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Jlexuus 2.
OcHoBHBIE (AKTBI IPOEKTUBHON reOMeTPUH

8. TIoyIHbBIi YeThIPEXBEPIIMHHUK (YeTHIPEXCTOPOHHHUK)

Onpenenenne 3. Ilonnvim uemvlpéxeepuiuHHUKOM HA3bIBACTCSL
Queypa, cocmoawas u3 uemvlpéx Mouex nPOEeKMUEHOU NIOCKOCMU, HU-
KaKue mpu u3 KOMOPIX He J1excam Ha 0OHOU NpsAMOu, U wecmu nps-
MbIX, COCOUHAIOUWUX NONAPHO MU MOUKU.

VYka3aHHBIE TOUKH HA3BIBAIOTCS GepuluHamil, a TPSIMBIE - cMopo-
HaAMu TIOJIHOTO YEeTBIPEXBEPIINHHUKA.

Ha pucynke 15 n300pa)eH MOJHBIN YeThIpexBepnHHIK ABCD
C BepIIMHAMH B  TOYKax A B,C,D W CTOpPOHAMH

AB,BC,CD, DA, AC,BD . Cropoubl, He uMeromire o0uei Bepiuu-
HbI, Ha3BIBAKOTCA NPOMUBONOLONCHHIMU. B U4eTHIPEXBEPIIMHHUKE

ABCD HIpOTHBONOIOXHBIMU SIB-
JsroTest ctopoHsl AB U1 CD, BC
u DA, AC u BD. Touku nepece-

YEeHHUsl MPOTUBOIMOJIOKHBIX CTOPOH
HAa3bIBAIOTCS OUACOHANLHLIMU MOY-
Kamu, a TpsIMble, ONAapHO COEIH-
HSOLIUE TUArOHAJIbHBIC TOYKH, -
O0uazoHaIAMY TIOJHOTO YEThIpeX-
BepmuHHUKa. Ha pucynke 15

Puc.15.

P,Q,R - nuaronanpHbIE TOYKH, a

PQ,QR,RP - nuaromanu momHoro uerbipexBepinnaanka ABCD .

HanumMm, nus npumepa, ONpelelIeHUe YEeThIPEXCTOPOHHUKA, JIBOM-
CTBEHHOE ONPENCICHUI0 YEThIPEXBEPIINHHUKA.

Onpenenenne 4. Ionusim 4uemovlpéxcmopoHHUKOM HA3bI6AEMCS
@ueypa, obpazosannas uemvipoMs NPAMbIMU, U3 KOMOPLIX HUKAKUE Mpu
He A6NAI0MC KOHKYPEHMHbIMU, U WECbI0 MOYKAMU UX Nepecedenus.

Ha pucynke 15 nazsannsie npsmsbie cyth  PA, PB,QB,QC . Ilps-

mbie PQ,QR,RP - nuaronanu 4erbipéXxcTOpoHHHKA.
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Teopema 3. Touxu nepeceuenuss 00HOU OUALOHANU C O8YMSL OpyeU-
MU Oelsim OMpPe30K MelcOy 6epuuHamu yemvlpexsepuunnuxa (demol-
PEXCMOPOHHUKA) 2APMOHUYECKU.

ITycte ABCD - monublii yerhipexBepmuaauk, P,Q,R - ero
JIMaroHalbHbie TOYKU. Paccmorpum (puc.16) onHy M3 ero auaroHa-

aeit, nanpumep PQ, u ormerum Ha Heil Touku \| u N, rIe OHa

LT g NN
P M Q ™

Puc.16.
MepecekaeTcd ¢ AByMsS JPYrMMHU OuaroHajisMu. Toraa Tteopema yT-
BEPKAAET CYLIECTBOBAHUE PABEHCTBA (PQMN) =-1.
Jlns nokasatenbcTBa OOpaTMM BHMMaHWE Ha TO, 4YTO
X= (PQIVIN) = (ACRN) (mpoexTHpyeM W3 TOYKH B ),
(ACRN) = (QPMN) (mpoexTHpyeM M3 TOYKH [) ).
W3BecTHO, 4TO
1
PMN)=-—"—"—-
(QPuN) (PQMN)°

TakuM 00pa3owm,
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1

X:_, 2:, =4].
' X 1, x=%1

Tak kak M,N pasgenstor P,Q, To nBoitHoe oTHOmIEHHE X

JO/HKHO OBITH OTPHUIATEIBHBIM M MMOTOMY OHO JIOJDKHO OBITH PaBHO
HMEHHO -1, 9TO MBI M XOTETH JOKA3aTh.

Cneocmeue 1. Jlée sepuiunbl, nedxcaujue Ha CMopoHe NOaHO20 Ye-
MbIPEXGEPUUHHUKA, 2APMOHUYECKU PA30ensiiom napy mouexk, coCmosi-
WYI0 U3 OUACOHANLHOU MOYKU U MOYKU, 8 KOMOPOU 9MA CMOPOHA nepe-
cexaem OUa2oHalb, NPOXO0AUYI0 uepes 06e Opyaue OUA2OHAIbHbLE MOY-
KU.

PaccMoTpuM ueThipe KOHKypeHTHBIE Tipsimbie @,0,C,d . Byaem
TOBOPHTB, 4TO napa npsmvix a,0 eapmonuuecku pasoensem napy nps-

muix C,d , ecnu (abcd) =-1.

Crnencreue 2. /lee npomusononodicHvle CmMopoHbl NOIHO20 Yenmbl-
PEXBEPULUHHUKA 2APMOHUHECKU PA3OETSAION 08¢ OUALOHAU, NPOX0OsuUe
yepe3 moyKy nepeceuenus 3Mux CrmopoH.

Ha npoekTuBHOM MIOCKOCTH, TaK K€ KaK U Ha €BKIMJOBOM IJIOC-
KOCTH, MOXKHO PEelIaTh 3aJa4yd Ha MOCTPOEHUE, C OJHUM JIMIIb Pa3iu-
YHUEM, HA NPOEKTUBHOMN IJIOCKOCTH HE MCHOJb3YETCS LIUPKYJb, Tak
KaK OKPY>KHOCTb HE SIBJIICTCS MHBapHaHTOM. TakuMm oOpa3oM Ha Ipo-
€KTUBHOM IJIOCKOCTHU MPHU BBINOJIHEHUH MOCTPOEHUN HCIOJIb3YETCS
OJIHA JHIIL JIMHEHWKA, Mojiaras, 4ro ¢ IIOMOIIbIO JUHEWKN KaK HHCT-
pPYMEHTa T€OMETPUUYECKUX MOCTPOCHHUM MOYKHO CTPOUTH MPSMBIE, MPO-
XOASUIME Yepe3 JAHHbIE UM MOCTPOEHHBIE TOYKH.

3amaua 1. Ha npoektuBHOM npsmoit P naHwl Tpu Touku P,Q,M |
MOCTPOUTHh TOYKY X Tak, yToObl OHa ObLIa YETBEPTOM rapMOHHYEC-
Ko k Toukam P,Q,M .

Pemenue. [Ing pemieHus mocTaBJI€HHON 3aJlauM BOCIIOJIb3YEMCS
teopemoit 3. IlocTporm monHbI YeThipexBepinHHUK (puc.17) ABCD

Tak, 4ToObl TOYkM P ¥ Q OBUIM JMATOHAIBHBIMU TOYKAMH, a | -

TOYKOW mepecedeHus npsmoir PQ co cTopoHoii, mpoxoasiiei uepe3
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TPEeThIO AMATOHAIBHYIO TOYKYy R. Torma cropoHa BD HepecedeT
npsimytro PQ B umckomoii Touke X . M3 3TOro aHanm3a BBITEKAeT CIIO-

c00 MOCTPOCHMS TOYKM X B IOCJIEIOBATEIBHOCTH 0003HAYCHHOMU
YHCIaMU B KPYTJIBIX CKOOKax.

9. [IpoexkTHBHBIE 0TOOPAKEHUS MPSIMBIX U My4YKOB. [Iycts J u
g(- nBe mpsMble NPOEKTUBHOMN IMIIOCKOCTU. B3aumno oOnosnaunoe
omobpadicenue MHOJHCECM8a Mmoyex npamou 9 Ha MHOdICecmeo mouex
npsamoti g{ Hazvieaemcs RPOEKMUBHBIM, €CIU OHO COXPAHSEM CNIONHCHOE

omHoOueHue Yemolipex modex, 8 mom Yucie u 2apMOHU4ecKoe.

ScHo, 4TO I ABYX MPOHM3BONBHBIX MPSMBIX CYIIECTBYeT Oec-
KOHEYHOE MHOYKECTBO MPOEKTUBHBIX OTOOpaKeHHH OJHOW M3 3THUX
HpsMBIX Ha APYTYIO.

Ilycte Tenepp 0 u (- nBe mpsiMble MPOEKTUBHOU IUIOCKOCTU U
O - Touka, He Jexanias Ha 3Tux npsaMbeix. Kaxmoit Touke |\ mpsmoi
0 mocraBuM (puc.18) B COOTBETCTBHE MPOCKIIUIO |\]( TOH TOYKH Ha

npsamyro g u3 nenrpa Q. Tak kak

Oble 1BE IpsSMBIC MIepeceKaroTcs, TO

o .
Ha MPOEKTUBHOM MJIOCKOCTH JIIO- DK
LN
MOJy4EeHHOE oToOpaxkeHue I S

: ( - £ . e
f:g® Q¢ sBisieTcss B3aUMHO Of M R

HO3HAYHBIM, TIPH 3TOM coxpaHser- & _,—f"ﬁ
_—
CAd CJH0XHOE€ OTHOLIEHHE YETBIPEX # P -,
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TOYEK, T.e. OTOOpakeHue f SABISETCS MPOEKTUBHBIM OTOOpaXKEHH-
eM. Takoe oToOpakeHHEe HAa3bIBACTCS NEPCNeKMUBHbIM OMOOPAN’CEHU-
em npamou 9 na npamylo g¢. Touka O Ha3bIBACTCS YeHmMPoM nepc-

NeKmuebl.
Teopema 4. /{15 moeco, umobwl npoekmusnoe omoopadceHue

f:g® g ovLr0 nepcnekmugHvIM, HEOOXOOUMO U OOCIAMOUHO, YMOObL

mouka nepecevenus npamoix 9 u g« (puc.19) nepexoouna 6 cebs.

PaccmoTrpuM 3amady Ha moCT-

poeHne 00pa3oB TOYEK MPU MPOCK-

THUBHOM OTOOpa)KEHUU MPIMBIX. &
3apaya 2. B npoeKTHBHOM OTO-

OpaxeHuu f:g® g penep

R:(A, B,C) MEepexXoJaUT B pemep
R(:(A(, B(,C(). [Moctpouts 00pa3s

NPOU3BOJIBHON TOYKH NpsIMON J .
Pemenue. IlpencraBum ot1o-

Opaxenune f kak mpousBencHUe
JIBYX MEPCIEKTHBHBIX oToOpaskeHuid. [Tpoeaém (puc.20) mpsamyio AA(C

U BO3bMEM Ha Hell JBe Toukh O M Q( OTIMYHBIE OT TOYEK A U A(.
IToctpoum Toukn B, u C,. Obo3nauum yepes g, npsamyro B,C, u
pPacCMOTPUM HepCHeKTHBHBIE oToOpaxkeHus f,:g® g, ¢ IEHTpOM B
touke O u f,:g,® g¢ ¢ nenrpom B Touke OC(. OTOOpakeHue
f,f,:g® g¢ nepesomut Toukn A,B,C B Touku A( B(CC(, T.e. coBna-
naer ¢ otobpaxenuem f .

Otcroaa crieayer mpocTod cnoco0 mocTpoeHus: obpasza |\ ( Mpo-

u3BonbHOM Toukn M| g. [IpoBogum mpsMyro OM | HaxoauM TOY-

Ky Mg, mposens 3atem mpsamyro M ,OC Haxogum TOUKy [ (.

ITonb3ysick TPUHLMIIOM JBOMCTBEHHOCTH, BBEAEM IIOHSATUE MPO-
eKTHBHOT'O OTOOpa)keHUsl MydKoB. PaccMOTpuM ABa Mydyka MPSMBIX C
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LeHTpamu B Toukax QO u QC. B3za-
UMHO OOHO3HAYHOE OMOOpadCeHue
nyuka Q Ha nyuox QC Hazvléaem-
€5l NPOEKMUBHBIM, €CIU OHO COXPa-
HAem CILOACHOE OMHOULCHIUE Yembl-
pex npsmuix.

Paccmorpum myuku (puc.20)
C LeHTpaMH B TOUKax QO U QC, U

npsaMyro d, He IPOXOJAIIyI0 Ye-

pe3 Touku O u Q. Kaxmoii nps-
MOH a myuyka O IOCTaBUM B CO-
OTBCTCTBHUEC IIPSMYIO g( IIydka Qf,
KOTOpasi NPOXOAUT YEepe3 TOUYKY
nepeceueHus npsaMbix a U d . Ilo-
CTpOEHHOE O0TOOpakeHHe MyuKa
O Ha ny4oK Q( SBJIICTCA MPOCK-
TUBHBIM U HA3bIBACTCS nepcnex-

MUBHLIM OMOOpadceHuem nyyxa Q
Ha nywox QC. [lpsimasi d Ha3bIBACTCS OCbIO NEPCHEKMUBDL.

Hmeer mecTo Teopema, ABOICTBEHHas Teopeme 4.

Teopema 5. /[nis moco, umobsl dannoe npoekmusHoe omoobpaice-
HUe 00H020 NYUKA HA OPYeoll NYYOK ObLI0 NEPCNEeKMUBHbIM, HeOOXO0OUMO
U 00CTHAMOYHO, YMoObl NPAMAs, NPOXO0AWAS Yepe3 YEeHMPbL NYUKO8,
nepexoouna 6 ceosi.

PaccMorpuM 3amady Ha mocTpoeHHe 00pa3oB MPSMBIX IPU MPO-
SeKTHBHOM OTOOpa)KEHHH My4YKOB. DTa 3ajaya JBOWCTBEHHA IMPEIIbI-
Aylied 3ajxade, U €€ peleHue MoaydacTcs U3 pelleHus Ipeablayei
3a/aud 10 MPHUHIUITY JABOHCTBEHHOCTH.

3anaua 3. B npoektrBHOM oTOOpakeHnu f mydka O Ha mydok
OC Tpu TIpsAMbIC a,b,c MEPEXOOIT COOTBETCTBEHHO B IIPSIMBIC af, b(, cC.

[MocTpouth 00pa3 MpPOU3BOIBHOM MpsIMOM M myuka Q .
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Pemenune. Uepes Touky A nepeceueHus (puc.2l) mpsmbix a,al
nposenéM e npamble d,d(, OTIIMYHBIE OT OPAMBIX @,al U MOCTPO-
uM Touku B,B(C,C(. OTobpaxenue f mopoxmaer mpoeKTHBHOE
otobpakenue | :d ® d( mo 3akoHy: TOuke || NpsIMOA ( CTaBHUTCS B
COOTBETCTBHUE TaKasg TOYKa | ( OpsAMoil d( , uto OM (= f(OM ) Tax
kak f - mpoekTMBHOE OTOOpakeHHE, TO U | - MPOEKTHMBHOE OTOOpa-
xernune. Ho | (A)= A, TI09TOMY | - NEPCIEKTUBHOE OTOOpaKEeHHUE U
€ro LEHTPOM SIBJISIETCS TOUKa S IepecedeHHs MpsMbIX BR( U CCC.

Jns moctpoeHus: obpaza MpOM3BONBHOW MpsAMOM M mydka QO
HaxoauM cHavaja Touky M =m1l d, a 3atem M(=SM 1| d¢.

10. lIpoexTuBHBIE Mpeodpa3oBanust mpsaMoii. Eciiu npsimeie J u
g( coBmajaioT, TO MPoeKTUBHOE oToOpaxeHne f:g® g HasbiBaer-

Csl NPOEKMUBHLIM Npeodpazosanuem TpsIMoin J .



24

Ecam xaxkgas Touka mpsAMoil mepexoauT caMmy B ceOs, TO MBI
uMeeM mooicoecmaentoe npeoopasosanue. SICHO, YTO IPU TOKACCTBEH-
HOM MpeoOpa3oBaHUM MPSAMOM BCe €€ TOYKH HEMOJBIIKHBIC.

Teopema 6. Eciu R u R(- npoussonvivie penepbl Ha npsamou 9 ,
mo cywjecmeyem 0OHO U MONLKO 0OHO NPOEKMUBHOe npeobpazosaHue
npsamou 9, komopoe penep R nepeeooum 6 penep R(.

Ecmu mipu mpeobpasosanun f:g® g mpsamoit J Hexoropas eé

TOYKa Iepenuia B ceds, TO Mbl 3Ty TOUKY OyJeM Ha3bIBaTh UHEAPUAHIN-
Hotl (HenoOeudICHOL) TOUYKOH OTHOCHUTEIBHO JAHHOTO MPeoOpa3oBaHMUs.
Teopema 6 xak pa3 ¥ TOBOPHT O TOM, YTO TaKH€ TOYKA UMEIOTCS.

[TokakeM, 4TO HETOXJAECTBEHHOE MPOECKTUBHOE Mpeodpas3oBa-
HUE TPSIMO HE MOXKET UMETh Oojiee BYX HEMOABHMIKHBIX TOYEK.

Teopema 7. Eciu npoexmugnoe npeobpazosanue npsamou umeem
MpU HenoOBUICHbIE MOYKU, MO OHO AGNAEMCS MOACOECMBEEHHBIM Npe-
obpaszosanuem.

JokasarenbctBo. Ilycte A B,C - Tpu HENOABMIKHBIE TOYKU IIPO-

eKTUBHOro npeodpaszoBanus f:g® g. PaccMoTpuMm TOXIECTBEHHOE
npeobpasoBanue f,:g® g. Tak kak B mpeoOpasoBanusax f u f,
peniep R= (A, B,C) MEePEXOAUT B ce0sl, TO TeopeMme 6 3Th mpeodbpaso-

BaHWS COBMAAAlOT , T.e. [ -ToXmecTBeHHOE Mpeodpa3oBaHMeE.

PaccMorpuM 3amady mocTpoeHust 00pa3oB TOYEK MPH IMPOSKTHB-
HOM TIpeoOpa3oBaHHHU.

3anaua 4. [Ipu npoekTHBHOM TpeodpasoBanun f:g® g pe-
nep R= (A, B,C) MEPEXOAUT B perep R(=(A(, B(,C(). [Moctpouts 00-
pa3 MpOU3BOJIBLHOW TOYKHA [\ mOpsiMor J .

Pemenue. IIpoBenem (puc.22) xakyro-HHOYAb MpAMyI0 ¢, OT-
JIUYHYI0 OT TpsiMoii §, ¥ BO3bMEM TOYKY P, HE JISKAIIYI0 Ha Ips-
MbIX @,0, . [Toctpoum oOpasel Touek A,B,C,M B nepcneKTHBHOM

orobpaxenun f :g® g, c nentpom p. Mcnonw3ys 3agayy 2 mocrt-

poum ob6pa3 |\ ( Touku M, B HPOEKTUBHOM OTOOpaKeHUH
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f,:0,® g, KoTopoe penep (Ab chl) MIEPEBOJUT B perep (A(, B(,C().
ScHo, uto f,f, -mpoekTuBHOE NMpeobpaszoBanue npsamMoil g, koTopoe

penep R mnepeBoauT B penep R« u nosromy f,f, =f . Orcrona crue-
Iyer, 49TO M ¢- nckomas TOYKa, Tak Kakx
f(M): fzfl(M): fZ(Ml):M('

11. UuBonrOIM S

Omnpenenenne 4. Hemooicoecmsennoe npoekmueroe npeobpazosa-
HUe NpsamMoll HA3bIBACMC sl UHBOIOYUel, eClu OHO cognadaem ¢ obpam-
HbLM NPeodpa306aHueM.

W3 ompeseneHus CiaeayeT, YTO €CJIH MPOMU3BONBHAS TOYKA || B

3aJJaHHON MHBOJIOLMHU MEPEXOJUT B TOUKY || (, TO TOYKA |\]( B TOH

’Ke WHBOJIIOIUN TEPEXOANT B TOUKY M , T.e. nHBOmomms f:g® g

pa30uBaeT BCE TOYKM MPSMOW HAa Mapbl TOYEK, COOTBETCTBYIOIIUX
JJaHHOW WHBOIIOIMH.
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[Mpu3HaK WHBOJIOIMK BBIPAXXKAET CIIEAYIONas Teopema.
Teopema 8. Eciu 6 0anHoM npoexmueHoOM Rpeobpa308aHUU

f:g® g kaxas-mo mouka p npsmoiu 9 nepexooum 6 mouxy B,

OMAUYHYIO OM MOYKU A, d mo4ka B nepexodum 6 MO4Ky A, mo f-

UHBONIOYUSL.

Tak kKak MHBOJIOLHUS - HETOXKAESCTBEHHOE MPeoOpa3oBaHue Mpsi-
MOM, TO TIO TeopeMe 7/ OHa He MOXET MMETh Ooliee IByX MHBApHUAHT-
HBIX TOYEK. B MpPOEKTHBHON TeOMETpUHU AOKA3bIBACTCS, Ymo 1100asl
UHBONIIOYUS TUOO He UMeem HU 0OHOU UHEAPUAHMHOU MOYKU, TUO0 uMe-
em 06e UHBAPUAHMHbIE MOYKU.

Ecnu vHBapuHaHTHBIX TOYEK HET, TO MHBOJIOIMS Ha3bIBaeTCs
INNURMUYECKOU, U eunepooIuyeckoll, eciu UMEITCs Be UHBAapHaHT-
HBIE TOYKH.



