh MOATPYNNy aBsTo-
MOpdH3MOB Kak rpynny npeo6pasoBanuit MHOXecTBa T\ N, uTO OOBIUHO
U Jlenalor.

B panpuefitiemM HaM npujercs Ha rpynny V HasnaraTh JONOJHHUTE/bHBIE
orpaHu4eHusi, 3aKJouaronigecss B TOM, YTo npeobpasoBanus H3 V HOJKHEL
NeHCTBOBaThL BHYTPH abcomora N He NPOM3BOJILHO, @ HEKOTOpPLIM OIpere-
JeHHbIM oOpasoM. Hanpumep, MoxkHO morpe6oBaThb, 4TOOBI NpeoOpa3oBa-
HUA U3 V He ToJabKO MHOXeCTBO N oToOGpaxaJiid Ha cebs, HO 4TOObI OHH
TaKXke OCTaBJIsiJIM HENOABHXKHOH HEKOTOPYK TOYKY MHOXKecTBa. B Takom
cayyae abCOIOTOM CJIYKUT MHOXecTBO /N € OTMeYeHHOH B HEM TOY-
KOH.
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§ 20. A®®UHHAS F'EOMETPHA C MPOEKTHBHOA TOUYKHU
3PEHHU A

1. Addunnaa rpynna kak rpynmna aBToMoppu3MoB OTHOCHTE/IbHO He-
coGcTBeHnoM npamoil. B atom M caenywom#x naparpadax Oyner nokasa-
HO, KaK peajusyiorcs uien Kuefina, ussioxenssle B § 19, B npumeHenun
K adpdHHHOHU, eBKJUAOBOH, HEKOTODHIM HEEeBKJHUIOBLHIM reoMeTrpusiM. Bce
9TH TeOMETPHUH SIBJISIIOTCS IeOMETPHSIMH TOATPYMI NPOEKTHBHOH TIPYMIIHL

Teopewma. Ecau Ha pacwupennoti esxaudogoil naockocmu R,
Ha xomopotl Oeticmeyem epynna K xoaruneayuii, 3a abcoarom npunsamo
HecobCmeeH Y0 npamyro a_, mo coomsemcmeyowas nodepynna A asmo-

Mopusmos, paccmampusaemas Ha R, \ a_ = R, m. e. na esxiudosoil
naockocmu, f8asemcs epynnotl agpurHelx npeobpasosaruil.
JNokxasaTeabcTBoO. Ha niockoctu E BBeleM CUCTEMY OJHO-

ponHbIX apdUHHBIX KOOpAMHAT. Torja ypaBHEHHS NMPOU3BOJBHOH KOJJIH-
HeallUH % MOXHO 3anucalb B Buje (13.2):

Ay = pux; + prax, + D15%3

Ax, = P21x{ + P22x12 + P23Xév

hxg = p31x; + Pazx; =+ Pssxéa
rae Ha KO3(dHMIMEHTHl p;; HAKJIaIblBAETCs ENMHCTBEHHOE OTPaHHUYEHHE

det || p;; 1! == 0.
Tak Kak npsiMas a_ ¥MeeT ypaBHeHHe X3 = 0, To ee o6pa3 GyneT UMeTh

YPaBHEHHE Pai X, + PaoX, + paaxy = 0. UT0oOB KosiHHeanHs % BXOAHJIA
B noxarpynny A, Hano, 4to6sl 00pa3 npsAMOi a_ ¥ cama npsiMasi COBIaja-

J4, a 3To OYyHeT NpHU YCJIOBUH pg = pg, = 0. CuepoBaTenbsO, npeobpa-
30BaHHUsl NOATPYNNEI @BTOMOP(QU3MOB 3aJaloTCs CJAEAYIOLIMMH ypaBHe-
HUSAMU:

Axy = puXy -+ PiaXy + Pis¥s

Axy = P21x£ + Pzzx:q + P23xé’

hxg = P3s¥s3:

rae

P11 P12 Pis

P21 P2y P23 = Ps3 511 513 70

0 Das 21 Pas
H, CJIegOBaATEJIbHO,

=0, |Pu Plz‘ =+ 0.
Pss Pa1 Poo

[TpeoGpasoBanue % paccCMOTPHM Ha MJIOCKOCTH R, AJis 4ero JocTaToy-
HO cuuTaTh X3 7 0, x,7= 0. Kpome Toro, et Gosiee HagOGHOCTH B OLHO-

POINHBIX KOOpJHHATaX, MO3TOMY B YpaBHEHHSIX NpeoOpasoBaHHs MNepen-
JEM K HEOLHOPOAHBLIM KOOPJAHHATaM, [/15 4ero nepBoe M BTOPOe ypaBHEHHs

X
pasnesuM MOYJEHHO Ha Tperbe. Tak Kak no gopmynaam (7.2) 2 =y,
X

3
X3
L = y’ TO
X3

110



p p
x:.&l_lx’ 4 _Lzy’_}_.ﬁ,
P33 Pss P33

p p P23
y="Ry L 2y B8

P33 P33 P33

0TKyJa, MeHAs o0o3HaueHHsl KO3hpHIHEHTOB, MOJYydaeM:

{x=ax'—|—by’—|—c,

y —_— CZIJC' + bly' + Cl’ (20.1)
rge ”Ha K03(1)q)HU,HEHTbI HaKJyaabliBaeTCd €OHHCTBEHHOE OFpaHH'-IeHHe
a b # 0
a, b

Tak kak (20.1) — ypaBHeHus adpUHHBIX IpeoOpa3oBaHuii, TO TeopeMa
J0Ka3aHa.

2. IIpoekTuBHble onpepeneHust adduHHbIX nOHATHH. JloKasaHHas
TEOpeMa IM03BOJISIET, UCXOAS U3 NPOEKTUBHOH IJIOCKOCTH P,, NOCTPOUTH
apdunHyo reoMerpuio. s 3TOro HeoOXOZHUMO TOJIBKO BBIIEJIHTH He-
coOcTBeHHYI0 NpsiMyto. [10CKOMIBKY HA MPOEKTHBHOH MJIOCKOCTH BCe MpSi-
Mble paBHONpaBHbI (OHH 00pa3ylT KJacC NPOEKTHBHO SKBHBAJIEHTHBIX
¢buryp), To HeT OCHOBAaHHMH OTAABATb MpeANOUTeHHEe KaKO#-Jub0 OXHOH U3
HUX: B KauecTBe HeCOOCTBEHHOU MpsiMo# (abcoJiroTa) MOXKHO B3SITh 1pouU3-
goabHYyro ipsAiMyio a_ . Ha ocHOBaHHH pe3y/bTaTOB, MOJYYEHHBIX B MpPesbl-
AYIUX T71aBaX, MOXKHO Tenepb ONpeAe/uTh Bce ahdUHHbIE NOHATUS B Tep-
MHHAX TNPOEKTHBHOH TIeOMEeTpHH.

1. Agpgunnas narockocme — P, \ a_ .

2. I'pynna A agpurnox npeobpasosaruti — neficTyiomas Ha P, \ a_
noarpynna rpynnel K KoJuHeanui, Kaxjgoe npeoOpa3oBaHHe KOTOPOH
otrobpaxaer abco/oT a_ Ha cebsl.

3. Ilycte | — npsiMas NpOEKTHBHOH IIOCKOCTH, A_ — Touka Iepe-
ceyenus ee ¢ abcomoroM (puc. 86). Torma [\ A_ — npamaa apgurnoil
naockocmu (cM. § 5, n. 3, cBoiicteo 1).

4. Ilyctb [ u I' — nBe npsiMble NMPOEKTHBHOH NJIOCKOCTH, TOYKa Iepe-
CeueHHs KOTopblX A _ mpuHaj/exuT abcomoTy (cM. puc. 86). Torna I\ A_u

I' \\ A_ — napaarervrvie npamoe apounnoil naockocmu (M. § 5, m. 3,
coiictBo 2). Ha pucynke 87 ABCD — napaJenorpamm.

Puc. 86
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5. Tlycte A u B — Kakue-1u60 Touky ahpdunHof niockoctn P, \ a_,
(AB) — npoekTHBHas mnpsiMad, M__ — TOUKa NepeceyeHHs! 3TOi IPSMOM
c a_. Torna touka C € (AB) naswiBaetcs aescaujeti mexdy A u B, ecin
napel A, B u C, M_ pasfensioT Apyr Apyra (CM. onpejesieHHe pasfieseH-
HocTH nap B § 1, n. 3). MHOXKeCTBO TOUeK, JIeKaluX MeX1y ABYMs TOYKa-
MU, Ha3bIBAETCSH OMKPOLUMbIM OMPESKOM.

6. Ilycte A, B, C — KoJJiMHeapHble TOYKH apPUHHOH TJIOCKOCTH.
Torna B coorBercTBUUM C (4.2) npocroe otHoilenne (ABC) omnpenesnsiercs
dopMy1o#

(ABC) =— (ABCM.),

rie M_ = (AB) N a_. Touka C — cepenrna orpeska, ecau (ABCM )=
= —1.

7. Sanrunc, napaboaa, eunepbora — OBaJibHble KBaAPHKH, HMeEOIIHe
¢ abCco/IIOTOM COOTBETCTBEHHO HYJb, OAHY WJHU JBe oOliue TOUKH (CM.
puc. 18).

8. HeodnopodHeie agpgurrele koopduname: BBoAATc TaK. CHauaJa
B COOTBETCTBHU C OIpeJesieHueM OXHOPOAHBLIX adhhHUHHEIX KOOpJAMHAT 3a-
JaeTcsl CUCTeMa NpPOEKTHBHBIX KOOPJAMHAT TaK, YTOObl (hyHIAMEHTAJbHBIE
ToukH E; U E, Jexanu Ha npamo# a_, a 3ateM ¢opmyaamu (7.2) onpene-
JISIOTCS1 HEOJHOpOAHbIe addHHHBIE KOOPAHHATHI.

W Tak nagnee.

§ 21. EBKJIMIOBA TEOMETPUS C MPOEKTHBHOA TOUKH
3PEHHUA

1. Ycaosue, npu kotopom adduHHoe nmpeoOpa3oBaHue sABIAETCH Mpe-
o0pa3oBaHueM mnojoGus.

Teopewma. [aa moeo umober agpuunoe npeobpasosaniie esxkaiudo-
goti naockocmu R, 66i10 npeobpasosaruem nodobus, Heobxodumo u docma-
mouHo, umobel 0bpasom aw0boil napel nEPHEHOUKYAAPHBIX NPAMbIX ObLAq
napa nepneHOUKYASIPHoLX NPAMbLX.

IHoxkxasartenbcTBo. Heobxogumocts ycjioBusi OuYeBHAHA, HO-
KaxXeM JIOCTaTOYHOCTb.

Kak usBectHo, adduHHOe npeobpa3oBaHue

{x'=ax + by + ¢,

I4

y =ax +by+ ¢

- -
otoOpaxaeT BCAKHU BeKTOp h = (p, g) Ha BeKTOp h' = (p’, ¢'), KOOpPAHHATHI
KOTOPOTO HaXONATCS W3 ypaBHEHHH

{p' = ap + by,

’

g = ap + byg.
[loTpeGyeM, 4TOOH! 00pa3bl Z{ U _ﬁ; NeprneHJHKYJAAPHEIX BEKTOPOB

_ﬁl = (1, 0) H—;lz = (0, 1) Obwin nmepneHAuKYJsApHBL. VI3 ypaBHeHuil mpe-
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00pa3oBaHUsI HAXOOUM KOOPAMHATHI 06pa3oB: }—1: = (a, ;) u 1_1:, = (b, b,),
a 3aTeM U yCJIOBHe HX mepneHAuKyJsipHoctd: ab 4+ a;b; = O.

Tenepr Bo3bMeM [Ba APYTUX NepHeHAUKYJsSPHBIX BEKTOpa ;L);; = (1, 1)
uﬁl = (1, —1) u HalizeM KOOpAHUHATEI HX 00pPa30B: _53 = (a + b, a; + b)

-_
u h,=(a—>b,a —b), a Takke yCJIOBUE NEPNEHAUKYJIAPHOCTH 3THX

obpasos: (@ + b) (a — b) + (a, + by) (@ — by) = 0.
HTak, NpUXOAUM K CHCTEMe ypaBHEHHH:

ab+a1b1 =O,
{a2+a§=b2+b§.

Beens oGosnauenue a? + a? = b + b? = k%, noJoKuM:
a=Fkcos @, a =ksin ¢, b = ksiny, b; = k cos.

TloncTaBiisiss 3TH BHIpaXKeHUs1 B NepBOe ypaBHEHHE CUCTEMBI, IOJIyYaeM:
sin (¢ + ) =0, orkyaa ¢ = —¢ + num, m = 0,1.
Tenepr ko3pduuMeHTH b ¥ b; MOXHO BbIpasuTh uyepe3 @. [lomydaem:

b = —ksin @, by = k cos ¢, ecniu m = 0,
b = ksin @, b = —k cos @, ecnu m = 1,
WJTH
b = —eksin @, by = ek cos ¢,
rae € = +1.

[Ipu maiiieHHbIX 3HAuUeHUSX Ko3hdULUEeHTOB a, b, a,, b, ypaBHeHUs
apbuHHOrO mnpeobpa3oBaHKs, 3alUCAaHHbBIE B HadaJe JOKa3aTeJbCTBa,
NpeBpalalOTCsi B ypaBHEHUsS NpeoOpa3oBaHus NOXOOHs.

Teopema nokasasa.

2. 'pynna nmomoOmnit Kak rpynna aBTOMOPPH3IMOB OTHOCHTENbHO He-
cOOCTBEHHOH NMPAMOM C 3a]aHHON HA Hed aGcomoTHOU HHBoMmouMei. [TycTh
a_ — HecOoOCTBeHHass npsmasa, a S — QUKCHpOBAaHHAsf COOCTBEHHAs

TOUKa €BKJHMIOBOH MJIOCKOCTH. PaccMoTpuM oroGpaxkenue j: a_ —>a_,
MpH KOTOpOM 3a 00pas MpOM3BOJIbHOH TOuKH A € @ nmpHHHMMaeTcsl TOUKa
A’, Takasi, uto yroa ASA' — npsMoi.

OtobpaxkeHnude j He 3aBHCUT OT BbIOOpa TOYKU S, TaK Kak JJs Jr0OOH

A~
Apyroii coBcTBeHHOM TOuKH S, Gyger cuoBa AS,A" ==

-—2-, — 39TO CJIEAYET

M3 napaJjyieIbHOCTH cTOpoH yrioB ASA’ u AS,A".

[lokaxem, uTo oToOpaxkenue j npoektuBHo, T. e. (A;4,A54,) =
= (A,A4A,), e A; €a_, A;=j(A,), npu i =1, 2, 3, 4. Tlpunas
oGosHauenus uJisg npameix: (S4;) = q;, (SA)) = a;, nonydnm (a,a,030,)=
=(a, a,a,q,), TaKk KaK nepsas 4YeTBepKa OJIy4YaeTcs W3 BTOPOi MOBOPO-
TOM Ha YIoJ —Z—, a TPy NOBOPOTe ABOHHOE OTHOIIEHHE COXpaHsieTcs (moue-

mMy?). [lo OCHOBHOMY CBOWCTBY JBOHHBEIX OTHOLUEHHH MOJy4YaeM, YTO
(A14,454,) = (A1A2434,).
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IIpoekTHBHOE mpeobpasoBaHue j B CUJY €ro ONpeleseHHs] HHBOJIO-
IIHOHHO U HE HMMEeT HENOABUKHBIX TOYEK. JTO, CJeNOBATEJIbHO, 3JIJIHITH-
yecKasi MHBOJIIOLIMSA; OHA HA3LIBAETCS abCOAOMHOU uHBOAOYUPL.

Bynem Tenepb paccMaTpuBaTh HAa NJIOCKOCTH R, TaKue KOJIHHEAlUH
%, KOTOpBIE He TOJNbKO 0TOOpaxaroT Ha ceGsi HeCOOCTBEHHYIO NPAMYIO @,

HO W COXpaHsAT abcosoTHY uHBoJouM0 j. [lociennee nago nmonumarh
TaK: ecjqd ToukH A_ 1 A’ COOTBETCTBYIOT APYT APYTY B aGCOMIOTHOM HH-

BOJIIOLIMH, TO U UX 00pa3bl OTHOCHUTEBHO KOJIJIMHEAlUH % TOXe COOTBETCT-
BYIOT APYT APYTY B 3TOH WHBOJIOUMH. MHBIMU CJIOBaMH, [Js JIOOOH TOUKH
u3 A’ = j (A) cnenyer » (A") = j (» (4)).

C yueTOM CKa3aHHOro M3 TeOpeMbl NPEeAbIAYIIEr0 MYHKTA H TEOPEMEI
§ 20, n. 1 _BoiTekaer ciaenymoolu# pesyJsbrar.

TeopeMma. Ecau Ha pacuiupenHoii eskaudosoii naockocmu R, Ha
xomopoil Oeticmgeyem epynna K koriuneayuti, 3a abcosom npPuHame He-
cobcmeennyo npamyro a_ ¢ 3a0anHott Ha Het abcoaromroll uxsoaroyuell j,

mo coomeemcmeyroujas nodepynna M asmomopgusmos, paccmampusaemas
Ha R, \ a_ = R,, m. e. na esxiudosoil niockocmu, ecme epynna npeod-

pasosanuti nodobus.
AGcosmoT eBKJIHA0BA NPOCTPAHCTBA 0003HAYUTCH CHMBOJIOM < a_, j >.

3. IlpoekTHBHBIE oOmnpegeneHUss €BKAWIOBbIX MNMOHATHH. Tenepb MhI
MOXKEM, HUCXOJs U3 MPOEKTHUBHOH MJIOCKOCTH P,, NOCTPOUTH €BKJUJOBY
reoMeTpHio. Hano TOJBKO Ha miaoCKocTH P, BbIIEJUTH abCOJIOT.

PaccMOTpyM MHOXKECTBO BCEBO3MOXKHBIX map < a, ¢ >, rjie @ — Ka-
Kasi-nub0 nmpsMas NpOeKTUBHOH NJIOCKOCTH, a ¢ — NPOU3BOJbHAS 3JJIHUII-
THUeCKasl UHBOJIOLUS Ha He#i. Bce Takue nmapbl MPOEKTUBHO 2KBUBAJIEHT-
Hel. B camom pese, msist JioOO# /JUNTHYECKOH HMHBOJIIONMH @ Hafifercs
rapMOHHUECKass 4eTBepKa, COCTOsSIlasi M3 JBYX Nap COOTBETCTBYIOIIUX
Touek (Teopema 1, § 12, n. 6), KOTOPLIMU 3Ta UHBOJIOLUUS MOXKET OBITh
onpenesena (teopema 2, § 12, n. 4). Kak nokasauno B § 19, n. 3, rapmo-
HUYeCKHe YeTBepKH 00pasyroT KJacC 3KBUBAJEHTHOCTH OTHOCHTEJBHO KOJI-
JuHeanu#. A Tak Kak napa <a, ¢ > MOxKeT ObITb 33JjaHa rapMOHHYECKOH
yeTBEPKOM, TO BCe TaKue Naphl TOxKEe 00pa3yioT K/JacC 2KBHBAJIEHTHOCTH.

1O 3HAUYUT, YTO B KauecTBe abCO/IOTa MOXKHO B3ATb Jo0Oyi0 MNapy
<a, >, T. e. a06Yr0 npamyro nPOEKMUBHOL NAOCKOCIU MONCHO CHUMAMb
HECOOCMBEHHOU, a MOOYI INAUNMUMECKYHD UHBOAOYUID HA Hell — abco-
AOMHOU.

Kak ycioBuiuce, 3Ty napy Oylem oGosHauatb: < a_, j>.

Ha ochHoBanuMM paHee MNOJyYeHHBIX De3yJ/IbTaTOB MNOJyyaeM CJElYyio-
He ONpe/iesIeHHs eBKJHIAOBBIX NOHATHH.
1. Esxaudosa naockocme — P, \ a_. EBK/IHIOBa MJIOCKOCTh KaK TO-

yeyHOe MHOXKeCTBO COBNajaeT ¢ adpdHUHHOHU.

2. Ilpamas, napariresbHoCmv NPAMbIX, OMHOWEHUE <«MeHcOy» A1
TPeX KOJIJIHHEAapHBIX TOYEK, OMpe3oK, npocmoe OMmMHOWeHUe mpex moyex
u Bce npouue abdHUHHBIE MOHATUA ONpenessioTcs, Kak B § 20.

3. I'pynna M npeoGpasoBanuit nojobus — jAeficTByoomas Ha P, \ a_

noarpynna rpynnel K KoJJHHealUHMH, KaxJaoe npeoOpasoBaHHE KOTOPOH
coxpanser abcomor <a_, j >,

114



4. Mycts | 1 m — npoeKTHBHBIE
IpsiMble, TNPOXOAsIHe 4Yepe3 TOUYKH
L_w M_, npuueM 3TH TOUYKH COOT-

o

BEeTCTBYIOT APYr ApPYry B abCoJOT-
HOl MHBOJMIOLMH. Torza eBKJULOBHI
npsimMeie [\ L ¥ m \ M _ nepnen-
OUKYASLPHBL.

5. PaccMOTpUM MHBOJIIOIIMOHH VIO
TOMOJIOTHIO, LIEHTP KoTopod P_ Je-

XKHUT Ha a6CoJIOTe, a OCh S MIPOXOINUT Yepe3 TOUKY S_, KOTOpasi COOTBETCT-
ByeT B aGcosoTHOH uHBOMoOLMH Touke P_ (puc. 88). Torxna o6pas A’ ka-
KOH-u60 Toukd A xapakTepusyercs ycioBueM (P _XAA') = —I1, rme
X =(P_A) N s (cm. Teopemy § 14, n. 3). Bcuencrsue onpezpenenui,

npusenennbix B§ 20, m. 2, 370 03HauaeT, 4To X — cepeninHa otpe3ka AA’.
A Ttak kak, kpome TOro, eBKJUIOBH NpsMeie (AA") \ P_ u s\ S_ mep-

NEeHAUKVJISPHBEl, paccMaTpuBaeMoe IpeoOpa3oBaHHe SBJSIETCS CHMMET-
pHen.

Urak, ocesas cummempus — 310 cyxeHue Ha P, \ a_ HHBOJIOIHOH-
HOH TOMOJIOTHH, UEHTP KOTOpPOH JEeXHUT Ha alcoJsioTe, a OCb NPOXOINHUT
yepe3 TOYKY, COOTBETCTBYIOILYIO LEHTPY B a0COJIOTHOH HHBOJIOLMH.

Mb&r He ocTaHaBJIKWBaeMCsl Ha JOKa3aTeJbCTBE TOTO, YTO TaK ONpefesieH -
Has CUMMeTpHs BXOZUT B rpynny M.

6. TlepeMemenune, Kak u3BeCTHO, JHOO SBJSAETCS OCEBOH CUMMETpHUEH,
JAM60 HONMYyCKAaeT pas3JjioKeHHe B KOMIIO3ULHIO cUMMeTpuid. Iloatomy nepe-
MewjerHue MOXKHO OMpeNesuTh KaK CyKeHue Ha P, \ a_ WHBOJIOLHOHHON

FOMOJIOTHY WJIM KOMIIO3MIIMH HECKOJBbKHX HHBOJIIOLMOHHBLIX TOMOJIOTHH
CrelHaJbHOrO BHAA, O KOTOPHIX IJIa peub B npefwiaylueii pybpuke. Kox-
2PYIHMHbLMU HA3KIBAIOTCS (DUIYphI, KOTOPHIE MOXXHO OTOOpAsUThb OfHA Ha
IPYTYIO TIepeMeleHHEM.

7. TlocTpouM mpsIMOYroJibHYIO IEKapTOBY cHCTeMy Koopauuat. Ilyctb
E_,E, u Q. Q — 1nse mapsl TOYEK, COOTBETCTBYIOLIMX APYT APYTY
B aGCO/IIOTHON MHBOMIIOUMH M JeJSILIUX APYT Apyra rapMOHHYECKH (cyie-
cTBoBaHHe napel Q_, Q' npu Jio6oM BbiGope napwl E,_, E, = rapaHTHpyert-

cs1 TeopeMoit 1 § 12, . 6). 3aTeM BO3bMEM IIPOU3BOJILHO COOCTBEHHYIO TOY-
Ky E; u Toury E, na npamoii (E3Q_) \\ Q. (puc. 89).

CHCTEMa NPOEKTUBHHIX 61«:oop;1n- £ .
Hat R (E;) siBiasieTcd, Kak OBLIO OT- 100 - !
Mequo(B l§) 20, 1. 2, CHCTEMOH OIHO- =\ Zeo i—"/ 2 % Qe —~
porHblXx abduHHBIX KoopAuHaT. Ee g
ocu EE,  u E3E, nepnesguky.sp- 4,
Hel. Boustee Toro, ecnu A, =(E;E, ) A,

N (EoE,,), As=(EE,, )N (E,E,,),

TO €AUHUYHbIe OTpe3kKH E A; H

E3A, Ha ocsiX KOHTPY3HTHHL. B ca- =
MOM JieJie, B CHJIY TeOPEMbI O TaPMOHH-

YECKHX CBOHCTBaX IOJIHOTO YeThipeXx- Puc. 89

Puc. 88
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BEPIIMHHHKA (B MPUMEHEHUHU K YeThIpeXBepIUHHHUKY A E A.E3) npsamas
A;A, TPOXONUT yepe3 YETBEPTYIO TapMOHHYECKYI0 K Toukam E, , E

Y T 2009

Q_, T. e. uepe3 Touky Q. IlosToMy uHBOMOLHOHHAS TOMOJOTHS C IEH-
TpoM Q. u oceio E3Q _ orobpaxaer otpeskn Egd;, u EzA, npyr Ha

Jpyra, a 3TO 03Ha4aeT UX KOHI'PYIHTHOCTb.
Wrak, cucreMa Koopauuat R (E;) — 3TO cuCTeMa OJHOPOAHBLIX NPSIMO-
YTOJIbHBIX I€KaPTOBLIX KOOPAMHAT Ha MJIOCKocTH P, ¢c abcomotom<a_, j >.

CooTBeTCTRyIOIIAS CUCMEMA HEOOHOPOOHLIX NPAMOY2OAbHOLX 0eKapmosblx
koopdunam Ha P, a_ cTpoutcsi OObIMHBIM O0OpPasoM: 32 HEOAHOPOIHLIE

KOOpPAUHATH! TOUKH NMPUHHMMaeTCs napa uuces X, y, CBsA3aHHAs C ONHOPOA-
HBIMH KOOpDJAMHATaMH (X, : X, : X3) COOTHOIeHHsIMU (7.2).

Tax Kak Bce MOHSTUSA €BKJIUAOBOH [€OMETPUHU B NPHUHILKIE MOTYT OBITH
BbIPaXK€Hbl NPH IOMOIIU MPSIMOYTOJNbHBIX JIeKapTOBLIX KOOPAHHAT, KOTO-
PBIM 3JleCh JAaHO NPOEKTUBHOE ONpejesieHHe, TO 3TO AaeT HaM NMpaBoO CUU-
TaTb, 4TO 8C€ NOHAMUA €8KAUO080L eeomempuu moeym Obime onpedeseHol
8 MEePMUHAX NPOEKMUBHOL 2e0MEMPULL.

§ 22. NIOHATHE O HEEBKJIMAOBbBIX TEOMETPUAX
C MPOEKTUBHOHX TOYKHU 3PEHUS

1. OGwue 3aMeuanus. Mul yxxe BUIeH, uTO, BhiOHpass COOTBETCTBYIO-
UM o6pas3oM abcoMOT Ha NPOEKTHBHOH IMJIOCKOCTH, MOMSHO NPUUTH U K
abduHHOK M K eBKJunoBo# reomeTpusM. [lpu apyrom BeiGope abcosoTa
noJiyyarcs Apyrue reomerpuu. OxasbiBaeTcsl, 4TO HauOo/ee BaKHbIE BUIHI
reOMeTPUU MOTYT ObITh NOJIyYeHBl HUMEHHO KaK TeOMETPHH TeX MJIM HHBIX
NOArPYNI TPYNNbl KOJJIHHEAIUH.

Kuefin u Kanu! paspabortann npHHUMIBI BBEJEHHS METPUKHU Ha IpoO-
€KTHBHOM IJIOCKOCTH, T. €. JaJH OOLiMe onpelesieHHsi PACcCTOSHUN U Be-
JIMUMH YTJIOB, UCIOJIb3YyS NPH 3TOM T€ HJIH HHblE aOCOMIOTHI.

B crnenyromux Tpex NYHKTaX Mbl KPaTKO OCTAHOBUMCS HA ABYX Treo-
METPHSIX — IICEBJCEBKJUAOBOH M reomeTpuu JlobGaueBcKoro (rumep6osiu-
YeCKOH).

HekoTopble 13 HeeBKIHJOBLIX TeOMeTPHIl TECHO CBSI3aHB! ¢ PU3HKOM, TOUHEE C KHHe-
MaTHKOH — pasfesoM ¢H3HKH, H3YUalOIHM ABHXKEHHE TeJ He3aBHCHMO OT €ro NMpHYMH.
[TycTh TOUKA ABHIKETCS MO MPSIMOH U B MOMEHT BpeMeHH { HMeeT KoopinHaty x. [lapa
(¢, x) HaswIBaeTCs cobbimuem, a MHOXKECTBO COOGBITHH — npocmparncmeom coboumuti. Ecan
IBHXXE€HHE TOYKH MOAUMHEHO 3aKOHAM MEeXaHHKH, TO B IPOCTpaHCTBe COObITHH Oyher
IeHCTBOBaTb HEKOTOpasi reoMeTpHs. B cayuae pensiTHBHCTCKOH MeXaHMKH JDHHIUTeHHA
5TO NCEBJOEBKJMIOBA FeOMETpHS, B cIyyae kiaccuueckoli mexanuku [anunes — HeloTo-
Ha — TreoMeTpHsl NMPOEKTHBHOH MJIOCKOCTH, a6COJIOT KOTOPOH COCTOHT H3 NPSMOH H 3a-
¢ukcupoBaHHoO#t Ha Hel TOukH. OGOCHOBaHUE 3THX MOJIOXKEHHH HAXOLUTCH 33 paMKaMH
Hallero Kypca.

2. TlceBnoeBKkJAnIOBa reoMeTpus. EcJM Ha NPOEKTUBHON INJIOCKOCTH
P, 3a aGCommoT NPUHATL KaKyl0-IH60 NPSIMYIO a_ € runepOOJHYeCcKOl HH-

BOJIIOLIMEH h Ha Hel, To P, \ a_ Ha3bIBaeTCs nce00esKAudo8ol NAOCKOCTbI0
1 o6osHauaeTcs 'R,.

1 Apryp Koamu — anrsuiickuit anre6paumct (1821—1895).
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VuBosmonus h uMeeT JIBe HENOABHXKHbLIE TOUKH, KOTOPHIE O0GO3HAYMM
uepe3 [; U [, U HA30BeM yukAudecKUMU. STH ABE TOUKH ONpeNessioT KakK
npAMYIo @_, Tak ¥ uHBosonuo k (§ 12, n. 6, cieacreue 1), u notomy napy
Touek ([y, I,) MOXKHO ObIO Obl CUMTATh abCOMOTOM. MBI, OZHAKO, NPHUHHU-
MaeM 3a abcoumoT napy <a_, h>, 4TO O3BOJIMT HAaM YBHIAETH AaJieKO HILY-
IHe aHaJOTHH B CBOMCTBaX IJocKocTed R, u 1R,.

A6comoThl miockocTelt R, u 'R, OTIHUAIOTCS TOJBKO XapakTepom ab-
coJiroTHOM HHBOJOIKMY. [losTOMY BCe agpurHeie ceoticmea smux naockocmetl
OLHHU U Te Ke U cosnadarom co ceoicmeamu agpgpurnol narockocmu (§ 20,
n. 2).

Touno Tak ke, Kak U B cjyuyae eBKJAHAOBOH reomerpuu (§ 21, m. 3),
OTMpefeJSIOTCA CJe[Yioliue NOHATUS NCeBIOEBKJIUAOBON reOMETpPUHU: epyn-
na npeobpasoéaruii nodobus, nepneHOUKYAApHOCMb npambix (3aMETHM,
4TO MpsIMble, NPOXOASLIHE Yepe3 LUKJINYECKYI0 TOUKY, IepreHaHKY /s PHbI
caMuM ce0e; TakHe INpSIMble HA3LIBAIOTCA UBOMPONHLIMU), CUMMEMPUA
OMHOCUMEAbHO HEUSOMPONHOL NPAMOU, nepemeweriie, KOHSPYIHNHOCD.

OtmeTHM HeKoTOphie (haKThl MCEBLOEBKAUAOBON TreOMeTPHH, OTJHYAlIO-
Hecs: OT eBKJIHAOBHIX.

Teopewma 1. Ecau nHecobcmeennole mouku A_ u B_ npamoix a u b
pasleaerol  yuxauveckumu moukamu (A, B_ — I,, I,), mo npamsle
a\ A_ &b\ B_ naocxocmu 'R, He mozym boins omobpaserst dpye Ha

Opyea nepemeuieruem.

HJokasateanbcTBO. [lycTs y — HHBOMIOIIMOHHAS TOMOJIOTHS,
LIEHTP KOTOPOH HaXOAuTCsA B TOYKe P_, oCb MPOXOAHUT Yepe3 TOUKY Q_,

npuyeM TO4kH P_ v Q_ COOTBETCTBYIOT APYT APYry B aGCOMIOTHOI HHBOJIIO-
uun h (puc. 90). Ilycte A_ — Kakasi-nu6o TOuKa HeCOOCTBEHHOH NpSAMOH
unA_=vy (A_). Teopema Oyner nokasaHa, €CJIH JOKa3aTb COOTHOLUEHHE
A, A -1, I, KoTopoe paBHOCHJBHO CJeAyIOlleMy HepaBEeHCTBY:

(L1, A,AL) > 0.

JleBy10 4acThb 3TOro HepaBeHCTBA MpeACTaBuUM Mo dopmyne (3.4) B Buje
MPOU3BeJIeHUsl:

(ILI,A_A") = (II,A_P_) - (I,I,P_A").

Tak kak
vy:lLi—>1, I,—~ 1, A_—~A_,P_—P_,
TO
(IlleooPoo) = (12]1A;0P00) =
— (I,1,P_A"), Na ] \b&, % A,
OTKYJAa: Aco Aco

(11[2140014;0) = ([112P00A;0)2 >0,

uyTO U TpebOBasOCh AOKAa3aTh.
W3 Teopemnl cjenyer, 4TO Jaxe
HEU30TPOINHbIE NPSIMBEIE HE 00pasyioT
KJjacca SKBUBAJEHTHOCTH OTHOCH- Puc. 90
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p TEJILHO TPYNOBl NEepeMEeIeHHH; MOX-
\Qw | 72 HO TI0Ka3aTh, YTO MHOXECTBO HEM30-
TPONHBIX NpPSIMBIX JEJUTCA Ha JiBa
Kaacca. Ompesku hpamelx pasHbix
KAQCCO8 8Ce20a HEKOH2PYIHMHbL.

B uacTHOCTH, pasHeBIM KJaccam
NpUHAaJJIeXar NepNeH UK YJISPH ble
npsamele. [lostoMy B mnceBIOeBKJIHAO-
BOH [EOMETpUU He CYLIeCTByeT nps-
MOY2O0NbHBIX OeKapmossLx KOOPOUHAM
B OOBIYHOM CMBIC/IE CJIOBA: eJUHHY-

Pnc. 91 Hble OTPe3KH HAa OCAX HEKOHIPYIHTHHI

Jns Toro 4toGbl MMETb BO3MOXKHOCTB

NPHMEHATh TEPMHH «IIPSIMOYTOJIbHBIE J€KapTOBHl KOODAUHATHEI» U B

IICEBJOEBKJIMJOBOH TeOMeTpPUH, NPUXOZUTCS HECKONBbKO pacIiHpPUTh €ro
3HaYeHue.

Teopema 2. Ilycme G — osarvHas Keadpuka, npoxodaujas uepes
yuxauueckue mouku, C — ee yenmp, A u B — kaxue-aubo cobcmeerHeie
mouxku xeadpuxu G. Toeda ompesku CA u CB KoHepysnmuel 6 cmoicae
ncesdoesraudosoti eeomempuu (puc. 91).

IlokasaTteabcTBO. HecobcrBenuyio touky mnpsmoi AB obo-
3HauuM yepe3 P_, a ee nosisipy OTHOCUTeJbHO G — uepe3 p; NO CBOHACTBY
1§ 16, n. 4) C € p.

Eciu U= (AB) N pu Q,=a_ ) p, TONO OMNpeeJeHHIO M0JsP

(P_UAB) = (P_Q_I,I,) = —I.

D10, BO-TIEPBHIX, O3HAYAET, YTO CYKEHHE HHBOJIOLHOHHON TOMOJIOTHH
Vp_, , Ha TUIOCKOCTE 'R, €CTb CHMMETPHSI OTHOCHTENBbHO NPSIMOA p\ @,

H, BO-BTOPHIX, 4TO TOUKH A u B cumMeTpHuHbl. A Tak Kak C JIeXKUT Ha OCH,
TO T€M CaMbIM JOKa3aHa KOHTPY3HTHOCTb oTpe3koB CA u CB.

M3 nokasaHHO# TeopeMbl ciefyeT, YTO KBaJpHKa, NPOXOJAsAIIasl yepes3
IHKJIHUYECKHE TOYKH, FIBJSETCA OKPYKHOCTBIO H YTO OKPYKHOCTb Ha ILIO-
cKOCTH 'R, oTHOCHTCS K aduHHOMY KJaccy runep6od.

3. I'eomerpusa JloGaueBckoro. fia NpPOEKTHBHOH MJIOCKOCTH MpHMeEM
3a a0CoJIIOT BEILECTBEHHYIO OBaJbHYIO KBaApHKY. TOrza MHOMKECTBO TO-
ueK, He Jiexalux Ha abconoTe, AEJUTCS Ha JiBa KJacca — KJacC BHYTpPEH-
HUX M KJacc BHeIUHUX ToueK. [Ipu aBTOMOpdHU3Max OTHOCUTENBHO abCoJIo-
Ta 3TH TOYKH, KaK JIETKO BHJIETb, HE «IePeMEIlHBAIOTCA» — KaxAblH H3
KJ1accoB otoOpazkaercsi Ha ceOls.

MHOXeCTBO BHYTPEHHHUX TOYeK abCOJIIoTa HA3BIBAETCS MAOCKOCHbIO
JIobauesckozo u obosnauaercs 1S,. Cyxenue rpynnel H aBTOMOpPdU3MOB,
ABJSAIOWENACS TOATPYNNOH rpynnel KosauHeanu#h K, Ha BHYTPEHHOCTb
abcoJiroTa HasblBaeTcs epynnoil nepemewenuti. JIBe QUrypnl MJIOCKOCTH
Jlo6aueBcKOro, KOTOphIE MOKHO COBMECTUTb NepeMelieHHeM, Ha3blBaroTCA
KOH2PYIHMHbIMU.

HacTe npsaMoO#i NPOEKTUBHOH MJIOCKOCTH, 3aKJioYeHHass BHYTPU ab-
COJII0Ta, Ha3blBaeTCst npamoil maockoctd Jlo6aueBCKOro (COKPALIEHHO —
h-ipsIMOii; TaKO€ COKpallleHUe Mbl 6yJeM IPHMEHATb U B APYTUX CJAydasx).
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[Iycts A u B — 1Be h-TOukH, T. €. BHyTpeHHHEe TOUKH alGcouora. He-
X0l M3 ONpeleJieH!s BHYTPEHHUX TOYEK, MOXKHO I1I0Ka3aTb, YTO OJHH U3
JBYX OTPe3KOoB ¢ KouuamMu A u B npoekTUBHO{ npsimoit AB uejukom Ha-
XOAMTCS BHYTPU abCOJIIOTa W HasbiBaeTcs h-ompesxkom. DTO JAaeT BO3MOXK-
HOCTb OUEBMIHBEIM 00pa30M BBECTH MOHATUS «A-MexOYy», «h-ayu», «h-yeoa».

Teopewma l. Ha naockocmu Jlobauesckoeo cyuwecmsyem beckorey-
HOEe MHONMCeCmBO NpAMbLX, NPOXOOAUWUX 4Yepe3 OAHHYIO MOUKY, ACHAWYIO
8HE NPAMOL, U HE NEPECeKarowux 3my npamyr.

HoxkasaTenabcTBoO. [lycTh uMeercs h-nipsMasi @ U He NpPHHAA-
Jexamasi e h-touka A. Ha npoekTUBHOH npsiMOH, COAepIKalliedl JaHHYVIO
h-IpsSIMYIO, BO3bMEM INPOW3BOJILHO TOYKY M, BHEIUHIOI 110 OTHOLIEHHIO
K abco/ioTy WJM Jexamylo Ha HeM (puc. 92). Torna BHYTpeHHAs 4YacTh
npoekTuBHOH npsiMmoii AM mpencraBaser cooit h-npsMylo, He HMelo-
Yy ¢ h-npsiMoit a obmux h-TOuek.

Teopema poxkasana. Ilpu akcuoMaTHYecKOM H3JI0XKEHHH TeOMETPHH
JloGaueBCKOro 3Tta TeopemMa OOLIYHO NPHHHUMAETCS 33 aKCHOMY.

JiBe h-mipsiMble HA3BIBAIOTCSl NAPANACAbHLIMU, €CJIM COAepIKallife HX
NPOEKTHBHBIE MpSIMBbIE NepeceKaloTcst B ToyKe abcosiota, M ceepxnapai-
NeAbHbIMU — ecsIH BO BHelnHed Touke. Ha pucynke 92 K u L — TOYKH
nmepeceyeHHsi MPOEKTHBHOHM NpPSAMOH, cofiepxaulefi JaHHYIO A-npaMyio a,
¢ abcosmotoM, A-npsiMuie AK u AL napanienbusl A-npsamoit a, a (AM) —
cBepxmapaJjiesbHa h-npsMoii a. Bumum, 4To uepes A-TOUKY MOXKHO MHpoO-
BECTH JBe h-mpsiMble, MapaJijesibHble JaHHOH.

Teopewma 2. [Iycmv P — eHewnsas mouka abcoaroma, p — ee
noaapa. Toeda cymceriue UHBOMOYUOHHOU 20MON0RUU Y HA BHYMPEHHOCIIb

abcoaroma ecme h-nepemewjerue, HA36I8aEM0E CUMMEmMpUer OMHOCUMENbHO
h-npamoit p.

JlokasarteabcTBoO. Ilycth M — mpousBosbHasi To4yKa ab-
coora, N — BTopasi Touka InepeceueHusi npsmo# PM c¢ aGcomroToM
(puc. 93). Torma no onpenenenuto noasp (PXMN) = —I1, roe X =
= (PM) N p- Ha ocuoBauuu teopemnr § 14, n. 3 N ecrp ob6pas M (u
Hao60pOT) NpH HHBOJIIOLMOHHOH FOMOJIOTHH Yp ,. TeM caMbIM JOKasaHo,

UTO 3Ta TOMOJIOTHSI €CTh aBTOMOP(H3M OTHOCHUTeNbHO abcoJitoTa, a ee Ccy-
’KeHHe Ha BHYTPEHHOCTb abcoJjiioTa, CJIEN0BaTeJbHO, A-TiepeMelieHue.

Teopema nokasana.

OGosnaunM Tenmepb Ha TOM Ke pucyHke 93 A-npsmyro MN uepes g.
Torpa npu h-cuMMeTpPUH OTHOCHTEJIBHO p JIYUH NPSAMOH ¢, MMEIOLIHE Bep-
MIKHON ToukKy X, orobpaxairorcs APYr HA ApPyra, U MOTOMY CMEXHBIE yT-
JbI TpH BepiivHe X KOHTPYIHTHHL. IDTO JAeT BO3MOXKHOCTb OTPEAEIHUTD

Puc. 92
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nepneHAMKYJIsPHOCTL Ha IOcKocTH JloGayeBckoro: fgse A-npsiMbie nep-
NeHOUKYAAPHbL, €ClIU MOJIC KaXKIOH U3 COIepKAIUX UX NPOEKTUBHBIX
NPAMBIX JIEKUT Ha APYroH nNpsiMOH.

Teopewma 3. Ilyemv A u B — dee h-mouxu, K u L — mouku nepe-
ceverus npamotl AB ¢ abcorromom. Toe0a eeruuuna

o (A, B) =c|In (KLAB)|,

ede ¢ > 0 — koappuyuenm nponopyuonarerocmu, obaradaem caedyrouiu-
MU ceoticmeamu:
1) ecau A 5= B, mop (A, B)y >0; ecau A = B, mo p (A, B) = 0;

2) ecau ompesku AB u CD h-koHepysumHel, mo
e (4, B) = p (C, D);
3) ecau mouxa B aesmeum memdy A u C, mo
p(A,C)=p (4, B)+ o (B, C);

4) xakosoel 66t Hu Obiau 0se mouku P u Q, cyujecmsyem margoe aHauerue c,
YMmo o (P, Q) =1.

Benuuuna p (A, B) HaswBaercs paccmosruem Mexny A u B.

HokasaTteabcTBoO. [Ipexne Bcero OTMETHM, YTO BeJHMYHUHA
o (A, B) cymecTByeT, TakK KaK B cuJy HepasjeneHHoctd nap A, Bu K, L
6yzer (KLAB) > 0.

BrinosiHeHHe NepBOro W 4eTBEPTOro TpeGOBaHMUII OUEBHIHO, BLINOJIHE-
HHE BTODOTO BLITEKAET W3 HHBADHAHTHOCTH ABOMHOTO OTHOLIEHUS] MpH
KoJiiHeanusx. JlokaxeM TpeThbe CBOHCTBO.

Ha ocHoBanuu thopmyasl (3.4) numeem:

(KLAC) = (KLAB) - (KLBC)
H, CJENOBATENbHO,

In (KLAC) = In (KLAB) + In (KLBC).

N3 naByx B3aumuHooOpaTtublX uuces (KLAC) u (KLCA) onHo 6Godblue
efvHulb. [IpeanonoxkumM, uto o603HayeHnss BuiOpaHe! Tak, uto (KLAC) >
> 1. B 3TOM c/lyyae MOKHO NOKa3aTb (Mbl IPOMYyCKAaeM COOTBETCTBYIOLLYIO
BHIKJIAMKY), 4TO AJs f1060fi Touku B, aexameit mexny A u C, (KLAB) > 1
u (KLBC) > 1. Bce Tpu Jorapudma B NOCJEJHEM pPABEHCTBE IOJIONKH-
TeJbHbl, H NMOTOMY MOXKHO 3anucaTh, YTO

lln (KLAC)| = |In (KLAB)| + |ln (KLBC)].
DTO pPaBHOCHJILHO PaBEHCTBY

0 (A, C)=p (A, B) + 0 (B, C),
4yTO M TpeboBaJsioCh J0Ka3aTb.
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OB ONMPEAEJIEHHH NPOEKTHBHbIX A,
MMPOCTPAHCTB

B HactosimieM nmoco6MHM mnpU omnpeleseHHH MPOeKTHB-

HOH MPSIMOH U MPOEKTHBHOHN NIVIOCKOCTH MBI HCXOJHJIH H3
eBKJIHAOBOH TeOMeTpPHH, XOTS1 3TO M NPHBOAMJO K HEKO-
TOPHIM HEyJ06CTBaM.

Onpepensisi NpoeKTHBHYIO IJIOCKOCTh uYepe3 CBS3KY
NpSIMBIX ¥ MJIOCKOCTEH eBKJIHMJOBa MPOCTPAHCTBA, MBI JOJ- A,
XHH ObLIH JeJ1aTh OTOBOPKY O TOM, 4YTO B CBfI3KE€ MPHUHH-
MaeTcss BO BHHMaHHE TOJIbKO OTHOLIGHHE HHIHJEHTHO-
ctd. Takue TmMOHATHSI, KaK «HNePHEHIHKYJISIPHOCTDY, Puc. 94
«KOHTDY3HTHOCTb YIVIOBY, «OHCCeKTpHCAa» M Jp., HMEIOIUe
CMBIC/I B €BKJIHJOBOII reoMeTpUH, Ha NPOEKTHBHYIO IJIOCKOCTb He rnepeHocHsaHchb. Cie-
IOBAaTeJIbHO, BMECTO €BKJIHAOBA NMPOCTPAHCTBA R3 B ONpeleeHHH MOXKHO ObIIO OTpaHm-
uyuThcsl aQPUHHBIM Agj, OTIHYAIOIKUMCS OT €BKJHJOBa TOJBKO TEM, YTO B HEM OTCYTCTBY-
€T MOHSITHE CKaJsiPHOTO MpPOH3BeJeHHSs BEKTOPOB.

MHoXeCcTBO BEKTOPOB MpoOCTpaHcTBa Aj mpeAcTaBJiseT co0oi, Kak M3BeCTHO, JHHEH-
Hoe mpoctpaHcTBo V3. Hampasasiiomue BeKTOphl NMPSIMOM, BXOASIUIEH B CBSA3KY, €CJH K
HHUM J062aBHTb HYJIEBOH BEKTOp, 06pa3yioT oJHOMepHOe MOANPOCTPaHCTBO B Vg; MHOXKe-
CTBO HanpaBJsOMUX BEKTOPOB IVIOCKOCTH CBSI3KH — JABYMepHoe noanpocTpanctso. [lo-
STOMY B ONpejieJIeHUH NMPOEKTHBHOH IJIOCKOCTH BMECTO CBSI3KH a(MHHOIO NMPOCTPaHCTBA
MOXHO B3fITb CHCTEMY MOANPOCTPAHCTB JIHHEIHOrO MpOCTpPaHCTBa V.

Insi Toro 4To6el HMeTb BO3MOXKHOCTE JaTb oOIlee ONpeiesieHHe MPOEKTHBHOTO Ipo-
CTPaHCTBA, HEOGXOLHMMO BKJIIOYHTb B PacCMOTpeHHe MPOEKTHBHBIE MPOCTPAHCTBA JIOOOM
Pa3MepHOCTH Haj MPOM3BOJBLHEIM moseM F,

[Tycts P,, — MHOXeCTBO, COCTOSIIII€e M3 3JeMEHTOB £ POJOB, HAa3bIBAEMBbIX k-MEpHHI-
MH mockocTsiMH, B =0, 1, ..., n — 1, mpuueM NJOCKOCTH DasHbIX pa3sMepHOCTeH CBS-
3aHbl OTHOILEHHUEM, HA3blBaeMBEIM HHIMJEHTHOCTBIO (T. €. JJIs1 KaXAbX ABYX TaKHX IJIOC-
KocTeil H3BEeCTHO, WHUMAEHTHLI OHH HJH HeT), U NycTb E — MHOXKECTBO BCeX MOANpO-
crpauctB (n -+ 1)-MepHoro suueifiHoro mpocTpaHcTBa Haja nojeMm f. Ecau cymectByer
6ueKTHBHOE oToGpaxenue g : P, — E, mpH KOTOPOM KaKias k-MepHas MJIOCKOCTb OTO-
6paxkaetrcs Ha (k -+ 1)-MepHOe HOANPOCTPAHCTBO, @ HHIHIAEHTHBIE IVIOCKOCTH (M TOJBLKO
OHH) 0TOGpaxXKalTCs Ha MOANPOCTPAHCTBA, BKJIOYAIOMHKe JpYr Apyra, To P, HasniBaercs
n-MEPHbIM NPOEKMUBHbIM npocmparcmeom Had nosem F.

Has uasocTpauuy 3aBUCHMOCTH CBOHCTB NPOEKTHBHOTO MPOCTPAHCTBA Haj MoJeM
OT CBOHCTB NOJI PacCMOTPHM MPOECKTHBHYIO IVIOCKOCTb HaJ IMoJeM, XapaKTepHCTHKa
KOTOpOTO paBHa ABYM. DTO MoJie COCTOUT U3 ABYX 3JeMmeHToB 0 M 1; omepauuu ClIOXKeHHd
1 YMHOXEHHS ONpeleJsioTcs CJIeNYIOMHUMH TabAHUAMH:

04+0=0,04+1=14+0=1,1+4+1=0;
0:-0=0, 0-1=1-0=0, 1-1=1.

B cooTBeTcTBHH C OMpejiesieHHEM PACCMOTPHM CHauasla JIHHeHHOe NMPOCTPAHCTBO Hak
9THM noJieM. Tak Kak M3 3JeMEHTOB IOJISI MOXHO COCTaBHTb POBHO BOCEMb pPa3JHYHHIX
TPOEK, TO MPOCTPAHCTBO COCTOHT H3 BOCBMH BEKTOPOB:

As

0 =1(0,0,0), 3,=(1,0,0), ay = (0, 1, 0), a3 = (0, 0, 1),

-> - - -
c=(1,1,1,6=(0,1,1), bb=(1,0,1), bg= (1, 1, 0).
Mul BHIMM, YTO Ka)KIOe OJHOMEPHOE MOANPOCTPAHCTBO COAEPIKHUT JIHIIb ONWH HEHY-
JieBoii BekTOop. Beero, TakuM o6pasoM, 6yAeT ceMb OJHOMEDHEIX HOAIPOCTPAHCTB H, CJe-

JOBAaTeJIbHO, CeMb TOYEK Ha NPOEKTHBHON MJIOCKOCTH, KOTOPhle Mbl 0603HAaYUM COOTBETCT-
BeHHO BekTopaM: Ay, A,, 43, C, B, B,, Bs.
-> -—

PaccmoTpum mByMepHOe MOAMpPOCTPAHCTBO, HATSHYTOE HA BEKTOPH @y H a,. B 91O
—_

NOANPOCTPAHCTBO BOHAET ellle TOJbKO OfUH HeHyJeBoH BekTop — bj. [losToMy TOukKH
A,, A,, B, ob6pasyior npsMyio. Beero mosyuaercs ceMb mpsiMBIX:
{Al’ AZ’ B3}: {Al’ Bzr A3}a {Bl’ A2’ AS}’ {BI’ B2v Bs}:
{A,, By, C}, {A,, B,, C}, {A,, B, C}.
Ha pucynke 94 ToukM H300paxKeHH TEeMHbIMU KPYKOYKAMH, a IpsSMble — JHHHSIMH.
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