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NPELJUCNOBINE

HacToAwnii y4ebHUK «BbiCllas reomMeTpus» HanucaH B COOTBETCTBUM C MpoO-
rpaMmoil Kypca BbICLUEA reomeTpun AN8 nefarorMyeckux UHCTUTYTOB. CornacHo
nporpaMme OCHOBY 3TOr0 Kypca cocTaB/ifieT maTepuan Tpex 6onee cneunanunsm-
POBaHHbLIX KYpPCOB: OCHOBaHWN FeoMeTpuu, MPOEKTUBHON reomeTpum u guddepeH-
LWanbHON reoMeTpun, KOTOPble paHee 4YMTanuCb W30/IMPOBAHHO APYr OT Apyra
N CBA3WN MeXAY KOTOPbIMW MPOCNEXWBaNUCb BECbMA HE3HAYUTeNbHO. 3TO MPUBO-
OUNO K TOMY, YTO LEHTpasbHble MAen OfHMUX FeOMEeTPUYECKUX KYPCOB He Haxofum-
N0 AO/MKHON MOAAEPXKN W OCBELLEHUA B [PYrvX, UMenacb neperpyska Kypcos
OCHOBaHWA TeoMeTpun W MPOEKTUBHOW FeOMeTPUM YaCTHbIMW BTOPOCTEMEHHbIMM
BOMNPOCaMM1, HepeAKo [0BO/bHO FPOMO3AKUMU B TEXHUYECKOM OTHOLLEHWU. B pe-
3ynbTate caM npesMeT reoMeTpuu Apobuncs, WM nonydvanacb U3NULWHAA cneuua-
NN3NPOBAHHOCTb OTAE/bHbIX TFeOMEeTPUYECKUX KypCOoB.

C Lpyroil CTOpPOHbI, BOMPOCbI B3aMMOCBS3W TEOPETUKO-TPYMMNOBbLIX MPUHLMU-
noB 060CHOBaHWA Pa3MYHbIX FeOMETPUA 1 MX MOCTPOEHUE aKCMOMATMYECKUM Me-
TOLOM, a TakKXXe BOMPOCbl, CBSi3aHHble C MOHATUAMU KPWUBbLIX W MOBEPXHOCTEW U
X OCHOBHbIX XapaKTePUCTUK, paHee He HaxoAuu LOSIKHOrO OCBELEeHWS W Mnpo-
XOAWANCL B OTPbIBE OT OCHOBHbLIX NP06/eM KypcOB OCHOBaHWA reoMeTpum U Mmpo-
eKTUBHOW reomeTpun. He TpebyeT cneumanbHbIX PasbACHEHMI, YTO UMEHHO fC-
HOe MOHMMaHue CofepXaHUs YKasaHHbIX BOMPOCOB JaeT LeNoCTHOe npejcTaBslie-
HVe O npefMeTe reoMeTpuv u ee npobiemax.

OTMeYeHHble Bbllle 06CTOATENIbCTBA OKa3anu CyLLeCTBEHHOE BNAHME HA OCHOB-
Hble MPUHLMMNbI Hallero MOCTPOEHUSA Kypca BbiCLUel FeoMeTpumn, KOTOpble KpaTko
COCTOAT B cnegytowem. CHavyana NpoBOAUTCH aKCMOMATUYECKOe MOCTPOEHUe pas-
NNYHBIX FeoMeTpuii «akcnomaTnyeckum metogom (B ra. | reomeTpum EBkAmga u
No6auesckoro, B rn. Il ahduHHON reomeTpun). MapannenbHo pasBuMBaeTCA TOY-
Ka 3peHus, 4TO pasnnyHble TeOMeTpuKM SBAAIOTCA TEOPUSMU WUHBApPWAHTOB pas-
NUYHBIX Tpynn npeobpa3oBaHWin eBknugosa npoctpaHcTsa (ra. I, 11, I11). Mocne
3TOr0 ycTaHaB/MBAKTCA B3aMMOCBA3M MeXJy oboumy nogxofamu, KOTOpble Kia-
LyTCA B OCHOBaHWe reometpuyeckux teopun (ra. |1, 11, 111).

B rnasax IV—VII ¢ nomoLlpto annapaTa MaTeMaTU4eCKOro aHannsa v Havasb-
HbIX MOHATWUI TOMONOrMU CTPOUTCA YUEHME O KPMBbIX U MOBEPXHOCTAX M paccMart-
PUBAIOTCS MPUIOXKEHUS TEOPUN KPUBLIX U MOBEPXHOCTEH K BOMPOCAM OCHOBaHWiA
reoMeTpumn, MNPOEKTUBHOW FEOMETPUU W CTPOEHWIO 3aMKHYTbIX MOBEPXHOCTEN.

OCHOBHbIM 0OBEKTOM W3Yy4YeHWUs SBAAETCHA €BKAMAOBO MPOCTPaHCTBO Kak Ha-
nbonee BaXKHOE 0 CBOEMY MOJIOXKEHUIO B FEOMETPUM, TaK W NO MHOFOYUC/EHHBIM
NPUNOXEHNAM K APYTUM pasfenaMm MaTeMaTUKW.

OCTaHOBMMCS Ha KpaTKOM W3/1I0)KEHWN COLEPXaHUA KHUTW.

B rnaee | akcmomaTuyeckum nyTeM CTposTca reomeTpum EBknupa n Jloba-
UEBCKOTO W wuccnefytoTca TpeboBaHMS, npefbaBfsemMble K CUCTEME aKCUOM Ha
npyMepe CUCTEMbI aKCUOM reomeTpun EBknmpaa. Bonpoc 0 HE3aBUCMMOCTU aKCUOMbI
napanfefibHoCTW OT MPOYMX akCMOM W UHTepnpeTauus reomeTpum J106a4eBCKOro
Ha eBK/MAO0BOM NOCKOCTU paccmaTtpuBaloTcs B KoHue rnasbl IIl. B nepsoit rna-
BEe pa3BMBAETCA TEOPETMKO-rpynnosas KoHuenuus &. KneliHa 0 TOM, 4TO reo-
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MeTpuA ecTb Teopus WHBAPWMAHTOB ONPeAeneHHON rpynnbl npeo6pa3oBaHwUii npo-
cTpaHcTBa. Ha OCHOBe 3TOW TOYKM 3peHW” ycTaHaBAMBaeTCs, YTO eBKNMAOBA reo-
MeTpusi eCTb TEOPUS WHBAPMAHTOB FPYNMbl ABWXEHWA (OPTOroHanbHbIX Npeobpa-
30BaHWit). [BWXEHWAMU HasblBaloT npeobpa3oBaHUs (B3aMMHO OfHO3HAYHble
0TO6paXeHUA MPOCTPAHCTBA), KOTOPble COXPAHAT KOHIPY3IHTHOCTb OTPE3KOB.

B rnase Il usyvatotcs aguHHble Npeobpa3oBaHUsA eBKIWAOBOA MIOCKOCTHU.
3T npeobpa3oBaHUsA BO3HWKAKT KaK eCTeCTBEHHble 0606 EeHNS ABVXKEHUN, ecun
COXpaHWTbL 3a Mpeobpa3oBaHNEM CBOMCTBO MepeBOANTL MpsiMble B MpsMble U OTKa-
3aTbCA OT TPebOBaHWA COXPaHEeHWA KOHTPY3SHTHOCTU OTpe3koB.Ha 6a3e MoCTpoeH-
HO Teopun adMHHBLIX Npeobpa3oBaHUn (OPMYNMPYIOTCA NOHATUA adPUHHON
reoMeTpun 1 ay)MHHON 3KBMBANEHTHOCTW (paBeHCTBA) uryp. B koHue rnasbl 1l
K NOHATUIO a)MHHOM reoMeTpuu AalTcs ABa LPYrMX Noaxoda: a) C MNOMOLLbHO
aKCUMOMaTMKKM, B fyXe W3N0XEHHOW B rnaee | akcmomaTuku reomeTpun EBKnuga,
6) C MOMOLLBI MOHATUA NMHEHOro NpPOCTpaHCTBa.

B3aMMoCBA3b MeXAy pasfMyHbIMU nogxogamu K apguHHON reomeTpum nos-
BOJIAET C MOMOLLbIO CKanfpHOro npou3BefeHWs onucaTb B3aUMHOE OTHOLUeHuWe
apuHHON W EBKNMAOBOIA TreOMETPUA.

B rnaee Il n3y4yatoTcqd NpoeKTUBHble npeobpa3oBaHus. AT npeobpas3osa-
HWA eBKAMA0BA NPOCTPaHCTBa NEPEBOAAT NpsAMble B NpAMble. HO Anfa TOro u4tobbl
COXPaHWUTb B3aMMHYH O[HO3HAYHOCTb TakMX Mpeobpa3oBaHU, NPUXOAUTCA MO-
NOMHATb NPOCTPAHCTBO HOBbIMU, TaK Ha3blBaeMbIMU GECKOHEYHO YAaneHHbIMU, 3fe-
MeHTaMn (6eCKOHEYHO YyjAaneHHble TOYKM, GECKOHEUYHO yAaneHHble npamble, Gec-
KOHEYHO YyjaneHHas NNOCKOCTb). Takum o6pa3om, OT €BKIMAOBA NPOCTpaHCTBa
(NNOCKOCTK) Mbl MPUXOLUM K MOHATUIO NPOEKTUBHOIO NPOCTPaHCcTBa (MNOCKOCTK).
B rnase |11 nogpo6Ho uccneaytoTca cnocobbl BBeAEHWS 1 CBOMCTBA MPOEKTUBHbIX
CUCTEM KOOPAMHAT Ha MPOEKTWBHOW NPAMON WM MPOEKTUBHOW MA0CKOCTW. Bonb-
LLIOe BHUMaHMWe yenserca U3yyeHWUO MOHATUA W CBOMCTBaM MPOEKTMBHbIX NpPeo6-
pa3oBaHWii NPOEKTUBHOW MPAMON W NPOEKTMBHON MNOCKOCTW. M3yvaeTcss MpUH-
uun ABOWCTBEHHOCTM W MPOEKTUBHAA KnaccuukaLms KpUBbIX BTOPOro Nopsgka.

C momoLlblo TpynMnbl MPOEKTUBHBLIX Mpeobpa3oBaHWiA MIOCKOCTU U Lenu ee
NOArPYNn YCTaHaB/MBAlOTCA CBA3WN MeXAY MNPOEKTUBHON, af(puUHHON, eBKAUAZO-
BOW reoMeTpMsMM W reomeTpumein JlobauyeBckoro. Takum 06pasoM, pasinyHble
0606LLeHNs eBKNMA0BA MPOCTPAHCTBA, BO3HUKAIOLLME KAK C TOUKM 3PEHUS aKcuo-
MaTWU4eckKoro, Tak v ¢ TOUKM 3peHUs Teopun npeobpasoBaHUin, nepeBoAALMNX MpS-
Mble B MpsMble, YBA3bIBAIOTCA B EAWHYIO CXeMy.

B rnasax IV n V cTpPoOATCA OCHOBbI TEOPUM KPUBbLIX U NOBEPXHOCTEN B €BK/MN-
[0BOM npocTpaHcTBe. OCHOBHOE BHUMaHWE 3[ecb YAENAeTcs NOHATUAM KPUBbIX W
NOBEPXHOCTEW. BaXHYl0 ponb MrpaeT CUCTEMa YMCNOBbIX W FeOMETPUYECKMX Xa-
pakTepUCTUK KPUBLIX W MNOBEPXHOCTEM, MNO3BOMAIOLLAS ONUCaTb WX CTPOEHWE B
NPOCTPaHCTBE.

MnaBa VI noceslieHa BOMpOcamM BHYTPEHHel reomeTpuu noBepxHocTH. [o-
MWMO 6O0NbLUIOF0 CaMOCTOATENIbHOrO WMHTepeca 3TOW TeOpWM, BaXKHbIM fABAAeTCA
TO 06CTOATENLCTBO, YTO OHA [AET eAMHbIA MOAXOL K M3YYEHWIO reoMeTpuii EBKu-
fa v Jlobayesckoro. Tem cambiM BOMPOCbI 060CHOBAHMS 3/1EMEHTApPHON reomMeTpun
BK/IOYAlOTCA B 60fiee 06LLYHO CXEMY BHYTPEHHeli FeoMeTpuMu MOBEPXHOCTW.

HakoHeu, B rnase VIl cTpouTca TOononornyeckas kKnaccuukaums samkHy-
TbIX MOBEPXHOCTEN C MOMOLLbID 3/iNepoBOi XapaKTepucTUKW MNOBEPXHOCTU. ITa
rnaBa CyLleCTBEHHO pacluupseT HarnafgHble NpeAcTaBlieHWs O BO3MOXHbIX MpPO-
CTPaHCTBEHHbLIX (OpMax MOBEPXHOCTEN.

Bo Bpems paboTbl Haf HanucaHueMm 3Toro yyebHWKa f UCMONb30Bas MHOrO-
KpaTHbI ONbIT YTEHUA Kypca BbiCLUeli reOMeTpun B JIEHWHIPaACKOM Mejarormyec-
KOM WHCTUTYTe MmMeHn A. W. FepueHa. bonblioe BAMAHME HA O6WMWIA nnaH rna-
Bbl | 1 HekoTopbix naparpadgos rnaebl |11 okasana kHura H. B. Edumoa «Bbic-
was reomeTpusa». K 3TO KHUre Mbl MHOTOKPATHO OTCbINaeM YuTaTens 3a nogpob-
HbIMU [OKa3aTeNbCTBaMU MHOTMX TEOpeM rnasbl |, KOTOPbIe He MOMELLEHbl B KHUTe
ONs TOro, 4tobbl He YCNOXHATb ee BTOPOCTENeHHbIM MaTepuanom. Ha mnsnoxeHue
paga naparpadoB rnaebl VI N0 BHYTPeHHEN reomMeTpuu 3amMeTHOe BAUAHWE OKa-
3ana kHura A. B. MoropenoBa «Jlekunn no guddepeHunanbHoh reomeTpumn».
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rNMABA /. AKCUOMATWYECKOE MOCTPOEHWE FEOMETPWN
EBKIMAA N NTOBAYEBCKOIO

§ 1. AkcuomaTtuyecknin metop

1. MocTpoeHne reomeTpumn 06bLIYHO MPOBOAMTCA Ha OCHOBE aKCMOMa-
TUYECKOr0 MeTofda, COAEepXaHWe KOTOPOro B KpaTKUX 4epTax TakoBO.
BBogAaTCcA HekoTOpble O0OO6bLEKTbI, KOTOpble CBA3aHbl Mexay Ccob6oi
OLHUM VAN HECKONIbKUMW OTHOLIEHUAMU. ITU O06BLEKTHI U OTHOLLIEHUS
Ha3blBalOTCA OCHOBHbIMU. OCHOBHble OOBLEKTbI W OTHOLIEHUSA [OKHbI
YAOBNETBOPATL Tpeb6OBaHUAM aKCMOM, B OCTa/lbHOM WX npupoja 6e3s-
pasnnyHa. AKCMOMbI NPeACTaBAAOT CO60I YTBEPXAEHUS, KOTOpble'npu-
HumaloTcs 6e3 AgokasaTenbcTBa. J1t060e yTBepXAeHWe, KOTOpoe B KO-
HEYHOM MUTOre MOXET ObiTb MOMYYEHO NIOTMYECKUM BbIBOAOM M3 aKCUOM,
HasblBaeTcs Teopemoil. COBOKYMHOCTb MOHATUIA U Teopem, 6asupyio-
WMXCA Ha AAHHOW CUCTEMe aKCUMOM, NMPUHATO HasblBaTb Teopuel, noc-
TPOEHHOI Ha 3Toli cucTemMe akcMoM. MeTof MOCTPOEHUA TakuX Teopuid
Ha3blBalOT aKCUOMaTUYECKUM.

PaccMoTpyMM B 00WMUX YepTax, Kak MPUMeEHSeTCA aKkCMoMaTU4ecKui
MeTOj K MOCTPOeHUto reometpun EBknupa v reometpum Jlob6avyeBcKoOro.
Mpexae Bcero BBOASTCA TPU Pa3fiMUHbIX COBOKYMHOCTWM OCHOBHbIX 06b-
€KTOB:

t O6beKTbl MepBO COBOKYMHOCTU HA3blBATCA «TOUYKaAM W»
*0O0beKTbl BTOPOA COBOKYMHOCTM — «MPSAMbI M U».

O6beKTbl TpeTbell COBOKYMHOCTM — « M OCKOCTAM W».

MHOXeCTBO BCeX TOYeK, MPAMbIX M MAOCKOCTeR Ha3biBaeTCA NpocT-
paHCcTBOM.

TOYKM, NpsiMble M NNOCKOCTN CBsA3aHbl MeXAy co60ii psfOM  OCHOB-
HbIX OTHOLUEHWA, KOTOpbIE OMUCLIBAIOTCA CNOBAMW «JiedXa T», «M e X-
BY», KKOHT PY3HTHbB» 3T OTHOWEHUS JONXKHbLI YAO0BAETBOPATH
Tpe6oBaHUAM aKCUOM, POPMYIMPOBKN KOTOPbIX BYAYT AaHbl HUXe B §§ 4,
5, 7, 11, 15 rnaBbl |. Bce akcMoMbl yao6HO pa3fennTb Ha NATb rpynn:

pynna | — aKcMOMbl CBA3MN.
Mpynna |1 — akcnombl nopagka.
Mpynna Il — aKCMOMbl KOHTPY3HTHOCTH.

Mpynna IV — akCMOMblI HEMPEPbLIBHOCTU.

Mpynna V — akcuMOMbl MapanfielbHoCTH.

OTMeTUM, 4TO ANs reomeTpum EBknmpa u reometpum J1o6ay4yeBCcKOro
aKCMOMbl MepBbLIX YeTblpex rpynn cosnajawT, a V rpynna, npeacras-



nawwas coboli ofHYy akcuomy napannefibHocTW, COCTOUT M3 MPOTUBO-
NOMOXHbIX YTBEPXKAEHWIA.

TakuMm obpasom, reomeTpuun EBkanga n J/1o06a4eBCKOro CyTh Teopuu,
NOCTPOEHHbIe Ha cucTeme akcuom rpynn I—V . lNogyepkHeM, 4TO AN
MOCTPOEHMUS 3TUX FeOMeTpuiA Ham 6e3pa3/InyeH KOHKPETHbIW HarnsgHbIn
CMbIC/T OCHOBHbIX 06bEKTOB 1 OTHOLLUEHWIA, BaXXHO WLUb, YTOObI OHU YA0B-
netBopsanM TpeboBaHWSAM akcuoMm rpynn I—V.

2. AKCMOMATUYECKUIA MeTOZ MOCTPOEHUS reOMeTpPMUM HOCUT BecbMa
abCTpaKTHbIA xapakTep. 3T0 Mnpexje BCero nposiBnsiercsd B 60/bLUOM
Npon3Bosie BbibOpa OCHOBHbIX 06BLEKTOB UM OTHOLLEHWIA.

TemM He MeHee CaMM TEPMUHbI «TOYKa», «MpsiMas»,  «M10CKOCTb»,
KOTOpble cnyXaT 418 OnMcaHUs OCHOBHbIX 06BEKTOB FeoMeTpuu, yKa-
3bIBaAKOT Ha TO, YTO UCTOYHMKAMW 06pa3oBaHmNsA 3TUX NOHATUIA BblLAN NpPo-
CTpaHCTBEHHble (HOPMbl peanbHbIX Tesl. Tak, MNOHATUE TOYKWM BO3HWMKIIO
B pe3ynbTaTe abcTpakuum OT pa3mepoB Tena. VIMeHHo, ecnu npu nsy-
YeHUW TOro0 UM MHOMO BOMpOca pasMepbl Tefla He UrparT pPoan, TO UMK
MOXHO NpeHebpeyb — 0TCHOAA U BO3HWKAET NOHATUE TOUKK. C 3TUM AB-
NIeHNeM Mbl MOCTOSAHHO CTasIKMBaeMCs B MeXaHuKe 1 (un3nKe, paccmart-
puBas B NPOCTPAHCTBE NepeMeLleHne Mo AoCTaToYHO 60NbLUMM TpaeKTo-
pusmM Ten MajblX pasmMepoB (Hanpumep, ABUXEHWE MAaHET BOKpPYr
ConHua unn ABVKEHUE KOCMUYEeCKMX Kopabrein u CnyTHUMKOB BOKPYT
3emnn). Kaxpablil pas, ulyyas CBOWCTBa TPaeKTOpUU ABUXEHUS YKa-
3aHHbIX Te/, Mbl 0TBfleKaemcsi OT pasmMepoB 3TUX Tel WM HasbiBaemM WX
MaTepuanbHbIMK Toukamun. Ecnm abcTparmpoBaTbCs Npu 3TOM elle U oT
(bm3mMyeckMx CBOICTB AaHHOro Tena (macca, Temnepatypa u T. n.),
TO Mbl M NpugeM K paccMaTpuBaemMoMmy B T[EOMETPUM  MOHATUIO
TOUKMN.

MoHATME NPSAMON BO3HUKAET B pesyfbTaTe abcTpakumm oT gusnyec-
KUX CBOWCTB MpPeAMETOB OMNpefesieHHON NPOCTPaHCTBEHHON (HOpMbI TUNa
TYro HaTAHYTOM HWUTW, CBETOBOrO siyda U T. M. [pu M3yyeHUU GOpMbI
Taknx NpegMeToB B MPOCTPAHCTBE Ha MepBOe MEeCTO BbICTYMNaeT UX 3Ha-
ynTenbHas MPOTSXKEHHOCTb B OAHOM HamnpaBfeHUW (47MHA) Mo cpaBHe-
HUIO C ABYMS APYrMMU (WUMPUHA U BbICOTA). AHAOTMYHO WUCTOYHMKOM
NOHATUA  MAOCKOCTU  CAY>XAT MPOCTPAHCTBEHHbIE (OPMbI  Npeame-
TOB TuNa TYro HaTAHYTOro nmcta 6ymaru, MOBEPXHOCTU CTOMa
nT. 4.

B npupoge Tena, NpocTpaHCTBEHHbIE (JOPMbI KOTOPbIX NpUBEIN K 06-
pas3oBaHU OCHOBHbIX TFEOMETPUYECKMX 0OBLEKTOB, HAX0AATCA B Onpe-
JeNeHHbIX OTHOoWeHuAX. OTBMeKasCb 0T KOHKPETHOM (hn3nyecKoin npu-
pofbl 3TUX OTHOLUEHWUI N yepXKNBAsS LLUb OTHOLLEHMA MEXAY NPOCTpaH-
CTBEHHbIMU (hopmMamu Tefl, Mbl C UX MOMOLLbIO (hOPMYNMPYeEM CUCTEMY
B3aMMOCBA3eli MeXJy OCHOBHbIMW 06bEeKTaMu U TemM caMbIM MPUXOAUM
K OCHOBHbIM OTHOLLEHMAM WM CUCTEME aKCUOM, KOTOpas JIeXXUT B OCHOBE
NOCTPOEHNSA TEOMETPUMN.

Takum o6pa3om, cucTeMa akCMOM FeOMETPUM WMMeeT ONMbITHO €
NPONCXOXAEHNE.



§ 2. «Havana» EBknnpga

1. BO3HUKHOBEHWE TEOMETPUYECKUX MpeAcTaB/ieHUA OTHOCUTCA K
BecbMa fanekum BpemeHaMm. NMepBoHayasnbHOe NX 0POPMIIEHNE NCTOPUKU
CBSI3bIBAlOT C ApeBHeliLel KynbTypoli BaBunoHa n ErunTta. [Mo gowea-
W1M A0 Hac MaTepuasiaM 3T TeOMeTPUYEeCKMe CBefeHUs npefcraBns-
nn coboli Habop paspo3HeHHbIX NpaBus, WAKCTPUPYEMbIX Ha YaCTHbIX
4YMCNOBbIX NpUMepax. eoMeTpmuss Hocuaa rpybo aMAMPUYECKUiA xapak-
Tep, MOMHOCTbIO OTCYTCTBOBA/IN A0Ka3aTeNbCTBa OTAE/IbHbLIX TEOpemM W
TeM 60s1ee NOrnYecKme CBA3M MeXAY pas/iMyHbIMU reoMeTpuyecKnMu ak-
Tamu.

C VII BeKa A0 H. 3. HauMHaeTCcs TaK Ha3bIBaEMbIi FPEYECKUNA Mepuof
pa3BuTua reometpun. K aTomy BpemeHW, 6n1arogaps OXMBJEHHbIM TOp-
roBbIM OTHOLUEHMSIM, TEOMETPUYECKMEe CBefeHUA 13 Ervnrta npoHuKawT
B ["peuuto, 1 34eCb B HOBbIX YC/IOBUAX B PyKax rpevyeckmx yyeHblx n ¢u-
nocohoB B CPaBHUTEIbHO KOPOTKWIA CPOK FeoMeTpusi MnpeTeprneBaeT
KOpPEHHble U3MeHeHUs. B VI w1 V BeKax g0 H. 3. 6blan chopmMynmnpo-
BaHbl MHOIOYMC/IEHHbIE TEOMETPUYECKME TMPEAIOKEeHNSA, N NMPUMEPHO B
3TO >Xe BPeMs BO3HMKaeT MOHATME O foKasaTesibCTBe Teopem. K KoHUy
11l Beka [0 H. 3. rpekn y>ke 06nagann o6LUMPHBIM 3anacoM reomeTpu-
YecKMxX (hakToB W BafesM pasHoobpasHbIMU MeToLaMu AoKa3aTeslbCTB.
OT0, eCTeCTBEHHO, MPWBEJIO K MOMbITKaM CUCTEMATU3NPOBaTb M pacno-
NIOKNTb BeCb HaKOMJEHHbIN MaTepuan B CTPOrOM JIOrMYeCKOM NOPSAKE.
Takue MOMbITKW Aenasincb MHOTMMU FPevyecKUMU MaTeMaTuKaMu, HO [0
Hallero BPEMEHN MX COYMHEHUA HefoLW /M, TaK Kak, Mo-BUAUMOMY, OHU
6blM 3a0bITbl Mocne co3faHns EBKAMAOM ero 3HaMeHUTbIX «Hauvan».

Esknupg >xkun npumepHo B 330—275 rr. fo H. 3. Co3faHHble UM
«Havana» npeacTaBAsAlOT MOJIHOE M CUCTEMATUYECKOE W3/1I0XKEeHWe OCHOB
reoMeTpun.

2. «Havana» EBknuga cocToAaT n3 13 KHUr. He Bce KHUTM MOCBALLE-
Hbl HEMOCPeACTBEHHO TreoOMeTpuUW. EBKANA MHOro BHUMaHWA YLensieT
BONpocaM apuMeTUKN: WM MNOCBSALEHbl NATas, cejbMas, BOCbMas,
feBATas v gecatasd KHUMN. OcCTaibHble BOCEMb KHUT MMEKT YMUCTO reo-
METPUYECKOE COAepXaHue.

B nepByl KHUIY BXOAAT Teopembl 06 YC/OBUSAX paBeHCTBA Tpe-
YrO/IbHNKOB, COOTHOLUEHWUSA MeXAy CTOPOHaMW W yrnamu Tpeyronb-
HUKOB, TeOpUs napansiesibHbIX NNHUA U YCNIOBUSA PaBHOBE/IMKOCTU Tpe-
YrO/IbHNKOB W MHOI0Yro/lIbHUKOB.

Bo BTOpOli KHWre paccMaTpuBaeTCs MpeBpalleHNe MHOroyrosibHMKa
B paBHOBENUKWI KBagpar.

TpeTbs KHUra MOCBSILLEHA M3YYEHUIO CBOMCTB OKPYXHOCTMW.

YeTBepTasd — BMNUCAHHbIM W OMWCAHHbIM MHOrOYro/IbHUKaM.

LLlectas — nofo6HbIM hurypam.

HakoHel, B Moc/ieqHNUX TPexX KHUrax n3narartTCs OCHOBbI CTepeo-
METPUMN.

M3 npuBefeHHOro Bbllle CofepXaHusa «Havan» BUAHO, YTO OHWU CO-
LepXaT mMaTepuan, OTHOCALMIACA K 3MeMeHTapHol reometpuu. WM3no-
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XEHUE B KaXLOW M3 KHUT HAUYMHAeTCs C OMNpeAeneHnst Tex MOHATUMA, Ha
KOTOPbIX OCHOBaHO Mocreaytollee n3noxeHue. OctaHoBumcs 6onee noj-
po6HO Ha nepBoii kHWre. OHa HauyMHaeTcs ABajLaTbl TpeMsi onpefe-
neHnamMu. TprBeAeM HEKOTOpble U3 HUX:
OnpepgeneHune 1 TouKa eCTb TO, YTO He UMeeT YacTell.
OnpepeneH ne2. JINHKA ecTb AANHA 6e3 LUIMPWHBI.
OnpepgeneH uned. [paHuubl TUHAN CYTb TOUKW.
OnpepeneHHen lpamas eCTb Takas NMHUA, KOTOpas 0fu-
HaKOBO PAacrofioXKeHa Mo OTHOLIEHWI0 KO BCEM CBOUM TOYKaM.
OnpepgeneHune 5 T[loBEPXHOCTH €CTb TO, YTO UMEET TO/b-
KO [ONVMHY W LUUPUHY.

Mocne onpegeneHuii EBKAUG NepexoauT K (hOpMYy/SMpPOBKe MOCTY-
NlaTOB M aKCUOM, T. e. YTBepPXAeHWN, MpuHMMaeMbIx 6e3 gokasaTesib-
cTBa.

MocTtynarthbl

1 TpebyeTcs, 4T06bl OT Ka>KON TOYKM KO BCAKOW LPYrol TOuKe
MOXKHO ObI0 MPOBECTM MPAMYH NINHMIO.

2. W 4T06bl Ka>Kaylo NPsSIMYI0 MOXKHO ObII0 HEOMPeeNeHHO MPOAoN-
XKUTb.

3. W 4T06bl 13 NOGOrO LEHTPa MOXKHO 6bIN0 ONMUCATb OKPY>KHOCTb
NO6bIM  pasnycom.

4. W 4TO06bI BCe NPsMbIE YIbl bl paBHbI.

5. N 4TOO6bI BCAKNIA pas, Korga npsiMas npu nepecevyeHny ¢ AByMs py-
rMMU MpAMbIMU 06pasyeT C HUMU BHYTPEHHWEe OJHOCTOPOHHME YIbl,
CyMMa KOTOpbIX MeHbLUE-ABYX NPAMbIX, 3TU NPAMbIe Nepecekaincb cT O
CTOPOHbI, C KOTOPOi 3Ta CyMMa MeHbllue [ABYX NPSMbIX.

AKCWOMBbI

. PaBHble NMOpO3Hb TPeTbeMY paBHbl Me>KAy COBONA.
. W ecnn K paBHbIM NprbaBMThb paBHble, TO NONYHYNM PaBHbIE.
. M ecnm 0T paBHbIX OTHUMEM paBHble, TO MONYYUM PaBHbIE.
. Wl ecnn K HepaBHbIM MpubaBnM paBHble, TO MONYYMM HEPaBHbIE.
W ecn ygBOMM pasHble, TO MOAYYUM paBHbIE.
/I NOnoBMHbI PaBHbIX paBHbI MeXXAy COOOVA.
M coemelaroLmecs pasHbl.
M uenoe 60nblle 4acTM.
. N pBe npsmMble He MOTyT 3aKK4YaTb MPOCTpPaHCTBA.

[Mocne akcmom EBK}'IVI,IJ, n3naraeTt TeopemMbl reomeTpuun, pacnosaras
X B TaKOM MOpsfKe, 4TOObl KaXXA0e HOBOE MPeasiodKeHMe MOXXHO 6bl10
AOKa3aTb, onunpasacCb /1Wb Ha npeablagylwine npeanoXxXeHnd, NocTtynatbl
N aKCNOMBblI.

3. MepeyncneHne onpeaeseHNin U akCMOM, KOTOPble AOCTaTO4YHbI A
npoeegeHMA NOrMyecKoro pokasartesibCTBa BCEX crefyrowmx 3a HUMU
TEeopeM, MNMPUHATO Ha3bliBaTb 060CHOBaHNEM reomMeTpun.

©CONOUTE WN |
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EcTecTBeHHO nocTaBUTb BOMPOC, MNPOBefeHO nu EBkAngom 060CHO-
BaHWe reoMeTpuM ucyepnbiBalOWMM 06pa3oM. TOT akT, uTo «Hauvana»
EBkAnga 3aTMunu Bce Npeabligyline COYMHEHWS MO 0OOCHOBaHWUIO reo-
MeTPUM U Ha NPOTSKEHWU MHOFUX CTONEeTWUiA OblIM 06pasLoM CTPOrocTu
N3N0XEHNA MaTeMaTUUYeCKMX [0Ka3aTe/lbCTB, CBUAETENbCTBYET O TOM,
yto EBknngom npobnema 060CHOBaHWS reomeTpum 6bina pelleHa ¢
60nblWOKW TOYHOCTLIO UM MacTepCcTBOM.

OfHaKo ecnM NOoAXOoAWTb K «Hauanam» ¢ TOYKU 3PEHUS COBPEMEH-
HON MaTemMaTuUKKU, TO 06Hapy>XXuBaeTcs, YTO NpoBefeHHOe MM 06OCHOBa-
HWe reoMeTpuMm BO MHOTOM HEYA0BNETBOPUTENbHO. OCTaHOBUMCSA Ha 3TOM
6onee noApo6Ho.

Bo-nepBbiX, POPMYNNPOBKN ONpefeneHniA CTPOATCA C NOMOLLbIO Mo-
HATUIA «rpaHnLbl», «4JIMHbI», <WUPUHBI» U T. M., KOTOPblE camu nojasexar
onpegeneHnsm. bonee BHUMATE/bHbIA aHanW3 MOKa3blBaeT, YTO HU 0Of-
HO U3 onpefefeHnin 1—5 HUKOMM 06pa3oOM He MCMONb3YyeTCsA MpPU JOKa-
3aTeNnbCTBE KakKMX-n1nmbo Teopem. TU ONpefeneHns opraHn4yeckn HuUKak
He CBA3aHbl C OCTaNbHbIM MaTepuanom MepBoil KHWUIKM U 6e3 yuwepba ans
fena MoryT 6biTb onylleHbl. B aTux onpegeneHuax fenaetcs AOBOJSIbHO
HaMBHasa NOMbITKA Harfa4HO onucatb OCHOBHbIE reoMeTpuyeckme o6bek-
Tbl. 34eCb, KCTaTh, ABHO MOLYEPKUBAETCHA OMbITHOE MPOUCXOXKAEHUE Oc-
HOBHbIX MOHATUI TFeOMeTpUN.

Bo-BTOpbIX, XOTA MPUBEAEHHbIE MOCTYNaTbl M aKCMOMbl CYLLECTBEH-
Hbl, HO JaXe MOBEPXHOCTHbIA aHanM3 MNOKa3blBaeT, YTO CMAWCOK eBKU-
[OBbIX aKCMOM C/IULWKOM 6efleH ANA MOCTPOEeHUSA FeoMeTpuu.

HanpumMep, ¢ NOMOLWbIO 3TUX AKCUMOM HeNb3s YCTAHOBUTb, YTO TOY-
Ka JaHHOW NpAMOW NeXUT MexXAay ABYMS LPYTMMKU TOUKaAMUK TOW Xe nps-
MOW, YTO ABEe TOYKM /1eXaT Ha NJ0CKOCTU MO OAHY WAWM MO pasHble CTO-
POHblI OT AaHHOW NpPAMOM WAM YTO TOYKA NEXUT BHYTPU MHOFOYrosb-
HUKa M T. N. ®aKTUYEeCKN Mbl MOCTOSHHO NO/b3YyeMCA 3TUMMK hakTaMu, U,
eCNM onMpaTbCa TONbKO Ha MOCTynaTbl U aKkCMOMbl EBKAMAA, Mbl BbIHY
XAeHbl OyfeM NoAKPennaTb AoKa3aTeNbCTBa O6palleHnemMm K HarngagHbim
CBOWCTBaM uepTexa, 4YTo byaeT MPOTUBOPEUUTH IOFMYECKOMY MYTW MOC-
TPOEHUA TeoOMeTpun.

[anee, paBeHCTBO uryp (akcumoma V) onupaeTca Ha NOHATUE ABU-
XeHus. Mexnay Tem y EBKAnga aToro noHATUS HET, a CBOWCTBA [BUXKe-
HUS B akCuomax He nepedncrneHbl. HakoHel, MOAHOCTbIO OTCYTCTBYHOT
aKCMOMbI HemnpepbIBHOCTU.

Takum o6pasom, y6efuTeNIbHOCTb IOTMYECKUX NOCTPOEHUA Yy EBKAN-
[a [LOBOJIbHO 4YacTO MOAKPENNAeTCA NPUBbIYKAMW HALLIUX NPOCTPAHCTBEH-
HbIX MpefCcTaBNeHWA. A 3TO 3HAYUT, 4YTo «Havyana» He AalwT CTPOro no-
rMyecKkoro 060CHOBaHUSA reoMeTpuum.

4. Pa3nunyHble JONONHEHNA K eBKAUAOBCKUM «Havanam» 6binun cpe-
NaHbl Yy)XKe YYeHbIMU aHTUYHOro Mupa. Tak, Apxumes paclinpun cnucok
noctynatos EBknupa u fan B TEOPUM M3MEPEHUs LAWH, Naouiagein u
06bEMOB CyLLleCTBEHHOE 3aBeplueHne wu3noxeHuns EBknupa. Mocne Ap-
XMMeaa MonbiTKW YTOYHUTb OCHOBHbIE MOMIOXEHWUA TeOMeTpUM He Mpek-
pawanucb. OAHAKO Ha NPOTSHXKEeHUM 6ofee Yem ABajLaTV BEKOB HUKTO
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He npu6aBun K 06OCHOBAHUID TFEOMETPUU YEero-AnM6o NPUHLUNNANLHO
HOBOro. YpoBeHb CTPOroCTW €BKNUAOBbLIX f0Ka3aTenbCcTB Ao XIX Beka
cyMTanca BMOJiHe OCTAaTOYHbIM. TOMbKO B KOHUE XIX Beka 6bian chop-
MY/IMPOBaHbl HOBble KOHLEMUWUW NI0rMYeckoro 060CHOBaHMA TeoMeTpun
“ Brepsble Oblna chHOpPMyNMPOBaHA MOMHAA CUCTEMa aKCMOM, W3 KO-
TOPbIX BCE TEOpPeMbl FeOMETPUM BbIBOAATCS 6e3 BCAKUX MNOAKPEnns-
LLMX CCbISIOK Ha YepTex.

OTMeTUM, 4YTO Heo6X0AUMMOCTb MNOMNOMHEHUS CAUCKa EeBKAWUAOBbIX
aKCuoM BUAENO NUWb HeboNblIOe Yucno reomeTpos. [lofasnsiollee
60/bWNHCTBO COYUHEHUA UMENO LEeNbl0 YMEHbLUTb KOIMYECTBO eBKIU-
[lOBbIX NOCTynatoB. B aTOM BblpaXkanocb eCTeCTBEHHOe CTPeM/IeHue no-
NYYUTb MWUHUMANbHYIO CUCTEMY AaKCMOM [/ MOCTPOEHUA TreoMeT-
puu.

Nerko 6bl10 ycTaHOBUTbL, 4TO IV noctynat msnuweH. OCHOBHOE
BHMMaHue O6bl/10 HanpaBfeHO Ha TO, 4TO6bl BbiBecTM V nocTynar wu3
npoynx akcmom EBknnpga. 3T0 06bACHANOCH TeM, 4TO (DOPMYAMPOBKaA
V noctynarta 3HauMTeNbHO CNOXHee, YeM Yy BCeX APYruUX MOCTYnaToB U
aKCUOM, ¥ 4YTO OH 60/1ee NOXOAMT Ha TEOPEMY, YEM Ha aKCUOMY.

MccnegosaHns, nocBslWEHHbIe V MOCTynaty, Hayaaucb NoyYTU OAHO-
BPEMEHHO C co3faHuemM «Hauyan», HO MOJIHOE pelleHWe 3TOro Bonpoca
ObIN10 4aHO 3HAYUTENbHO NO3Xe — B NepBoii nonosuHe XI1X Beka —
H. . Nobauvesckum, A. bonbsin n K. Fayccom.

§ 3. Mpob6nema nAToro nocrynara

1 MAaTblli nocTynat u akcuoma o napannenbHbiX. Mpu NOCTPOeHUN
3/leMeHTapHON reomeTpum V nocTynaT UrpaeT BecbMa CYLECTBEHHYHO
ponb. OH NeXWT B OCHOBE BaXHeWW WX pa3fjeNnoB reoMeTpuu: Teopuu
napannenbHblX TMHWUIA, TEOPUU NOJOOHBIX BUTYP, TPUTOHOMETPUMN U T. [,

OcTaHoBuMCSt 60niee MoApo6HO Ha cBA3M V mocTynata M Teopuu
napannenbHblX. [lpexgae Bcero, OTMETUM, YTO TeOpUMM nNapanienbHbIX
npejliecTByeT LUenblii paj TeopeMm, A0Ka3aTeNbCTBO KOTOPbIX He Onu-
paeTcs Ha V noctynart. 3To TeopemMa O PaBEHCTBe Yr/f0B NpW OCHOBa-
HUM paBHOOGELPEHHOr0 TPeyronbHWKa, TPW TEOpeMbl O paBeHCTBE Tpe-
Yro/IbHUKOB, TEOPEMA O TOM, YTO KaXKAblii BHELIHWI Yron TpeyroabHMKa
6onble N060ro U3 BHYTPEHHUX, C HAM HE CMEXHbIX, TeOpemMbl O COOT-
HOLLUEHWUW CTOPOH ¥ YIN0B B TPEYronbHUKe U pag apyrux. bonee nogpo6-
HO 06 aToM 6yfeT uaTh peub HXKe B 8§88 rna. .

[Be npsmMble, nexalyne B O4HOW NNOCKOCTU, Ha3blBAKOTCA Napannenb-
HbIMU, €CAN OHW HEe UMeIT 06Leil Touku. CylecTBOBaHWE T aKux nps-
MblX yCTaHaBnusaeTcs 6e3 ucnonb3osanus V nocTynaTa. [elicTBu-
TeNbHO, ecNn NpAMas C nepneHaMKynapHa fByM npsMbiM a u b u ne-
XXUT BMECTe C HUMW B O4HON nnockocTu (puc. 1), To npsAmble a u b na-
pannenbHbl.

Ecnun 6bl 3T0 661710 He Tak 1 NpsMble a U b nepecekanncb B HeKOTO-
poii Touke C, TO BHeWHUA yron TpeyronbHnuka ABC npu BeplinHe A
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[OMKEH 6bln 6bl O6bITb 60MbLIE BHYTPEHHEro yrna npu BeplwiuHe B.
Ho 3TO HEBO3MOXHO, TaK KakK, COrflaCHO WUCXOAHOMY MpefnosoXeHuto,
o6a 3Tu yrna npsamblie U,cAef0BaTeNlbHO, paBHbl MeXay Co60ii.

[anbwe peyb 6yaeT MATM TOMLKO O NPSAMbIX U TOYKaX, fexawmux B
O[JHOM MNIOCKOCTU; 3TO O6CTOATENbCTBO HWXKE CheunansHo 0orosapu-
BaTbCA He 6yJer.

Cc
Puc. 1

Myctb a — nwbas npamas M A — NPOU3BOAbHAA TOYKa, He ne-
Xaulas Ha Heid (puc. 2). Torga yepe3 TOUKy A NpoxoauT npsMas a',
napanfnenbHas npamoi a. [eictsutensHo, ecnm AB — npamas, nep-
NeHAUKynspHas nNpsMoi a, To nmpsMas a’, Npoxofswas yepes TOUKY
A nepneHAUKYNspHO npamoii AB, v ecTb npsmas, mapannenbHas a.

4/

Puc. 2

[Mocne Toro Kak ycTaHOB/NEHO, YTO Yepe3 KaXAylo TOUYKY MNIOCKOCTU,
He nexalyr Ha JaHHOW npamoii a, NPoXoAWT npsamas, napanfiefbHas
a, BCTAeT BOMPOC: MPOXOAMT /M Yepe3 KaXKAyl TOUKY MIOCKOCTU OfHa
AN HECKONbKO TaKux Mnpambix?

Mcxogda m3 Vo nocTtynata, MOXHO YCTaHOBUTb, UYTO uepe3 KaxXpAyto
TOYKY MJIOCKOCTU MPOXOAMUT TOYHO OfjHa MpsAmas, napannenbHas AaH-
HON. [eicTBUTENbHO, NYCTb A — MPOM3BO/SbHAA TOYKA, He fexalyas
Ha npamoii a. NMyctb AB — npamas, nepneHaukynapHas a (puc. 3).
Torga npamada a', nepneHankKynapHaa Kk AB n npoxojawaa 4epes Tou-
Ky A, napannensHa a. Bcakad npamad b, npoxopdwasa depes A
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N OTAMYHasA OT a', BMecTe C NMpPsIMOM a cocTaBnseT ¢ npsmoi AB oga-
HOCTOPOHHME YT/ibl, CyMMa KOTOPbIX MeHblle ABYX MpsMbiX. [1oaTomy,
cornacHo V noctynaty, npsmble aun b nepecekawTcs.

Jokaxem Tenepb o6paTtHoe yTBepxaeHUe: V nocTynaT MOXKET 6blTb
[lOKa3aH KaK Teopema, eciuW B KayeCcTBe akCMOMbl NMPUHATbHL yTBep>Kje-
HWe, YTO 4Yepe3 Ka>KAyl TOUKY, He fedKallyl Ha JaHHON npsAMOii, npo-
XOAUT TOMbKO OfHa npsmMas, napannenbHas faHHONA.

Mpexpae Bcero OTMETWM, 4YTO €CAU CMpaBej/MBa akCcMoma O efuH-
CTBEHHOCTW MPAMON, napannenbHOW JaHHOW, TO NPU MepPecevyeHnmn 4ByX
napannenbHbiX MPAMbIX TPeTbell cymMma BHYTPEHHUX OAHOCTOPOHHMUX
YrN0B paBHa ABYM NpsaMbIM. MycTb A5 NpsAMbIX @, b U C BbIMOMHEHbI
ycnoeus 'V nocTynara v nycTb Ans napbl BHYTPEHHUX OLHOCTOPOHHUX
YrNoB 0OCj, P, BbINOJHEHO YC/OBME

ai+ A<
(puc. 4). Uepe3 TouKy A npoxoauT eAMHCTBEHHad npamasa a', napan-

nenbHaa b. MycTb a[ u pj — cooTBeTCTBYHOLW AN 3TON NpAMOI napa
OAHOCTOPOHHMX yrnos. Torga

of + pt= 2d

W, CcnefoBaTeNbHO,
ai>ar
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Moatomy npsamble a u b nepecekatoTcs. Janee, ecim a2y a' — coOOT-
BETCTBEHHO CMeXHble yrnbl 414 yrnos a4m a' wmexpy otpeskom AB
N NpambiMn 9 1 a', TO

o2 2+

CnepoBaTtenbHO, NpAMble MW 6 NepecekalwTCs U MPUTOM C TOW CTOPOHbI,
rge HaxopdTtca yrnel alwu P/

MNTak, V nocTynaT O3KBUBaNleHTEH akKcumome
0O €AWHCTBEHHOCTU nNpsAMOI, napannenbHOM
OAaHHOW.

MpuBegem ewe psajg NPeasoXeHURn, aKBUBANEHTHbIX MATOMY NOCTY-
naty:

1. [Be napannenbHble NPsMble NPW NEPECeYeHUn NX TpeTbeld NpsaMoii
06pasyloT paBHble COOTBETCTBEHHbIE YI/bl.

2. Cymma yrnoB TpeyrofibHuKa paBHa ABYM MNPsSMbIM.

3. Toukw, ne>kaline No ofHY CTOPOHY OT AAHHOW NpPsSMOW Ha OfHOM
N TOM >Ke paccTOsHUM OT Hee, 06pasyloT NPSMYI0.

4, CylecTBylOT TPeyrofibHWUKU, NoWagn KOTOopbiXx 60/blle Nto60ro
Hanepes 3afaHHOro uucna.

5. CylecTBYlOT MoAo6Hble HepaBHble TPeyronbHUKM.

Jllo6oe M3 3TUX YTBEPXAEHWI MOXHO B3ATb B KauyecTBe aKCHOMbl,
u Torga V nocTynaT MOXeT GbiTb 40Ka3aH Kak CleAcTBMe 9Toi U mnpo-
UNX aKCMOM TeoMEeTpUu.

2. Teopembl Cakkepu, JlambepTa u JlexaHgpa 06 yrnax YeTbipex-
YronbHUKOB W TpeyronbHUKOB. Bbllle yXe roBopunoch, 4YTo npobreme
V noctynata 6blM MOCBALWEHbI MHOTFOYUC/IEHHbIE UCCNef0BaHUA. Bbino
npesnoXxeHo 60MblIOE KOMMYECTBO «AOKasaTenbCTB» V nocTynara, u
KaXAbli pa3 BHMMaTe/bHbIA aHanu3 06HapyxuBan npobenbl B npegso-
XEHHbIX NOCTpoeHuAX. O6bIYHO aBTOPbl 3TUX A0KA3aTeNIbCTB He3aMeT-
HO MCMNOMb30Ba/N B CBOUX PacCyXeHUAX MNpefnoXeHUsa, 3KBUBaANEHT-
Hble V nocTtynaty. TeM He MeHee 3TW UCCNef0BaHUA Cbirpanu CylliecT-
BEHHYI0 pPONb B PasBUTUW TeOpUW napanfnefibHbIX WU ApYyTrux BOMPOCOB
OCHOBAaHWA reomMeTpuM, MNOCKONbKY B HUX NpOCAeXuBanacb cuctema
faneko MAaywmux cnefcTBuid, BblTEKalWMX U3 V noctynata Man npeg-
NIOXKEHMNA, eMy MPOTMBOMONOXHOro. HuXXe Mbl OTMEYaeM psajg npegno-
XeHul, npuHagnexawmnx Cakkepwu, NambepTy n JNe-
XaHpApYy1l KoTopble OKa3anu 3aMeTHOe B/NAHWE Ha pa3BuUTUe Oc-
HOBaHWA reoMeTpumn.

B pa6bote Cakkepun «EBKAUA, OYNLLEHHbIA OT BCAKWUX MATEH, UK ONbIT,
yCTaHaBNMBalOLW KNI camMble MepBble MPUHLUMLI YHUBEPCANbHON reoMeT-
puu», Bbilleawei B 1733 r., Aenaetca nonbiTka fokasaTb V noctynar
MeToAOM OT MPOTMBHOrO. B ueHTpe nocTpoeHuin Cakkepu NIEXUT YeTbl-

14. Cakkepwun (1667—1733)—uTanbaHckniAi MaTematuk; . Jlam-
6epT (1728— 1777) — HemeuKuii MaTeMaTUK U Gu3mk; A. JlexaHgp
(1752—1833) — Bblgatowniica paHLy3CKMii MaTeMaTuK.



pexyronbHuk AA'B’B (puc. 5) c AByMS NpAMbIMU yriamum nNpu OCHO-
BaHMM AB u Cc AByMA paBHbIMM 60OKOBbIMM cTOpoHamu AA' un BB'.
N3 cummeTtpumn ¢urypol AA'B'B  OTHOCUTENLHO MepneHAnKynsapa K
cepeMHe OCHOBaHWA BbITEKaeT, 4YTo yrnabl npu BepwwnHax A' n B' pas-
Hbl. CakKKepu ycCTaHaB/nMBaeT CleAYHLWY Teopemy.

nd

Puc. 6

Teopema 1. Ecau yron A' Tynoi, TO 3TO NPOTMBOPEYNT ak-
cvomam, reoMmeTpun, ecm >ke yron A' nNpsMoii, To 3TO yTBep>XKAeHNe 3K-
BMBaNeHTHO V noctynaTtyl

[anee Cakkepu, gonyckas, 4to yron A' ocTpblid, mocne uenu psga
BEPHbIX paccy>ieHuii, annennpya K Halemy HarnsgHoMy npegcrasne-
HWUIO, OWMBOYHO 3aK/OYaeT, YTO MPeaoXeHMe O TOM, 4To yron J1' ocT-
pblii, NPOTUBOPEYUT OCTaNlbHbIM aKCMOMam FeoMeTpun.

Takum 06pa3om, yTBEpPXAEHWe, YTO B YEeTbIpexyrosbHuke Cakkepu
AA'B'B yron A' oCTpblii, 3KBMBANEHTHO MPeAN0XEeHN0, MPOTMUBO-
NoNOXHOMY V MOCTynarty.

B coumHeHun flambepTa «Teopus napannenbHbiX NuHuiA» (1766 1.)
B OCHOBY MOCTPOEHWIA NOMOXeH 4eTblpexyrofibHUK ABCD (puc. 6)
c Tpems npsMbiMuU yrnamu A, B, C. OTHOCMTENbHO YeTBepTOro yrna
MOTYT ObITb CAeNaHbl TPU 4ONYLLEHMA: YTO 3TOT Yron Tynoi, npamoin nau
OCTPbIiA.

NambepTom ycTaHOBNEHA

Teopema 2 lunoTesa o ToMm, yTo yron D Tynoii, npoTwuBope-
UAT OCTalbHbIM akcMomam reoMeTpuu, runoTesa 0 Tom, 4YTo yron D
npsAMOii, 3kBMBaneHTHa V nocTynaTy.

M3 runotesbl ocTporo yrna fSlambepT pasBui Leny CUCTeMY Laneko
MAYWNUX CNefCcTBUA, MHOTME U3 KOTOPbLIX MPOTUBOPEYUIA HALLEMY Ha-
rNSGHOMY MNPeACTaB/eHWIO O CBOWCTBaX MpAMbIX. B oTnmume ot Cak-
Kepw, JlambepT He caenan owno6Kn, 6narogaps KOTOPOK MOXHO 6b1f0 6bl
O0TBeprHyTs V noctynat. Hao6opoT, B CBOEM COYMHEHUW OH nwucan:
«JloKasaTenbCTBa €BK/NMAOBa nocTynara MOryT OblTb [OBEeAeHbl CTO/b
[laneko, 4Yto octaeTcd, MO-BUAMMOMY, HUUTOXHAA Menoys. Ho npu Twa-
TeNbHOM aHasn3e 0Ka3blBaeTCs, YTO B 3TOW Kaxylielcsa menoun u 3a-

1 MNpwn atom npegnonaraeTca, 4to V MocTynaT He BK/OYEH B CMUCOK
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Knto4yaeTca BCS CyTb BONPOCa; 0ObIKHOBEHHO OHAa COAEpPXUT NnMbo AoKa-
3bIBAEMOE MpeanoXeHne, NM60 PaBHOCU/IbHbLIA eMy NOCTynaT».

B pa6oTax JlexaHapa MMeeTcA HECKO/MbKO MOMbITOK foKa3aTenbCTBa
V noctynata. PaboTbl JlexaHapa npeAcTaBAAalT WMHTEpPEC, TaK Kak B
HUX BbISICHAETCHA CBA3b MeXAYy V MocTyfnatom W NpepfioXXeHneM o cymme
YrnoB TpeyrosbHWKa. JlexaHap BBOAUT TPW B3aMMHO WCKKOYaKLune
Apyr Apyra runoTesbl:

1. Cymma yrnoB TpeyrosbHuka 60/blie ABYX MNPAMbIX.

2. CymMa yrnoB TpeyrofibHMKa paBHa ABYM MPAMbIM.

3. Cymma yrnioB TpeyrofibHMKa MeHblle ABYX MPSAMbIX.

MM [oKasaHbl cnegylouine Teopembll:

Teopema 3. Ecnu cymma yrnoB TpeyronbHuka 60fblie [BYX
MPAMbIX, TO 3TO NPOTMUBOPEYNT akcuomam reomeTpuu.

Teopema 4. Ecin gns Bcex TPEYroabHUKOB CyMMa YrioB paBHa
[BYM NpsiMbIM, TO BepeH V mocTynaT, U 06paTHO.

Teopema 5. Ecau cymma yrnoB Kakoro-Humbyab 0gHOro TpPeyrofb-
HUWKa paBHa [BYyM MNpsiMbIM, TO U ANS BCEX TPEYrofbHUKOB CymMMa Yrnos
paBHa [ABYM MNpPSIMbIM.

Takum o6pa3oM, YTBepXJeHWe 0 TOM, 4YTO CyMMa Yr/0B KaKoro-
nn60 0AHOTO TPeyronbHUKA MeHbLUe IBYX NPsSMbIX, 9KBUBANEeHTHO npej-
NOXEHWUI0, MPOTUBOMONOXHOMY V MocTynaty.

3. Pa6otbl H. W. Jlo6auyeBckoro no ocHoBaHusM reomeTtpun. K Ha-
yany XIX Beka MHOrFOYMC/EHHble MNOMbITKM 060CHOBAaTb TEOPUID na-
pannenbHbIX U TEM CaMbiM pelwnTb npobnemy V nocTynata okKasanucb
TweTHbIMU. Ho B 20-x rogax XI1X Beka 3Ta TpyfHelwas MHOroBekoBas
npobnema reometTpuu 6Obifna peweHa B Bblgatowuxcs paboTax npodec-
copa KasaHckoro yHuBepcuteta H. WN. /Tob6bauyeBCKOTO
(1793—1856)2. B cBoeM foknaje PU3NMKo-maTeMaTU4yecKoOMy akynbTeTy
KasaHckoro yHuBepcuteTa B 1826 . M B COUYMHEHMAX, Nyb6AMKOBaB-
lWMXCA HaymHas ¢ 1829 r., Jlo6ayeBCKMiA OTYETANBO (hOPMYNMpYyeT no-
NOXeHune, YTo V NOCTYyNaT He MOXET ObITb BbiBEAEH U3 OCTalbHbIX aKCMOM
reometpun EBKAnpga, M CTPOUT HOBYKO TEOMETPUYECKYHO CUCTEMY, KO-
TOpyto OH Ha3Ban BooGpakaemoi reomeTpueil. B 0CHOBY 3TOi reomeTpuu
OH MOJIOXW/I OCHOBHbIE MOCLINKW TeOMeTpun EBKAmnpa, KpomMe akChoMbl
0 napanfiefibHblX, 3aMeHWB ee NPOTUBOMNOJIOXHbLIM YTBEpXAeHneM. Boo6-
paxaemas reomeTpus 6bina passuta JlobaueBCKUM [0 TeX Xe Nnpesenos,
4yTo U eBKAMAoBa reometpus. MNpu 3Tom Jlob6ayeBCKUA He BCTPeTMN B
Hell HUKaKUX NOTMYECKUX MpOoTUBOpPEeYUin. bonee Toro, OH MpoBen Tuia-
TeNbHbIA anrebpanyeckuii aHanuM3 OCHOBHbIX YPaBHEHWIA HOBOW reo-

1 Moapo6HOe AOKa3aTenbCTBO 3TUX Teopem cm.! H. B. EdbhmumoB, Bbic-
was reomeTpus, rn. I, § 8.

2 MofpobHble CBEAEHUS O XU3HU W feaTenbHocTn H. W. JlobaueBCcKOro cm.
B KHure: B. ®. KaraH, Jlo6aueBckuii (u3g. AH CCCP. M.—/1., 1944)
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MEeTpUM W TeM fan BMNOSHe CTporoe 060CHOBaHMWE NOCTPOEHHOW WM reo-
MEeTPUYEeCKON CUCTeMbl, OTBevatollee TpebOBaHMAM TOrO0 BPEMEHM.

[okasaTenbCTBO HENpPOTMBOPEYMBOCTWU 3TOW HOBOW reoMeTpuu Ha
COBPEMEHHOM YPOBHE CTPOrocTu 6bl10 faHO AUWb B KOHUe XIX Beka
nocne ycTaHoBAeHMA 06WMX NPUHLMMIOB N10rMY4eCcKOro 060CHOBaHMUA reo-
MeTpuun.

MaTemaTuyeckuin mup Hayvana XIX Beka He 6bl1 NOArOTOBMEH
K TOMY, 4TO6bl NPaBUNIbHO MOHATb W OLEHUTb HOBble TNy6oKue wuaeu,
3a/0XeHHble B paboTax J106a4eBCKOro. TONbKO OYEHb HEMHOTME FreoMeT-
pbl MOTAN JO/MKHbIM 06pa3oM NOHATb M OLEeHUTb paboThbl JTobavyeBCKOro.
Cpean HuX B nepByl ouvepedb cnegyetr oTmetutb K. MNaycca n
A. B onbaKNl, KOTOpble 3aHUMaNUCL Teopuel napannefibHblIX He3aBu-
CUMO [pYr OT Apyra u He3aBMcMMO OT Jlo6ayeBCKOro.

MFaycc He nybnMkoBan CBOMX pe3ynbTaToB NO Teopwuu napan-
nenbHbIX. OcCTaBLWIKMECA MOC/e HEro 3aMeTKW CBUAETE/NIbCTBYIOT O TOM,
4YTo emy 6bln ficeH 0OLMIA NnaH HOBOM reoOMeTPUM U U3BECTHLI HEKOTOPbIE
3fneMeHTapHble TeopeMbl. [aycc He Ny6MKOBan fake CBOUX B3rNA40B Ha
OCHOBbl reoMeTpumn, 60ACb OCTaTbCA HENOHATbIM. HA. Bonbau un3gan
CBOIO paboTy uepe3 Tpu roja nocne BbiIXOAa B CBET nepBoli paboTsl Jlo-
6auyeBCKOro (HM4yero He 3Hasd o paboTax Jlo6bayeBCKOro). B Heili B MeHee
pa3BMTOI (hopme u3naraeTcs Ta Xe Teopus, KoTopas 6blna MNOCTpPoOeHa
NobaueBckuM. Kak u JlobauyeBCKuUil, BonbAnM He NONy4YMn MpPU3HaHUA.

3HauyeHne paboT J106a4eBCKOro BbIACHW/IOCH NULWb MOCNAE ero cMep-
Tn. OHW 0Kaszanu WCKIYNUTENbHOE BWSIHWE Ha AanbHelllee pa3BuThe
matematuku. [o JlobayeBCKOro €BKAMAOBA FEOMeTpUs  cuuTanach
€4WHCTBEHHO BO3MOXHbIM YUYeHUeM 0 npocTpaHcTBe. OTKPbITUE HEEBKAN-
[OBO reoMEeTpUM YHUUTOXWAO 3Ty TOUYKY 3peHusi. Tem cambiM 6bln10
MOMOXEHO Hayano Aaneko uaywumm B3rnsjam Ha reomeTpuio u npegmer
ee MCcCnefOBaHWA, 4TO NPMBENO K CO34aHWI0O COBPEMEHHOW KOHLenuuu
abCTpakTHOro npocTpaHCTBa C €ero 6oraTeAwunmMyM pasHOO6pasHbIMK
NPUNOXEHUAMWN KaK BHYTPW CamMOi MaTemMaTUKW, TaK U B CMEXHbIX C
Heil pasgenax Hayku.

8 4. AKCUOMbI CBA3U

HauuHas ¢ aTtoro naparpad)a Mbl MepexoauM K CUCTeMaTUyecKoMy
MOCTPOEHMIO reoMeTpuii EBKAUga M J106a4eBCKOT0 akCUMOMaTUYeCKUM
MeTofoM, 06llMe KOHTYpbl KOTOPOro 6biiyM HameueHbl B § 1. B cooTBeT-
CTBUM C 3TUM Mbl MPEX/AE BCEFr0 PacCMOTPUM aKCMOMbl CBSI3U, KOTOPbIe
OMUCLIBAOT OTHOLWIEHWE «MPUHAJNEXHOCTU», WIN «A HUW-
O EHTHOCTW», MeXAy OCHOBHbIMM 06beKTaMu: TOUKAMMW, NPSMbIMM
W MNOCKOCTAMMU. KpoMe TepMuUHa « MPUHAaLNEX U T », ANA ONUCaHNA

1 K. @& Taycc (1777—1855) -> KpynHeiwnii HemeLKuii maTemaTuk;
A- Bonbau (1802—1860) — M3BECTHLIA BEHIrEPCKUIA MaTemaTtuK.
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paccmMaTpMBaeMOro Hamy OTHOLIEHMS Mbl OyAeM MPUMEHATb Apyrue pas-
HOCU/bHbIE TEPMUHBI « TE€XWU T», «KMPOXOAMN T» UT. M.

MprBegem GOPMYNNPOBKY akKCMOM CBA3M.

I. 1. Ha ka>kgovi npsAmoil ne>kaT No KpaiHeil Mepe ABe TOUKM.

1.2. Yepes ka>kjble [Be TOYKN NMPOXOAMT BCErja ofgHa W TONbKO Of-
Ha npsmas.

1.3. CywecTBYlOT N0 KpaliHell Mepe TpPW TOUKMW, He NedKalline Ha oj-
HOW NpPAMOIA.

. 4. UYepe3 ka>Kable TpPW TOUKW, He fne>Kaline Ha OfHOW npsMOit,
NPOXOAMT NNOCKOCTb M NMPUTOM TONbKO OfHA.

I. 5. Ha Ka>k[joil nnockocTwW Ne>XXNT MO KpaiiHeid Mepe OAHa TOukKa.

I. 6. Ecnu ABe TOYKM HEKOTOPON NpAMOK a npuHagne>kaT MnaocKoc-
TV a, TO K cama npAmMas a npuHagne>XuT nnockocTwn al

. 7. Ecnn gge NAOCKOCTY UMEKT OAHY OOLLYI0 TOYKY, TO OHM UMeT
ele n Apyryro obLy TOukKy.

I. 8. CywecTBYlT No KpaiHeii mepe 4yeTbipe TOUKK, He nexKaliue
B OfJHON NNOCKOCTM.

3amMeyaHwunsn K akcmomam 118

1. N3 akcuombl 1.3 cregyet, 4TO B MPOCTPAHCTBE CYLLECTBYKOT MO
KpaiHel mMepe TpW TOUYKKU, He nexauiue Ha ofHON npsmoi. CnegoBaTenb-
HO, MHOXEeCTBO TOYeK, a Ha OCHOBaHWW akcuoMm |. 2 n |. 4 TaKxe MHO-
XKEeCTBa MpPSMbIX M MOCKOCTEN NMPOCTPaHCTBA He MYCThl.

2. N3 akcuombl 1.8 BbITeKaeT, 4YTO B MPOCTpaHCTBE MMeeTca 6onee
OAHOW MIOCKOCTM, a M3 akcMoMbl 1.3, 4TO B MPOCTpPaHCTBEe MMeeTcs 6onee
04HON MNpAMOIA.

3. Ecnn cTpouTb reoMeTpuio Ha MNAOCKOCTM (NNaHUMETPUID), TO
LNA Hee LOCTATOYHO MCMO/b30BATb NUWbL akKcuombl 1.1—3.

4. Akcroma 1.8 oTpaxkaeT TOT (haKT, YTO MPOCTPAHCTBO, KOTOPOE Mbl
cobupaemcs M3yyaTb, TPEXMEPHO.

OTMEeTUM pAf TeopeMm, BbiTeKalWwnxX U3 akCUOM CBA3W.

Teopema 1 Yepes ToUuKy A 1 NpAMY a, He MPOXOAALLYIO yepes
3Ty TOUYKY, MPOXOAMT EAMHCTBEHHAsA MNOCKOCTb a.

OJokaszaTenbcTBO. Mo akcnome |. 1 Ha nNpsamoil a ecTb fBe
Toukn B u C. Toukn A, B, C He nexaT Ha OAHOW NpsMOi, MO3TOMY MO
akcuome |. 4 yepes HUX NPOXOAUT eAMHCTBEHHAA MNOCKOCTbL a. 3 akcu-
oMbl |. 6 BbITeKaeT, UTO NpAMas a NexuT B MJOCKOCTM a. Teopema f0Ka-
3aHa.

Teopema 2 Ecnu ase pasnyHblie npsaMbie a U b nmeloT 06LWYyL0
TOYKY A, TO 4yepe3 HUX NPOXOAUT eAMHCTBEHHAsA MNOCKOCTb.

JokaszaTtenbcTtBO. W3 akcmombl 1.1 cnepgyeTt, 4to Ha np4-
MbIX @ W b, NMOMMUMO TOYKW A, nexaT COOTBETCTBEHHO TOYkKM M un N.

1 Huxe Mbl MOCTOSHHO TOUYKM 6yaeM 0603Ha4YaTh 6ONMbLWINMM NATUHCKUMU GYK-
BaMMW, MpsMble — ManbIMU NAaTUHCKUMU 6YKBaMW W, HaKOHel, MJ0CKOCTM — Ma-
NbIMU  TPEYECKNMU  BYKBaMK.
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Toukn M n N pasnnyHbl 1 Tpn Toukm A, M, N He nexaT Ha O4HON Nps-
MOI; B MPOTMBHOM Ciy4ae Mo akcuome 1.2 npsimble a u b coBnaganu 6bl.
Uepes Toukn A, M, N no akcuome |. 4 npoxofuUT eAMHCTBEHHAsA MoOC-
KocTb a. [1o akcmome |. 6 npamMble a n b nexart B nfockocTu a. Teopema
[LoKa3aHa.

Teopema 3. Ha Kakhoil NMNOCKOCTU CyLECTBYT No KpaiiHeil
Mepe Tpu TOuKu.

JokasaTtenbcTBO.

Mycte a — nwobaa nnoc-

KOCTb npocTpaHcTBa. [lo

akcuome 1.5 Ha Heli nexuT

no KpaiHell mepe ofiHa TOYKa

A (cm. puc. 7). Mo akcuome

1.8 B npocTpaHCcTBe CyLlecT-

ByeT Touyka B, He nexauas

Ha nnockoctu a. o akcnome

1.3 ecTb Touka C, He nexa-

wasa Ha npsmoii AB. Ecnmn C

NieXXUT B NAOCKOCTU a, TOo

nepsas 4acTb Teopembl (Cy-

LLeCTBOBaHME BTOPO TOYKM B MAOCKOCTM a) pJokasaHa. [lyctb C

He 1eXKMT B a. M3 akcMombl 1.4 BbITEKAET, YTO CYLLECTBYET e4WHCTBEH-

Has NA0CKOCTb, mpoxofsauwas depe3 Touku A, B, C. 0O603Hauum 3ty

NNOCKOCTb Yepe3 p. Mo NOCTPOEHUIO NNOCKOCTN aun p pasnuyHbl U UMe-

10T 06Wwyto Touky A. W3 akcumombl 1.7 BbiTeKaeT, YTO NAOCKOCTW a U

P umetloT TOrga euwe ofgHy obuwyt Touky D. MTak, Ha nnockoctn a

nmeroTca yxe ase Toukn A nD. Mo akcnome 1.8 cyuiecTByeT Touka E, He

fiexkauiad Ha njockoctu p. Ecnm E npuHagnexuTt naockoctu a, TO Teo-

pema AokasaHa. bygem cuutaTb, 4TOo ,E He NMpuUHaANEXWUT NAOCKOCTU a.

Yepe3 Toukn A, B,Eno akcuome 1.4 npoxoauT eQMHCTBEHHaa noc-

KOCTb Y. IOCKOCTb Yy OT/IMYHA M OT MJIOCKOCTM P, 1 OT MJIOCKOCTH a

M MMEeT C MNOCKOCTbIO a o6yt Touky A. M3 akcmombl 1.7 Torga cne-

LyeT, YUTO N/JIOCKOCTM a My MMEIOT elle 04HY o6y Touky F. Tak Kak

NA0CKOCTM P ny pasnnyHbl, T0 F He MoXeT fnexaTb Ha npamoin AD.

OTcroga cnefyert, UTO Ha MJOCKOCTU a ecTb Tpu Toukn A, D, F, KoTopble
K TOMY XKe He neXxaT Ha OAHON NpSAMOiA.

Teopema [oOKa3aHa.

Ecnu paccmatpuBaTb CUCTEMbl OCHOBHbIX O0OBEKTOB, KOTOPblE CBSA-
3aHbl MeX/y co60l OTHOLIEHWEM MNPUHALNEXHOCTU, U 3Ta CBA3b 3aKJ/i0-
yeHa B C(HpOPMY/NMPOBaHHbLIX Bbile akcroMax 1.1—8, TO MOXHO HalTw
MHOr0 pa3HoobpasHbIX CUCTEM 06BEKTOB, UMEKOLWNX KOHKPETHYIO MPUpo-
4y, KOTopble YAOBNETBOPSAIOT 3TUM akcuomam. [lpocTeiwunii npumep
TakKoW CUCTeMbl CTPOUTCS TaK: pacCMOTPMUM YeTblpe npesmeTa OAUHAaKO-
BOV MpMpOAbl, HaNnpumep YeTbipe Kycka mMena. Kaxablii M3 KyCcKoB mena
npMMeM 3a TOUKY, N06YI0 Napy KYCKOB Mena — 3a NPAMYI0 U, HaKOHeL,
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N6y TPOMKY KYCKOB Mena — 3a MAOCKOCTb. JTO M eCTb OCHOBHbIE
06bEKTbl Hallell CUCTEMBbI.

Mbl 6ygem roBopuTb, YTO TOYKA NPUHAANEXUT NPAMOIA UAN NIOCKOC-
TW, €CNN COOTBETCTBYIOLWMIA KyCOK Mena BXOAUT COOTBETCTBEHHO B Mapy
UNn TPOINKY KYCKOB Mena. AHaNOrM4HO onpeAensieTcs NpuUHaanexXHocTb
NPAMOI MO OTHOLIEHWIO K MAOCKOCTMK.

Jlerko npoBepuTb, YTO B MOCTPOEHHON HaMu cucTeMe 06BLEKTOB Bbl-
NONHAKTCA BCe aKCcMombl 1.1—8.

Bce cnefcTBuA, KOTOPblE MOXHO M3BMeYb M3 aKCUOM CBA3U, LOJIXK-
Hbl ObITb BbIMOMHEHbI 418 MOCTPOEHHON HamMu cUCTeMbl O06bLEKTOB, CO-
cTosWel W3 YeTbipex TOYEK, LWeCTM MNpPAMbIX W YEeTbIpex MA0CKOCTEN.
[Mpun aTom Kaxpgaa npamas MMeeT TONbKO ABe, a Kaxjasd MaoCcKoCTb nMme-
eT TONIbKO TPU TOYKK. M03TOMY ACHO, YTO M3 aKCUOM CBA3N MOXHO MONy-
YMTb YpesBblYaliHO Mano CNeacTBMiA, W ANA NOCTPOEHUA COfepXXaTenb-
HOW reoMeTPUYECKOlM Teopuu HYXXHO BBECTU AOMONHMUTENbHO elle Lenbli
psif OTHOLWEHWUI MeXAYy OCHOBHbIMWM 006beKkTamu. B crnegytoulem naparpa-
the 6yayT BBEAEHbl aKCMOMbI MOpPsAAKA, KOTOpble 6YAYT ONMCbIBaTb B3aUM-
HOe pacnofioXXeHWe TOYEeK Ha MPSMONA M C MOMOLLbI KOTOPbIX B6yAyT yc-
TaHOB/IEHbl TeOpeMbl pa3bueHuns, urpawLyne BaXXHY poab B FeOMeTpuUn.

§ 5. AKcnombl nopspgka

KakK y>e rosopuiocb, akCMoMbl NOpAAKa ONUCLIBAOT B3aMMHOE pac-
NOM0XeHNe TOYEK OA4HOW NPAMOWA. [ 1S ONUcaHWA 3TOr0 OTHOWEHUS NpuU-
MEHAETCA TEPMUH «MeXAay». llepexognm K GOPMY/MPOBKE aKCMOM.

Il. 1. Ecnm oTHOCUTENBHO Tpex Touvek A, B, C 13BeCTHO, YTO OHMU
CBSA3aHbl OTHOLWEHNEM «MeXKAy», TO Toukm A, B, C cyTb pasnuuHble
TOUYKMN OfHOM NPAMOiA. Mpn 3TOM ecinm ToYKa B ne>knT mMedKay Toukamu
A 1 C, TO OHa NeXXUT TakxKe mexxay Toukamu C un A.

Ecnu 3anuce [A, B, C) o03HavaeT, 4uTo B nexut mexgy A u C,

TO TOrAa

{A, B, C} = [C, B, A}

1. 2. KakoBbl 6bl HM 6biAn Toukn A 1 C Ha npsMoii AC, cyullecTByeT
Touka B Takaf, uTo C ne>xkvTt mMe>xkgy A u B.

1. 3. Cpeau ntobbix Tpex TOouek, Ne>Kawmux Ha OfHOA npsMoN, He
6onee yem ofHa NEXKUT MeXKAY ABYMS APYTUMU.

CdopmynmpoBaHHble Bbllle aKCMOMbl MOpsigKa OMUCbIBAOT OTHOLUE-
HUE «MeXAy» AN TOYeK, pacrnonoXXeHHbIX Ha OfHOW npsamMoi. MoaTomy
OHM Ha3blBAKTCA 4acTO SIMHEMHbBIMM akcuoMamu nopsigka. M3 nuHeii-
HbIX aKCUMOM MopsifKa He cnefyeT, yYTo ANA NO6bLIX TpexX TOYEK OfHOW
NpsAMOl X0TA 6bl OfHA NIEXUT MEXAY ABYMS LPYTUMU.

byaem rosoputb, YTO Napa Toyek A, B onpegensetr oTpesok AB.
Toukn A n B 6yaem HasbiBaTb €ro KoHuamu. Bce Touku, nexatime
mexay A u B, 6ygem HasbiBaTb BHYTPEHHUMW TOuKamu oTpe3ka AB,
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BCE MpOYMe TOYKM MpsAMOA AB 0OyaeM HasbiBaTb BHEWHUMU TOUKAMM
oTpe3ka AB.

M3 akcuombl Il. 2 BbiTeKaeT, YTO y KaXAOro oTpe3ka ecTb BHeLlHUe
TOYKM. W3 NMHEeWHbIX akCUMOM nopsifKa Henb3s BbIBECTW, 4TO Y J1H060-
ro OTpes3ka ecTb BHYTPEHHUWE TOYUKW.

Kak OyjeT BWAHO HMWXe, BaXHYK pONMb B MOCTPOEHWU TeoMeTpuu
UrpaeTt cregylou,as akcuoma.

1. 4, MycTb Ha NAOCKOCTMY
fJaHbl Tpu Toukn A, B, C, He
ne>kallue Ha ogHoi npsamoit (cMm.
puc. 8), u NycTb fAaHa npamas
a, He npoxogAwas H1 Yepes 04HY
n3 Toyek A, B, C (npegnona-
raeTcd, YTo npsaMas a NexkuT
B MJOCKOCTM, NpOXoAsLLeil yepes
Toukn A, B, C). Torga ecnu
npaMas a nepecekaeT OTPe30K
AB BO BHYTpeHHell Touke D,
TO npsaMas a MnpoXoguT uepes
BHYTPEHHIOID TOYKY XOTH Obl
ofHoro w3 pgsyx oTpeskos AC

unn BC.
Akcuoma Il. 4 Gbina BBeAeHa BMepBble BEHFEPCKMM MaTeMaTUKOM
Mawem, noatomy akcuomy Il. 4 mMbl yacto 6yfaem HasbiBaTb a KC U O -

MO Mawa.

bygem roBopuTtb, 4to Tpu Toukn A, B, C , He nexauime Ha OAHOM
npamoi, onpeaenstoT TpeyronbHuk ABC. Toukm A, B, C Ha3sbiBa-
10T BeplwuvHaMu TpeyrofbHuka, a oTtpeskm AB, BC, AC — ero cToO-
poHamu.

C NomoLblo TONMbKO YTO BBEAEHHbIX MOHATUIA akcromy lMawa MOXHO
cthopMynupoBaTb Clefylowmum obpasom.

Ecnn npsmas a pacnonoX<eHa B MAOCKOCTW TpeyronbHuka ABC,
He nMpoxoauT uepe3 Touykn A, B, C u nepecekaeT OfHY W3 CTOPOH Tpe-
YyronbHWKa BO BHYTPEHHel TOYKe, TO MpsMas a nepecekaeT Mo KpaiiHei
Mepe OfHY U3 ABYX APYTUX CTOPOH TpeyronbHuka ABC Tak>Ke BOBHYT -
peHHel TOoukKe.

Ccopmynupyem psaj Teopem, KOTOpble SABAAKTCA CMeLCTBUAMU aK-
CUOM CBS3M W NOPAAKA.

Teopema 1 Ha Kakgom 0Tpe3Ke eCTb N0 KpaiiHeli mMepe ogHa
BHYTPEHHAS  TOuKa.

Teopema 2. Cpeau Tpex TOuYeK OAHON MpsMOil OfHa Bcerga ne-
XKUT MeXKAy ABYMS ApYTrumu.

JTa Teopema AB/IAETCA AOMONHEHNEeM K akcvome |l. 3. BmecTe Cc ak-
cvomoii 1l. 3 oTclopa BbITEKAET, UTO 415 Nto6bIX Tpex Touek 0aHON nps-
MOi4 Bcerga ofHa ¥ TONbKO OfHA NEXXUT Me>KAy ABYMS APYTUMU.
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Teopema 3 (AONONHeHME K akcumome [Mawa).
Ecnn gna TpeyronbHuka ABC W npsMOil a BbINONHEHbI YCNOBKUS aKCUOMbI
Mawa, To npAmMan a MOXKeT nepecekaTb TONbKO OAUH M3 0Tpe3k6s AC
nnn BC.

Teopema 4 Ha ka>kgom oTpeske umeeTca  6GeCKOHeyHoe
MHO>XECTBO BHYTPEHHUX TOUEK.

Jokas3aTenbCcTBO 3TUX TEOPEM TMPOBOAUTCA C MOMOLLbIO
psfa efMHOO06pPa3HbIX MNOCTPOEHWI, OCHOBAHHbIX Ha akcuome [lawa.
Mbl npuBefeM 34ecCb NUWb [0Ka3aTe/NbCTBO TeopeMbl 1, KOTOpoe gaer
[JOCTaToO4YHOe npejcTaB/eHMe O XapakTepe coo6paxeHui, nexawmnx B
OCHOBE [10Ka3aTesbCTB Teo-
pem 1—4. [oka3aTenbCTBO
OCTa/fbHbIX TeopeM noApo6HO
nposefeHo B KHUTe
H. B. Ed¢umoBa «Bbicwwas
reomMeTpus», K KOTOPOA Mbl
N OTCbINIAEM YUTaATENd.

Jokas3aTenbcTBO
Teopemb 1 Ha npowus-

BO/IbHOW NpsAIMO @ BO3bMEM

oTpe3ok AB (puc. 9). W3

akcuombl 1.3 BbITEKaeT, YTo puc 3

cyuiecTByeT Touka f, He ne-

Xawaa Ha npsmoii a. Yepes Toukm A, F cornacHo akcuome 1.2 npo-
XO4UT egnHcTBeHHaa npamas AF. lMpamble a u AF, oyeBuMgHO, pasiny-
Hbl. M3 akcuombl Il. 2 cnegyeT, uto Ha npsmoli AF ecTb Touka D
Takas, 4To Touka F nexuT mexgy AuD . Ha npawmoii DB cornacHo
akcuome 1l. 2 cyuiectByeT Touka E Takasd, uto B nexut mexgy D u E.

MpumMeHum K npamoit FE u TpeyronbHuky ADB akcuomy Mawa.
Torpga npamas FE nepecekaeT nubo oTpe3ok AB, nu6o oTtpe3ok DB Bo
BHYTPeHHell Touke. Mpsamas FE He moxeT nepecekatb oTpe3ka DB,
TaK Kak TOrja, Nonb3ysicb akcuomoi 1.2 , 1erko moayyum, 4to npsmble
DE, DF, AB coBnagaloT W, cnefjoBaTenbHO, Toukn A, B, F nexat Ha
OAHOI nNpsAMOWA, 4YTO HeBO3MOXHO. WTak, npsmas FE nepecekaet oT-
pe3ok AB BO BHYTpeHHel Touke H.

Teopema [oKa3aHa.

TeopeMb pas3bueHus

B atoii yactu naparpaa Mbl Oygem npuaepXuBatbcid 0630pHOro
nopagka u3noxeHuwsa. Ham Ba)XHO YETKO C(HOPMY/IMPOBaTb OCHOBHbIE
MOHATMA W TeopeMbl. oApPO6HOE N30XKEHUE [0Ka3aTeNbCTB Teopem, KO-
TOpble Mbl 34eCb NPUBOAMM, YMNTaTeNb MOXET HaiiTU B KHUre H. B. E¢u-
MOBa «BbiCllasgs reomeTpusa».

Bynem rosopuTb, 4TO Ha nNpaMoli a ABe Touku J1 1 B nexart no ogHy
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CTOPOHY OT (hMKCMpPOBaHHON Toukn O (puc. 10), ecnu BbIMNONHEHbI COOT-
HOLeHNs

{A, B, 0O
nnun
[B, A, O);
A B O c
Punc. 10

6yneM roBOpWTb, UYTO TOUkKM A 1 C fiexaT no pasHble CTOPOHbI OT TOYKM
O, ecnu BbIMOMHEHO COOTHOLLEHME

[A, O, C}

(HanomHuM, uTo 3anuck {A, O, C} o03HauvaeT, 4To Touka O NeXUT MeX-
ay Toukamu 1 un C).

Teopema 1 TlycTb a — npoussonbHaa npamas u O — npoms-
BO/MLHO (PUKCMPOBaHHas Ha Hell Touka. Torga MHOXKECTBO TOYeK, fnexka-
WKUX Ha NPAMON a, 3a UCKYeHneM Touku O, MO>KHO pas3buTb Ha ABa
Knacca Tak, 4TO TOYKM, NexKallye B 04HOM Knacce, Nne>kaT no OAHYy CToO-
POHY OT To4kun O, a TOYKU, NPUHAZNEXKaLL e pasHbIM Knaccam, nexxaT Mo
pasHble CTOPOHbI OT Touku O.

HameTum cxemy foKasaTenbcTBa TeopeMbl 1. Ha npsimoii a Gepem
Touky J1, oTAnuHyto oT O (Takas TOuka Haingetcs B cuay akcuomsl 1. 1)
B nepBblii kfacc OTHOCUM TOYKY J1 ¥ BCe TOYKW, fexalme no Ty xe
CTOpPOHY OT Touku O, yTo 1 Touka A. Bo BTOpoOil knacc OTHOCUM Bce
npoyne TOYKM NpsAMOl a, uckno4vasa Touky O. lNMepBblili Knacc He NycrT,
TaK KakK B HeM umeetca Touyka JI. N3 akcmombl 11.2 BbITeKaeT, 4YTo Cy-
uwecTsyert Touka B Takad, uto O nexuT mexay A u B. JIerko Bujets,
4yTO TOYKa B npuHagnexuT BTOpOMY Kiaccy.

[oKka3aTensCTBO Teopembl TeMepb CBOAUTCA K MPOBEPKE CNEAYHLWNX
(haKTOB:

1. Ecnu Toukm M 1 N npuHagnexkaTt nepsomMy Ksaccy, T0 TOUKu M
n N nexaTt no ofgHy CTOPOHY OT Touku O.

2. Ecnu Toukn M' v N' npuHagnexxaTt BTOPOMY Knaccy, TO OHU Tak-
XKe f1eXart Mo of4Hy CTOpOHYy oT Touku O.

3. Ecnm Toukm M u N npuHagnexart pasHblM Knaccam, TO OHW
fiexxat no pasHble CTOPOHbI OT To4YkM O.

MycTb Tenepb Ha NpsAMO a ukcupoBaHa Touyka O; Torga Ha nps-
MO/ a onpefeneHbl ABa Kjacca TOYEK, 0 KOTOpbIX Lifa peyb B Teope-
Me 1. Mbl 6yAeM rOBOpUTb, UYTO KaX[bli M3 KIacCcoB onpejensieT Heko-
TOPYO NONYNPAMYIO, AW Nyd, C Hadvanom B Touke O. M3 Teopembl 1 Bbl-
TekaeT, 4YTo BcsAikasa Touka O npsimoii a pa3buBaeT ee Ha fBa /yuya C
Hayanom B TO4yke O.
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YcTaHOBMM Tenepb OTHOLUEHME MoOpsfKa Ha npamol a. Lnsa aTtoro
CHayana BBefeM NOPSAOK LN TOYEK KaxpAoin m3 [Byx MOAynpsiMbixX C
06wum Hayanom B Touke O. Ecnm Toukn A n B npuHagnexart ogHON no-
NynpsiMoi, TO Mbl 6yfemM roBopuTb, 4To «J1 mpeawecTsyeT Bx», unn «B
cnepyeT 3a JI» v 3anucbiBaTb 3TO B BUfe:

n < (B,

eCnn BbINOMHAETCA coOTHoweHue [B, A, O).
VimeeT wMmecTO

Teopema 2. OTHOWeHMe NpeflLIeCcTBOBAHNS, BBELEHHOE BbIlLe ANS
ToYeK 06eux nonynpsMbiX NpAMON a ¢ o6wum Hayanom B Touke O, 06-
najaeT chefyloLlWUMU CBOWCTBaMMU:

1) OHO ycTaHOBNEHO Ana N6bLIX ABYX TOYEK KaXKAoN U3 noaynpambix,
T. e. M06ble ABe TOYKM OJHOW NOAYNpPsAMONi CBA3aHbl 3STUM OTHOLLEHUEM;

2) OTHOLIeHMe MpefllecTBOBAHUA He onpefensieTcsa ANS OAHOW U ToM
>Ke TOuKu;

3) ecan A B, To B He /1 (0THOLWeHNe NpeallecTBOBaHUS He
CUMMET PUYHO);
4)ecnn A B nB C, To A C (oTHoweHMe npeawecT-

BOBAHMS TPaH3NTMUBHO).

BBeaeM Tenepb OTHOLIEHMe MpefLIecTBOBaHMS AN BCEX TOUYEK Mps-
Mol a. [,ns 3Toro ycnoBUMCS OfHY M3 MONMYMPSMbIX CUMTaTb NEPBON K
0603Hauath |, aApyryto — BTOpoii 1 0603HavaTh |l. OTHOlWeHWe npes-

LecTBOBaHMA 419 TOYEK BCE NpAMOii a byaeM 0603Ha4YaTb 3HAKOM

Mbl 6yaem cuutaTb, uTo

1. Echm J1wn B npuHagnexar Il nB A.

2. Ecnn N1 npuHagnexut |, a B coBnagaet ¢ Toukoin O.
Ao —<" jg 3.Ecnum JlcoBnagaeT ¢ Toukoin O, a B npuHagnexut Il.

4. Ecnn 1 npuHapgnexut |, a B npuHagnexut Il

5. Ecnu n B n o6e Toukn J1 nb npuHagnexat Il

MmMeeT mecTo

Teopema 3. OTHOLWeEHNe NpeflecTBOBaHNA, BBEAEHHOE BblIlle
AN TOuyek BCeil npamoii a, obnagaeT csoicTBamu 1—4, copmynmpo-
BaHHbIMW B Teopeme 2.

OTHOWweHNe NpeflWecTBOBAHUA MOXHO BBOAMTb NULWb ABYMSA pas-
NNYHBIMKU cnocobamu, oTaMYalwWwmMmMucs Apyr oT Apyra AuWb Hymepa-
uvein nonynpambix 1w Il. Ecnv OTHOWeEHME NpeALecTBOBAHMA Ha Nps-
MO a NOCTPOUTb C MOMOLLLIO MOAYMAPAMBIX, UMEILWNX HAYano B TOUKe
0 1, oTAIMYHOW oT O, TO OHO coBnafaeT C O4HUM M3 TeX, KOTOpble Bblin
MOCTPOEHbI BbILLeE.
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Mbl 6ygem roBopuTb, 4YTO Ha NPAMON BBELEHO HanpasfNeHue, ecnu
4NA TOoYeK 3TOW NpsMoOW BBeAeHO OMpefeNneHHOEe OTHOLUEHWEe MpefLlecT-
BOBaHMUA. V13 Teopembl 3 BbITEKAET, YTO HA NPAMOIA MOXKHO BBECTU T Oflb-
KO [iBa NPOTWBOMONOXKHbIX HANpPaBieHns, a UIMEHHO, eC/IN B HANpaB/ieHUK,
NMOCTPOEHHOM NO TeopeMe 3, Toyka A npeflwecTsyeT Touke B, TOB
Lpyrom HanpasneHuu B npegwectsyeT A.

Pas3bueHnme nnockocTwu npsamMoin

MycTb Ha NJIOCKOCTM a faHa npsaMas a. bynem rosopuTtb, 4TO TOY-
Kn A n B (puc. 11) ne>kaT N0 04HY CTOPOHY OT MPAMON a, ecnm cpegu
BHYTPEHHUX ToueKk oTpe3ka AB HeT Toyek npsmoii a. [Hanee 6yaem
roBopuTb, 4To Toukn A u C neXkaT No pasHbie CTOPOHbI OT NPSMON a,
ecnu npsimMas a nepecekaeTt oTpe3ok AC BO BHyTpeHHel Touke (puc. 12).

Teopema 4 Bcakaa npaAmada a, ne>kaliasa Ha NJOCKOCTHU a,
pa3buBaeT TOYKW 3TON MAOCKOCTMW, He fledKaline Ha NpAMoOi a, Ha ABa
Knacca. Touku, NpuHajgne>kaliue ogHOMY Knaccy, ne>kaT no o4HY CTOpPOHY
OT NPAMON a, a TOouKM, NpuHagneXkaliue pasHbIM Knaccam, ne>kaT no
pasHble CTOPOHbI OT MNpAMON a.

Puc. 11 Puc. 12

OJokaszaTenbcTBO. TlycTb TOUKa A He IEXMT Ha NpsAMOi
a. B nepBblil Knacc 0THECEM BCe TOYKM MAOCKOCTW &, He MpuHagnexawime
NPAMOA a 1 pacnofioXeHHbIE NO Ty XX€& CTOPOHY MNPAMON a, 4TO U ToYKa

Puc. 13

A. Touky A Tak)Xe OTHOCMM K nepBoMYy Knaccy. Ko BTOpomy Knaccy
OTHOCUM BCe MPOYMe TOUKM MMOCKOCTW @, He fiexalliue Ha npsMon  a.
MepBbIii KNacc, 04EBUAHO, HENYCT. Bo3bMeM Ha MpsiMoli a Kakylo-HUbyab
Touky C (Takas Touka HailgeTtca no akcuome 1.1). Mo akcuome I1. 2
Ha npsmoii AC ecTb Touka B Takas, u4to C nexut wmexgy J1 n B
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(puc. 13). Touka B, 04eBMAHO, NPUHAANEXMT BTOPOMY Knaccy. MTak,
BTOPOM Kfnacc He nycr.

[Ona pgokasatenbcTtBa TeOpeMbl AOCTATOYHO MPOBEPUTHL BbIMOSIHEHUNE
cneayoLmnx yTBepXKAeHWUNA:

1. Ecnn Toukn M 1 N npuHaanexaT ofHOMY Knaccy, TO CpeAn BHYT-
peHHUX Toyek oTpe3ka MN HeT Touyek nMpaMoin a.

2. Ecnn Toukn P 1 Q npuHagnexart pasHbIM Kfiaccam, To npsaMas a
nepecekaet 0Tpe3ok PQ BO BHYTpeHHel TOuKe.

Mbl OrpaHmyuMmcs nulWb PacCMOTPEHMEM Ccny4as, Korga TOYKM
A, M, N nim A, P, Q He nexaT Ha OAHON MPAMON.

£
P

Puc. 14 Puc. 15 Puc. 16

Ecnn Toukm M n N npuHagnexart nepsomy knaccy (puc. 14),
TO,"NpuMeHasa akcuomy [lMawa K nNpamMoi a u TpeyronbHuky AMN,
ybexgaemcs, UTO NpaMas a He MOXeT nepeceyb 0Tpe3ok MN BO BHYT-
peHHel TOouke.

TouyHO Tak Xe, ecnn M nN npuHagnexat BTopoMy kKnaccy (puc. 15),
TO B CUNY LOMONIHEHWA akcuome [Mawa npsMas a He MOXET Mepeceyb
oTpe3ok MN BO BHYTpPEHHei Touke.

HakoHey, ecnn TouykM P u Q npuHagnexart pasHbiM Knaccam, TO
CHOBa, Onupascb Ha akcuomy [Mlawa, ybexgaemcs, 4To npsMas a
nepecekaet oTpe3ok PQ BO BHyTpeHHel Touyke (puc. 16). Teopema
JoKasaHa.

N3 TeopeMbl 4 BbITEKAET, YTO BCAKas MpsMas Ha NAOCKOCTU pa3bu-
BaeT ee TOUKU, He MpuHagnexalime nNpsaMoii, Ha ABa Knacca. Mbl 6yaem
roBOPUTb, YTO KaXAbl Takol Knacc Touyek onpegenseT NoaynnockocTb.
Mpamyto, pa3busatoLLyto MIOCKOCTb Ha ABe MOAynaockocTu, 6yaem Ha-
3blBaTb rpaHuuUeli 06enx MNonynaoCKOCTEN.

AHaNoOrMyHo onpeaenaoTca NOHATUA O PacnofoXeHWN B NPOCTPaH-
CTBE [JBYX TOYEK MO OfHY WK MO pasHble CTOPOHbI OT JaHHON MOCKOCTM,
nocne Yero ycrtaHaB/MBAaeTCs Teopema O pa3bueHUM MNOCKOCTbO MHO-
XKecTBa TOYeK MPOCTPaHCTBa Ha fBa Knacca, ABNAIOLWAACA eCTECTBEHHbLIM
0600LieHEM Teopembl 4.
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8§ 6. Yron, nomaHasi, MHOToyrosibHuUK. Teopema XXoppgaHa

MycTb Ha NIOCKOCTK a faHbl ABe nonynpsamble k n / ¢ obwym Hava-
nom B Touyke O, npuuem k u / BMecTe He 06pa3yrdOT OAHON NPSMOA. Du-
rypy, obpasoBaHHyt nonynpambiMu Kk u / BMecTe ¢ Toukoin O, byaem
Ha3blBaTb YrnoM u o06o3Hayatb *4k, I. Monynpsamble k 1 / Ha3biBalOTCA
CTOpoHamMu yrna, a Touka O — ero BepLUVHON.

JononHum Kaxayw u3 no-

nynpsambiX k n 1 coOTBETCTBEH-

HO nonynpsmbiMu K' 1 I' o ue-

nbiX npsambix (puc. 17). Touky

M 6yaem HasblBaTb BHYT peHHeik

Toukoii *4k, I, ecnm no of-

HoweHuto K npsmoi kk' oOHa

NEeXWUT C TOW Xe CTOPOHbI, 4TO

W Touku noaynpamoi /, a no

i/ OTHOLLEHWIO K npamoit /' — no

TY )€ CTOPOHY,4TO U TOYKMU NoO-

nynpsmoii k. COBOKYMHOCTb

BCEX BHYTPEHHUX TOYeK yrna

o6pa3yeT BHYTpPEHHIOO 06nacTb yrna. Bce TOYKM MAOCKOCTM &, KOTO-

pble He NneXxaT HU Ha CTOpPOHaXx yrfia, HU BHYTPW Hero, 06pasytoT BHeLl-
HIOl0 06nacTb yrna.

MycTb B NPOCTPAHCTBE MMEETCA M TOYEK Ay ﬂ2 » n. PaccmoT-

Puc. 17

PUM OTpE3Ku A2A 3 ... . ALit A COBOKyHHOCTb 3TNUX OT-
5 pe3koB Ha3blBaeTCA NOMaHOii-, TOYKMN ﬂbnz ...y A n HA3bIBAKOTCA €€ BEP-
lWMHaMn, a OTPE3KHU ﬂ n weay A n_y A n— 3BEHbAMMW.

Ecnu Toukn S1Jwn J14 coBnagaloT, TO loMaHaa HasblBaeTCA 3aMKHY-
Toil. JlomaHas Ha3bIBAeTCA MJOCKOA, €CNN BCe ee 3BEHbS neXxaT B 0fl-
HOli nnockocTu. Tlnockas 3aMKHyTas /somaHas Ha3blBaeTCAd  MHOro-
YrONIbHUKOM.

B reoMeTpun BaXKHYI pOSb UrpatT TakK HasblBaemble MPOCTble MHO-
royrofibHMKN. MHOroyrofisHMK HasblBaeTcs NpoCcThbIM, ecnu

1) N3 KaXxx4oi ero BepLlun-
Hbl UICXOAAT TOJIbKO fjB€ CTO-
POHBI,

2) HWKakume [ABa 3BeHa,
KpOMe cOoCefHUX, He WMEKT
HM 06WMX KOHLOB, HU 06-
WKUX BHYTPEHHUX TO4YeK, a
BCAKME ABa COCeAHUX 3BeHa
UMeT eAMHCTBEHHYI 06-
Wyt Touyky. (BaxHo 3ame-
TUTb, YTO MOCKO/NbKY TOYKMU
Nnwn N, cosnagaloT, TO 3Be-
HbA A yar W MU, cum-
TalTCA COCEAHMMMN.)
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MycTb Ha NNOCKOCTM a faH MPOCTOM MHOroyronsHuk P (puc. 18).
Mbl 6yZem roBOpMTb, YTO TOYKM A 1 B nexat no ofHYy CTOPOHY OT MHO-
royronbHmka P, ecnu cyuwecTByeT nnockad nomaHas L ¢ KoHuamu B
Toukax J1 n B, He umerowas obwux To4ek o P. Mbl 6ygem roBopuThb,
yto Toukn C 1 D nexart no pasHble CTOPOHbI OT MHOroyrosbHuka P,
ecnu nb6as nomaHas ¢ KoHuamu B Toukax C u D umeeT XoTa  Obl O4HY
obulyto TOuKy ¢ P (camo cobGoit pasymeeTcs, 4Tto Toukm A, B, C, D
He NpuHagnexxaT MHOTOYyro/ibHUKY P, a loMaHble C KOHLUaMN B TOYKax
A, B nnn C, D nexaT B NA0CKOCTK a).

Teopema JXXoppgaHa. BcakniA npocToOl MHOrOYronbHUK,
ne>kaliuii Ha NNOCKOCTKW a, pa3buBaeT TOYKM NAOCKOCTU a, He MpUHajg-
ne>xkauine P, Ha fBa Knacca Tak, YTO TOYKM W3 OLHOro Knacca fie>xxaT o
O HY CTOPOHY OT P, @ TOYKM 13 pasHbIX KNaccoBs ne>kaT Mo pasHble CTO-
poHbl 0T P.

Bygem roBoputb, YTO KaXXAblii Kfacc TOYeK, ONpeaensieMblii MHOrO-
yronbHukom P, 3apaet 06nacTb Ha naockocTtu. Teopema XXoppgaHa cocTo-
UT B TOM, YTO BCAKWUIA NPOCTOM MHOTOYronbHWK pa3buBaeT MAOCKOCTb Ha
fBe 06nacTu. 3TM (hakTOM MNOCTOSHHO MNOMb3YKTCA B 3/1EMEHTAPHOI
reomeTpuu, NpUHMMas ero 3a HarnAagHo o4veBMAHbIA. Ha camom jgene
TeopeMa >KopfaHa MMeeT BeCbMa CNOXHOe [0Ka3aTenbCTBO. YwuTartenb
MOXeT O03HaKOMWUTbCA C HWUM, HanpuMmep, nNo kHuram [. [unbbepta
«OcHoBaHua reometpuu» (M. — J1., TocTexusgat, 1948), A. [. AnekcaH-
ApoBa «BbINyKble MHOTOrpaHHUKN» (M .— J1., FocTexmsgat, 1950).

MOXHO yCTaHOBWTb, 4YTO OAHa U3 obnacTeil, Ha KOTOpble NPOCTOMN
MHOTOYronbHUK P pa3buBaeT NNOCKOCTb, HE COLEP>KWUT LEIMKOM HW 0f-
HON NPSAMOI NNOCKOCTM a. OTa 06nacTb Ha3blBaeTCA BHY T pPeEHHEN
ob6nacTbl MHOroyronbHuka P. [pyras 06nacTb Ha3blBaeTCA BHEL -
Hell o6nacTbio MHoroyronbHuka P. OHa, HanpoTwuB, COAepXKUT B
cebe LeNMKOM HeKOTOpble NpsAMble, MNpuHajne>kawne naocKoCcTK a .

§ 7. AKCMOMbI KOHTPY3HTHOCTM

OTHOLEHNEe KOHTPY3HTHOCTU OTPE3KOB M OTHOLEHWE KOHTPYSHT-

HOCTU yrnoB 6ygeM o0603HayaTb 3HAKOM =. JTO OTHOLWEHWe Y[OBMeT-
BOPSAET CneayowmM akcuomam:
I11. 1. MycTb a — npousBonbHaa npamas 1 A — HekoTopas Touka

aToit npsmoii. MycTb, ganee, CD — npon3BONbHLIA 0Tpe3oK. Torga no
Ka>KJylo CTOPOHY OT TOYKM A Ha NpPsSIMOI a CyL,eCcTBYIOT eJUHCTBEHHbIE
Toukn B{mn Bt Takne, u4TO
ABi = CD, ABi = CD
(puc. 19).Mpu 3TOM OTHOLWEHNE KOHTFPYSHTHOCTW He 3aBUCMT OT
TOro, B KakOM MOPSifKe 3anucbiBalOTCA KOHUbl, ®Tpe3ka, T. €.
AB = BA.
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Axkcuoma Il1. 1yTBepxpfaeT, 4To OT 060K TOUKM A MNPOM3BOJIbHOM
NPAMOIA a Mo KaXAYl CTOPOHY OT TOUKM JT MOXHO OTNOXMUTb OTPe3oK,
KOHTPY3HTHbIA JaHHOMY, W MPUTOM TOJIbKO OAUH.

I11. 2. OTHOLWEHNEe KOHTPYSHTHOCTW OTPE3KOB y0BNeTBOPSeT Tpe-
60BaHNAM pPE(NEKCUBHOCTU, CUMMETPUM M TPAH3UTUBHOCTU, T. €.

a) AB = AB (pehnekcuBHOCTb),
6) ecom AB = CD, 1o CD = AB (cummeTpus),
B) ecim AB = CD, CD = EF, To AB = EF (TpaH3uTMWBHOCTb).

111. 3. MycThb Ha ABYX NpAMbIX a ¥ @' UMeTCA COOTBETCTBEHHO TOY-
Kn A, B, CuA', B', C1 Torga ecnu fge napbl COOTBETCTBYOLWMNX 0T Pes-
KOB KOHTPY3HTHbI, TO W TPeTbA Napa cCoCTONT U3 KOHTPYIHTHbLIX OTpes-
KoB. [lpepnonaraeTcsa, 4To oTpe3kn AB n BC, a Takocke A'B’n B'Cl
06LMX BHY T PEHHNUX TOueK He umMeloT (cMm. puc. 20).'

A B C a' B' c
Puc. 20

YT1BepxaeHne akcmombl 111, 3 MOXHO 3anucatb B O4HOW U3 Cneayto-
Wmx (opm:

ms BcT B'C "cnegYer AC"NA'C,
nnun

ms pac = A'C'cnegYer BC = B'C".

[MepBOe COOTHOLLEHME aKCMOMATU3NPYET 6e3 NPUBNEYEHNUS MOHATUS CYM-
Mbl OTpe3Ka YTBepXXAeHWe, YTO MPU CNOXKEHUN ABYX Map KOHTPY3HTHbIX
MeXay co60l OTpPe3KOB CHOBa MOAYYAKTCA KOHTPY3HTHble OTPE3KMW.
BTopoe cOOTHOLWEHNEe akcMoMaTu3npyeT 6e3 NpUBNEYEHNS MOHATUA pas-
HOCTWM OTPEe3KOB aHanormyHoe yTBepXAeHWe AN1A pa3HOCTU OTPe3KOB.
1. 4. TlycTbA a H bl K, I v nonynpamasa cHayanoms ToukKeC

(puc. 21). Torpga cywecTByloT nonynpsamble b'm b" c Hayanoms Touke O,

pacnonoX<eHHble N0 pasHble CTOPOHbI OT NOAYNPAMONA al u Takue, 4TO

bk | = ab,
k,1= -4a,b"
1 Mop cnoBamyn «TOo4KM A W B nexart no pasHble CTOPOHbI OT MOAYMNPAMORA a»

MOHMMAeTCs credytoliee: MoaAynpsmas a [JOMNOJHSeTCs [0 Uenoii npsmon a:
TOrga OTHOLUEHME «TOUYKM A 1 B fiexaT No pasHble CTOPOHbI OT NPsiMOii a» onpe-
feneHo. OHO W NPUHUMAETCS 33 OTHOLLEHWE «TOUKM A U B nexart no pasHble CTO-
POHbI OT MONYNPAMON a.
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Takue nonynpsmbie b
n b" BKa>kaon n3 nony-
NAoOCKOCTel, onpegens-
emMbIX nonynpsMoi  a,
€4VHCTBEHHbI.
Axkcuomy Ill. 4 mox-
HO HarnagHo cgopmy-
NpoBaTb TaK: OT KaxX-
JOA  nonynpsiMoi B
KaXol nonynnockoc-
TM MOXHO OT/IOXUTb
Yron,  KOHFPY3HTHbIN
JaHHOMY, W MPUTOM TONbKO OAWH.
I1. 5. OTHOLLEHNE KOHTPYIHTHOCTM Yrnos obnajgaeT chegyloLwmumm
CcBOCTBaMMK:

a) 4k 1= 41k,
6) -4k, 1= -4k, 1 (pedpneKCUBHOCTb),
B) ecim ™ k I: -4 T1,n, TO -4 T, n=-4k, | (cummeTpuns),
r ecam *4k,l = MT,nn *4T,n=<4p, q, To <4k, | = MP>J
(TpaH3NTUBHOCTb).
I11. 6. TycTb paHbl gsa TpeyronbHuka ABC un A'B'C', NyCcTb B HUX
BA w B’A",
AC = AC,
A BAC = 4B'A'C
(puc. 22). Torga
ABC =/1A'B'C'
7
Puc. 22

-4 ACB = -3AC'B".

§ 8. CneacTBus M3 akCMOM- CBSI3W, MOPSAKA M KOHTPY3HTHOCTU

B 3aTom naparpadge paccmaTpuBarTcs akTbl, KOTOpPble 06bIYHO COC-
TaBNAKT COAEpXaHWe LWKONbHOro Kypca reometpuu. OHM 0XBaTbiBalOT
Havyano Kypca reoMeTpum [0 TeOpWW MapanfiefibHbiX. BONbWNHCTBO
Teopem 6yfeT npusefeHO 6e3 A40Ka3aTeNbCTB, KOTOpble uyMTaTeNb 1160
Nerko BOCCTAHOBMUT cam, NM60 HaingeT B KHUre H. B.EdpumoBa «BbicLian
reoMeTpus».

1. MpW3HAKW KOHTPY3HTHOCTU TPeyronbHWKOB. [lBa TpeyrofbHuUKa
ABC 1 A’B'C' Ha3blBalOTCA KOHIPY3HTHbIMU, €CNM BCe COOTBETCTBYIO-
LMe CTOPOHbI M BCe COOTBETCTBYHOLWME YI/ibl 3TUX TPEYTrO/IbHUKOB KOH-
FPY3HTHbI.
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Teopema 1 (nepBbli NpusHaK KOHTPY3HT-
HOCTW TpeyronbHWKOB). Ecam B TpeyronbHukax ABC u
A'B'C' KOHIpy3HTHbl Ba COOTBETCTBYIOWMX yrna u, KpoMe TOro, nonap-
HO KOHTPY3HTHbI CTOPOHbI, 3aK/0yaloLe 3TOT Yroa, TO TPEYroNbHUKN
ABC un A'B'C' KOHIPY3HTHBI.

JokasaTenbcTBO. Jonyctum, 4to B TpeyronbHnukax ABC
n A'B'C'

BA =B'A', AC= A'C', *4BAC= *4B'A'C’
(pnc. 23). [okaxeM, 4To TpeyronbHNK A'B'C' KOHIPY3HTEH Tpeyronb-
HuKy ABC. Tlo akcuome Ill. 6

ABCuw -4 A'B'C', «4ACB A'C'B’,

8 W ANs 3aBepweHns fo-
KasaTeNbCTBa TEOPEMbl
HaM 0CTasocb YCTaHo-
BUTb, 4TO

BCw B'C".

JonycTtum, 4to 3TO
puc 23 He Tak- Torga Ha nps-
moin B'C' oT Toukn B’
OTNIOXXUM 0Tpe3okK B'C", KOHrpyaHTHbI BC, Tak, 4T0Obl TOYKM C'
n C'" nexanu 6bl N0 ogHy cTopoHy oT A'B'. Toukn C' n C", o04eBuAaHoO,
He coBnagatT (puc. 24). Mo ycnoBusM TeopeMbl U Cnocoby NOCTPOeHus
TpeyronbHukn ABC wn A'B'C' TakoBbl, 4TO
AB = A'B’', BC = B'C",
AN ABC = "A'B'C".
OTctoga Ha ocHoBaHuK akcuombl I11. 6 nmeem:
4 BAC = "B'A'C",

a no ycnosuio
4 BAC v "B'A'C".

Monynpambie A'C' n A'C" nexat no ogHy
CTOPOHY OT npsMoit  A'B', wumeroT obuiee

8 Hayano — TOYKy A' W COCTaBNAKT KOH-
rpyaHTHble yrabl ¢ nonynpsamoii A'B', uto
HEeBO3MOXXHO Mo akcuome I1l. 4. TlonyueH-
HOe MpOTMBOpeYMe NnokasbiBaeT, 4YTO JONy-
LLleHNe O HEKOHTPY3HTHOCTM 0Tpe3koB BC
n B'C' HeBepHO K1, cnefoBaTenbHO,

O ABC = A A'B'C".
leopema [oOKasaHa.
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Teopema 2 (BTOpOI NPpU3HaK KOHTPY3HT-
HOCTW TpeyronbHWKOB). Ecnny aByx TpeyronbHukos ABC
n A'B'C' KOHFpYyaHTHa Kakasf-HuMbyab napa cOOTBeTCTBYIOLLUX CTOPOH
W yribl, NpUaeraroLLine K 3TUM CTOPOHAM, Tak>Ke NnonapHo KOHIPY3HTHb,
TOo TpeyronbHukn ABC n A'B'C' KOHIPY3HTHbI.

Opyrumun cnosamu, ecnm

AB = A'B’,
ABAC = "B’'A'C', 4CBA = JjCB’A
TO TpeyronbHukn ABC
n A'B'C' KOHIPY3HTHbI.

Teopema 3. llycTsb
JaHbl e Toukm O #u
O' (Touka O MOXKET K
coBnafgaTb ¢ Toukoin O'),

M3 KOTOPbIX COOTBETCT-
BEHHO WCXOAAT nonynps-
Mble I, T, n n I'y T n',
npuyeMm ecim T NeXUT
BHYTpuW yrnamexxgy v n,
TOU T' NEXXUT BHYTPHU
yrna mexxgy I u n'. Torga
€C/n  [Be napbl COOTBETCTBYIOLWMNX YINOB KOHIPY3HTHBLI, TO W TPETbYU
napbl KOHFPYaHTHbI. Hanpumep (puc. 25), ecnu
Ml T =7V, T

*4T,n, ss "1’ n,

TO Al nm= *AC, 0",
Unn ecnu
«/, n = * T, n,
I$m, n = -4 m', n"',
TO

DL, m=-41, m's

Teopemy 3 HarnALHO MOXXHO WHTEPNPETUPOBATL TakK: MPU CHOXKEHUN
N BblYNTAHUN KOHTPY3HTHbLIX Yyran0B Mbl BHOBb Nosly4aeM KOHTPY3HTHbIE
YIbl; MPU 3TOM He BBOAMUTCH MOHATUA CYMMbl U Pa3HOCTU YT/10B.

Teopema 4. Yribl Npy OCHOBaHWM paBHOOELPEHHOrO TPEYrofb-
HUKa KOHIPY3HTHbI.

OJokaszaTenbcTBo. [MMyctb ABC — paBHOGeApeHHbI Tpe-
YrofIbHUK W B HEM

AB = BC.
PaccmoTpum TpeyronbHMKk ABC pfBa pa3a Kak fBa pas/iIMyHbIX Tpe-
yronbHnka ABC u ACB, cuntas, uto ctopoHe AB nepBoro CcoOTBeT-

cteyet ctopoHa BC sToporo vcrtopoHe BC nepsoro tpeyrosbHWKa coOT-
BeTCTBYeT cTopoHa AB BTOporo. lpu atom cooTBeTcTBUM cTOpoHa AC
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oTBeyaeT cama cebe, yron ACB oTBedaeT yrny CAB, yron CAB —
yrny ACB W, HakoHel, yron ABC oTBeuaeT cam ceGe. W3 Teopembl 1
BbITEKAET, UTO TPEYrofibHUKM ACB U ABC KOHIPY3HTHbI, U MOTOMY

Jf. ACB = <4 CAB.

Teopema pokasaHa.

Teopema 5 (TpeTtuin nNPpM3HaKkK KOHTPY3HT-
HOCTW TPeyronbHWKOB). Ecnum B TpeyronbHukax ABC wu
A'B'C' BCe Tpu napbl COOTBETCTBYWLWUNUX CTOPOH KOHIPYSHTHbI, TO
TpeyronbHUKM ABC 1 A'B'C' Tak>Xe KOHIPY3IHTHbI.

JTa TeopeMa [J0Ka3blBaeTCHA TaK Xe, KakK M B LLUKONIbHOM KypCe reo-
MeTpuKn, C NOMOLLbLIO Teopem 3 U 4.

2. CMeXHble 1 BepTUMKa/bHble YINbl. [lBa yria HasblBalOTCA CMeXK-
HbIMU, €C/IN Y HUX OfjHA CTOpOHa 00Lias, a fiBe Apyrue CTOPOHbI COCTaB-
NAKT BMECTE OfHY MpPsAMYHO.

YT0N, KOHFPY3HTHbIA CBOEMY CMEXHOMY, Ha3blBaeTCs MpsMbiM.

[Ba yrna HasblBalOTCA BepTUKaAbHbIMMU, EC/IN UX COOTBETCTBYIOLLME
CTOPOHbI MOMAapHO 06pasylT NpsiMble.

Teopema 6. TMpswmoit yron
CyluiecTByeT, T.e. CyuwecTByeT Yron,
KOHTPY3HTHbI/A CBOEMY CME>KHOMY.

JokasaTenbcTtBO. lyCcTb
a — HeKoTopasi npsiMas U A — Tou4-
Ka, He nexauiass Ha Heli (puc. 26)1
Ha npsimoii a BO3bMeM MPOM3BO/b-
Hyl0O TOYKY B 1 npoBefem Mony-
npsiMyto BM, cOCTaBsOLLYy0 C Mo-
nynpsimoii BN (N—To4YKa npsiMoii a)
Yros, KOHFPYSHTHbIA yrny NBA,
M PacnosiodKeHHYH Mo ApYyryto cTopo-

A HY OT MPSIMOA a, YemM Touka A. [pw

M 3TOM TOYKa M BbIGMpaeTCA TaK, uTO

a 8 N AB = BM. Ha ocHOBaHWU Teopembl
e pasbueHus  npsAmas a NepecekaeT

npsiMyto AM B HEKOTOPOWA TO4ke C.

" Mo nmepBOMY MNPU3HAKYy KOHIpy-

9HTHOCTW TpPeyrosibHUKn ABC n
PUc. 26 B M C KOHIpPY3aHTHbI 1,CfiefoBaTe/IbHO,

yrnbl ACB MU MCB KOHIPY3HTHbI.

Tak KaK 3TU YI/bl CMeXHble, TO KaKAbIA N3 HUX ABMAETCA NPSMbIM.
Teopema fJoKasaHa.

Teopema 7. Ecnu fBa yrna KOHrpysHTHbI, TO U CMEXHble yr/bl
TaKk>XKe KOHIPYSHTHbI.

1 B pokasaTenbCTBe TeOpeMbl PacCMOTPeH Cayuail, KOTOPOMY COOTBETCTBY-
eT puc. 26, 0). [loka3aTenbCTBO TeopeMbl AN ABYX ApYyrux cnydvaes (puc. 26,6)
M B)) uMTaTeNnb Nerko nposefeT cam.
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Teopema 8. BepTukanbHble Yyrabl KOHFPYSHTHbI Me>XAy co60il.

Teopema 9. Bce npsmblie yrabl mMe>Ay co60ii KOHTPY3HT HbI.

Teopema 10. Ana ka>kaoro orpe3ka AB cywecTByeT eAUHCTBEH-
Has BHYTpeHHAs Touyka O Takas, 4yTo

AO = OB.

Touka O Ha3bIBaeTCs cepeguHOn oTpeska AB.

Teopemy 10 B Apyroi pegakuum MOXHO CHOPMY/IMPOBaTb TaK: Kax-
[blii 0TPE30K MOXXHO pas3fennTb nononam W MpuToM eAMHCTBEHHbLIM 006-
pasom.

Teopema 11. B kaaom paBHOGeApeHHOM TpeyronbHWKe 6uc-
ceKTpuca yrna npu BeplinMHe eCTb MeAMaHa U BbicoTa.

Teopema 12. Kaxkablii yron MOXXHO pasfennmTb Nononam u npu-
TOM €eAMHCTBEHHbIM 06pa3oMm.

Teopema 13. UYepes Ka>kKayl TOUYKY MJOCKOCTU MPOXOANT 0AHa
M TOMbKO OAHA NpsMasi, NepneHAUKyNsapHasa faHHOW MpPsiMONA.

3. CpaBHeHMe MeXay co6oii oTpe3koB U yrnoB. T[lycTb fAaHbl
[Ba oTpe3ka AB ©n CD. Ecnu BHYTpu oTpeska AB CyLleCcTBYeT Touka
E Takasl, YyTo AE = CD, TO0 6yaemM roBopuTb, 4TO OTPE30K AB 60Mb-
We oTpeska CD, W 3anucbiBaTb 370 Tak: AB > CD.

MbI Tak)e OyfeM roBOpuUTb B 3TOM C/ly4yae, 4TO OTPE30K CD MeHb-
Lle oTpe3ka AB, M NoNb30BaTbCsd 3anucblo: CD < AB.

HenocpeACTBEHHO M3 aKCMOM MOPSALKA N KOHTPYIHTHOCTU BbITEKaOT
cnefyrouive TeopeMbl.

Teopema 14 [Ans nobbix gByx oTpe3koB AB u CD Bcerga BbInon-
HEHO OAHO M TO/IbKO OfJHO M3 TpPexX COOTHOLIEHMWIA:

AB < CD,
AB = CD,
AB > CD.

Teopema 15 OTHoweHne «HGonblle» 06nagaeT CBOWCTBOM T paH-
3UTUBHOCTMU, HO HU peddNeKCMBHOCTHIO, HW CUMMeTpueil He obnagaeT.

[Mocne Toro Kak BBeAeHO OTHOLLUEHME < MeXAy OTpe3Kamun U [oKa-
3aHbl ero OCHOBHbIe CBOWCTBA (TeopeMbl 14 1 15), TOUHO TaK XXe BBOAUT-
C OTHOLWIEHWe < ANns YraoB M ycTaHaB/MBAKOTCSA TeOPeMbl 0 CBOMCTBax
3TOro OTHOLUEHWNA, aHanorM4dHble Teopemam 14 n 15. lanee cnpasegnBbl

Teopema 16 Bo BCAKOM TpeyronbHWKe BHEWHWI yron 6onblue
no60ro BHYTPEHHEro, C HUM He CMEe>XHOoro.

Teopema 17.Bo BCAKOM TpeyrolbHWKe MO KpaliHeil Mepe fBa
yrna ocTpble.

Teopema 18 B TpeyrofibHWUKe 6o/bllas CTOPOHA IEXKUT MPOTUB
6onbwero yrna u, o6paTHO, 60MbLWNIA Yron NeXXUT NpoTUB 6onblel CTO-
POHbI.

Teopema 19 TllepneHguKynssp Kopoye HaKIOHHOIWA.

Teopema 20. Kaxpjas cTopoHa TPeyrolbHWKa MEHbLUE CyMMbI
n 60oNblle pasHOCTW [BYX APYrUX €ro CTOPOH.
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M3 nocnegHeil TeopeMbl HEMOCPEACTBEHHO BbITEKAET
Teopema 21. OTpe3ok NpsiMOI Kopoye NOMAHOI, CoefMHAIOLLEN
€ro KOHLbI.

§ 9. Mpynna npeo6pas3oBaHuWii MHOXecTBa

1. Mpeobpa3oBaHMa MHoOXecTBa. [lycTb M — NPoOU3BO/SIbHOE MHO-
)KeCTBO; 3/1IEMEHTbI ero 6ygem ob6o3HayaTb 6ykBamun x, y, r, ... . Ecnm
KaXoMy 3MeMeHTY X MHOXecTBa M MocCTaB/fieH B COOTBETCTBME HEKO-
TOPbI BMOMHE OMNpefenieHHbI 3eMeHT x' = / (x) 3TOro >Xe MHOXecTBa
M, TO Mbl 6yfeM roBOpuTb, YTO OMpeAeneHo oTo6GpaxkeHne f MHOXECT-

Ba M B cebsi. 3nemMeHT x' 00ObIYHO Ha3blBalOT 06pasom 3/EMEHTA X

npu otobpaxkeHun /, a x — npoo6pasom 3nemMeHTa x' = } (x). MHo-
XKEecTBO M Ha3bIBaT 06N1acTbio onpefeneHns oTobpa>keHnus }, a COBO-
KynHOCTb BCex o06pa3oB x' — f (*), rae x £ M, — o6nacTblo 3Ha-

uyeHuit oTob6pa>keHus f 1 obosHauarT / (M).

OueBugHo, f (M)G.M. Ecnn f (M) = M, TO roBopsiT, 4To / eCTb
oTob6pa>keHne mMHo>KecTBa M Ha cebs.

OTob6paxkeHne f MHOXecTBa M Ha cebs Has3blBaeTCHd B3aMMHO OAHO-
3HauyHbIM, €CNIN pas3HbIM Xt MU X2 OTBEYAalT Bcerfja pasHble 3/1EMEHTbI
x\= /() wn x2 = f(x2). B fanbHeillem B3aVMHO OfHO3Ha4Hble
0TOOpaXkeHNs MHOXecTBa M Ha cebs 6ygem HasblBaTb npeo6pasosa-
HUAMKM MHOXecTBa M.

MycTb / — npeobpa3oBaHue MHOXecTBa M. TaK Kak s BCSAKOro
x'£ M OTHOCMTENbHO MNpeobpa3oBaHus f eCTb TOMbKO €4UHCTBEHHbIN
npoo6bpas x, TO, OTHOCA KaXAoMy 3neMeHTy x’£ M ero npoobtpas
npu npeobpasoBaHun f, NONYYMM HeEKOTOPOe OTOo6paxeHue

* = g ()

MHOXeCcTBa M Ha cebs. JZlerko BUAeTb, YTO 9 — B3aUMHO OAHO3HAYHOE
oTo6paxkeHne M Ha cebsl, T.e. PpsABNsAeTcs npeobpasoaHnem M. TMpeob-
pasoBaHue ( HasblBaeTCs o6paTHbIM K NpeobpasoBaHuto / 1 0603Ha-
yaeTcA

* = TL(*)e
MycTb

X' =/, (x)
"

X' = [2(%)

— [Ba npeobpa3oBaHUsA MHOXecTBa M. Kaxaomy afneMeHTy x £ M
COMOCTaBMM 3/1EMEHT X' TaKOl, 4YTO x' ecTb 06pa3 asnemeHTa /, (X) OT-
HOCUTeNbHO npeobpasoBaHusa 2. pyrMMu crioBamu, JeiMcTBYeM Ha X
CHayana npeobpasoBaHueMm /,, a K 3/1eMeHTY (X) npUMeHsieM 3aTeMm
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npeobpasoBaHue /r. B pesynbTaTe nosydaeM HEKOTOpoe npeobpasoBa-
HWe MHoXxecTBa M:

X' = 12(ft (x)).
OHO HasblBaeTCA npoussefeHnem MpeobpasoBaHnini /i n /r 1 0603Ha-
YaeTcs

nn
B MNMPUMEHEHNUN K mo6omy 3/IeMeEHTY X£M unMeeM:

21y ()=
Mpon3BeaeHNe npeobpasoBaHuii, BooGLLE FOBOPS, 3aBUCUT OT TOrO,
B KakOM MNopsiiKe OHW MPOU3BOAATCSH, T. €. He Mpu BCAKOM Xx£ M pa-
BEHCTBO

la(<W) = A (M¥*))

MOXeT ObITb BEpHbIM. [103TOMY Mbl 06paLlaeM BHUMaHWe, YTO AN1si NpPeo6-
pasoBaHus
x*=(/2/1) W
BHauase ocyllecTBNseTcs npeobpasoBaHue [ Hag X, a 3aTeM K pe3y/ib-
Taty /2(X) npumeHsieTcs npeobpasoBaHue /2.
Mpeobpa3oBaHMe, OCTaBMSOLLEE BCE 3/IEMEHTbI Ha CBOWMX MecTax,
Ha3blBaeTCA TOXAECTBEHHbIM W 0603Ha4YaeTca e. OYEeBMAHO, UTO €CK

* = /(*)
— HEKOTOpOe B3aMMHO O[JHO3HAYHOe MnpeobpasoBaHMEe MHOXecTBa M U
x!' = TJIx)
— obpaTHoe emy npeobpasoBaHue, TO

[ (TY*) ) = x = e (X), rifEE)=x=72(K,
W, cflegoBaTe/bHO,

Taknm 06pa3om, NpousBefeHne JaHHOro npeobpasoBaHMsA U 06paTHOrO
K HEMy €eCTb TOXJEeCTBEHHOe npeobpas3oBaHue; MpuU 3Tom MOPSAAOK, B
KOTOpOM Npomn3BoaAaTcs npeobpasoBaHusa f u f~I, 6e3pasnnuen.

2. MoHsATMe rpynnbl. B 3TOM MNYHKTe Mbl HanmOMWHAaeM 4uTaTento
MoOHATME TPYNNbl U PS4 NpocTeiwnx (GakToB, HEMOCPeACTBEHHO BbiTe-
KaloWwmnx W3 OonpefeneHns rpynnbl.

COBOPAT, YTO B COBOKYMHOCTU 06BHEKTOB G, MpuUpoAa KoTopbix 6es-
pasnnyHa, onpegeneHa onepauusa, €C/IM HEKOTOPbIM Mapam 3/1eMeHTOB
a, b £ G, B3sTbIX B ONnpefe/ieHHOM MOPsiAKe, NOCTaB/ieH B COOTBETCTBUE
no onpeAeneHHOMY 3aKOHY HEKOTOpblii 3neMeHT ¢ £ G. OG6blYHO YKa-
3aHHYI0 OMepaLuio HasblBalOT yMHOXeHMeM W 0603HAYalT Tak:

c—a mb,
3N1eMEHT c Ha3blBaeTCA npousseaeHneM 3/1EMEHTOB a W b.
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MHO>KecTBO G C BBEJEHHON B HEM MO HEKOTOPOMY OMNpefeneHHOMY 3a-
KOHY onepauueil YMHO>KEHMSI Has3blBalOT TPYNMNOWM, €cnn BbINOMHAKT-
ca cnegytouwne ycnoemss (aKCMOMbl  TPYynNnbl):

1. ina Ka>kgoi napbl 3nemMeHToB a,b ("6 onpegeneHo npousBegeHue

c= a-<*bhf G
2. Ona nobblx Tpek aneMeHTOB a, b, c£ G Bcerga UMeeT MeCTO
paBeHCTBO
(@amb)ec —a m(b mc),
KOTOpOe 00bIYHO HA3bIBaETCAI3aKOHOM acCOLUMAaTUBHOCTMN
4N YMHO>KeHus.

3. CywecTByeT Takoii 3nemMeHT G, uTo gna nwboro a~ G
MMeeT MeCTO paBeHCTBO

a-e = a.

JNemMeHT e HasbiBaeTCA eAuHULEA rpynnsbl.
4, [Onsa no6oro anemeHTa a £ G CywecTBYeT TaKoi, 3aBucAwWmMi
0T a aneMeHT X£ G, YTO UMeeT MeCTO pPaBeHCTBO:

a-x = e

JNeMeHT X Ha3blBaeTcs 06paTHbLIM 31eMeHTYy a M 0603HavaeTca a~Ll
OTMeTMM npocTeiilune (aKTbl, BbITEKAKOWMNE HENOCPEACTBEHHO U3
onpegeneHus rpynmbl.
a) Ecnm e — efuHuLa rpynnbl, TO Ans no6oro a £ G nMeem:

e ma = a.
LeAcTBUTENbHO, U3 COOTHOLUEHUS
eee=¢e= ama-l,

cnpaBeAnueoro npu nwbom a £ G, nMeem: c.(a a-1) = a ma-1.
MycTb a* — o6paTHbIA 3neMeHT Ana a-1 , Torga

a~'m|m* —eg,

N NoOToOMy, NCNOMAb3yAa aCcCouMatuBHOCTb YMHOXEHUA, NONy4YMUM M3 COOT-
HoLleHNnA

ee(@asa~")= a-ax

paBeHCTBO
(e-a)-(a~1la*) = a (a-1 a*).

OTcropa
(em) = am,

W, TaK KaKk e — eauHuLUa Tpynnbl, MOMyYaeMm:
e ma = a.
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Takum obpasom, ecnu B — eAanHMUa Fpynmnbl, TO OHa O4HOBPEMEHHO
N «npaBas», W «neBas» eguHuULa.

6) B Ka>kpgoi rpynne ecTb TONAbKO OAHa eguHuMua.

[eiicTBntensHo, ecnn B rpynne G umenocb 6bl ABE eAUHULbI, e nel(
TO, UCMONb3ys YTBepX/AeHWe a), Mbl 6bl UMenun, 4YTo

et —ece{—e

e, = e.
B) Echv a*Xx = e TO X ma = e, Bnarogaps 3ToMy CBOWCTBY
HeT Hafo6HOCTWM pasnuuaTb «MNpasblii» U «/1eBblli» 0OpPaTHble 3EMEHTHI.
MTakK, nyctb
a mx = e
Monoxum
X-a — vy,
rae y £ G noonpegeneHuto rpynnsl. OTCcloga
(x-a) *x —y *Xx,

nnn
Xx-(a *X) —y mXx.
Tak Kak
a-x = e,
TO
X—yeX
MycTb Xrl— 3femMeHT, 06paTHbIi K 3NeMEHTY X:
nr-nrl= e
Torga
X-X~X— (y-x)-xrl
OTcroga
e=y.M.nard) = yee=y.
NTakK,

y=r.
r Echm a*x=e U amy=1¢ TO X =1y, T.e 06paTHbIA
ANeMeHT [ANns [aHHOro 3neMeHTa a onpefAenseTcs OAHO3HAYHO.
[JelicTBuTeNnbHO, ecnn  a-1 — 3nemeHT, 06paTHbI gna a, TO, uC-
Monb3ys CBOWCTBO B), VMEEM:

a-1 = a-lee = arle(asx) — (a-1-a)- x
a~1= a-lee = a-1-(a-y) = (a-l*a)wy

em —X,
gey = .

OTcroga
X —Y.

) W3 Bcex CBOWCTB rpynnbl, OTMEYEHHbIX BbIllEe, NErKO BbiTeKaeT
cliegylolllee npeanoXeHwe: no faHHbIM 31eMeHTaM a U b ecerga, v npu-
TOM OfHO3HAYHO, HAXOAWTCH 3NEeMEHT X, YAOBNeTBOPAKOLW NI paBeHCTBY
a.X = b, UMeHHO X = a-1 * b, a TaK>Ke 31eMeHT Yy, YA0BAEeTBOPAIOLLUIA

41



paBeHCTBY Yy ma — b, UMeHHO Yy — b ma~*. Takum o6pasom, Brpyn-
ne G Bcerja, M MNPUTOM OAHO3HAYHO, OMpeAeneHo feiicTeue, 06paT-
HOEe TPYNMnoBOMY YMHO>XEHWIO.

MHoxecTBo H, cocToswee M3 yactu 3fnemMeHToB rpynnsl G, Ha-
3blBAETCA MNOArPYnmnoii, eCM OHO OTHOCUTE/NIbHO ONepaLuu YMHOXEHUS,
onpegeneHHolt B G, camo aABfAfeTca rpynnoi. O4yeBUAHO, BO BCAKOW
noagrpynne A rpynnel G cCOLepXWUTCA efWHWLA TPYNMbl, U Hapagy cC
KaXKAblM 3N1€MEHTOM a B MOArpynny BXOAUT M O6pPaTHbIA eMy 3afnemMeHT a-1.

Bcakaa rpynna uMeeT fBe TpuBManbHble NOATPYNMbI: caMy rpynny
W rpynny, COCTOAWYK W3 OQHOr0 3/ieMeHTa — efuWHULbI rpynnel. Bca-
Kas nogrpynna faHHoOW rpynnbl, OTAMYHAA OT 3TUX ABYX TPUBUANbHbIX
MoArpynn, Ha3blBaeTca COBCTBEHHOMN.

3. Mpynna npeobpa3oBaHWii MHOXecTBa. [lycTb M — HekoTopoe
MHOXecTBO. B n. 1 HacToswero naparpada Mbl Onpegenunu MNOHATUE
npeo6pa3oBaHns MHOXecTBa M W BBENW OMNepauuto YMHOXEHUA TakKux
npeobpa3oBaHuii. VimMeeT MecTo crnefyollas BaXHas

Teopema 1 CoBoKynHOCTbH Mpeobpas3oBaHnii MHOXKecTBa M 0T -
HOCUTENbHO OMepaLun YMHO>XKeHUs obpasyeT rpynny.

LJokasaTenbcTBO. HanoMHum, 4TO NoOL NPOU3BELEHUEM
f2/i pByx npeob6bpasoBaHuin /, n/2mHoxecTBa M, B3ATbIX B OMpeAesfieH-
HOM nopsafKe, Mbl NMOHMManW npeobpa3oBaHne MHOXecTBa M, cocTof-
ee B MocnefoBaTe/lbHOM BbIMOSIHEHUW Haf NtOOLIM 3/1EMEHTOM X MHO-
»ectBa M cHavyana npeo6pasoBaHusa /b a 3aTem npeobpasoBaHusa /2,
T. e, ecim X £EM, 1O

ifrsi)y xX) = 7201 (x) )m
Kak yxe 6b110 0TMeyeHo B M. 1 HacToswero naparpada, npou3sefeHue
L4BYX npeobpa3oBaHuii MHOXecTBa M CHOBa ecTb nMpeo6pa3oBaHue MHO-
)xectBa M. T[1o3Tomy goKa3aTeNnbCTBO Teopembl 1 cBOAMTCA K MpOBepke
akcuom 2, 3, 4, BXoAAWMX B onpefefieHre rpynnel.

Ona nobbix Tpex npeobpasoBaHuii MHOXecTBa M umeeMm:

/3 (l21D) = (321>
[OeicTBUTeNbHO, ecnu

X' = 11 (x),
X' = fz (x),
X' = /3 (X

— [JaHHble npeobpasosaHus, 7o /3 (/20 wn (/3/2)/1 B KOHEYHOM WUTO-
re onpejensitoT O4HO U TO e npeobpasoBaHue

= f» if2(/l «))e
OTctofa W BbITEKAET, 4TO
/3 (fzfi) = (/3/2) fi.

Lanee, ecnn 6ykBoli € 0603HaYNTb TOXAECTBEHHOE NMpeobpasoBaHue,
TO A4Nna n6oro npeobpasoBaHusi / MHOXecTBa M umeeMm:

fe=f.
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LecTBuTensHo, Ans no6oro x £ M unmeeM:
e (x) = x

M noTomy ecnu
= f(

— npeobpa3oBaHue, 0603HaYeHHoe 6yKBOli /, To fe npeacTaBnsAeT coboi
npeobpasoBaHmne

x' = fe{x)= 1,

coBnagatouiee ¢ /.

[Janee, ana npeo6pasosaHus f mMHOXecTBa M, Kak MOKasaHO B
n. 189, scerga ectb obpaTHoe [~1 ANd KOTOPOro cnpaBefMBO COOTHO-
LeHKe

ftl= e

MTak, COBOKYNMHOCTb Npeo6pa3oBaHWMil MHOXECTBa OTHOCUTENbHO
onepauuy YMHOXeHWs YAOBNeTBOPAeT BCEM aKcMoMam rpynnbl.

Teopema JoKa3aHa.

Jliobyto noarpynny rpynnsl Bcex npeobpas3oBaHWii MHOXecTBa M
00bIY4HO TakXKe HasblBalT rpynnoil npeobpas3oBaHWil MHO>KecTBa M.
[na Toro 4tobbl HeKOTOpas COBOKYMHOCTb Mpeobpa3oBaHUii MHOXecTBa
M 6blna rpynnoi, AOCTaToO4YHO cobnaeHUe cneayolwmnx AByx Tpebosa-
HWiA:

1 Ecmu f1u f2cyTbh npeobpasoBaHnsi AaHHON COBOKYMHOCTH, TO MX
npousseseHuve f Xi JOMKHO Tak>Ke BXOAUTb B 3TY COBOKYNHOCTb.

2. Ecnn f — Kakoe-HW6yfb npeobpasoBaHune U3 faHHOR COBOKYMHOCTM,
TO obpaTHoe emy npeobpa3oBaHue Tak>Ke JOMKHO NpuHagne>xaTb
3TON COBOKYMHOCTMN.

[elicTBUTENbHO, KaK 6blI0 MOKa3aHO B J0Ka3aTeNbCTBe Teopembl 1,
3aKOH accouMaTMBHOCTU AN Mpou3BefeHUs npeobpa3oBaHUii MHOXeCT-
Ba M Bcerfa BbINOMHAETCA; fafiee U3 YCNOBUA 11 2, KOTOPbIM YAOBAET-
BOpSAET paccmaTpuBaeMas COBOKYMHOCTb npeo6pa3oBaHuWii, BbITEKaET,
4yTO eAuMHMUa rpynnbl npeobpa3oBaHuii (TOXAecTBeHHOe npeobpa3osa-
HMe) TakXXe BXOAWUT B YKAa3aHHY COBOKYMHOCTb.

Takum 06pa3oM, COBOKYNHOCTb Npeobpa3oBaHWii 4aHHOTO MHOXeCT-
Ba, ygosneTsopsAtowas tpeboaHmam 1 u 2, obpasyet rpynny.

4. FeomeTpusa faHHON rpynnbl. MycTb faHbl MHOXECTBO MPOU3BO/b-
HbIX 3eMeHTOB M 1 HekoTopas rpynna ero npeo6pasoBaHuii G. MHo-
XecTBO M HasblBalOT  MPOCTPAHCTBOM, €ro 3/7eMeHTbl — TOouYKamu,
a BCSAKYK COBOKYMHOCTb TOYEK — (OUrypoOid.

®durypy Qi 6ygem HasbiBaTb 3KBMBaNEHTHON WAW paBHOW durype
Q2 oTHOocMTenbHO rpynnbl G, ecnu B rpynne G ecTb npeobpa3oBaHue,
nepesogsuiee gurypy Q, B urypy Q2

BcAakoe OTHOLWEHWE 3KBMBANEHTHOCTM WM paBeHCTBA Mexay dury-
pamMu 4O/KHO YA0BNeTBOPATL TPebOBaHMAM pedneKCMBHOCTHU, CUMMET -
punM n TpaH3MTUBHOCTMW. W3 ycnosuii, xapakTepusywouwux [pynny
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npeo6pasosaHuii (ycnosua 1 u 2, chOpMynMpoBaHHbIE B KOHUE N. 3),
BbITEKAET, YTO BBEAEHHOE OTHOLLEHWE 3KBUBANEHTHOCTU Guryp obnagaer
yKasaHHbIMW CBOWCTBaMMU.

[eiicTButenbHo, ntobas purypa Q 3KBMBaNeHTHa camoi cebe, mMo-
CKOMbKY TOXJAecTBeHHOe npeobpa3oBaHMe e MpocTpaHcTBa M BXoAuMT
B rpynny G. [anee, ecnn ¢urypa Qi 3kBMBaneHTHa qurype Q2, T0
Q1 nepeBogutca B Q2 HekoTopbiM npeobpasoBaHuem / £ G. O4eBUAHO,
yTo npeobpasoBaHue f -1 nepesogut durypy Q28 urypy Qy. Cnego-
BaTenbHO, thurypa Q2 akBuBaneHTHa qurype Qj. VTak, OoTHOWEHMNE
3KBUBANIEHTHOCTU CUMMETPUYHO.

MycTb Tenepb urypa Qt skBuBaneHTHa gurype Q2, a purypa Q2
IkBmBaneHTHa urype Q3. O603HauuMm 4yepe3 /4 un /2 npeobpasoBaHus
n3 rpynnel G, nepeBofsliMe COOTBETCTBEHHO B Q2mn Q28 Q3. Tor-
fa npeobpasosaHue / = fji nepesoant Q4 B Q3. Takum obpasom, u-
rypsl Qi v Q3 3KBMBANEHTHbI, U TPAH3UTUBHOCTb OTHOLLUEHWUS 3KBUBA-
NEHTHOCTU [OKa3aHa.

M3 cBOWCTB peth1eKCUBHOCTU, CUMMETPUMN U TPAH3UTUBHOCTU OTHOLLE-
HWA 3KBMBANIEHTHOCTY BbITEKaeT, YTO BCe PUrypbl npocTpaHcTBa M pas-
6uBalOTCA Ha MNOMapHO HenepecekalwwWMecs KNacCbl 3KBUBANEHTHbIX
Guryp.

VM3BeCTHbI HemeuKkuin matematuk @&. KneiH (1849—1925) B
KOHLe XIX Beka NPesnoXuni cYnTaTb reOMeTPUUYECKUMU NULLb Te YuC-
NOBble XapaKTepUCTUKM U CBONCTBa (uUryp npoctpaHcTBa M, KoTopble
OCTalTCA HEeU3MeHHbIMW OTHOCUTENbHO JO6bLIX Mpeobpa3oBaHUin  u3
rpynnel - G. ApyruMu cnosamu, reoMeTpUYecKUMy SBASIOTCA NULWb Te
YMCNOBble XapakKTepUCTUKWM W CBOICTBA (Uryp npocTtpaHcTBa M, Ko-
TOpble 04MHAKOBbI Yy BCEX 3KBMBANEHTHbIX Mexay coboi duryp. Tak
KaK OTHOLIEHNE 3KBMBANEHTHOCTU (QUIyp CTPONTCS NO (PUKCUPOBAHHON
rpynne npeobpasosaHnsa G npocTpaHcTBa M, To, paccmaTpusas pasnuu-
Hble Tpynnbl npeo6pas3oBaHuii NpocTpaHCTBa M, Mbl MOXKEM NONYUYUTb
pasHble reoMeTpuum B 3TOM MNPOCTPAaHCTBE.

YucnoBble XapakTepucTUKM W CBOWCTBA (Uryp, He M3MeHsoLne-
CA Npu HekoTOopom npeob6bpas3oBaHuM / npocTpaHcTBa M, HasblBaloTCA
uHBapuaHTamm npeobpasosaHua f. CornacHo KneitHy, reomeTpueii
npocTpaHcTBa M, MOCTPOEHHOR C nomowbio rpynnel G npeobpaso-
BaHWii 3TOro NPOCTpPaHCTBa, Ha3blBaeTCA CUCTEMA NpPefno>XKeHWn 06
obuiMx MHBapuaHTax Bcex npeobpasosaHuit rpynnel G.

Npea KneiiHa paccmaTpuBaTb pas3fiMuHbie TEOMETPUMM KakK Teopuu
WHBApMaHTOB COOTBETCTBYIOLMX FPYNM BCKpbina rnybokue cBA3M Mex-
Ly pasHoo6pasHbIMW reoOMeTPUYECKUMU CUCTEMAMM, KOTopble 6bian
nccnefoBaHbl K BOCbMMUAECATbIM rogaMm XIX Beka. 3Ta Touka 3peHUs
6blna n3noxeHa KneiiHom B 1878 r. npu BCTYM/EHMM Ha Kadeapy yHU-
BepcuTeTa B . JpfiaHreHe B fnekuunm «CpaBHUTENIbHOE paccMOTpeHue
HOBEMLLINX reoMeTPUYEeCKUX WCCNefoBaHW», KOTOpPYH Tenepb nNpu-
HATO Ha3biBaTb «3JpnaHreHcKkoi nporpammoii». Wpgem KneitHa oka-
3ann 60nblOe BNUAHWE Ha flaNibHeliwee pa3BuThe reometpum B XIX u
XX Bekax.
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B rnasax I, I, Il 6ygyT AaHbl KOHKPETHbIE MPUNOXKEHUA TEopeTu-
KO-TpynnoBbIX MeToAoB KneilHa B reometpusax EBknupaa, Jlobayes-
CKOro, a@UHHOA M MPOEKTUBHOW.

§ 10, ABuxeHus. KOHIpyaHTHble duUrypeol

1 LBmxeHns. B npocTtpaHcTBe, 06pa3oBaHHOM TOYKamMu, MPAMbI-
MW W MJIOCKOCTAMMW, YAOBNETBOPAIOLWMMYU aKCMOMaM CBfA3U, MOpsAgKa WU
KOHTFPY3HTHOCTK, 6yfem paccmaTpusatb npeobpas3oBaHua Toyek. Kak
6b1710 BbISSICHEHO B N. 3 §9, COBOKYMHOCTb BCEX TakuX npeobpa3oBaHuUi
OTHOCUTENbHO OMepauuy YMHOXeHUs obpasyeT rpynny. Hac 6yger uH-
TepecoBaTb HeKOTOpas MNOArpymnna 3Toi rpynnbl, cocToAwas u3 npeob-
pa3oBaHWii, OCTaBASAKLWMX WHBAPUAHTHONW KOHTPY3HTHOCTb OTPE3KOB.

MycTb /| — npeobpasoBaHMe MNPOCTPaHCTBA, NepeBofsllee TOUKY A
B TOYKY A' 1 Touky B B Touky B'. OTpe3skn AB un A'B' 6ygem Hasbl-
BaTb COOTBETCTBYHOLLUMU.

MpeobpasoBaHue / ToYeK NpocTpaHCTBa Oyfem Ha3biBaTb [ABU>KEHU-
eM, ecnu gns nbbix Touek A, B oTpe3ok AB 1 COOTBETCTBYIOLWMUIA emy
oTpe3ok A'B' KOHIpY3HTHbI.

Teopema 1 COBOKYNHOCTb [BU>KEHWIA mpocTpaHcTBa 06pasy-
eT rpynny.

LokaszaTtenbcTtBo. CornacHo pesynbtatam n. 3 8 9, ana
[lOKa3aTenbCTBa TeOpPEMbl AOCTAaTOYHO YCTAHOBUTb, UYTO MPOU3BefeHue
0BYX [BWXEHWIA ecTb CHOBa [ABWXeHWe U npeobpasoBaHue, obpaTHoe
OBUXEHUIO, TaKXe ABNAETCA [BUKEHUEM.

Myctb /i n/2— pgBa gBMXeHns 1 A n B — nobble TOUKM NPOCT-
paHcTBa. Mpeobpa3oBaHue ft nepeBognT ToukM Sl B B Toukn A' n B,
a npeo6pasoBaHue /2 nepeBogmT Touku J1' n B' B Toukn A" n B". Ecnun

f — npowusBefeHne ABMXKeHUIA  © /2, To oTpeskm AB n A"B" — cooT-
BETCTBYlOLLME.
Tak Kak
AB = A'B'
A'B' = A"B",
TO u3 akcuombl Ill. 2 cnepyet, uTO
AB = A"B".

OTctofa BbiTeKaeT, 4YTo npeobpasoBaHume f — npousBefeHue ABU-
XeHud /i n /2 — aBnsetcsa [ABMKEHUEM.

Myctb f — aBMXeHMe npocTpaHcTBa. Tak kKak f — npeo6pasoBsa-
HWe npocTpaHcTBa, TO ANA Hero cylwecTByeT o6paTHoe npeob6pas3oBa-
Hve /71, aBnfoleecsd TakXe B3aMMHO OAHO3HAYHbIM OTO6pPaXeHUEM
TOYeK npocTpaHcTBa. Ecnm pgBuxeHue / nepesoauno ase ntobble TOY-
Kn A n B npocTpaHcTBa B Toukm A' n B', To obpaTtHoe npeobpasoBa-
Hue nepesoguT A' n B' B Toukn A un B.
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Tak kak / ecTb ABWMXXEHNE, TO

AB = A'B'.
Mo akcuome Ill. 2 OTHOWEHNE KOHTPY3HTHOCTM OTPE3KOB CMMMETpUY-
Ho. [loaTomy

A'B' == AB.

OTclofa BbiTeKaeT, YTo npeobpasoBaHue /-1 ABnseTca ABMXeHUeM. Teo-
pemMa foOKasaHa.

®urypbl, 3KBWBANEHTHbIe OTHOCUTENbHO TFPYNMbl ABUXEHWIA, Ha-
3bIBAIOTCA KOHFPY3HTHbIMWU. [pyrumu cnosamu, ABe QUrypbl KOHrpy-
3HTHbI, ecnu CyLW,ecTBYeT [ABMXeHWe NpPOCTpaHCTBa, MepesBojdllee Of-
Hy ¢urypy B apyryt. Knaccbl 3KBUBaNEeHTHbIX UIyp OTHOCUTENbHO
rpynnbl  ABVDKEHWIA Ha3blBalOTCA KNacCcamu KOHTPY3HTHBIX uUryp.

Bbiwe fBMXeHUA Oblin onpefenieHbl Kak npeo6pa3oBaHMA ToYek
NPOCTPaHCTBa, COXPaHALWMNE KOHFPYIHTHOCTL OTPE3KOB. [losTomMy w3
onpeAeneHna [LABUXEHUA elle He BbITeKaeT HemnoCPefLCTBEHHO YTBEpPX-
feHue: ecnu Toukn A, B, C,. . . pacnonoxeHbl Ha OfHOW MpAMON a, TO
o6pasbl aTux Touek A', B', C', ... OTHOCUTENbLHO NO6Or0 ABUXKEHUSA
TakXe fieaT Ha OAHON NpAMOR. 3TOT BONpPoC TpebyeT chneumanbHOro
paccMOTpeHus, KOTOpOe MNPOBOAUTCA B Teopeme 2.

Teopema 2. Tlpu ABMIKEHUM npAMas MNepexosuT B MPAMYIO.
Apyrumu cnosamu, CBOWCTBO TOYEK NPUHALNEXKATb NPSAMONA UHBAPUAHT -
HO OTHOCUTENbHO N6oro npeobpasoBaHus U3 TPYNNbl ABUXKEHUIA.

[Joka3aTenbCTBO TEOpPEMbl eCTb MPOCTOe creAcTBue Teopembl 20
n. 3 8§ 8. [OeicteutensHo, ecan J1, B, C — Tpu TOYKM npsmoin a, TO
04Ha M3 HUX NEXUT MeXAy ABYyMA ApyruMu. JonycTtum AN onpefeneH-
HOCTU, 4TO B nexut mexay J1 n C. Takum ob6pa3om, oTpe3ok AC coc-
TaBneH u3 otpeskos AB u BC. Ecnu obpasbl Touek A, B, C npu aBu-
XXeHumn / —T1oukn /1, B, C—He nexaT Ha OAHON npsiMoiA, TO Touku J1',
B’, C' obpa3ylT TpeyronbHuk, n no teopeme 20 § 8 oTpe3ok A'C'
MEHbLLE OTpe3Ka, COCTaB/IeHHOro M3 oTpe3kos A'B' n B'C'. Tak Kak

AB =5A'B' unu BC=B'C’,

TO
AC> A'C’,

HO 3TO MPOTUBOPEYUT TOMY, HTO
AC = A'C’,

néo otpeskm AC wu A'C' — cooTBeTcTBylOUMe npu fABmxeHun f.

MTak, obpa3bl TOYEK MPAMOWA a npu ABUXKEHWW / pacnonoXeHbl Ha
HeKOoTOpoi npamoil a'. O603HauyMm 4vepe3 M MHOXECTBO TOYeK nps-
MOl a, a yepe3 M' — MHOXXECTBO TOYeK NpsMoit a'. [LOKaxem, 4To ABU-
XeHue / nepeBoguT M Ha Bce M'. Ecnu vepes / (M) 0603Ha4YnTb 06-
pa3 MHoxecTBa M npu ABMXEHUM /, TO, OYEBULHO,

/(M) C M".
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Lokaxem, uTO
/ (V) = 1.

Ecnun 6bl 370 6bIN10 He TakK, TO Hawnacb O6bl TOYKa X', NpuHagaexa-
wasa MHOXecTBy M' n He npuHagnexawasa mHoxectsy / (M). MycTb
O u A — faBe ntobble TOYKM npamoi a u O' n J' — umx ob6pasbl. Oye-
BuaHo, 0',A'£f(M)

OA = 0'Nn.
MycTb, ANS onpefeneHHOCTU, Toudka X' fieXUT Mexpay Touykamu O0'
n 1'. B cuny akcmom 111, 1—3Ha npamoli a cyLiecTByeT e4WHCTBEHHaA

ToukaX Takad, 4ToX nexut mexagy Ou JI, 1 UMEOT MeCcTo COOTHOLLe-
HUA

0X = 0'X'", X1 = X'Nn'
OTctoga cnegyeT, 4To 06pa3 TOUkM X npu ABUXEHMK [ ecTb Touka X'
Tak kak XEM, 710 X'£f (M) u, crnefosaTenbHo, Halle JONYyLeHUe,
yTo 06pa3 MHOXecTBa M He MOKpbIBaeT BCE MHOXECTBO M ', He BepHO,
W, cTano ObITb,

/(M) = T

Teopema pAoKa3aHa.

Teopema 3. TycTb Toukn A, B n C ABM>KeHNEeM nepeBoaaTCA
B Toukn A', B', C', Torga yron mexxkgy orpeskamm AB n BC KOHIpysH-
TeH yrny mexxgy orpeskamum A'B’ u B'C".

JokasaTenbcTBO. W3 Teopembl 2 BbITEKAET, YTO OTPE3KU
AB, BC, AC pgBumxeHnem nepeBoAsATCA COOTBETCTBEHHO B O0Tpe3kun A'B',
B'C', A'C'. Tak Kak npu 3Tom

AB = A'B’,
BC = B'C,
AC = A'C’,

TO U3 TPETbEro npu3Haka KOHTPY3HTHOCTM TPEYro/bHWUKOB BblTeKaeT,
yTo ABC = M4 A'B'C'.

Teopema [oKasaHa.

N3 Teopembl 3 BblTeKaeT, YTO Yr/bl, 06pa3oBaHHbie NOAYMNPAMbIMU
C 00WMM HayasioM, MpU BCAKOM [BVDKEHUWN MEPEeBOAATCH B KOHIPY3HT-
Hble YI/bl.

OTMeTMM 6e3 [o0KasaTeNbCTBa ClEAylOUME TEOPEMbI.

Teopema 4. Mpu ABUIKEHUU NNOCKOCTb NEPEXOANT B NNOCKOCTb.
Opyrumun cnoBamu, CBOICTBO TOYeK NpuHaAneXKaTb MNNOCKOCTW WHBA-
PUAHTHO OTHOCUTENLHO NOGOr0 ABUDKEHMUS.

Teopema 5 Tlyctb A, B, C, D — YeTblpe TOYKM HEKOTOPOIi
urypbl Q (T. €. HEKOTOPOro MHOXKECTBa TOYEK), He ne>kalyne B OAHOIA
nnockocTu; J' — Npon3BoabHAA TOYKa NPOCTPAHCTBA, a — HEKOTOopas
npsmas, npoxofswias yepes TOUKy A', U a —Kakasa-HUbyAb MNOCKOCTb,
npoxoAslias yepe3 npAMyt a. Torja CywecTByeT [ABUdKEHWE, NMPU KO-
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Do TOopomM Touyka A coOBMe-
waeTea ¢ A" (puc. 27),
C» Touka B nonagaeT Ha
npsiMyto a ¢ nboi 3apa-
Hee yKas3aHHOW CTOpPOHBI
OT Toukum A'; Touka C
nonagaeT Ha MJOCKOCTb
a c noboin 3apaHee yka-
Pue. 2 3aHHOW CTOPOHbI OT NpA-
Mol a, a Touka D 3alimeT nonoXkeHune C NGO 3apaHee yKa3aHHOM
CTOPOHbI OT MNNOCKOCTW a.
Teopema 6. Ecam Tpu He neXkaliume Ha OAHOW MPAMON TOYKU
A, B, C dwmrypel Q coBnagaloT C COOTBETCTBYWOWUMU TOUYKAMM
A',B', C' KOHIpy3aHTHOI (hurypbl Q', TO BO3MOXKHbI fiBa CNyyasi: a) Ka>kaas
Touka ¢urypbl Q coBnagaeT C COOTBETCTBYHOLUEN TOUKOW purypbl Q',
6) Kadkpgas Touka urypbl Q, ne>kauwias B nnockocTtun ABC, cosnajgaeT
C COOTBETCTBYHLel Touko hurypbl Q', 0OCTaNbHble >Ke COOTBETCTBYHO-
WMe TOYKM 3TUX PUryp nexkaT Nno pasHble CTOPOHbI OT nnockocTn ABC
M Ka>kaas Touka urypbl Q' 04HO3HAYHO onpefeneHa MonoXKeHWemM CO0T-
BeTCTBYylOUWeA ToUukn urypel Q (B mocnegHem cnyyae (OuUrypbl HasblBa-
I0TCA CUMMETPUUYHBIMU OTHOCUTENbHO MNNOCKOCTM, MPOXOAsLLei
uepes Toukn A, B, C).
B nnaHumeTpuu TeopeMamM 5 1 6 COOTBETCTBYIOT C/lefytoLLne TeOpeMbl.
Teopema b5a. Myctb A, B, C— Tpu TOYKM HEKOTOpPOW dury-
pbl Q, He neXkaliue Ha OfHOW NpAMOiA, A' — nNpou3BoAbHas TO4YKa nnoc-
KOCTM, U a — Kakasa-Hubyab npsamas, npoxogdawias depes Touky A. Tor-
Ja cywecTByeT [ABMIKEHWE, COBMelLatollee TOYKY A € TOUYKO A', nepe-
BOAsLLEe TOYKY B B TOUKY NpsAIMOIA @, Pacnono>KeHHyl c3afaHHoN cTopo-
Hbl OT TOuYkM AL u nepesopsiiee Touky C B TOYKY NOAYnNa0CKOCTU, pac-
MONO>KEHHO C 3afaHHOl CTOPOHbI OT npsMoi a (puc. 28).
Teopema 6a Ecin gse pasnuuHble Toukn A u B durypel Q
coBMajalT C COOTBETCTBYWWMUMU Touykamum A' U B' KOHIPYSHTHOM
urypbl Q°, TO BO3MO>KHbI fBa CAyyas: a) Kadkgasa Touka qurypbl Q
coBnajaeT C COOTBETCTBylUWeA Toukon durypel Q', 6) Kaxkpas
Touka urypsl Q', ne>kaulas Ha NpsIMOiA a, coBnagaeT C COOTBETCTBYHO-
Wwei TOuUKoA hurypsl Q', ocTanbHble >Xe COOTBETCTBYWLWME TOUKK
3Tux 'uryp ne>kaT Mo pasHble CTOPOHbI OT MNpAMOA a, M KadK-
jas Touka urypel Q'
O[JHO3HAUHO  onpefeneHa
MONOXKEHNUEM COOTBET-
CTBYIOLLE TOUKU Purypbl
Q (B nocnegHem cnyvae
¢ urypel Q n Q' HasbiBa-
ITCA CUMMET PUYHDI-
0O MU OTHOCUTENbHO nps-
Puc. 28 Moii a).

cw
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Teopembl 5 1 5a XxapakTepusyloT CTeneHb CBO6OAbI MepeMeLleHuns
thuryp B NpOCTPAHCTBE M Ha MJIOCKOCTM C MOMOLbIO ABVMIKEHMWIA, a Teo-
peMbl 6 M 5a pdatl0T Yycnosus, onpefensiowne MON0XeHNEe GUrypsbl;
MMEHHO, B NPOCTPAHCTBE TPU TOUKU (DUTYPbl ONpPefeNaioT ee MOMoXeHNe
C TOYHOCTBbIO 0 CUMMETPUM OTHOCUTENbHO TMIOCKOCTU, MPOXOAsLLel
yepe3 3T TPM TOYKMW, & B MNAaHWMETPUU ABe TOUYKM OMNpeAensoT nono-
XeHne Qurypbl € TOYHOCTbIO A0 CUMMETPUM OTHOCUTENbHO NPAMOIA,
MPoXoAsuleii 4yepe3 yKasaHHble [BE TOYKM.

OTctofa, B 4aCTHOCTM, ChneAyeT, YTO [BMXKeHWe NPoCTpPaHCTBa Nof-
HOCTbIO OMpeJeneHo, eCNn U3BECTHbI 06pa3bl YeTblpex KaKUX-HU6Y[b To-
UeK, He nexalyux BOJHON MIIOCKOCTMW,a B MAaHUMETPUW ABVKEHME NON-
HOCTbIO OMPEefeneHo, ec/n N3BECTHbI 06pa3bl TPex TOUEK, He fiexalyunx
Ha OAHOW npsMOiNA.

3TM yTBePXAeHWA ecTb HemocpeACcTBEHHble CeACTBUSA Teopem 6
M 6a, eci B HUX B KayecTBe (Urypbl Q B3ATb COOTBETCTBEHHO BCe NpO-
CTPAHCTBO WU MNMIOCKOCTb.

B Hawem n3n0>KeHuM B KauyecTBe OCHOBHOIO OTHOLEHWS 6biio B3ATO
OTHOLUEHNEe KOHFPY3HTHOCTMW, OnucbliBaemoe akcuomamu III. 1—6, u
C NOMOLLbIO HEero Kak npou3sBoAHOe 6blN10 NOCTPOEHO NOHATMUE ABUDKEHUS.

MO>KHO 6bl0 6bl, HA0BOPOT, ABMXKEHWE BBOAWTbL Kak OCHOBHOE MO-
HATWe, onNpefensas ero kKak npeobpa3oBaHMe ToOueK NPOCTPAHCTBA,
KOTOpoe [O/MKHO YA0BNeTBOPATbL PAJY akcuom.

Mbl He 6ygeM 34ecb NMPMBOAWTL MOSHOFO CMMCKAa 3TUX aKCMOM; OT-
METUM TONIbKO, YTO YTBepXJeHne TeopeM 1—6 AO/MKHbI ObITb MPUHATHI
38 aKCUOMbI.

§11. AKCMOMBbI HenpepbiBHOCTU. 3mepeHue O/INH OTPEe3KOB

C NoMOLblO aKCUMOM CBA3W, NOpALKA U KOHTPY3HTHOCTM OblNO BBe-
[eHO CcpaBHeHMe OTPEe3KOB TaK, 4TO AnA Nb6biIX ABYX OTPE3KOB OAMH
nmbo 6onblwe Apyroro, nMbo MeHblle ero, M60 KOHFTPYSHTEH emy.

OfHaKo 3TUX aKCMOM HeAOoCTaTOYHO, 4TOObI pelwunTb 3agavy 06 u3-
MepeHUn OTPEe3KOoB, KOTopas 3ak/a4vaeTca B TOM, 4TOObl BbIpasuTb OT-
HOWeHMe N60ro oTpe3ka K AAHHOW NUHEWHOW eAuHMLEe C MOMOLLbHO
onpejeneHHOro yucna. Ans peweHns 3ToW 3afjayn NPUXOAUTCA MpU-
B/leKaTb HOBble aKCMOMbI, KOTOpble 06bIYHO Ha3blBAKOT akcuomamu Henpe-
pbiBHOCTW. Mpexae YyeM POpPMYIMpPOBaTb 3TU aKCMOMbI, BBEAEM HEKOTO-
pble MOHATUS U 00603HaYeHus.

MycTb a = AB — HeKkoTopblli 0Tpe3ok. Ha HekoTopoi npsmoin |
OTNIOXUM OT TOYKM YD 0Tpe3oK KOHTPY3HTHbIA AB, 3aTem OT
TOYUKU OTNOXNUM 0Tpe3oK M tM 2 KOHTFpyaHTHbI AB, Tak, 4TO TOY-
Ka My nexunt mexgy Touykamu J140m M 2 panee oT TOYKM M.2 OTNOXUM
0Tpe3oK M 2M 3, KOHTpY3HTHbIA AB, Tak, 4TO Touka M2 NeXxuT Mex-
ay My u M3, 1 T. g. 310T npouecc 6ygeM NpogomkKartb 40 TeX Mop, MokKa
Mbl He MOCTPOUM TOYKY M, T. e. 0Tpe3ok AB nocnefoBate/sibHO OT/O-
XUM OT Toukn MO Ha npsamoii | B onpefeneHHy CTOpPOHY n pa3. CTpe-
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30Kk MJVIn u Bce 0Tpes3Kn, KOHrpyaHTHble eMy, 6yaeM 0603Ha4aTb na
W TOBOPUTb, YTO OHMW MNOMYYeHbl YMHOXKEHWEM OTpe3Ka a Ha HaTypalb-
HOe u4ucno .

Ecnn oTpe3ok b TakoB, 4TO UMeeT MeCTO COOTHOWeHue nb = a
(n — HaTypanbHOe u4ucno), To 6yaem roBOPWUTb, YTO OTPE30K b nony-

4aeTCAad YMHO>XEHMEM OTpe3Ka a Ha yYmcno —, n 0603HayaTb ero —a.
n n

Ecnn  pna  oTpeska a MOXHO HaliTh 0Tpe3okK b Takoli, u4TO
b = - a (n— HaTypaibHOe 4ucfo), TO OnpeAenuMm OTpPe3oK —a  Mo-
n n

CpeAcTBOM paBeHCTBA n—a = mb (T — HatypanbHoe 4ucno).

Ons Toro ytobbl pewnTb 3agavyy 06 U3MEPEHUU OTPe3KOB, BBOAWT-
ca akcuoma IV.1, KOTOpyl 06bIYHO HasbiBalOT akcuomoi Apxumegal
Akcnoma Apxumega, Kak Mbl YBUAUM HWXe, MO3BONSET, ecnu Bbl6paHa
NUHeRHaa efnHWLA, ANA KaXAO0ro oTpeska e4UHCTBEHHbIM 06pa3om on-
pefennTb HEKOTOpOe TMOJIOXWUTEeNbHOE 4YUCN0, KOTOPOE YKa3sblBaeT,
«CKO/IbKO pa3 NuHeilHas efuHMLA YKNajbiBaeTCA B JaHHOM OTpe3Ke».
3T0 Yncno HasblBalOT AANHON OTpeska. [Nna Toro ytobbl pewnTb o6pat-
HYl0 3afjayy — No 3aJaHHOMY MONOXWUTENbHOMY YUCAY HalWTW OTPe3oK,
ONMHA KOTOPOro paBHa 3TOMY 4ucny, — HEO6X0AUMO BBECTM elle Of4HY
akcnomy 1V.2. OTa akcuoma npeactaBnsietT coboi aHanor WM3BECTHOIO
npuHumnna KaHTopa O cTArnBalowmnxca npomexyrtkax. [Moatomy akcuo-
My 1V.2 Mbl 6yaem HasbiBaTb akcuomol KaHTopaz2

MepelijeM K (GOPMYNMPOBKE aKCMOM HeMpepbIBHOCTMK.

V. 1 (akcnmoma Apxumepga). Kakosbl 6bl HN Obln OTpPeE3KN
a n b, HailgeTcs HaTypanbHOe 4uCNo N Takoe, YTO

nb > a.

IV.2 (akcnmoma KaHTopa). MycTb Ha Kakoit yrogHo nps-
Mol a faHa 6eckoHeyHasi nocnegoeaTensHOCThL oTpeskoB Afiy, A.B2 ...,
13 KOTOPbIX KaXKAbIA nocnegyowmnii ne>XXMT BHY T py npegblayLlero-, nycThb,
fanee, Kakum 6bl HU Obin 3apaHee AaHHbIA OTPe30K, HalWgeTCcs HOMep T,
4 KoToporo ATnNBnN MeHble 3TOro orpeska. Torga CywecTByeT Ha
npsAMoin a Touyka X, npuHagne>kauias BCEM 3TUM OTpesKam.

M3 ycnoeua akcuombl KaHTOpa cpa3y cnegyeTt, 4YTo CYyLiecTByeT
TONIbKO OfHa Touyka X, nexauwjas BHYTpPWM Bcex 0Tpe3koB AnBn. [elicT-
BUTENIbHO, €CNIM Ha MPAMONM a umeeTcsa elle Apyras Todka Y, nexatias
BHYTPW BCeX OTpe3kKoB AnBn, To npu no6om n vMeem

AnBn> XY,

4YTO MWCK/KOYEHO YycnoBMeMm akcuombl KaHTopa.
2. OnuHa oTpeska. OCHOBHble TeopeMbl O AAMHe oTpe3ka. [lycTb
KaXXAOMYy OTpe3Ky a npocTpaHCTBa MO HEKOTOPOMY OnpeaeneHHoOMy
0 (287—212 po H. 3.)— BeNMKMIA MaTeMaTuK apeBHel peyunn.
op (1845—1918) — KpynHbIA HeEMeLKUA MaTemaTuK.
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npaBuay OTHECEHO BELLeCTBEHHOe YMcno a. B TakoMm ciyuyae Mbl 6yfgem
rOBOPWTb, UTO Ha MHOXECTBe OTPE3KOB MPOCTPaHCTBa OMpejeneHa Be-
LlecTBEHHaA (YHKLWUA OTpeska

a = /(a).

BewecTBeHHasa GpyHKUMA oTpe3ka 1(a) Ha3biBaeTCA ANNHON 0T peska,
ecn OHa Y[0BNeTBOPSAET ClefyloWmnM YCOBUAM:
1. ina nwoboro oTpeska a

1(a) > 0.
2. Ecom a = b, TO
1(a) = 1(b).
3. Ecim B — BHYTpeHHAs Touka oTpeska AC, ToO
KAC) = 1(AB) + 1(BC).

6" V-
a+b

Puc. 29

Ycnoeue 3 yfgo6HO 3anucatb Takxe B Clefylolleil 3KBUBaNeHTHOW ¢op-
Mme. MycTb AaHbl ABa OTpe3ka a U b. CymMMOl 3TUX OTPE3KOB HA30BEM
OTPe30K C, KOTOPbI/i MOMy4yaeTcs Ha HEKOTOPOW MpAMOR  OTKnagbl-
BaHMeM cHa4yana oTpe3ka AB, KOHIpYysHTHOro OTpe3Ky a, a 3aTeM OT-
pe3ka BC, KOHIFpY3HTHOr0o OTpe3Ky b, Npu 3TOM TouKa B nexuTt mexay
A n C (cm. puc. 29). Ana cymmbl OTPe3KoB a U b 6ygem npumMmeHsaTb 060-
3HayeHme a + b. OueBmgHo, a + b = b + a.
Ycnosue 3 Tenepb MpUHWMaeT BUA: ecim ¢ = a + b, TO

1(c) = 1(a) + 1(b).

Teopema 1 (ocHoBHafd Teopema 06 o060CHO-
BaHMWMM npouecca M3IMepeHUS ANUH OTPEe3KOB).
Ha COBOKYMHOCTW BCeX OTPE3KOB MNPOCTPAHCTBA MOXXHO MNOCTPOUTb
(hyHKuMI0 0Tpe3ka 1(a), yaoBNeTBOPSIOLWYO ycnosusm 1, 2, 3; npu 3TOM
MPOM3BONLHO BbIGPAHHOMY OTPE3KYy € MOXKHO MPUNNUCaTh B KAYECTBE 3HA-
UEHMSt YyMCno eAuMHMLA. [pyrumMu cnoBamu, No 3afaHHON NUHERHOW emgu-
HWLE — OTPe3Ky € — MOXKeT ObiTb NOCTPOEHA [A/WHA OTpeska.

JokaszaTenbcTBO. MycTb € — NpOW3BO/IbHbLIA OTPE30K.
[Monoxum

1(e) = 1L
CornacHo Teopeme 10 n. 2 § 8, KaXAblii OTPe30K MOXHO pa3fenuTb
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nononam. TakK KaK 3TOT MPOLECC MOXHO HEOrpaHWMuYeHHO MPOAOMIKUTS,
TO AN N60r0 HaTypanbHOro N OnpedencH OTPe3oK

1
eﬁ — Te.
MosTomy Ana no6on ,U'BOVILIHOVI ,Cl'p06l/| ~ onpepeneH O0OTpPe3OK e,

KOTOpbIA Mbl 6yAeM HasbiBaTb ABOMYHLIM OTpe3KoM. [Ans nio-
60ro ABOMYHOrO OTpe3kKa

nonaraem

(«) = 1-0

MycTb Tenepb a — He [BOMYHbI OTPe30K, Torga no akcuome Ap-
XMMeda cylecTByeT Takoe Lefoe HeoTpuuaTenbHOe 4ucno T,, UTO

TB< a< (10+ 1le.

Oanee, NpuUMeHss akcuomy Apxumeaa K OTpeskam ~e U a, Monyynum

CyL,ecTBOBaHMWE LENOro HeoTpuuaTenbHoro uucna T, Takoro, 4to

mije<a< (mi-j- 1 te.

MpuMeHss akcuoMy ApxuMesa K OTpe3kam ~ e M a, MojyyaeM CyLiecT-

BOBaHMe LEeN0ro HeoTpuuaTeNnbHOro 4ucna T 2 TaKOro, 4To
T2 T04-1
—e< a< — e.
22 2r

Mpogonxas 3TOT MNPOLECC HeorpaHMYeHHO, MNOMy4YMM [Be MNOC/IeAoBa-
TENbHOCTW  YMCEN:

EO. Vg-' . 2T- ............ 2» L0

T,

Takux, 4TO Mpu 1tO6OM N UMeeM:
Flolao T,,-41
2.'.' "

[okaxem, 4To MocCnef0BaTe/IbHOCTb

€.



BO3pacTalOlWad, a nocnenoBaTe/ibHOCTb

NV l:1 Ta-* Tr4-1 Tn4- 1
0o+ * 2 M eeet g

y6biBatowas. [eiicTBUTeNbHO, OTKNafblBas Ha OTpe3ke a OTpes3okK
-—e TN pas, Nofyyum Touky A,, a OTKNafblBas TOT >Ke OTpPe3okK

— e Tn4-1 pa3, noayuum Touky Bn (cm. puc. 30).
2..

0 n
1 1 ¢ 1 1 0Y — pmmmmeeeemn
n
Puc. 30
Monoxum
= A = "oy
0 );’-\ & % e, OB£| 1le
Torga
O/in<0ON<0OBsA.
lMpounssegeM aHanOrMyHoe MOCTPOEHWME, 3aMeHAA B HEM OTpe3oK e
0)
(e} Nnn  AnH C Bn
|- 1 0----0------~
v v A 6nw
# 0
0 An C. A B
1 i 001
An*i B/M
Punc. 31
oTpeskom "+l g (cm' Puc' 3pecb Touka J1,,¥1— KOHeu, oTpe3ka

a C— cepeguHa otpeska J1,BT].
Monoxum
OJIHL - e
2+l

oA ., =m"

ml «';']-.-L &
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Torga nonoxeHuwe Ttouyek Ar+l v BnH Ha puc. 31 3aBUCMT OT pacno-
JIOXXeHUs TOo4ukm A BHyTpu oTpe3ka An Bn. Tak kak OA = a—no
YCNOBUIO He [BOMYHbIA OTPe3oK, TO Toyka A OTAMYHA OT Touek
An, C, Bn, 1 NOTOMY MOTYT MNpeiCcTaBUTbCA [BE BO3MOXHOCTU:

a) Touka A NneXuT BHYTpu oTpeska A,,C,

6) Touka A neXxuT BHYTpu oTpeska CBn.
B cnyyae a) umeem (cm. puc. 31, a)):

OAnn = OAn, OBSH"O Aa+ - L-e,

noaTomy
T,
aw 2 M
W+ + » = mn+i| 1 AoTn o1 1 __ Tn+l (2)
2741 2n+l 2rt+1 2" 2" 2N *

B cnyuae 6) umeem (cm. pwuc. 31, 6)):

Oona+i1-o n , + oBml = OB,,
noaTomy
24 n 2n+l 2"
TnHl+1 _ Ttnwes
o =2 @

M3 HepaBeHcTB (1), (3) BbiTekaeT, YTO MOC/ef0BATENbHOCTbL j/ -]

BO3pacTaeT, a U3 HepaBeHCTB (2), (4), 4TO mocnefoBaTeNbHOCTb

y6biBaeT.
TakK KaK pasHOCTb MeXAy u4/feHamu BTOpOl M NepBoOi nocnenoBa-
TeNbHOCTEli paBHa

T,+1 Tn_ 1
2"2" 29
N CTPEMMUTCA K HyN Npu n “mco, TO cyulecTByeT o06wWMin npegen a
06enx nocnefoBaTeNbHOCTEN:

. ffin , i—1
a= umn - fjm —3=.
w » 2" D A
3TO 4Mcno a M NpUHMMaeTCa 3a A/IMHY OTpeska a:
I (a =*a.
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Takum o6pa3om, (yHKUMs 1(a) onpegeneHa Ans BCEX OTPE3KOB
NPOCTPaHCTBA.

JoKaxeMm Tenepb, uTo (yHKuMsA 1(a) YAOBNETBOPSET YCNOBUAM
1, 2, 3, npeabaBAseMbIM K [A/7MHe 0TpeskKa.

Mpexae BCEro 0TMETUM, YTO AN1s M0G0 Napbl KOHTPYIHTHbLIX OTPE3-
KOB & U b NpoLecc M3MepeHus, NOCTPOEHHbIN BbillE C MOMOLLbIO aKCKO-
Mbl ApxXuMmeaa, NPUBOAMT K OAWHAKOBBLIM MOCNEA0BATENbHOCTAM

T L, Tr i,
27 2 2n
it m+1 mA-1 m+ 1
rho | 2 2- T
Ana obomx oTpe3koB. OTcloaa
1(a) = 1(b)-

Moatomy ycnosue 2 gnd ¢yHkumym 1(a) BbINOMHEHO.
Jokaxem Tenepb, 4TO ANns N060ro oTpeska a

1(a) > 0.
JonycTum npoTMBHOE: NyCTb Hawencsa oTpe3ok a0 Takoi, 4To
1(a0) = 0.
lMocTpoum nocnepoBaTe/ibHOCTU OTPe3KOB
| Z'G\J’ || TI'IZ: 1\
Takue, 4To
> e<A aO<A rHZ_A’le
Torpa

[MockonbKy nocfefoBaTeNbHOCTLMN1 BO3pacTarml,as, TO OYEBUAHO,

uTo ee Mpefen MOXeT PaBHATLCA HYMO Torja M TONbKO TOrAa, Korja
BCe 9TU Apo6M paBHbl Hynto. CnegoBaTeNbHO, Npyu  /OGOM N UMEeEM:
Tn= 0. A Torga M3 cnoco6a NOCTPOEHMS MOC/ef0BaTeNbHOCTU OTpes-

KOB € BbITEKaeT, 4YTO NpuM BCEX N UMEEM:
2"al0< e.

C Apyroit CTOpPOHbI, U3 aKCMOMbl ApXMMefa BbiTeKaeT, UTO MpuU BCEX
[AOCTAaTO4YHO GonbliKMX N 6yaeM WMeTb:

2"a0> e.
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MonyyeHHoe MpoTMBOpeUUe

MNOoKa3blBaeT,
BEPHO W, cnepoBaTe/ibHO, AnAd noboro OTpe3Ka a

UTO Halle AONYyLeHMe He-
1(a) > 0.

MycTb Tenepb ¢ = a + b. [lokaxem, uTO

10 = 1(a) + 1(b).

Ona Kaxporo us otpeskoB a, b, a + b cTpoum nocnegoBaTenbHOCTM
OTPE3KOB C MOMOLLbIO NpoLiecca, OMUCAHHOIO B MEpPBOA 4YacTU [oOKasa-
TeNbCTBa HacToAWel Teopembl. [lyCTb
T Tn+ 1 pn -p,t+ |
—-g< a< — , —e< b<
2" g 29 g 2l

o © -r2'1r?< ad -|/|i< r’—’;'n 1e
— YKas3aHHble M0CneaoBaTe/lbHOCTM 0Tpe3koB. OueBUAHO,

o+ Lu,e< (rle< «Etle | Pnxxe.

29 T " 29 2'1 2"
MoaTomy

<1 | PN < IDNi<= >+ 1, pn—+ 1

2" 2N~ 24 29 " 24 29

I'Iepexo,qﬂ B nocnegHMX HepaBeHCTBaxX K npegeny npu n > nony-
YNM:

1(a) +1 (b) < /(c) =
OTcrofa

I (c)< I(a) + I(b).

1(c) = [ (a) + [ (ft).
Teopema NOMHOCTLIO [AOKa3aHa.
NNemma.

Bcakas gnvHa oTpeska o6nafaeT CBONCTBOM MOHOTOH-
HoCTK, T. e. ecim a<. b, ro /(a) < /(b).
JokaszaTenbCcTBO.

Ecin a < b,
HOLWIEHNA <« CyLecTByeT OTPe30K b' Takoi, uTo

TO no onpegeneHno oT-
b =

a+ b
Torga

1(b) = 1(a) + 1(b"),
ntaK kKak / (b") > 0, 10

1(b)>1 (a).

Jlemma foKasaHa.
Teopema 2 [lycTb faHbl ABe AnuHbl oTpe3ka It (a) u 1Ir (a).

Torga cyllecTBYeT MNOCTOSHHOE MONOXKUTENbHOE uucno k Takoe, 4ToO

ONs BCEX OTPE3KOB a CnpasefinBO COOTHOLUEHUe

h (a) = kit (a).
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Ecnun >ke nuHeiHble eanHuLbl ana ananH 1{(a) u 1-(@) KOHrpyaHTHbI, TO
uncno kK — 1 n gna no6oro oTpeska a

h(@) ~ *r(a)’
JokasaTenbcTBO. BO0O3bMEM HeEKOTOpbIM O0Tpe3oK 00 u

nycTb
JtLO=N ey Uk
& - ﬁ1

12(a0) = fel, (,). *)

Monoxum

Torga

Jokaxem, yto thopmyna (*) cnpaBegnmBa Agnsd nw6oro oTpeska a,
T. e

/la) = klt(a).
nyCTb CHa4dana a—,El'BOVI‘-IHbIVI 0Tpe30K, HOCTpOeHHbIVI no OT-
pesky <y

T
a = — a0,
\%

roe T M N — HaTypanbHble umcna. Torga

li@ —h(*rao)=h ao-f- ... -f a0) =
= (" °0)+ 'eeo+ a°) _T1/°('2"a°J’
T
AHaNorn4yHo
2@ = T /2[~ a0].
Haiigem, yemy paBHO 4mcno /, a, j. Wmveem:

Abl = h( ao+ eee + ~

= /i("Tao)+ eee+ Ji(~"Tao) = 2N/i(-~"Tao)-
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OTcroga

\' 2n T
AHaNoOrnyHo
\T 0) 24
CnepoBatencHoO,
n noTomy

NTak, ANs ABOWYHBLIX OTPE3KOB a (hopmyra
h(a) = kh(a)

AoKasaHa.

MycTb Tenepb a — MPOM3BO/LHbLIA He ABOUYHbLIA (MO OTHOLIEHUIO K
00l oTpe3oK. MpUMEHNM K OTPEe3Ky a Npouecc NpUGAMKEHWUS [ABOUYHbI-
MW OTpe3KaMM, PaCCMOTPEHHbI B J0Ka3aTebCTBe TEOPEMbI 1C MOMOLLbIO
akcuombl Apxumepga. Torga nonyydum MocrefoBaTelbHOCTU OTPe3KOB

T+ 1
21
Takue, 4TO
ral0<a<”rxlal
2" 0 2n
MocnenoBaTeNbHOCTM YuKCeN n |t --j 6ygyt o6nagaTtb cne-
gylowummn cBoiicTBammn: nepsasi 6yneT Bo3pacTaTb, BTOpas — Y6blI-

BaTb, a PasHOCTb MeXAy 4neHamu BTOPOA W nepBOi nocnefoBaTefib-
HOCTell C O4MHAKOBbLIMW HOMepamu 6yfeT cTpemMuTbcs K Hynw. [103To-
My 06e nocnegoBaTe/ibHOCTM MMET 006Wmnini npefgen, KOTOPbIA Mol
0603HauYMM yepes a m [M0N0XUM

= Ea ’—_/\T_"--
W= ndd &= T

Torpa
an<a<a'n fr=1,2,3.......

Tak Kak OTpe3kKn an wn a'l'l—,EI'BOI/I‘JHbIe no OTHOWweHUt K 00, TO
I(«,) = 5 K = 9
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4«) =" » 4

OTcroga
N K < lifa)< A \Y

=N -a0<(2(fl)y< M a,

Mepexoas B 3TWX HepaBEHCTBAaX K npegeny, MOAYYUM:
aXa< /,(@ < a
akX< 2@ < afkk.

CneposatencHo,

/li(a) =ad,o, = fexta

/*(a) = kh(a).
Teopema [oKasaHa.

3. PewleHne 06paTHOW 3agauM 00 M3MepPeHUM OTPe3KoB. B 3aTom
NyHKTe OyaeT paccMoTpeHa obpaTHas 3afaya 06 M3MEepPeHUM OTPE3KOB.
VIMeHHO, ecnu faHa HekoTopas AnuHa oTpe3ka | (a) U nonoxwuTtensHoe
yncno X, ToO BO3HMKAET BOMPOC, CyLLeCTBYeT /in OTPE30K ao Takoi, u4To

I (aQ =

Ha aToT BOMpOC OTBEYaeT

Teopema 3 Ecim gns MHOXKeCTBa OCHOBHbIX 06HEKTOB (TOYEK,
NPAMbIX W NNOCKOCTEIA) BbINMONHEHbI aKCUOMbI MEPBbIX TPeX rpynn U ak-
cnoma KaHTopa, To o6paTHas 3ajaya Bcerga uMeeT pelleHne. Opyru-
MW cnoBamu, ecnn | (a) — PyHKUMS OTpesKa, YAoBneTBopsiolas Tpe-

6oBaHuAM 1,2,3, npeabaBnsemMblM K AANHEe 0Tpe3ka,  A— NpPon3BO/b-
HOEe MONO>KWTENbHOE YWUCNO, TO CyllecTBYyeT OTPE30K a, TakoW, 4To
1 (@) = «.

OJokaszaTenbcTBO. lycTb e — Kakoin-Hnbyab oTpe3ok. [lo-
NOXUM

. 1(e) = p.
LOna uncna — cyuwecTBYIOT [Be NOCMeLOBaTeNbHOCTW [BOWUYHbLIX ApPO-
P

6eln  jh-j wn j-"J, obnagalwmx cnegyrowyUmMm CBOKWCTBaAMU:

2) nocnenoBaTeNbHOCTL ” CTPOro BO3PacTaeT;
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3) nocnepoBaTeslbHOCTb ~ CTPOro yo6bIBaer,

4) I|m Ss = lim 2= L
»2N n,,2" p

Bo3b|v|e|v| HEKOTOpPYI MpsMY a, (UKCUMpyeM Ha Heidi Touky O M no
04HY CTOPOHY OT TOYkM O Ans N060ro n OTAOKUM OTPE3KU

OAH e OBn = —e

o

?
'*
|

°

Puc. 32

(cm. puc. 32). OueBmgHo, OAn< OBnN. M3 cnocoba MOCTPOEHUs OTpes-
KoB AnNBn BbITEKAaeT, YTO 3TU OTPE3KM BMIOXEHbI ApYyr B Apyra, W TaK
Kak

LUAMBA = -3n=£n--+ Q

TO BHYTPU BCeX OTpe3KoB AMBM, OYeBMAHO, He MOXET COJepXaTbcs
HUKaKoi oTpe3ok CD. [M03ToMy M3 akCMOMbl KaHTopa M 3amedaHus K
neii BbITEKaeT, 4YTO CyLLecTBYyeT eAWHCTBeHHas Touka C, nexauias oa-
HOBPEMEHHO BHYTPM BceX OTpe3koB AnMBn. Tak Kak Touka C fexuT

mexay An u Bn, To npu Bcex N 6yaem WMETb:
OAn<OC<OB®. (*)

M3 onpepeneHnsa otpeskoB OA,, 1 OBN BbiTeKaeT, 4TO HepaBeHCTBA
(%) MOXHO 3anucaTb Tak:
— e< OC< —e.
2- 211
Mcnonb3ya neMmy 0 MOHOTOHHOCTM [/MHbI OTpe3Ka, MNOJyYuMm:

(ge)<'(0Q</(]e

Kak 6blno [l0Ka3aHO B TeopeMe 2, ANs ABOMYHbIX OTPe3KOB CcrpaBef-
nvea Qopmyna

n
OTcroga
Badig) 211708) £ M (o).
Tak Kak /(€)= p, TO

DR THHCH <D,



1, nepexogs K npegeny npuv n -> 00, NOAYYUM:

£-P</(OC)<APp.
p p
Takum o6pasom, nonarasd aa= OC, umeeM:

/(a0 = /(OC) = X

Teopema foOKa3aHa.

N3 Teopembl 3 BbITeKaeT BaXHOe CNeACTBUE.

CnepctBue. Jto6oiA OTpPe30K MOXKHO pasfennTb Ha Npous-
BO/IbHOE UMCNO KOHTPY3HTHBIX YacTei.

[eiAcTBUTENbHO, €CNUM a — HEKOTOPblii MPOM3BONBHbLIA OTPE3OK,
I (a) — ero gnvHa, M3MepeHHas ¢ NMOMOLLbI KaKol-HWGYAb NWHENHO
eAVHWLbI, U N — faHHOe HaTypaJbHOE YUC/0, TO CYL,ecTBYeT OTPEe30K
b = CD, vmMerownini npu TOWN e NMHeHOW eamHuue annHy 1(b) —

= I~ OTpe3ok b TakoB, u4TO
n

nb w a.

LelicTBUTENbHO, OTNOXKUM 0Tpe3oK CD oT KoHua JT oTpeska AB — a
M pa3 Mo Ty XXe CTOPOHY Ha npsmoii AB, rge nexuT Touka B. Torga ecnim
66l N mCD He 6bl1 KOHTPY3HTEH 0Tpe3Kky AB, To 6b1a10 6bl

n mCD > AB

nnn
n«CD <. AB,

a Torga no sieMmMe 0 MOHOTOHHOCTM 6bi10 6bl | (@) @ n 1(b), uTO He-
BO3MOXHO.

B npouecce /r-kpaTHoOro oTknagbiBaHWs oTpe3ka CD nonyvaem
BHYTpU oTpe3ka AB Toukm Av A2 ... , Jla_ 1( KoTopble [eNsiT ero Ha
M paBHbIX u4acTel.

CnencTtere [0Ka3aHOo.

OTMeTuM, YTO B LUKOJLHOM KypCe reoMeTpun geNeHne oTpes3ka Ha
no60e 4YMCNO KOHTPYIHTHbIX 4YacTell OCyLecTBAANOCh C NOMOLLbI ak-
CUOMbI Esknuga O napannensbHbix. YKa3aHHOe HamMW MNOCTPOEHUEe CBO-
604HO OT NPMBNEYEHUSA AKCUOMbI O NapanfefbHbiX, W, CNefoBaTeNbHO,
pe3ynbTaT, MOMYYEHHbIA B CNeACTBMM, CNpaBefiMB He TONbKO B reo-
mMeTpun EBKIMAA, HO U B reomeTpuu JlobayeBcKoro.

4, VisamepeHne yrnoB. Ha MHOXEeCTBe YrN0B NpPOCTPaHCTBA Mpexae
BCEro BBOAWTCA YrnoBas Mepa, Kotopas npefcTaBiseT coboii uncnoByto
(QYHKUMIO yria, YAOBNETBOPSIOW YO YCNOBWAM, aHanorM4HbIM YC/o-
BUSM 1, 2, 3 Ans AAWHbLI oTpeska. [oc/e 3Toro 4ns yrnoBoii Mepbl yc-
TaHaBNMBAIOTCA Teopembl, fBAAOWKMecs aHanoramum Tteopem 1—3. U3
aHajiora Teopembl 3 AN Yrn0oB 6yAeT BbiTeKaTb BO3MOXHOCTb AeNeHus
€ro Ha M KOHFPY3HTHbIX Yr/0B.
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§ 12. CucTema KoopAuHaT Ha NPSIMOiA, Ha NIOCKOCTU U B NPOCTPaHCTBE

1 CucTema KoopauHat Ha npamoil. MycTb a — Npou3BOJSibHaA nps-
Masi. Bblbepem Ha Heil KaKyr-HWbGyab Touky O, KOTOopyt 6yaem Hasbl-
BaTb HayanoM KOOpAWHAT. YCNoBMMCSH, fanee, OAHY U3 ABYX MONy-
nNpAMbIX, ONpeaensemMbiX TOUKOW O U NPAMOIA a, Ha3biBaTb MONOXKUTE/b-
HOW, a Apyryw — oTpuuaTenbHoli. Kpome TOro, npuMMeM HeEKOTOPbIW
OTPe30K € 3a eAuHULYy u3MepeHns K depe3 1(@) 0603HA4YMM [AAWMHY OT-
peska, ANa KOTOpOW

I (e) = L

Kaxgoih Touke M npsiMmoli a OTHeceM KoopAauHaTy X, monaras a6-
CONOTHY BENMYMHY X paBHOW ymcay | (OM) u onpegensis 3Hak X B
3aBMCMMOCTU OT pacnosioxXeHus Toukn M cnegyrouwimm obpasom: x > O,
ecnm M HaxoAuTCA Ha MONOXWUTENbHOW nonynpsamoi, u x < 0, ecnm
M neXxuT Ha oTpuuaTenbHO nonynpsamoin. Ecnn M coBnagaeT € TOY-
ko O, nonaraem x = 0. N3 Teopembl 3 n. 3 § 11 BbITeKaeT, 4YToO

KakoBO 6bl HI ObINO YNACNO X, HA NPSIMON @ CyLecTBYeT OA4HA U TOMbKO
OflHA TOYKa, KOOpPAMHATa KOTOpO/ paBHa X.

Takum 06pa3om, MedKay ToYKaMu NPSAMON 1 BELLECTBEHHbIMW YncnaMmu
C NOMOLLbIO BBEAEHUA KOOPAMHATbLI TOYKM Ha MPAMONA yCcTaHaBIMBaeTCs
B3aMMHO OAHO3HAa4yHOE COOTBETCTBME.

2. Cuctema KoopauHaT Ha naockoctu. TycTb a — MpPOM3BO/SbHAS
MNOCKOCTb. DUKCUMPYeM Ha Heli HEKOTOpYyl Touky Owu npsmyto a, npo-
Xoasuyto uvepes Touky O. Torga O pasgensieT a Ha [Be MONYNPSMbIE;
OfHY M3 HUX HA30BEM MONOXMWTENbHOW, APYryl oTpuuaTenbHoi. Mps-
Mas a pa3busaeT MAOCKOCTb Ha fBe MOYMNNOCKOCTM, OAHY M3 KOTOPbIX
TakXXe Ha30BeM MOMOXWUTENbHOW, a ApYryt — oTpuuaTtenbHoit. MycTb
0TpPe30K e ecTb efMHMLA AMHbLI. TOrga Ha NpsMOI a onpegeneHa cucTe-
Ma KoOpAMHaT ¢ HayanomM B Touke O U C OTMEYEHHOW MONOXUTENbHO
nonynpsmMoil, KoTopas 6blfla MOCTPOEHAa B MpeablAylieM MyHKTE.

MycTb M — npoussonbHas

M TOuYKa Ha nnockoctu a (cM. puc. 33).

M3 Touykn M onyckaem nepneHamn-

Kynap Ha npamyl a. 9OT0T nep-

NeHANKYNAP eAWHCTBEHHbIN. O60-

0 3Haumm 4yepe3 M X TOUKY nepeceye-

HUA MepneHAnKynapa ¢ NpsAMoi a.

lMycTb X — KoopAuHata TOYKM M X

B CUCTEMe KOOpAMHaT, BBeAEeHHON

Puc. 33 Ha nNpsMol a, M y — 4ucno, Mo-

LYNb KOTOPOTro paBeH ANNHe 0Tpes-

Ka MMX a 3HaK 3aBUCUT OT MONOXEHUA TOouYkKM M Ha NNOCKOCTU

cnegytouwimum obpasom: y > 0, ecnin M neXuUT B MONOXUTENbHOW Mo-

nynnockocTtn, y < 0, ecnv M eXuUT B OTpPULATENbHO NOAYNNOCKOC-
™, ny =0, ecnu M feXunT Ha NPAMOIA a.
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Taknm 06pa3om, ¢ KaXgo TOMKON nnockoctn M cBsi3biBaeTcss napa
yumcen X, Y, HasblBaeMbIX KOOpAMHATaMW TOuku M.

[ns no6oil napbl BELLECTBEHHbIX YMCEN X, Y Ha MJIOCKOCTU biCYyLLe-
CTBYET TO/IbKO OfHa TO4Ka M, KOOpAMHATbl KOTOPOW paBHbl COOTBET-
CTBEHHO 4ucnam X HY . [elCTBUTENbHO, 4YMCAO0 X BCerfja 0gHO3Ha4HO
onpefenser Ha NpsAMoi a Touky MX. N3 Toukm M T MOXHO BOCCTa-
BWUTb TO/IbKO OAWH nepneHankynap. [pegnonaras y ¢ 0, Mbl MOXeM
Ha 3TOM MeprneHAVNKYNspe OTNIOXKUTb B 3aBUCMMOCTM OT 3HaKa Yy B ToOW
UM APYroi MonymniockKocTU TOMbKO OAMH OTPe30oK, fA/iMHa KOTOpOoro
paBHa |y| . TakuMm o06pasom, KOHeL,
3TOro oTpeska — Todka M — Haxo-

ONTCA efMHCTBEHHbIM o06pa3om. Ouve-
BUAHO, YTO L U Y KaKk pa3 ecTb KO-
opavHaTbl Touku M.

NTakK, wMme>Kay ynopsfoveHHbIMM
napamum X, Y BeLW,eCTBEHHbIX uucen,
roexu y HesasucuMo Apyr oT fgpyra
MOTyT NpUHUMaTb Mo6ble 3HAYEHUS,

M TOYKaMU NIOCKOCTU ayCcTaHOBNEHO
B3aMMHO O[jHO3HAYHOE COOTBETCTBME.

AHanornyHo BBOAUTCA  cUCTEMA Puc. 34
KOOpPAMHAT B NPOCTPaHCTBE; Ha 3TOM
Mbl OCTaHaBNNBAaTbCA He 6yaem.

lMocTpoeHHas Bbllle cuUCTEMA KOOPAMHAT Ha MJIOCKOCTUM Harnomu-
HaeT [eKapToBYy cMCTeMy KoopauHaT. OfIHAKO W3 O4HUX TO/IbKO aKC/OM
rpynn I—IV elwe He BbITEKAOT MHOrMEe CBOWCTBa, npucylime aekap-
TOBbIM KOOpAuHaTaM. YKaxeM npocTelilive U3 HUX. HasoBem, Kak 3To
006bIYHO eNalT B aHA/IMTUYECKO TFeoMeTpun, NPSMYIO a 0Cbio X, a Mnps-
Myl b, NepneHAMKYNSAPHYIO K Heil B Touke O, — 0oCblo Y (CM. puc. 34).
M3 nNpou3BONbHOM TOYKM M onycTUM MeprneHAMKYNSpbl Ha OCU X WY,
n nNyctb M X 1 WhY— TOUKM NepeceveHnss 3TUX MeprneH4nKynsapoB ¢ ocs-
MU X ny. Torga us akcuom rpynn |I—IV Henb3A BbIBECTU, UTO OTPE30K
M M I KOHTpy3HTeH oTpe3ky OMy. TOYHO Tak Xe M3 3TUX aKCUOM HeSlb-
351 BbIBECTW XOPOLUO W3BECTHOE B aHa/IMTUYECKON TFeOMETpUMN Bblparke-
HWe ONA PacCTOAHMA MexXAy ABYMS TOouKaMy yepe3 'KOOpAMHaTbl 3TUX
TOYeK.

§ 13. MpuHuun AepeknHpa

B § 12 ¢ nomMoLbiO CUCTEMbI KOOPAMHAT Ha MPSMOW 6bIN0 yCTaHOB-
NIEHO B3aUMHO OfJHO3HAYHOE COOTBETCTBME MEXAY COBOKYMHOCTbIO BCeX
TOYEK MNPSAMOA M MHOXECTBOM BCEX BeLLEeCTBEHHbIX YWCen.

B § 5, Mcxoas M3 akCMOM CBS3M WM NOpPSAKa, BO MHOXeCTBE TO4YeK
NPsIMOA 6b1N1I0 BBEAEHO OTHOLLEHME MNpPeALLIecTBOBaHUSA. ITO OTHOLUEHUe
MOXHO YCTaHOBUTb NWLLIb ABYMS Cnocobamu, 4TO COOTBETCTBYET Halle-
MYy HarnsgHoMmy npeacTaB/eHU0 0 ABYX HanpaBfieHUsX Ha MNpsMON.
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Ecnn Mbl Tenepb OTHOLWEHME MpeflleCTBOBaHUS MOCTPOUM TakK, 4TOGbI
Havyano KOOpAWHAT MpeAlecTBOBANO BCEM TOYKaM MOOXMWTENbHOI
nonynpamoii, To M3 TOro, 4YTo Touka J11, npeawecTByeT Toyke M2, Bbl-
TeKaeT, 4TO

*1 < X2

rge N X2— KoopAuHatbl ToyeK M x u M 2. HanpaBneHue, KOTOpoOe
onpefenserca yka3aHHbIM OTHOLUEHWEM MpPefLecTBOBaHUA Ha MPSMON
a, 6yaem HasblBaTb MOAOXKMUTE/bHbIM.

WTak, cnpasegnnea cregyouias

Teopema 1 Mexkay ynopsfo4eHHbIM MHOXECTBOM BCEX TOueK
npsMoii M ynopsifo4YeHHbIM MHOXKECTBOM BCEX BELECTBEHHbIX YWCen BO3-
MO>XHO YCTAaHOBWTb Takoe B3aMMHO OAHO3HAYHOE COOTBETCTBME, MNpPU
KOTOPOM COOTBETCTBYOLWMNE 3NEMEHTbI HAX0AATCA B OAWHAKOBbIX OT-
HOWeHMAX MNopsAKa.

MpyU MOCTPOEHUN CUCTEMbl BELLECTBEHHbIX YMCEN B aHaNN3e BaXHYIO
po/fib WUrpaeT TakK HasblBaeMbli MpuHUUN [Lefe KuHpgal

Ecnn Bce BeleCTBEHHbIE uncna pasbUThbl HA fABa Knacca Tak, 4To:

a) oba knacca He MyCTbl M KaXkAoe uucno nonafaeT TONbKO B OAUH
M3 [BYX KNaccos,

6) Ka>K[oe 4MCNo MepBoro Knacca MeHblle KaXkAoro 4ucna BTOpOro,
To n1bo B MepBOM Knacce CyLecTBYeT HaubonbLiee Yucno, N16o Bo BTO-
POM — HauMeHblLee.

N3 Teopembl 1 M npuHuuna [efeknHia ANs BeLeCTBEHHbIX 4Yuncen
cneayeT npuHUMN [efekuHAa ANs TOYeK NpsAMOA.

Teopema 2. Ecnu Bce TOUKM NpsAMOii pacnpeaeneHbl Ha fBa knac-
ca Tak, YTO Npu 3TOM:

a) Kakgas Todyka OTHOCUTCS K OAHOMY M TO/MbKO OAHOMY Knaccy W
Ka>KAblii Knacc He nycT,

6) KaXk[as Touka MepBoro Knacca npeawecTByeT Ka>KAoi TOYKe BTO-
poro,

TO AMGO B MEPBOM Knacce CyWecTBYyeT TO4YKa, KOTOPOA MpejLiecT-
BYIOT BCe OCTanbHble TOUKM NepBOro Knacca, MMG60 BO BTOPOM Knacce Cy-
lWecTByeT TOYKA, KOTOpas MpeAWwecTBYeT BCEM TOYykaM BTOPOro
Knacca.

NmeeT MecTO cnegylollas BaxHas Teopema, KoTopas 6ygeT cylie-
CTBEHHO WCMONb30BaTLCA B fafbHeMlIMX pasfenax Kypca.

Teopema 3 Ecmm K akcuomam CBfA3W, MOPAAKA U KOHTPYIHT -
HOCTMW MPUCOEAUHUTbL KakK akcuomy npuHuun [efekuHpa, TO YTBEPIK-
[JeHua akcuombl Apxumega um akcMombl KaHTopa MOryT 6biTb BbiBEAEHbI
M3 HUX KaK Teopembl.

LdokaszaTenbcTBO, a) BoiBog akcmombl Apxumepa. Aonyc-
TUM, YTO YyTBepXfeHuWe akcuombl Apxumefa  HeBepHo. Toraa

1P. epekunHpg (1831—1916) — M3BECTHbIA HEMELKWIA MaTeMaTuK.
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HallfyTcs ABa oTpe3ka a W b Takue, UTO Npu NO6OM HaTypasbHOM Yuche
M crnpaBeasvBoO HepaBeHCTBO 7 a

MycTb / — npousBonbHas npsmas M AB — OTpe30K Ha Heli, KOHrpy-
3HTHbLIA OTpe3Ky a. Bbibepem HekOTOpoe HanpaBfeHWe Ha npsmon /

1 Gy[eM CuMTaThb, YTO Pa3o6beM TOYKK MpsiMoli | Ha ABa Knac-

ca TaK: B MepBblii Knacc oTHeceM TOYKYy A, BCe TOUKM MPsSMON, npef-
WecTBYylOWME ToUKe A, M BCe Toukum X, cnegytouine 3a TOukoii A, u
Takue, 4To AN5 TOUYKM X MOXHO HaliTW HaTypanbHOe YUCNO T Takoe, YTo

mb > AX.

Bo BTOpPOil knacc OTHecemM BCe OCTajlbHble TOYKM npsmoi |. [doka-
)KEM, 4YTO NpoBefeHHOe Hamun pa3breHne ya0BeTBOPSET YCOBMAM MPUH-
umna [epeknHpa. [eicTtButenbHo, o06a Knacca He nycTel. B nepsom
nmeeTca Toyka A, a BTOPOMY NpuHagnexuT Touka B. [anee, kKaxpas
TOYKa nNpamoii / nonajaeT B OAUH M TOMbKO OAMH Knacc. [LOKaXem, 4To
Kaxjasa To4Yka MepBOro Kjacca npeALllecTByeT KaXAol TO4UKe BTOPOro
Kknacca. MNycTb Toyka X MPUHALNEXWUT MepBoMy Knaccy, a Touyka Y —
BTOPOMY Knaccy. WMHTepec npeAcTaBfiseT cayyai, Korga touka A npeg-
wecTtByeT Touke X. Tak Kak X MNpuUHAANIeXWUT MNepBoMy Kfaccy, TO
HangeTca Takoe HaTypanbHOe 4yucno T, 4yto mb > AX. [ycTb Z —
Touyka npsmoli / Takas, u4TO

AZ £= mb
n

A <NZ:
Torga

X Z.

Tak KakK Touyka Y npuHagneXxut BTOPOMY Knaccy, TO
A < K

n npu no6om HaTypaibHOM N WUMEET MECTO HepaBeHCTBO

nb < AY.

[MosToMy wnMeeM:
AZ = mb< AY, T. e Z « Y,

n B CnUny TPaH3UTUBHOCTU OTHOLUEHUA«K » OTCHpaa cnepyet, 4T10

X < Y.

Takum 06pa3om, Halle pa3bueHWe Ha Knaccol SiIBseTCS AefeKUHA0BbIM-
MycTb C — Touka MNpsMON, sBAflOLWasca KpaiiHeld B OfHOM W3 ABYX
knaccoB. Touka C He MOXeT NpuHagnexaTb NepBoMy knaccy. Ecnu
6bl C npuHagnexana neppoMy Kiaccy, TO CyLLecTBOBano Gbl HaTypasb-
HOE 4MCNO T Takoe, uTo
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Ho Torga Touka D, cnegytouwasa 3a Toukoli C u Takasd, 4to CD = b,
NpUHAANeXUT nepBoMy Knaccy (nockonbky J1< ) wu

AD < (oT+1) b.
Ho 37O HEeBO3MOXHO, TaK KaK BCe TOYKM MepPBOro Kjacca MpejliecTBy-
oT Touke C. CneposaTenbHO, To4ka C NMpuHagnexuT BTOPOMY Knaccy.
Ho Torga oHa npefwecTByeT BCeM TOYKaMm 3TOro Knacca, U MoToMmy,

€Cnn paccmoTpeTb oTpe3ok CF Takoli, uTto F C n otpe3ok FC KOH-

rpysHTeH b, TO Touka F npuHagnexuT nepeoMy knaccy. [o3tomy cy-
LlecTBYeT Takoe HaTypanbHoe Tu uto JIF <; Td. Ho Torga

AC < (mt+ Db
W, cnepoBaTenbHO, Touka C MpPUHAANEXUT NepBOMYy Kfaaccy, 4YTO He-
BO3MOXHO. Takum o6pa3om, Touka C He MOXET NpuHagfiexaTb HU
nepBoOMY, HW BTOPOMY Kfaccy, 4YTO NPOTUBOPEYUT npuHuuny Jfepge-
KnHga. WTak, foKasaHO, 4YTO YTBepXAeHWe akcuoMbl Apxumena ecTb
cneagcteue akcuom rpynn I—IIl v npuHunna JefekuHpa.

6) BbiBog akcuombl KaHTopa. MycTb Ha HekoTopol npsMoli a faHa
CMCTEMa BJIOXEHHbIX OTPe3KoB AnMBN Takux, 4TO He cyliecTByeT OT-
peska CD, OAHOBpPEMEHHO COfep>kallerocs BO BCeX OTpe3kax A,, Bn.
Jokaxem, 4To TOrga y nocnepoBaTenbHOCTU oTpe3koB {AnBmn)ecTb Mo
KpaiiHell Mepe OfHa BHYTPEHHNS ToOukKa.

Bynem cuuTaTb, YTO Ha NPAMON a BBeEHO OTHOLUEHWE MPefLlecTBo-

BaHMA, Mpu KoTopoM An</ Bn. MMocTpoum pa36ueHue TOUEK MNPsSMONt

Ha fBa Knacca. B nepBblii Knacc oTHecem Bce TOUKM AN 1 Te TOUKM Npsi-
MO a, KOTOpble NpeALllecTBYOT XOTA 6bl 04HON M3 Toyek An. Bo BTO-
poil Knacc OTHeceM BCe Mpo4YMe TOYKM NpsMOi a. [epBblil Knacc He
nycrt. Jlokaxem, 4To Touyka B, npuHagnexut BTOpoMy Knaccy. Ecnwu
6bl 370 6bIN10 He Tak, TO Touka B, npuHagnexana 6ol NepBoMy Knaccy—
3TO BbITEKAET U3 yCN0BUA pa3bueHus TOUEK MpAMON Ha Knaccbl. Torga

HaingeTcs Touka ATb Takas, uto B(<” An,. C Apyroi CTOPOHbI, W13

TPaH3UTUBHOCTW OTHOLUEHMA MNpefLlecTBOBAHUA BbliTeKaeT, 4Tol

NMOCKONIbKY OTpe3kn AnBn BnoXeHbl Apyr B gpyra, T. e. npu no6om
n—12, ... UMeeT MeCTO COOTHOLWEeHUe

Ar-i BN-1

MTak, Touka B{ npuHagnexuT BTOPOMY Kfaccy.

1 Mop cooTHOWeHneM A B Mbl MOHMMaem, 4TO M60 A B, nmbo A

coBnagaet c B.
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MycTb, Tenepb Touka X MNPUHAANEXUT MepBOMY Khaccy, a Touka
Y — BTOpOMy Knaccy. Tak Kak Touka X MNpPUWHAANEeXWUT rMepBoMy Knac-

Cy, TO cyulecTByeT TouKa J1TB Takad, 410 X AT\ C ppyroii cTo-

POHbI, Npu BCEX N WUMEET MECTO COOTHOLUEHUE

n,< Y.
CnepoBaTencHo,
*a< Y.

Tak KakK Mo MOCTPOEeHMI0 KaXKaas TouKa MpsMOii a MOXET NonacTb TO/b-
KO B OAWMH W3 KNacCOB, TO MOCTPOEHHOE HaMU ceuyeHue — fAefeKNHO0BO.
M3 npuHumna JefeknHaa cnefyeT, uTo cyliecTByeT Touka C, KoTopas
NPUHaANeXUT BTOPOMY Knaccy W MpeawecTByeT BCeM TOYKaM 3TOro
knacca. Torga npu no6oM N MMeeM:

4L < ¢,

TO4YHO Tak Xe, Kak 6bli10 AOKa3aHO, 4YTO TO4YKa Bi NPpUHagnexXumnT BTO-
poMy Kfaccy, MOXHO YCTaHOBUTb, YTO BCe TOUKU Bn npuHagnexar BTO-
poOMYy Knaccy, a TaK Kak C npeawecTByeT BCEM TOYKaM BTOPOro Knacca,
TO npu nobom N umeem:

cCC Bn

WTaK, npu nob6om N UMeeMm:
n,< c¢c=< B,

T. e. Touka C npuHagnexuTt Bcem oTpeskam A,,Bn.
TeopeMa MOAHOCTbIO [OKas3aHa.

§ 14. AbconTHaA reomeTpusa

COBOKYMHOCTb MOHATWUIA U pe3yNnbTaToB, KOTOpble MOTyT ObITb MO-
CTPOEHbl W BbiBEfEHbl M3 aKCMOM CBA3WM, NOpPAfLKa, KOHFPY3HTHOCTU K
HenpepbIBHOCTW, Ha3blBalOT abCcoNTHON reomeTpuei. Takum 06pas3om,
K abCOMOTHOW reoMeTpumM OTHOCATCA Te reoMeTpUYEecKne NOHATUS U Teo-
pembl, KOTOpble B CBOEM BbIBOAE He UCNO/b3YIOT aKCUMOMbl napannenb-
HocTu. MpepfcTaBneHne 06 ob6beme abCONKOTHOW reoMeTpum faeT COBO-
KYMHOCTb TeopeM, fl0Ka3aHHbIX B 88 4—13. K HuM cnepyert ewe goba-
BUTb pe3ynbTaTbl Cakkepu, flambepTa v JlexxaHApa, 0 KOTOpbIX Lifa
peub B § 3. OTMeTUM, 4TO (hakTbl U3 abCONMIOTHOIM reomeTpun crnpases-
NUBbLI OfIHOBPEMEHHO KakK B reometpuu EBKnuMpga, Tak U B reomMetpuu
Nob6ayesckoro.

§ 15. Akcuoma napannensHocTn EBknupa. EBknnpoBa reomeTpus

1. AKcuoma napannensHocty EBKAuga v cneactesma m3 Hee. Huxke
peub O6yAeT MATU TONbKO O TOYKaxX M MPSMbIX, fexaumx B HEKOTOPO/
(hMKCMPOBAHHOW NNOCKOCTM a. BbIGOp MIOCKOCTM a NPOU3BOJEH.
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Teopema 1 UYepesKa>kaylo TOUKy A, He NpuHagne>kaulyio npf-
MOl &, MPOXOANT MO KpaiHel Mepe ogHa npsiMas, He umerowwas ¢ a obLyux
TOUEK.

Jokas3aTenbCTBO 3TO TeopeMbl 6b1710 AaHO B 8§ 3 U TaMm Xe
6bI10 OTMEYEeHO, YTO 3TOT (PakT NPUHAANEXUT abCOMOTHON reomeTpuu.

Bonpoc 0 TOM, CKO/IbKO NPAMbIX MPOXOAMT Yepe3 TOuky J1 u He ne-
pecekaeT NpsAMY a, He MOXeT 6biTb pelleH B paMKax abCcoNTHON reo-
MeTpun; 06 3TOM Mbl yXXe rosopunu B n. 18§ 3. Moatomy fanbHeiwne
paccMOTpeHMsa OCHOBaHbl Ha BBEAEHWUW CMeLnanbHOli aKCMOMbI, KOTOPYHO
NMPUHATO Ha3biBaTb aKCUOMOW MapannensHocTu. MmerTcs fBe nNpoTu-
BOMOJIOXHbIE aKCUMOMbl MapanienbHOCTU: akcuoma EBknupga m akcuoma
No6auesckoro. MpucoefnHas K akcuomam abCOMOTHOW reoMeTpuun Ty
UM LPYTYH aKCUOMY napanfieNbHOCTM U pa3BUBas Ha MOMYyYEeHHOI
CUCTEME aKCUOM COOTBETCTBYHOLLYIO TEOpWIO, MOJy4aeM B KOHEYHOM
uTore uauM reometputo EBknmpa, unam reometpuio J1o6a4eBCKOrO.

V. 1. Akcuoma napannenbHocTu EBKAMAga.
pe3 NPOU3BOMbHYIDO TOYKY A, He Ne>Kallylo Ha NPou3BONbLHOW NpAMOiA a,
npoxoanT He 6onee ofHOM MPAMON, He MepecekatoLleiics ¢ a.

N3 Teopembl 1 u akcuombl EBKIMAA BbITeKaeT, YTO 4Yepes Kaxayto
TOUYKY A, PpacrnofioXXeHHYK BHE MPOW3BO/bHOMW MNPAMONA a, MpPoxXoauT
efMHCTBEHHaa npamas a', He nepecekatowas a. lNMpamas a' HasbiBaeTCs
npsAMoii, napannenbHoi npamoii a. OYeBMAHO, YTO OTHOLIEHWe napan-
NeNnbHOCTU MNPAMbIX Ha €BKNUAOBON MNOCKOCTM CUMMETPUYHO W TpaH-
3UTUBHO.

[anee Tak e, Kak U B Kypce 3/IeMEHTapHOi reoMeTpumn, ycTaHas-
NNBAOTCSA TEOpPeMbl O PaBEHCTBE COOTBETCTBEHHbLIX W HAKPECT nexauinx
yrnos npu nape napannesnbHblX NPAMbIX, NepecevyeHHbIX TpeTbel npa-
MOW, u3y4yalTCca napanfenorpammbl, MPSMOYrOfbHUKW, KBafpathl,
Tpaneuuun, BbIBOAATCA (OPMY/bl 418 CYMMbl YI10B TpPeyrofisHuka wu
MHOTOYrofibH1Ka, pasBuBaeTca yyeHue 0 NOA06HbIX QUrypax, BbIBOAUT-
cq Teopema lMudaropa npapyrne MeETPUYECKNE COOTHOLEHNUA B TPEYTO/b-
HUKax W napannenorpammax, BbIBOAATCA (QOPMYynbl naowagnm npsMo-
YrofibHWKa, TpeyronbHWKa, napanfefnorpamma, Tpaneuyuu wu [Jpyrux
MHOTOYro/fIbHWKOB, CTPOUTCA TPUTOHOMETPUSA.

CucTtemMa KOOPAMHAT Ha MNOCKOCTW, MOCTPOEHHas Ha akcuomax ab-
CONMIOTHON reomeTpuu B § 12, B éBKNNJ0BOW reOMeTpuUn CTAHOBUTCHA fie-
KapToBOW cucTeMOli KOOpAWHaT. Tem caMbiM Mbl MOXeEM [anbHeiwwee
N3yyeHne eBKINLOBOM FeOMeTpUM NPOBOAUTH METOAaMK aHanMTUYeCKOoM
reoMeTpum W MaTemMaTuyeckoro aHanusa. Takum o6pa3om, akcmoma-
TWYeCKoe MOCTPOEHWEe eBKNWO0BOW FEeOMETPUM MOXHO CuYuTaTb 3aBep-
LUEHHbIM.

Ye-

2. OnucaHne ABWXEHWU B eBK/IMAOBOM TFeOMETPVMM C MOMOLLbIO fie-

KapToBbIX KOOpAMHaT. ycTb Ha eBKAWAOBOIM NMOCKOCTW BBeAeHa CWU-
cTemMa feKkapToBbiX KoopfauHaT. (Kak Mbl yXe OTMe4yanu, cucTema Ko-
OpAuHaT, BBefeHHas B § 12, Ha eBKNM[OBOIM NJOCKOCTU sIBNseTcs Ae-
KapToBOW. M03TOMY HeT HafoGHOCTM B 0COGOM [0Ka3aTeNbCTBE BO3MOX-
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HOCTWM BBEAEHWA CUCTEMbl TaKMX KOOPAMHAT Ha €BK/AULOBON MIOCKOC-
Tn.) MycTb, fanee, / — HEKOTOPOe ABMXKEHWE €BK/AUAOBON MIOCKOCTM.
[okaxem, uto f MOXHO npeacTaBUTb Kak MpoOM3BeAeHUE HEeCKONbKUX
NPOCTeMWNX ABUXEHWIA MNJOCKOCTU, KOTOpble celivac 6yAyT BBeAeHbI.

BpaweHue BOKpYyr Toudku O Ha yron 9P

Myctb O — npou3BofiibHas Touyka nnockoctn. OTpesok OM, y Ko-
TOPOro BbI6paHO HanpaBneHue oT TOUKM O K Touke M, T. e. Touka Ocuu-
TaeTcs nepBoi, a Toyka M — BTOpPON, Ha3oBeM BeKTOpoM. Touka O
Ha3blBaeTCA HayanoMm BeKTopa, a Touka M — ero KoHuom. O603HavaTb
Takoin BekTOp Oyaem, KakK 06bl4HO, OM. WHorga BekTop OM 6ypgem
0603HauaTb TakXe T, eciu Hac He 6yAeT MHTepecoBaTb, B KaKMX TOY-
Kax HaxofATCA Hayaso W KOHeu BeKTopa T.

[OBa Bektopa AB n CD cuuTaroTca pasHbIMWU, ecnin oTpe3kn AB u
CD KoHrpysHTHbl ¥ turypa ABDC (puc. 35,a)) ecTb nmapannenorpamm

B D

Puc. 35

B cnyyae, Korga npsmble AB u CD He coBnajawT, UM O4HOBPEMEHHO
Touka A npeglwecteyeT (cnefyet) Touke B u Touka C npepgliectsyeT
(cnegyeT) Touke D B cnyuae, korga Toukm A, B, C, D nexart Ha ofHoM
npsmoit (puc. 35,6)). NMOHATUe paBeHCTBa BEKTOPOB, KaK HETPYLHO BU-
[eTb, peteKCUBHO, CUMMETPUYHO W TPaH3UTUBHO.

BOKpYyr Kaxgoli TOYKM MIOCKOCTM BO3MOXHbI [Ba HamnpaB/ieHUs
BpalleHns: NpoOTMB U MO 4aCOBOWN CTPefiKe; nepBoe M3 HUX Bynem Hasbl-
BaTb MNONOXXUTE/bHbIM, BTOPOE — OTPULATENbHbIM.

Mycte OA n OB — pgBa BeKTOpa, uUcxogsauime w3 OAHOW Toukm O
(puc. 36, a) 1 6)). Yrnom mexnay sektopamm OA n OB 6yfeT Ha3blBaTb-
ca yrnosas paguaHHasa mepa yrna AOB, B3dTad CcO 3HaKOM  MJOC,
ecnu BpaweHue oT BekTopa OA K BekTopy OB Ha HaumeHblWMWid Mo
abCoNMOTHOW BeNMYMHE Yrof OCYL,ecTBASETCA MPOTMB 4YacOBON CTpes-
KW, WU CO 3HAKOM MWHYC — B MPOTWBHOM C/y4yae. YT0/l MeXAy BeKTopa-
Mn 6ygem 0603Havathb

@= ®(OA, OB).
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OueBWAHO, 4TO
D€ (— 4. 4]
Mepeligem Tenepb K OMNpefdefieHU0 BpalleHusi BOKPYr Toukun O Ha
yron (p. MycTb M — Npou3BOfibHas TOYKa NAOCKOCTWU. locTaBuM el B

COOTBETCTBME TOYKY MNaocKocTM M' Takyl, uTO
1) oTtpe3ok OM' KOHrpyaHTeH oTpe3ky OM;

Puc. 36

2) yron mexgy Bektopamu OM u OM' paBeH < rge ¢p— HeEKOTO-
poe (MKCMPOBaHHOE 4ucno M3 npomexyTka (—s, ] (cm. puc. 37).

Ecnn Touka M coBnajgaet c

Touykoh O, TO el COMOCTaBASEM

n: Touky O. J/lerko BMAeTb, 4TO Bpa-

L eHMe BOKPYT TOYKM HA HEKOTOPbIi

yron ecTtb npeobpasoBaHue njoc-

KocTu. Wcnonb3ysa nepBblil npu-

N 3HaK KOHFPY3HTHOCTW Tpeyronb-

HUKOB W onpefeneHne BpaleHus

BOKPYI TOYKW, JfIErKo MokasaTb,

0 4TO 3TO Npeobpa3oBaHme NAOCKOCTM
puc 37 eCTb ABUXeHWe.

Ecny nocTpouTb Ha NOCKOCTM

CUCTEMY [eKapTOoBbIX KOOpAUHAT

X, Y C Hayanom B Touke O u ecnu BpalleHuWe BOKPYr Touykun O mnepeBo-

ANT Touky M (X, y) B Touky M’ (x', y'), TO, KaK fOKa3blBaeTcs B Kypce
aHaNMTUYeCKOW reoMeTpumn, cnpaBegnuBbl (OPMYbI:

= XCOSP—ysin
y' = xsin ¢ -f- y cos ¢.

OTMeTUM, 4YTO BpalleHWe Ha HYNeBOW Yrof ecTb TOXAECTBEHHOe Npeo6-
pasoBaHue.

X

o

MapannenbHbLIW MNepeHOC Ha BeKTOp a
MycTb a — HekoTopbln BekTOp. Kaxgol Touke M niocKoCTU OT-
HeceM ToUKy Al TOI e NAOCKOCTU Takyto, 4To BeKTop M M' paBeH Bek-
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Topy a. ToyeyHoe npeobpa3oBaHMe Ha NIOCKOCTU, MOPOXAAeMOe 3TUM
COOTBETCTBMEM, Ha3bIBAETCA nNapasjefbHbIM MNEPEeHOCOM 'MIOCKOCTU Ha
BekTOp a . OueBMAHO, YTO MNapanfieNbHblli MepeHoc Ha No6oi BeKTop
eCTb [BWMXeHWe MO0CKOCTH.

MycTb Ha NNOCKOCTW BBEAEHa [eKapToBa cCUCTeEMa KOOpAMHAT C Ha-
yanom B Toyke O (puc. 38) 1 NyCTb NapanfenbHbli NMEPeHOC Ha BEKTOP

a nepemellaeT Havano KoopgamHat — Touky O — B TOouky O' Cc Koop-
AuHaTamu a, p. Torfa, Kak [OKa3blBaeTCA B aHaUTUYECKOW reomeTpuu,
CBfi3b MeXAY KoopAuHaTamu X, Y NPOWM3BONAbHOW TOYKM M MAOCKOCTU
W KoopauHaTamu X', y' ee obpasza M' BbipaxaeTcs opmynamu:

(x" —x-{-a,
| /=y + p

OueBMAHO, YTO MapanfienbHblii NepeHoc Ha HyneBol BeKTOp (TakK Hasbl-
BAaeTCA BEKTOP C COBMajaloWUmMy HayanioM W KOHLOM) MpeAcTaBnseT
co6oii ToXAecTBeHHOe MpeoGpasoBaHue.

CUMMETPUS OTHOCUTENbHO NPAMOI

MycTb Ha NAOCKOCTWM (PUKCMpOBaHa Npom3BoNAbHas npamas /. Mpe-
obpa3oBaHMe, OTHOCSALee KaXAoW Touke M CUMMETPUUHYIO eii OTHoCHU-
TeNbHO npamoii / Touky M’ HasbiBaeTcs CMMMeTpPUE OTHOCUTENbHO
npsmoi .

(Toukn M 1 M’ Ha3blBalOTCA CUMMETPUYHBIMU OTHOCUTENIBHO NpA-
moi /, ecnn npamas M M’ nepneHaukynapHa kK npamon /  (puc. 39) un
oTpe3kn MN u NM’ KOHFPY3HTHbI.)

Ecnn ocb x coBnagaet ¢ npaMoi /, To, O4eBUAHO, Touka M (X, V)
npeo6bpasoBaHneM CUMMETPUM OTHOCUTENLHO NpPAMOA | nepexoauT B
TOYKy M' c KoopAuHaTamu X, —YV.

M3 Teopembl 6a 8§ 10 BbITeKaeT, 4YTO N06Oe ABMXKEHME HA MNOCKOCTU
onpefenseTcsd MNOMHOCTbIO, €C/M WU3BECTHblI 06pas3bl Tpex NM6bIX TOYEK
MAOCKOCTW, He Nexalux Ha OAHoi npsamoi. WTak, nyctb f — npous-
BO/IbHOE ABMXEHWE Ha naockoctn. CTpPOMM Ha NIOCKOCTM [eKapToBYy
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Puc. 39 Puc. 40

CUCTEMY KOOPAMHAT X, Y C HayanoM B HekoTopoi Touke O. Myctb O,
A', B'—cooTBeTcTBEHHO 06pa3sbl Touek 0(0, 0), J1(1, 0), B(O, 1) npn aBun-
XeHun [. Torga OAB n O'JI'B' — paBHO6eApeHHble MPSMOYTOfbHbIe
TPeyronbHUKMN, KOHTPY3HTHbIe MeXAy CO60W, Y KOTOPbIX Yr/bl NpU Bep-
wuHax O n O' npsameble.

Myctb a = O6'. Caenaem napanfieNbHbllii MepeHoCc NMOCKOCTU Ha
BEKTOp @ , Torga Mbl coBMecTM Toukn O u O', a Touku J1 n B nepemec-
TATCS COOTBETCTBEHHO B Toukum A, un B{ (puc. 40).

O603HauMm 4epes < yron Mmexay Bektopamu 014 m O'N1'. Ecau
Mbl Tenepb NPOM3BefeM BpalleHWe Ha yron ¢ BoKpyr Toykm O', TO TOY-
kn JT1 n ' coBmectatca. MNMpumeHum Tenepb Teopemy 6a 8§ 10 Kk Tpe-
yronsHnukam O'AiB, n 0'A'Bb rae B2— o6pa3 Touku Bx npu Bpaue-
HUM BOKPYT Touknm O' Ha yron . Torga nm6o Toukn B' n B 2 coBnagatoT,
nn60o 3TW TOYKM CUMMETPUYHbI OTHOCUTENbHO npsmoin A'O'. MpounsBo-
LA BO BTOPOM cnydyae npeobpa3oBaHMe CUMMETPUM OTHOCWUTENIbHO Nps-
moii A'O', nonyuymm, 4To Toyka B2 coBmecTutca ¢ Toukoin B'.

MTak, B MepBOM Cnydyae ABWXeHMWe / ecTb mpou3BefeHue npeobpa-
3oBaHuiA fi m/2:/ = [21, a BO BTOPOM Cny4yae MNpoOM3BeAeHME MNpeoob-
pasoBaHuin /1, /2, /3 /| = /3 2i, rge /i — napannenbHbli NepeHoC Ha
BekTop a = OO' /2— BpauleHne BOKpyr Touykum O' Ha yron ¢ =
= @(0'1e O'N") n, HakoHew, /3— cuMMMeTpPUA OTHOCUTENbHO NpA-
moii O'JT".

Myctb M (X, y) — Npou3BOnbHAaa To4yka naockoctu, a IF(x ,y") —
— ee o6pa3 npu aBwmwxeHun /. Monoxum
M, = /i (W),
=, :

Torga
nr = M2= /2, 'M)),
ecnm f—fZu n
nr = /3 0W2 = /3 (/24 (N1,))),
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ecnn /= /4 2/ 1- Kak 6bI10 yKa3aHO Bbllle, 418 KaXAoro u3 npeobpaso-
BaHuIA /1(/2, /3 npn nepexofe u3 Toukm M K ee o6pasy — Touke /,(M)—
KoopAunHaTbl Touku fi{M) BblpaxalTcs /IMHEHbIM 06pa3oM 4epe3 Ko-
opAuvHatbl Toukun M. OTcroga cnefyeTt, UTO KOOPAMHATbI X , Y' TOUKK
M' = / (M) TakXe BblpaXalwTcsi NMHEAHO uepe3 KoOpAuHaTbl X, Y
TOUkn M:

j = anx -f-aly -j- a3
ly' = QX+ Buwy+ a”.

Tak kak npw gsmxeHum / Toukm O (0, 0), A (1, 0), B (0, 1) nepe-
X0A4AT B TOYKM

O'(a, p),

A' (cos @ -f-«> sin ©-f- P),

B '(—3ind-|-a. cosd-j-p)
(cm. puc. 41, a)), ecnm f=fjv u

0(a, p), ,
N '(cos ¢ -|-a, sind—P),
B' (sinp-(-a, —costh P

(cm. puc. 41, 6)), ecnn f —fjnjy, To oTctoga cnegyeTt, 4TO B MEPBOM
cnyvae (/ = fjy) pngBweHue / B KooppmHatax X, Yy onucbiBaetca op-
MYynamu:

I X' —xcos—ysind-j-a,
\'y' =xsing ycosd-f-p,
a Bo BTOpom cnyvae (/ —/3a/2/1)) — hopmynamu
(x" —xcos¢-f-ysin ¢ -f-a,
(y'= xsinp—ycosdp p.

MNTak, cnpasejnusa

73



Teopema 2. Bcsakoe ABMXKEHWE HA MNOCKOCTMW €CTb WUAW NPOMU3-
BeJleHWe napannenbHOro nepeHoca W BpalleHWs, WNW NpousBefeHue napan-
NeNbHOro nepeHoca, BpalleHWs U CUMMETpPUN OTHOCUTENbHO HEKOTOpPON
npsamoii.

MycTb, ganee, Ha MJOCKOCTU BBefeHAa NPOU3BONbHAA [eKapToBa
cucTemMa KoopAauHaT X, Yy, TOrfa B MepBOM clyuyae [Bu>KeHue 3ajaeT -
cs hopmynamu:

Ix'"= xcospp—ysingp a,

| y' —xsin ¢-f-y cos ¢ -f- p,
a BO BTOpPOM—opmynamu:

(X' —XOBh—4ysind4 a>

\ y"—Xsingg—y QBh4 p.

B 3atux ¢opmynax ¢ ecTb Yron, Ha KOTOpH/ MpOM3BOAUTCS BpaLle-
HWe MJIOCKOCTM BOKPYr Toukm 0' (a, P).

3. TeopeTuKO-rpynnoBas TOYKAa 3PEHUS Ha EBKAULOBY FEOMETPUIO.
Ha eBKAMAOBOW MNOCKOCTM noOCfe BBeAEHWA CUCTEMbl [eKapTOBbIX
KOOpPAMHAT eCTecTBEHHO YCTaHaB/IMBAaeTCA B3aMMHO OJHO3Ha4yHOE CO-
OTBETCTBME MEXAY TOuYKaMy MNAOCKOCTU WU YNOpPALOYEeHHbIMWU napa-
MW BellecTBeHHbIX umcen X, y. [lo3aTomy B fanbHellweM eBKNMUAOBY
MAOCKOCTb MOXHO paccmaTpuBaTb KakK COBOKYMHOCTb YMNOPALOYEHHbIX
nap BeLeCTBEHHbIX 4Yucen. PacCMOTPUM B3aMMHO OJHO3Ha4yHble MpPeod-
pa3oBaHWA Nap BeLEeCTBEHHbIX YMCEN X, Y B Mapbl BELLECTBEHHbIX YU-
cen x', y', KOoTopble NPoOU3BOAATCA MO (opMynam:

X'= xcosh —ysinthd-k» 1
y' = nsinth4-ycos h4-p, | n

nnn

X'"=mcosgp4-ysinp a, 1

y' = nblngp—y cosp4” Pi | A
rae @ £ (—n, 9), a a n p—nobble BeWECTBEHHbIE Yncna. 3Tn npeobpa-
30BaHMA 00pa3yloT rpynny OTHOCUTENbHO onepaunn yMHOXeHus (Ha
€BKNNAO0BOM NNOCKOCTM OHW 06pasytoT rpynny ABWXEHWA; 06 3ToM
CM. N. 2 HacTosAwero naparpada). Torga eBKAMAOBY reOMETPUI0 MOXHO
onpefeNnnTb KaK TeOpPUIO WHBapWaHTOB Trpynnbl npeobpasoBaHuii (1)
n (2). MpeobpazoBaHus (1) n (2) Hajg napaMmy BeELLECTBEHHbIX YUCEN
Ha3blBalOTCA OPTOroHaAbHbIMKU. [M103TOMY MOXHO CKasaTb, YTO €BKAU-
[oBa reomMeTpus ecTb TeOpUs WHBAPUAHTOB TPynnbl OPTOrOHaNbHbIX
npeobpasoBaHuii.

§ 16. Akcnoma napannenbHoctu Jlobauesckoro. apannesnbHble
npsAMble Ha MaockocTn JlobavyeBCKOro

Hwxe, B 88 16— 19, 6yAyT M310XEHbl OCHOBHble (haKTbl FeOMETpUM
Ha naockocTu JlobayeBckoro. YacTb Teopem 6yfaeT npusegeHa 6e3 nog-
PO6HbLIX [OKa3aTenbCTB, KOTOPble YMTaTeNb MOXET HailTu, Hanpumep,
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B kHurax: H. B. EdumoBa «Bebicwas reometpusi» n B. ®. KaraHa «Oc-
HOBaHMA reomeTpuu», yactb | (M.—J1., TUTT, 1949).

Tak Xe, Kak 1 B § 15, paccMOTpeHuUs BefyTCs Ha HEKOTOpPOUW Npous-
BO/IbHO (DMKCUPOBaHHOIW NJOCKOCTU a.

1 Akcnoma napannenbHocTu Jlob6ayeBckoro. Yepes Touky A, pac-
MONO>KEHHYH BHE MPAMON a, NPOXOAUT NO KpalkHell mepe ABe MpsMbIX a'
M a'", He nepecekawwux npamyw a.

MoxHo gokasaTb (cm. H. B. Edwumos, «Bebicwas reometpusa», rn. W,
§ 28), utOo U3 akcMoMbl J106a4eBCKOr0 BbITEKAET BbIMONHEHUE YTBEPX-
[LeHNa 3TOW akCUOMbl He TONbKO AN KAaKOW-TO OAHOW TOYKM A U Ka-
KOW-TO OAHOW NpAMOWA a, He NpoxogsAlleii yepes A, a ANs NO6BbIX ToYyek B
N N6bIX NpsSMbIX b, MWL 6bl TOYKa B He npuHagnexana npamoi b.
ATUM «YCWUNEHHbIM BapuUaHTOM» aKCMOMbl J106a4eBCKOro Mbl MOCTOAHHO
6yLeM Nonb30BaTbCA.

OTmMeTUM psAfg NpeanoXeHUi, BbiTeKalWMX U3 akcuomsbl Slobaues-
CKOro.

Teopema 1 TlycTb a — HekoTOpas npamasg U A — TOUKa,
He ne>kaulas Ha Hell. Torga yepe3 TOUYKY A NPOXOAMT GECKOHEYHO MHOrO
NPAMbIX, HE rMepecekawLWmnx NpaMyto a.

JokasaTenbcTBo. CornacHo akcmome JSlobauyeBcKoro yepes
TOUYKY A NMpPOXOAAT ABe pa3nuyHble nNpAmMbie @’ U a’”, He nepecekawoLwue
npsmyto a (puc. 42). Mo Teopeme pa3bueHusa npsamas a pasbuBaet
NNOCKOCTb Ha ABe MNOMYM/IOCKOCTU. Bo3bmem Ha npsMoli a’ Touky B

TakK, 4YToObl OHa nexana no Apyryt CTOPOHY OT MpsAMOW a', 4em TOUKU
npamoii a. MycTb X — MpoM3BONbHAaA Touyka npamoi a. Mpamas BX
nepecekaeTt npsamyto a" B HekoTopoil Touke C. MycTb, HakoHey, D —
NPoOu3BOJibHAA TOYKa, fexawasa BHYTpu oTpeska CB. lMpamasa AD He
MOXEeT rnepeceyb NpAMYyH a. B npoTtuBHOM criy4yae, NMPUMeEHSAS akcuo-
My Mawa K npsamoit AC 1 ofHOMY W3 TpeyronbHuUkoB D XY wunum DXZ
(puc. 42), nonyymm, 4TO NpAMble a M a" WAM a U a' nepecekawT-
CA, 4YTO HEBO3MOXHO.
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Tak Kak Ha 060omM 0Tpeske MMeeTcs 6ECKOHEYHO MHOI0 BHYTPEH-
HMWX Touyek (Teopema 4 85 rna. 1), To TeopeMa AOKa3saHa.

MycTb Tenepb a — HeKoTopad npamMas U A — TOUKa, He fiexallas
Ha a. MycTb AP — 0Tpe3oK, nepneHAVKYNApHbIA npamoli o, n a' —
HekoTopasa npaMmas, npoxojduias 4yepe3 TOUKY A W He nepecekarolas
npamyto a (puc. 43). O603HauMM uepe3 a pafjuaHHYlO YrnoByl Mepy
OCTPOro yrna, KoTopblii 06pa3yeT npamas a' ¢ otpeskom AP (B ganb-

J1

P
Puc. 43 Puc. 44

HeilleM Ans KPaTKOCTW W3NOXEeHWs YrMoBYH paguaHHylo Mepy 6yaem
HasblBaTb MPOCTO YrioMm). TMONOXUM

a0—infa,

rAe TO4YHas HWKHAS rpaHuua GepeTcs Mo BCeM MPSMbIM, MPOXOAALLUM
yepes TOUYKY A W He nepecekaloWMUM nNpsMyro a.

Teo pema 2. [nsa BennumMHbl ao cnpaseannebl HeEpaBeHCTBa

0<al< |.

LJokaszaTenbcTBO. [ycTh X—HeKoTopas Touyka MpAMoOi a
(puc. 44). O603HauYuM 4yepe3 P oCTpbIl yron mexpgy otpe3skoMm AP u
npsmoii AX. OuyeBuaHO, 4To p > 0. TOYHO TaKoe e NOCTPOeHWe MOX-
HO mpofenatb NO APYryk CTOPOHY OT npsamoli AP, B3AB PY = PX.

Ons nwoboli npamoi a', npoxoasuwieii yepe3 Touky J1 M He nepece-
Kalouwel npamyio a, 6yaem UMeTb, 4TO

a> P,
rge a — OCTpblA Yyrof, cocTaBAsieMblii MpAMOK a' ¢ oTpe3kom AP.
OTcroga
0< p< a0= infa.

Ecnu uvepe3 Touky A MnpoBecTu nNpsaMyo b, NepneHAuUKYNAPHY OT-
pe3ky AP, To OHa He nepecekaeT npaAmyt a. [lo akcuome Jlob6auyes-
CKOTO CyulecTBYyeT npsmMas a', He nepecekawoouias a, oTnmyHasa oOT b.

Mpamas a', o4eBUAHO, COCTaBNSAET OCTPbIA Yroa a ¢ NepneHanKynsapom
AP. OTciopa

a0= infa <
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Teopema fpokasaHa.

MycTb faHa npsMas a U Touka A, He fiexalias Ha Heil. Ycnosumcs
cunTaTh NPSMYI0 & FOPU30OHTANLHON U 6yAeM FOBOPUTb, YTO OHA AenuT
MA0CKOCTb Ha BEPXHIOI W HWKHIOW noaynnockoctu. Lanee 6ygem ro-
BOPUTb, 4TO npsmas AP pa3buBaeT NJOCKOCTb Ha fIEBYH U MpaByto
nonynnockoctu. Mpamas AP, Kak 00bl4HO, NepneHAUKYynspHa nps-
Mo a.

Teopema 3 TllycTb, N0O-Npe>KHEMY, TOYKA A He NeXXUT Ha npd-
Moii @ 1 AP — nepneHaukynap kK npamoi a. MycTb, panee, a0 — yron,
KoTopbllii 6bin onpefeneH Boiwe. MpoBegeM npsmblie @' W a™, cocTasnsAo-
lwmne c oTpeskom AP BnpaBo ¥ BNEeBO YrNbl, paBHble ao. Torga npamble a'
N a” He nepecekawT NpaMyk a.

JokasaTenbcTBO.

Jonyctum npoTuBHoe. O603Ha-

ynMm uepes C TOUKY nepeceye-

HUS npsMoin a' c npsmoi a

(puc. 45). Myctb D — Touka

npamoin a Takas, 4To Toyka C

nexut mexgy P h D. Torpa

npamana AD cocTaBndeT BMpaso

oT AP c oTpeskom AP ocTpbIii

yron p, 600blWNiA YeM ao: ~a~
a0<p- *)

Lanee, gna nw6oii npsamoin
a, Nnpoxofsuein 4yepes TOUKy A
M He MepeceKatoleid NpAMYI0 a, WUMeeM:

p<oc,
rAe a — OCTpbIA yron Mmexay npsamMoii a u oTpeskom AP.

Tak Kak
a[]: inf a,

P< <V (*)

Ho HepaBeHcTBa (*) u (J ) HecoBMecTHbl. CnegoBaTenbHO, MpsMble a'
n a" He nepecekawTcs ¢ nNpsaMoii a.

Teopema foKa3aHa.

PaccmoTpym ny4yoK npAMbIX, NPOXOAAWMX 4yepe3 Touky A. TlycTb
a — npamas, Ha KOTOPOi He nexut Touka A. lycTb, ganee, AP —
nepneHAnKynap K npsmoil a. O603HauMm 4yepe3 a' M a" npamble, KO-
TOpble COCTaBNAKT BMNPaBO W BNEBO OT nepneHaukynapa AP yrnsol,
paBHble a,. Torga Ha OCHOBaHUM TeopeMbl 3 1 onpegeneHna yrna a0 Mox-
HO YTBepXJaTb, YTO MpsAMble @' n a'" onpefensrT ABe Mapbl BepTUKab-
HbIX YrfioB, 061ajallWmx cneayoumnumM CBOMCTBOM: n06as npamas nyu-
Ka, fexalias BHYTPM OAHON napbl 3TUX YI10B, He MepecekaeT Npamyto a,
a nobas npamas, nexawias BHYTpPU APYroil napbl yrnos, Bcerga nepe-
ceKaeT npamylo a.

T0
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Mpamblie @' M a" Ha3bIBAlOTCA TPAHUYHLIMU B NYy4YKe NPAMbIX, MpPO-
XOASLMX 4Yepe3 TOUKY A, OTHOCUTE/NbHO NpsMOi a (CM. puc. 46).
VimeeT MecTo cnefylolas OCHOBHasf Teopema O CBOWCTBax rpaHuu-
HOM nNpAMOIA.
eTeopema 4. Ecnu npsamas a' aBnsieTCA rpaHUYHOi No OTHOLe-
HUIO K NPSMOI a B KakKoW-HWOYAb OfHON CBOE/ TOUYKe A, TO OHa ABAAeTCH
rpaHUYHON NPAMONA OTHOCUMTENBHO NPAMON a i B NO60N Apyroi Touke
B, ne>kauwein Ha a'.
Lpyrumun cnoBamu, cBOMNCTBO
NPAMONI 6bITb FPaHUYHON Mo OT-
HOLIEHWIO K ApYroi MpaAMOli He
3aBUCUT OT BblbOpa TOUKM Ha
nepBoi MpsMOiA.
2. MapannenbHble npsiMble
Ha nnockocTu Jlob6ayescKoro.
MycTb a — HekoTopas npamas
Ha nnockoctn, A — TOuKa, He
———————— nexauias Ha 3TON NpsMOWA, W
AP —nepneHAnKynap, onyLieH-
Puc. 46 Hbli M3 A Ha npsmyl a. W3
TOYKM A NPOBOAMM TpaHUYHbIE
npaMmble @' n a", cocTtaBnfdwline ¢ O0Tpe3koMm AP COOTBETCTBEHHO
crnpaBa W cnesa yrabl, paBHble a0.
Bygem rosopuTb, 4YTO npsMas a' napannenbHa nNpsMoW a BNpaso,
a npamas a" napannenbHa npsMoi a Bneso.
N3 npoBefeHHbIX Bbille PAcCMOTPEHWI BbiTEKaeT

Teopema 5. TlycTb fgaHbl npaMas a U Toyka A, ne>kaulas BHe
ee. Torga 4epes TOuky A NpoXoAUT B TOYHOCTMW OAHa Npamasd, napan-
nenbHasa a BMpaso, U B TOYHOCTW OAHA NpsAMas, napasnnensHas a BMeso.

[laHHOe Bbllle onpeaeneHne napanfenbHbiX NPSAMbIX Ha MAOCKOCTM
J106a4yeBCKOr0 He CUMMETPUYHO. [M03TOMY BaXKHYI pPoOnb UrpaeT

Teopema 6. OTHOWeHNe napannienbHOCTW MNPAMbIX B OAHY
CTOPOHY CUMMETPUYHO, T. €. ecan a’ napannensHa a Bnpaso (BNeso),
TO ¥ a napannensHa a' Bnpaso (BNeBO).

Teopema 7. OTHoweHWe napannenbHOCTMN NPAMbIX B OAHY CTO-
pPOHY TpaH3MTWBHO, T. €. €CAM a mapannensHa b snpaso (Bneso), b na-
pannenbHa c Bnpaso (BneB0), TO a NapannenbHa c BNpaso (BNeBo).

8§ 17. BzaumHoe pacnosioXeHne pacxogAauwnxca u napasiies/ibHblX
npAMbIX

1 Pacxogsuuecs npsimbie. [Be npsMble, pacnofioXKeHHbIe B OfHO
NNOCKOCTM, He MepeceKalolnecs U He mapannenbHble Mexgy co6oii, Ha-
3bIBAKOTCA PaACXOAsLUMUCS.
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Teopema 1 Ecau npsvble a U b nepneHAnKynspHbl TpeTbeil
MpsSIMOA €, TO OHU pacxoasLiuecs.
JokaszaTenbcTBO. [lpamas b (puc. 47) coctaBnseT ¢ nep-

neHauMKynspom BA no o6e CTOPOHbI OT HEro yros, paBHblii —. Cnepo-

BaTe/lbHO, OHa He MapanfenbHa NpsMoit a. M3 abconoTHOW reoMeTpum
M3BECTHO, 4YTO MpsMble @ U b He nepecekatoTcs. CnefoBaTenbHO, MpPs-
Mble a U b pacxogaujuecs.

Teopema f[0Ka3saHa.

Teopema 2 TlycTb npsMble a U b nepeceyeHbl TpeTbei nps-
MOV C ¥ NMPW 3TOM BHYTPEHHUE HaKpPecT fedkaliMe WA COOTBeTCTBEH-
Hble Yrbl PaBHbl, TOr4a NpsAMble a 1 b pacxoasiymecs.

JokaszaTenbcTBoO. Pa3bepem cnydyail paBeHCTBa HakpecT
nexawux yrnos. Nycte AO = OB, 0G n OR nepneHAUKynspHbl CO-
OTBETCTBEHHO npsMbIM a u b (puc. 48). Torga TpeyronbHuku AOG
n BOR KOHIpyaHTHbI. [lo3aTomy

AOG = 2} BOR.
OTctoga BbiTekaeT, 4to nyun 0G u OR o06pa3ytoT 0gHYy npsiMyto, nep-
NEHAUKYNAPHYIO MpAMbIM @ U b. Ha oCHOBaHMW TeopeMbl 13aknoyaem,
4yTo MpsMble @ U b pacxopgswmecs.

Teopema [oKa3aHa.

2. Be nemmbl 13 abCONOTHOW reOMeTpUMN.

Nemma 1 TMycTb AaHbl npsmble a u b (puc. 49). Ha npsamoii b
BO3bMEM TOUKy M 1 BNycTuM nepneHaukynsp M N Ha npsmyw a. Mpeg-
MONO>KMM, YTO CnpaBa OT OTpe3ka M N HaxoguTcs Tynoii yron. MNycTb
My — n6as Touka NpsaMoii b, ne>kalias npasee TOUKM M, n M t/V, —
nepneHAuKynap K npsMoi a. AnuHy oTpeska MM y 0603HauMM yepes X,
a annHy oTpeska M yNy— yepes [ (x). Torga Ha npome>kyTke (0, 4-00)
byHkyna f (x) HenpepbiBHA, CTPOro Bo3pacTaeT WU

XI_J.m:e)f(x) = -J-°°,

Nemma 2. PaccmoTpum yroa, o6pasoBaHHbIA NOAYNPAMbIMU @
n &(puc. 50). MycTb M — npousBonbHas Touka nonynpsmoin b u MN —
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YIAL

N N, 0] N

Puc. 49 Puc. 50

0Tpe3oK, MepneHAUKynspHblii Kk a. O603HauMM uYepe3 X ANMHY OTpes-
ka OM, a uepe3/ (x) — gnmHy oTpeska MN. Torga Ha (0, + oc) (yHK-
ums f (x) ecTb CTporo Bo3pacTawwas, HenpepbiBHas QYHKLUS X W©

)ém)/(*)= + 00.
OTMeTUM, 4TO Nemma 2 ecTb, OYEBMAHO, YaCTHbI/ cnyyali nemmbl 1.

3. OCHOBHasi TeopeMa O B3aMMHOM PAacrofiIOXEHWU Ppacxofsiyuxcs
MpsSIMBbIX.

Teopema 3. lycTb a U b— fABe pacxofsawumeca npamble. Torga
Yy HUX CyWecTBYyeT TOYHO OAMH O6LLMIA NepneHanKynsap, no obe CTOPOHbI
OT KOTOPOro OHW HEOrpaHWyeHHO pacxofaTcs.

LJokaszaTenbcTBO. TlycTb Yy pacxofawmxcs nApambix a
n b ecTb AgBa 06WwmMx nepneHamkynapa — npamble fr n /. Torga nps-
Mmble a, b, k, | onpegenstoT yeTbipexyronsHuk ABCD (puc. 51) c ue-
TbIpbMSA .NPAMbIMU Yriamu, 4TO, KakK Mbl 3HaeM, HEBO3MOXHO, eC/ii Mbl
paccmMoTpuM uUrypbl Ha naockoctu JSlobavesckoro. Mtak, y npsambix a
n b MoxeT 6bITb He 60nee 0AHOr0 06WEro nepneHamkKynapa. Lokaxem,
4yTo Yy NpAMbIX @ U b ecTb 06WNIA NepneHAnKynsp. Bosbmem Ha npsMoit
b Touky M wnnycTtb ALl — nepneHankynsp kK npamoit a (puc. 52). He
Hapywas 06WHOCTN, MOXHO CYMTaTb, 4YTO cnpaBa OT npsmMoil MN yron
mexay npsmoi b n oTpeskom MN Tynoi. Uepes Touky M npoxoaut



npsmas a', napannenbHas npsMoi a Bneeo. Tak kak b — pacxopsa-
AcA npamas c NpsMoi a, To npsMble @' U b He coBnagawT, N cnesa OT
npamon MN npsmas a’ nexuT Mexay npameiMu b n a. Myctb P —
Npon3BONbHAA TO4Yka MpsMol b, nexauias nesee Toukn M. MycTb PQ
m PQ" — COOTBETCTBEHHO OTPE3KW, MNepneHAuKYNapHble MNpAMbIM &
na' (puc. 52). Toukn P n Q nexar Mo pasHble CTOPOHbI OT npsmMoit a'
no noctpoeHuto. CneposaTenbHo, 0Tpe3ok PQ nepecekaeT npamyto a'
B HeKoTopoh Touyke Q'.

B npamoyronbHoMm TpeyrosbHuke PQ'Q"™ oTpesok PQ" — ka-
TeT, a oTpe3ok PQ' — runoteHysa. [MosTomy
PQ" < PQ".
[anee, ]
PQ= PQ 4 QQ
OTcropa
PQ" < PQ.

O603HauMM gnuMHYy oTpe3ka MP u4epe3 x, a gnvHy oTpe3ka PQ"™ ue-
pes f (x). MpuMeHsaa neMMy 2, NONYyYUM, 4TO

lim f(x) = -j- ooe
A > 0

OTciofa crefyer, 4YTO MPU HeEOrpaHWYeHHOM yfJasieHUM TOYKM P BneBo
OT TOYKM M BAONbL NPAMON b Touka P HeorpaHuW4yeHHO ypansetca oOT
npsiMoii a. NMoMeHAB B MOCTPOEHUM POASIMU MPAMbIE @ M b, monyy4um
aHanoruyHblli akT ANA ToueK NpsMON b MO OTHOWEHWIO K MpsAMON a.
MTaK, BneBo oT nepneHaukynapa MN npamble a U b HeOrpaHWYeHHO
yhanaiTca Lpyr OT Apyra.

Bo3bMem Tenepb cneeBa OT ToukMn M Ha npsmoin b Touky Po Tak,
yTo6bl ANMHa oTpe3ka PURO, nepneHAMKYNnsapHOro npsiMoli a, 6bina 6bl
6onbwe AnmHbl oTpeska MN (puc. 53). MpumeHas nemmy 1 K Toukam
npambiXx b n a, nexawux BNpaso 0T nepneHaukynapa MN, nonyyum,
yto crnpasa oT MN npsamble a U b HeorpaHWYeHHO YyganawTCA APYr
OT Apyra W, KpoMe TOro, CYyLIeCTBYET OTpPe3oK (puc. 53) Takoil,
YTO ero A/IMHa pasHa AnunHe otpes3ka PoQo.YeTbipexyronbHnk Al y Q«Po
pcre YETbIpEXYronbHuMK Cakkepu. CpegHas NUHUA K OCHOBAHWAM 3TOrO0

M b
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YeTbIPeXYroflbHNKa ecTb, Kak Mbl 3HaeM (CM. 8§ 3), ero SINHUS CUMMET-
pvn. Moatomy cpeaHsas NnMHUSA H{H2 1 ecTb MCKOMbIA 06LLMIA MepreH-
ANKyNsap K npsiMbIM a U b

Teopema pokasaHa.

4, OcHoBHasd TeopemMa O B3aMMHOM pacnoJioXKeHUn napasyiesibHbIX
NPAMbIX.

Teopema 4 [ie napannenbHble MpsiMble HEOrpaHUuYeHHO c6u-
>KaloTcs B CTOPOHY napannenbHOCTW U HEOrpaHWUYeHHO yaansioTca apyr
0T JApyra B NMPOTMBOMONOXKHOM HaNpaBneHnH.

OJokaszaTenbcTBO. [lycTh npsmas bnapannensHa npsmMoi
a BnpaBo U B — npousBonbHaa Touyka npsimoil b. MycTb, ganee, BP —
nepneHAnMKynap k npsmoit a (puc. 54). Cnesa oT npsmoli BP npamas b

o6pasyeT ¢ oTpe3kom BP Tynoii
yron. 3T0 BbITeKaeT W3 TOro,
yto npsMas b napannenbHa
npsmoii a BnpaBo. [lo3aTomy
npu HeorpaHMYeHHOM yJaneHuu
BAO/Mb MPSMON b BNEeBO OT TOUKYU
B Touka M HeorpaHuyeHHO
ypansetcs oT npamMoi a. AHa-
NOTNYHO yCTaHaBNMBAeTCH, 4TO
npu nepemewieHnn TOo4uknm N
BAOMb NPAMOA a BNeBO OT TOu-
Kn P oHa HeorpaHu4yeHHO yga-
nseTca OT npsMoint b. UNTak, B
HanpaBfeHUN, NPOTMBOMOMOXKHOM HanpaBfieHUD napanienbHoCcTn, nps-
Mble @ U b HeOrpaHWYeHHO yJanawTca Apyr OT fApyra.

MycTb Temepb e> 0 — Mpou3BOAbHOE uucno. He Hapywas 06-
LLHOCTW, MOXHO CYMTaTb € MeHbLIMM, YeM ANMHA oTpe3ka BP. Ha npo-
M3BONIbHOW npsMoli a' Bo3bMeM TOUKY R' W nposefem 4epes Hee nps-
MYy, NeprneHAUKYIApHY npamoi a'. Ha aTom nepneHAUKynspe BO3b-
mMeM Touky T' (puc. 55) Tak, uT06bl AnnHa oTpe3ka R'T’ 6bina 6bl MEHb-
we e. Yepes Touky T' nposefem npsmyt b', napannenbHyto a' snpa-



Bo. Ecnn S' — Touka npamoit b', nexalas npasee Toukn T', To, Npu-
MEHASA K YeTbIpexyrofsicHnky R'T'S'Q' nemmy 1, nosiy4ymm, 4to

S'Q' < R'T'
W, cnefoBaTenbHO, AAMHA oTpe3ka S'Q' MeHbwe e.

Takum obpa3om, npaBas noaynpsmas npsMmoli b' ¢ Hayanom B Tou-
ke T' ypaneHa OT npaAmMoi a' Ha pacCTOsiHWE, MeHbllUee e.

Mcnonb3ya nemmy 1, noayymm, 4to cfieBa OT Toukum T' cyuiecTByer
Toyka B' Takaa, uto gnnHbl oTpe3kos B'P' n BP paBHbl. [o3Tomy 3Tu
OTPE3KW KOHTPY3SHTHBbI.

MycTb Tenepb R — Touka npsamoil a, nexaw,as npasee Touku P
n Takad, 4yto PR = P'R' (puc. 54).

MpoussedeM [ABMXEHME Ha NNOCKOCTU J1o6auyeBCKOro, KOTOpPOe COB-
MecTUT Touky P' ¢ Toukoih P, Touky R' ¢ Toukoih R u Touky B' ¢ Tou-
koii B. Ha ocHoBaHuu TeopeM 5a u 6a Takoe [BUXEHMWE CyLLeCTBYeT U
e4VNHCTBEHHO. J1erko BWAETb, YTO NPWU 3TOM ABVMXEHUWM npaMble a' “
b' nmepeiifyT cOOTBETCTBEHHO B MpsiMble @ U b O603HaumMm uyepes T
TOUKY npsMoil b, ABaflOwWYylocs 06pa3oM TOYKM T’ npuM yKaszaHHOM
OBMXeHUN. TaK KakK npu [ABUXEHWUM [ANWHbI  OTPE3KOB  COXpaHs-
I0TCSH, TO BCE TOYKM MNPAMOIA b, nexalime npasee nepneHanKynapa
TR Kk npsMoil a, yfaneHbl OT MPAMOA a Ha pacCTOAHWE, MeHblluee e.
lMomMeHAB pofiAiMKU B MPOBELEHHOM pPAaCCYXAEHWU Mnpsmble @ u b, nony-
UMM aHanoru4yHoe YTBEPXJEeHWe AN TO4eK npsMoin a.

WTakK, B CTOPOHY MapannenbHOCTW Npsmble @ M b HeorpaHWyeHHo
conmxaroTces.

Teopema foKa3aHa.

§ 18. Yron napannenbHoOCTu

MycTb a — HekoTopas npsMas U A — TOuKa, He nexawias Ha 3Toi
npamoin. Myctb AP — nepneHguKynsap K npamoli a n a' — npamas,
napannenbHas a BMpPaBO M MNPOXoAsAllas ue-
pe3 Touky A (puc. 56).

O603HauMM 4epe3 a OCTpbIA yroa, KoTo-
pbii Npsimas a' o6pasyeT Cc nNepneHAuKy-
napom AP. ¥Yron a HasbiBaeTca YI/OM na-
pannenbHOCTW B TOYKE A NO OTHOLIEHUIO K
npsMoii a. VimeeT MecTo crefytolas Teopema.

Teopema 1 Yron napannefnbHoCcTH
B TOYKE A MO OTHOLIEHWIO K MPAMOW a 3aBu-
CUT TONbKO OT paccTOsHWUA TOYKM A g0 nps-
MO a. Puc. 56

JokKkasaTenbcTBO. MycTb Ham
JaHbl ABe NpAMble a 1 a' (NpaMble @ M a' MOryT coBnajaTth) M ABe TOUKK A
nA’, yoaneHHble COOTBETCTBEHHO OT MPAMbIX & M &' Ha 04MHaKOBOe pac-
cTosiHMe. Yepes Toukn A n A' nposogum npsmble b n b', KoTopblie cooT-
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BETCTBEHHO NapanjefbHbl NpamMbIM a 1 &' BNpaBo. MycTb a na' — yris.l
napannenbHoOCTV nNpu Toukax A n A' oTHOCUTENbHO NpaAMbIX a ua'. fo-
MYyCTUM, YTO YI/ibl & W &' He KOHTPY3HTHbI, U NYCTb AN ONpefeneHHOCTH
a< a'. Otnoxum ot nyya A'P' BnpaBO yron, KOHFpY3HTHbI/A yray a.
Torpa BTOpas cTOpoHa 3Toro yrna— nonynpamas A'Q' nepecekaet

Puc. 57

npsMyto a' B HekoTopol Touke Q' (puc. 57). TMycTb Q — Touka nps-
MO a, nexauias npaBee Touykm P u Takasa, uto QP =Q'P'. Tak
KaK TpeyronbHUkun APQ n A'P'Q' KOHIpY3HTHbI MO NOCTPOEHUIO, TO Yron
PAQ KOHIpyaHTeH yray, KoTopblii npsmas b o6pasyeTr ¢ nyyom AP
cnpaBa OT Hero. A 3TO HEBO3MOXHO, TaK KaK B cuny akcuombl 1115
Henb3a Mo OfHY CTOPOHY OT AaHHOro Nnyvya OTNOXWUTb [Ba Pas/INyYHbIX
KOHTPY3HTHbIX Yrna.

Teopema jAoOKasaHa.

O603HauMm AnMHY oTpe3ka AP 4epes X, Torga yron napannenbHo-
CTU a ecTb (YHKLMUA X, KOTOpykt o0603HayarT

a= N(x)
H HasblBalOT (PyHKUMei Jlobayesckoro. ®yHKuUMs JloGayeBCKOro onpe-
JeneHa Ha npomexyTtke (0, -+-00). VIMeeT MecTo creaytoLas
Teopema 2. dyHkumda Jlobauesckoro M (x), 3ajaHHas Ha npo-
mMe>kyTke (0, +co), HempepbiBHa Ha 3TOM MPOMEXKYTKe, CTPOro yobl-
BaeT "

imMx)=—, limMn X —0.
0 (x) 2 X+ w ®)
LOns yrna napannenbHOCTM uMeeT MecTo Qopmyna
X
Mk = 2arctge R,

rae R > 0 — HekoTopas nocTosiHHasa (cM. H. B. EdumoB «Bbicwian
reometpus», ra. 1ll, § 59).

8§ 19. OKBUAUCTAHTHI

MycTb a — HeKoTopas npsmas Ha MI0CKOCTM JloGauyeBckoro. MHo-
YKECTBO TOYeK, PacnofioXXEHHbIX MO OfHY CTOPOHY OT MpsIMOi a W yaa-
NEeHHbIX OT A Ha Of]HO U TO )Xe PaccTosHME, Ha3blBAeTCA 3KBUAUCTAHTOIA.
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Teopema 1 3IKBMgMCTAHTa He SABASETCS MPSAMOIA.

LJokaszaTenbcTBO. lycTb / — 3KBUAMCTAHTa, NOCTPOEHHas
no npsmoii a. Bosbmem Tpu nwobble Toukn A, B, C, npuHagnexawme I.
Ecnm Mbl JOKaXeM, YTO 3TU TOYKM He fiexaT Ha OAHON MpsMol, TO Tem
camblM OyfeT YCTAHOB/IEHO, 4YTO 3KBMAMUCTAHTA OTAMYHA OT MPAMOIA.

Mpegnonoxum npotuBHoe. MycTb 4yepes Toukn A, B, C npoxogut
npamas b n nycTb Ha 3Toi MpsAMoON Touka B nexuT mexay Toukamu A
n C. N3 onpeseneHns aKBUANCTaHTbl BbiTeKaeT (puc. 58), 4TO 4YeTblpex-
yronbHukn A'ABB' n B'BCC'
eCTb UYeTbIpexyrofbHuUKn Cak-
Kepu. TMoatomy yrnel ABB' u
B'BC ocTtpble u, cnepoBaTefib-
HO, CYMMa fiBYX CMEeXHbIX YIN0B
npn Touke B, o06pa3oBaHHbIX
npsmMoit b u npsmoii,npoxopas-
e yepes Toukn B, B', MeHb-
Wwe ABYX MNPAMbIX, YTO HEBO3-
MOXHO. [lony4yeHHOe NpPOTUBO- B c
peune [OKa3biBaeT TeOpemy.

Mpamy a, ¢ NOMOLbIO KO-
TOPO/ MocTpoeHa 3KBUAMCTAHTA /, HasblBaloT 0as30i 3KBUMAUCTAHTBI.

Bo3bMeM Ha 3kBugucTaHTe / N6yt TOUKy A M NpoBedeM MpAMYHO
AA', nepneHgnkynapHyt 6ase a. Yepes Touky A nposegem npsmyio t,
nepneHAnKynapHyto npamoir AA'. VIMeeT MecTo crefytouias Teopema.

Teopema 2. Bce TOukM 3kBMAMCTAHTHI | Ne>kaT no ofHY CTO-
POHY OT NPAMON t ¢ TOM CTOPOHbI, YTO N TOYKM 6a3bl a. [anee, nps-
Masi t ABnsieTCA KacaTeNbHON K akBuancTaHTe | B Touke A.

Mpamyto AA' HasblBalOT HOPMa/bl0 K 3KBUAMCTaHTe B TOuke A.

JokaszaTenbcTBO. Tak Kak npamaa AJl'mepneHanKynap-
Ha K 06evM npsmbiM & M t, TO npsmble a n t pacxogawmecsa. Mo obe
CTOpOHblI OT nepneHfgukynsapa AA' TOUKM NpsSMONA t TakoBbl, YTO WX
paccTosiHMA OT MPAMOI a CTPOro BO3pacTalT NpW yAaneHUun aTux Touek
oT Toukn A. C fpyroii CTOPOHbI, BCE TOYKM 3KBUAWCTAHTbI yfAaneHsbl OT
6asbl @ Ha OA4HO M TO XXe paccTosiHne, paBHOoe AnmHe oTpeska AA'. Mo-
3TOMY BCA 3KBUAUCTAHTa J1IEXWUT MO O0AHY CTOPOHY OT I'IpﬂMOVI t, Tam,
rge pacnonoxeHa 6asa a.

[na Toro yrobbl yCTaHOBUTL CylLue-
CTBOBaHWe KacaTellbHOW K 3KBUAWUCTaH-
Te B TO4YKe A U ee cOBMajeHue ¢ nps- J6 ¢ A
MO/, [BOCTAaTOYHO YCTaHOBUTL (CM.
puc. 59), 4TO Npu CTPEMIEHUN TOYKKM X’
K Touke A' yron mexagy nydyamum AX nu

AA' cTpemnTCca K . dr

Tak Kak J1 n X — TOYKM 3KBUAUCTaH- S c X!
Tl /, a npamble AA' n X X'— nep-

85



NeHAUKYNAPHbI K 6a3e a, TO udeTbipexyronbHUK A'AXX' ecTb 4eTbl-
pexyronbHukK Cakkepu. Mycte C C — cpegHAs NUHWUA 3TOr0 YeTbipex-
yronbHuka. Yron wmexgy nydamm AA' n AX, KOTOpbIi Mbl ganee
6ypem o603HayaTb 4Yepes 6, eCTb OCTPbIA Yrona Npu BepLUMHE B YeTblpex-
yronbHuke Cakkepu. [losTomy
a< -
2.

Tak kak npsamble AA' n CC' pacxogauimecs, To

ney < a
roe yepes y o603HavyeHa gnuHa otpe3ka AC.

Takum o6pasom,

MN(y)<o6<]|.

Mpun cTpeMneHnn TOYKM X K TOUKe A BefiMYMHA y CTPEMUTCA K HYJI0.
HEDEVIAEM B HepaBeHCTBaXx

n(yj)<e<n

K Mnpejeny nNpu ycnoBuu, 4TO TOUKa X CTPEMUTCH K TOUKe A, TOrja Ha
OCHOBaHWM Teopembl 2 § 18 GyfeM UMeTb:

- < 1limb6 <

2 X~A
OTctoga cnegyet, yto *4(t, AA’) npsmMoii.

Teopema AoKasaHa.

MycTb Ha nnockocTu Jlo6auyeBCKOro (MUKCMpOBaHa MNPOM3BO/MbHAS
npsmas a. COBOKYMHOCTb MPAMbIX, MepneHAUKYNApPHbIX K Heil, Hasbl-
BaeTCA MNy4yKOM MpsMbIX, OPTOrOHaNbHbIX K MPAMON a.

Niobas 3akBupucTaHTa ¢ 6a3oil a npeacTaBnseT coboli MHOXECTBO
TOYEK, Pacno/IOXKeHHbIX MO OfAHY CTOPOHY OT a W YyAaneHHbIX OT a
Ha OAHO M TO e paccTosiHMe. M3 Teopembl 2 BblTEKAaeT, YTO HOpMa-
namu noboin 3KBMAMCTaHTbI C 6a30li a cny)aT MpsMble Ny4vyka, OpPTO-
roHafbHOro K npsmoin a. [103TOMy SKBMAWCTAHTbI NpPeACTaBnslT
Co60/i OpTOroHanbHble TPAeKTOPUU MNyyKa MNpPAMbIX, OPTOrOHaNbHbIX
K obuien 6ase a Bcex akBuMAUCTaHT (puc. 60).

Ecnn Ha nnockoctu Jlo6aues-
CKOr0 paccMoTpeTb CUCTeMY Ko-
OPAMHAT X, Y, MOCTPOEHHYIO B § 12,
TO OCbH) X B Hell byaeT npsmas a;
NVHWAMM, BAOSIb KOTOPbIX Y TOYeK
MOCTOSIHHA KOOpAMHaTa X, 6yayT
npsamble, MNepneHaMKynsapHble a,
W, HaKoHel, JNNHMAMMW, BAOMb
KOTOpbIX MNOCTOSIHHA KOOpAMHaTa
y, 6yayT 3KBMAMCTaHTbl C 6a3ol
a. Tenepb Mbl SiCHO BWUAUM, 4TO

Puc. @ MOCTPOEHHas B paMKax abcontoT-
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Holi reomeTpun (8 12) cuctema KOOpAMHAT Ha MAOCKOCTM, BOOGLLe roBo-
ps, He sBNseTcs fekapToBoii. OHa OyaeT [AeKapTOBOM TONbKO Ha
nnockoctn EBKnupa.

PaccmoTpeHHas Hamu cucTema KOOpAMHAT Ha naockocTtu Jlobaues-
CKOr0o HasblBaeTCA NOMyreofesnyeckoin. CMbICN TepMUHa «MOayreogesu-
yeckas cucTema KoopauHaT» 6yfaeT BbicHeH B rnase VI.

§ 20. TpeboBaHuA, npeabsaBNsAeMble K CUCTEME aKCUOM

Mpw,nuccnefoBaHNy CUCTEMbI aKCUOM, NeXalux B OCHOBE NOCTPOEHUS
no6oin Teopumn, B YacTHOCTWM MPWM MUCCNEAOBaHUM CUCTEMbl aKCUOM Treo-
meTpun EBkAuga unm reometpum Jlob6auyeBCKOro, BCerja UHTepecy-
loTcA  npobiemMamMu  HenpoTWBOPEYMBOCTU, MUHUMANLHOCTM W MON-
HOTBI.

Kak Mbl 3Haem, W3 [aHHOW CMCTEMbl aKCWOM, KOTopas yCTaHaBiu-
BaeT OMpeAeNeHHble CBOWCTBA B3aMMHbIX OTHOLUIEHUA OCHOBHbIX 06b-
€KTOB, MOXHO fAefnaTb N0rM4Yeckue BbIBOAbI 06 3TUX CBOWCTBaX 06BLEK-
TOB, He MPUHMMas BO BHUMaHWe APYyrue BO3MOXHble WX CBOWNCTBA, €Cu
0 HWUX HMYero He roBOpPUTCH B akcuomax. [103ToMy 06bekTaMu AaHHON
CUCTEMbI aKCMOM MOXHO CUMTaTb OOBLEKTbI MPOU3BOSILHOW KOHKPETHOW
MpUpPOAbl, U OTHOLIEHUSIM MEXAY HUMW, O KOTOPbIX FOBOPUTCS B aKCUO-
Max, MOXHO npuaaBaTb 060/ KOHKPETHbIA CMbICA, INWb 6bl NPU 3TOM
BbIMOMHANNCL TpeboBaHMA akcuom. Torga nobas Teopema, BbiBeAeHHas
M3 aKkCcuoMm, NpeacTaBnseT coboV onpeaeneHHblli akT, OTHOCALWMIACA K
paccMaTpMBaeMbiM KOHKPeTHbIM 06beKTaM WK, 60/see TOYHO, K TEM KX
CBOCTBaM, O KOTOPbIX WAET peyb B aKCMOMaX.

BcsikniA BbIGOP KOHKPETHBIX MaTeMaTUYeCKMX O0O6bLEKTOB, KOTOPbLIM
Mbl OyfieM MPUNUCbIBaTb PO/ib OCHOBHbIX 06BEKTOB [aHHON CUCTEMbI aK-
CMOM, HasbiBaeTCa peanusauumein (UM MHTepnpeTaymeir) ITUX aKCMOM.
CamM0 MHOXEeCTBO O06BEKTOB, peanu3ylLlmx AaHHYK CUCTEMY aKChOM,
Has3blBalOT MOJENbi0 3TOM CUCTEMbl aKCHUOM.

JonycTum, 4To BCe aKCUOMbl HEKOTOPON CUCTEMbl peann3oBaHbl Ha
HekoTOpoi mogenu. Torga NOrMYeckM HEBO3MOXHO BbIBECTM W3 HUX
LBa CNeAcTBMA, WUCKIKYaKOLWMX Apyr apyra. Mo3aToMy ecnu nocTpouTb
OfHY U3 BO3MOXHbIX peanu3auyuii JaHHOW CUCTEMbl aKCMOM, TO TeM
camblM OyfeT [OKa3aHa HenpoTWBOPEYMBOCTb 3TOW CUCTEMbl akK-
cuom.

[oka3aTenbCTBO HeMPOTMBOPEYMBOCTM TON WMAWM APYrOW CUCTEMbI akK-
CMOM MOXET HOCWUTb YCNOBHbI/ xapakTtep. Hanpumep, Hwuxe 6yaeT Ao-
Ka3aHo, 4YTO Ha 06bEKTaxX eBK/MAO0BOM FeoMeTpMM MOXeT OblTb MOCTpOe-
Ha Mogenb reomeTtpumn JlobaueBckoro. OTClOAa NoNMy4vyaeM, 4TO FreoMeTpus
Jlo6ayeBCKOro HenpoTUBOpPeYMBa, €CAM HEenpoTMBOpe4YMBa reomeTpus
EBknupa. Bonpoc 0 HenpoTMBOpPEYMBOCTM reomeTpuu EBKnnpa 6yget
CBefleH HaMu K HEeMpOTMBOPEYMBOCTU apUPMETUKN BELLECTBEHHbIX YM-
cen. Takum 06pa3oM, HENpOTMBOPEYMBOCTb 0OEUX reoMeTpuii Hamu
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6yfeT foKasaHa npu yCcnoBWW, YTO HENPOTMBOPeYMBa apugmMeTuka Be-
LeCTBEHHbIX Yucen.

Mepeligem Tenepb K npobneme mmHumMmanbHocTu. Kak AICHO U3 camo-
ro HasBaHWf, peyb 34eCb WAET O TOM, BO3MOXHO WX HEBO3MOXHO U3
[aHHOW CUCTEMbl aKCMOM WUCK/IOYNTL T€ WAKN LPYrue akCMOMbl TaK, 4TO-
Obl MpU 3TOM He Hapywwuacs 06beM CNeACTBUNA, BbITEKAlOWMA U3 3TOW
CUCTEMBI.

MycTb 6ykBa A 0603HayaeT OfHY U3 aKCMOM [aHHOW HenpoTMBOpE-.
4YnBOM cucTembl. [ONYCTMM, 4YTO aKCMoma A WCKAKYEHa M3 CMUCKa ak-
CUOM [aHHOW CUCTEMbI U 3aMeHeHa HOBON aKCUOMOW: «yTBEpXAeHue A
HeBepHO». Torfja eciy HoBas CUCTEMa aKCMOM HemnpoTMBOpEe4YMBa, TO
oTClOfa, OYEBUAHO, CNefyeT, YTO akCMoma A HeszaBMcuMa OT OCTa/lbHbIX
aKCUOM cucTeMbl. Takum 06pa3oM, He3aBUCUMOCTb akcuombl A MO
OTHOLLEHMIO KO BCEM OCTafIbHbIM aKCMOMaM [aHHOI CUCTeMbl ByfeT BbiTe-
KaTb M3 3TOro (pakrta, 4YTO Ha HEeKOTOPOM MHOXECTBe 0O6beKTOB peasnu-
30BaHbl BCE AaKCMOMbI, KpPOMe aKCMOMbl A, a BMECTO akKCUOMbl A peanun-
30BaHO MPOTUBOMONOXHOE YTBEpPXAEHNeE.

Kak Mbl yXe oTMeyanu, Humxe 6yfeT [OKA3aHO, YTO Ha 06beKTax
reomeTpun EBKAmpa 6yneTr nocTpoeHa mofenb reometpuu Jlo6a4eBCKo-
ro (rn. 111, § 11). Otcioga 6yfeT BbiTeKaTb, YTO akcuMoma napanfefb-
HoCcTM EBKNMAA He 3aBUCUT OT NMPOYMX aKCMOM reoMetTpuu. AHaNormyHo
akcmoma napannenbHocTu J106a4eBCKOro TakXe He 3aBMCUT OT OCTaslb-
HbIX aKCUOM TeoMeTpuu.

Bonpoc 0 nonHoTe faHHON CUCTEMbl aKCMOM CBfi3aH C CyllecTBOBa-
HMEM KauyeCTBEHHO pa3/IMyHbIX peanu3aunii AaHHON CUCTEMbl aKCUOM.
Ecnn cuctema akCMom MnoOJMHa, TO 3TO AO/MKHO 03HayaTb, YTO BCE peanu-
3auMmn B U3BECTHOM CMbIC/e MeXAy Co60/ Hepasnuuumbl. Bonee TOYHO
yKasaHHOe coobpaxeHue opopmMaseTcs C NOMOLLbID MOHATUA U3OMOp -
hHbBIX peanunszayunii. [Be peannsayuy OLHON W TON e CUCTEMbI
aKCMOM Ha3blBAlOTCA M30MOPHHLIMU, €C/IN MexAy 00beKTamu 3aTux pea-
nn3auunii MOXHO YCTaHOBUTb TakKoe B3aMMHO OfHO3Ha4YHOe COOTBETCTBUE,
YTO COOTBETCTBYHOLLIME MEXAY €060/ 06bEKTbl HaxoAAaTcA B OAMHAKO-
BbIX B3aMMHbIX OTHOLLEHUAX.

Hanpumep, ecnu peyb ufet 0 ABYX peann3auunsax naocKon reometTpumn
EBknnpa, TO M30MOP(U3IM peann3aluii  03HayaeT crefytloliee: ecnu
TOYka A W npamas a MNepBOil peanu3aluy COOTBETCTBYIOT TOUKe A' U
npsMoi a' BTOPOA peanu3auuu W eciim TOYKa A JIEXUT Ha MpsSMOA a,
TO TOYKA A' JOMXKHA nexaTb Ha npamoi a'\ ecnm AB M CD — 0OTpesKu
HepBOI?] peannsaunmnm n AB == CD, 710 Ana COOTBETCTBYHLWNX 0OTpe3-
KOB BTOpON peanusaumm A'B' u C'D' [O/MKHO 6blTb A'B'z=C'D’
nT. 4. [Npn 3TOM OTHOWEHUA «NPUHALNEXUT», «MEXAY», «KOHTFPY3H-
TeH» AN KaXAoil peanusalumm MOHUMAKOTCA B COOTBETCTBYHOLLEM el
KOHKPETHOM CMbICe.

Ccopmynupyem Terepb MOHSATUE MNONHOTbLI CUCTEMb
aKCMoM. CucTemMa akKCMOM HasblBaeTcCs I'IO/'IHOI7I, ecnin BCe ee peannsa-
LUK M30MOPGHBI APYT APYrY.
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§ 21. HenpoTMBOpeuYMBOCTb U MOJIHOTA CUCTEMbI aKCUOM NA0CKOW
EBKJ'IVI,CI'OBOI‘/’I reomeTpun

1 AHanutnyeckas MOAE/b eBKNMAOBOW reoMeTpun. HenpoTtmsope-
YMBOCTb eBKNUAOBOW reoOMeTpuu. MocTpoum peann3aLuio NAOCKOWR reo-
MeTpun EBKAuAa. TOYKON B aHaNUTUYeCKOW peanusauuym Ha3oBeM Nt0-
Oyl0 napy BeleCcTBEHHbIX uucen (X, y), NpsMoil — OTHOLIEeHWe Tpex Be-
WEeCTBEHHbIX YMcen (n : v :w) MNpU YCNOBWW, 4YTO XOTA Obl OAHO U3
0BYX uYucen w, v He paBHO Hynwl

ByfeM roBoputb, UTO Touka (X, Y) Ne>XXWUT Ha npsMoi (U : v :w).
ecnn UMeeT MeCTO paBeHCTBO: UX + vy + w = 0.

Y6egumesn, yto TpebosaHus akcuom I. 1—3 6yayT y[0BMETBOPEHbI.
Tak KakK YypaBHeHue

nx -|-vy-fw=20

npu ycnosum m2+ v-¢ O uMeeT 6GECKOHEYHO MHOFO peLleHunii, To

akcuoma I. !, 04eBMAHO, BbLIMOMHSETCS.
Oanee, ecnn [xu yO u {x2, y2 — ABe pasfuyHble TOUKW, TO TOrga
yncna U = yi —y2mM v= x2—  OAHOBPEMEHHO He PaBHbl HY/O.

Monoxum w = Xiyr — X2i. Torga uyepe3 Toukum (xu yt) u (12, y2
npoxoauT npamaa [u : v : w). [eAcTBUTENLHO,
ux(+ cly, +w = (y, —yd + (x2—7*) ¥Yi + (*i¥Y2 — x i)
nx2 vy2+ w = (y, —yhIx2+ (x2— *)y2+ (*iyY2— xryi)
[anee, n3 ypaBHeHUN
nxy + vyt + w — 0,
nx2+ vy2+ w= 0
cnegyet, 4to M v :w = (Y, —yd : (x2—x{ : (X,y2—aYix?.
Takum o6paszom, Toukm (xy, y() u (X2, y2 onpefenstoT TONbKO OAHY
nNpAMY0, MPOXOAAWY Yepe3 3TW Touku. WTak, TpeboBaHMe akcuo-
Mbl 12 y[0BNEeTBOPEHO.
Toukm (0, 0), (1,0) (0,1) He nexxaT Ha O4HON npAmON. [eAcTBUTENb-
HO, ecnm (bl : v : w) — fito6asd npsiMas, TO U3 COOTHOLIEHWI
«'0 + N'0-bi» = 0,
mml+ veOd4 w 0,
bl M0 -j- we 1+ w= 0O

I{(' 1

Ov
0

BbITEKAET, 4TO
m—v=w=0.

CnepoBatenbHo, TpeboBaHWe akcMOMbl 1.3 BbIMOHEHO.
OTHOLWeHMe «MeXKiy» onpegensetrca Tak. [lycTb jgaHa npamas
(M v :w) 1 Ha Heid Tpy ToukmM (Xb YO0, (X2, 2, (X3, y3)-

1 OTHOLUEHWEM TPex YUCeN wu, v, w HasblBalOT TPOWKY umucen u, v, w MpU yc-
NIOBUU, UTO TPOMKM u, Vv, w U XU, Xv, Xw, Tge x=£ 0, paccMaTpuBalTca KakK TOX-
LEeCTBEHHbIe.
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Mpegnonoxum, uto y @ 0. Bysem roBopuTb, YTO TOUYKa (X2, y2) nexur
mexay (Xb Y9 n (x3,y3, ecnm xt < x2< x3wunm xt> x2> x3. Ecnm
xe v =0, To gns Touek 3Toi NpsmMoii

W
*l = *2 = *TF = — _oe

MosToMy npefbigyliee onpeAeneHue He AeiicTByeT. B 3Tom cnydvae 6y-
[leM cUMTaTb, UTO TOUKa (X2, Y 2 nexnT mexay Toukamm (xt, yi) n (w3,y 3,
ecnu

Yi< Y2< ¥3
nnu

Yi>Yy 2> Vi

Mbl npegocTaBnsieM 4YmTaTento B KayecTBe MOJIE3HOT0 YNpaKHeHua npo-
BEPUTb, 4YTO TpeboBaHMA akcuom nopsagka Il.1— 4 ynoBneTBOpPEHbI.

MepelifeM K onpefeneHUo MOHATUA KOHTPYaHTHOCTU. PaccmMoTpum
npeo6pa3oBaHNs TOYeK Ha MNNOCKOCTW, KOTOpble 3afalTcA COOTHOLUe-
HVEM

X' = Xcosdh— y sin ¢p-j- flj,
y' =X sin ¢ -(- y cos ¢ -f- a2 @)
nnn

X' = XOOs®-j-y sin ®-J- flj,
y' = Xsindg— ycosg-f a2 (5)

Mpwn nto6om pukcuposaHHoM D E (—A, A] 1 NO6bIX PUKCUPOBAHHbLIX Be-
LLeCTBEHHbIX 4Yucnax ab a2 npeobpasoaHue (*) wam (J ) onpegenset
na MJIOCKOCTM OfHO3HA4YHO NO KaXAoi Touke (X, y) ee o6pas (x', y').
Tak Kak

cos g — sin g 1
sin g cos

cosp Olld

sin ® — cos -1
TO 3TW npeobpa3oBaHns 06paTUMbl U, KaK IErKO YCTAHOBUTL C MNOMOLLbIO
TeopeMbl Kpamepa, npefAcTaBnsoT coboii B3aMMHO OfHO3HaYHble 0TO6-
paxeHuna nnockocTtu. MNpeobpasosaHua (*) u Ll ) B anre6bpe HasbIBalOT-
CH OpPTOroHanbHbIMU. TakK Mbl MX U By[eM Ha3biBaTb HUXE.

Mbl 6yfeM roBopuTb, 4To fABa 0Tpe3ka AB u CD KOHrpyaHTHbI, ecnu
CYLLeCTBYeT OpPTOroHanbHoe npeobpa3oBaHue, COBMelLatollee 3TU OT-
pe3ku. AHaNOrMyHo f[Ba Yyrna HasblBAlOTCA KOHTPY3HTHBLIMU, €CIN OHU
MOryT 6blTb COBMELLEHbI HEKOTOPbIM OPTOrOHaAbHbIM NPeo6bpa3oBaHNEM.
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MpoBepka BbIMOMHEHUA  Tpe6OBaHUA  aKCUOM  KOHTPY3HTHOCTU
1. 1—6 gocTtatoyHo rpomosfka. o3ToMy Mbl Ha Heli 0CTaHaBNMBATbCSA
He 6ygem. Moapo6HOe M3M0XeHMe 3TOro Bonpoca mMmeetcd B rnase 1V
KHurm H. B. EdumoBa «BbiCliag reomMetTpusa», Kyfa Mbl W OTCbIIaEM
yutartesns.

[ns npoBepkn BbINOMHEHUA Tpe6OBaHWA aKCUOM HenpepbiBHOCTU B
MOCTPOEHHOW HaMu peanuM3auuy Npolie BCEro YCTAHOBUTb, UYTO B HEW
ONS MHOXECTBa TOYEK KaXK[ol MpsAMO BbINOAHEH npuHuMn [Jefekun-
pa. Myctb (M : v : ) — Kakas-HMOyAb npsamMas v NycTb ANA onpege-
neHHoctn v ¢ 0. bygem cuutatb, YTO Ha 3TOM nmpsimMoi Touka (xIt y,)
npeglwecTByeT Touke (Xr, y2), ecnu Xy <C x2. Ecnu Tenepb Npou3BecTy
0efeKNHA0BO CeyYeHMe Ha MHOXECTBe ToYeK NpsMoi (M : v : [o), TO o4-
HOBpPEMEHHO 6yJeT NPOM3BELEHO CeYeHWe BO MHOXECTBE BelleCTBeHHbIX
yucen \x). Tak Kak BO MHOXECTBe BELLeCTBEHHbIX 4uMCesl UMeeT MecTo
npuHumn  [efeknHpaa, TO CylecTByeT uyucno x0, nmpousBopsLiee cede-
HuWe, T. e. 3amblKalollee OANH M3 Knaccos. [MoIoXNUM

—ux0—w

OueBugHo, Touka (X0, yO nexuT Ha npamoi (M : v : g0 U 3aMblKaeT
OAVMH W3 KNaccoB AefeKWHAOBa CeyeHUs Ha npsMoin (U : v : g0). UTak,
Ha BCeX MpsMbIX aHalIMTWYECKOW peanusauun BbIMOMHAKTCA TpeboBa-
HUA npuHuMna [fefekuHaa.

MepeiijeM K NpoBepKe BbINOMIHEHUA TpebOBaHUA aKcuoMbl napan-
nenbHocTU. TycTb (M : Vv : ) — Npou3BofibHas npsmas u (xo, y0) —
TOUKa, He NeXxalwas Ha Hei, T. e. yncna xo, y0 y[0BNeTBOPAOT COOTHO-
LeHUIo

ux0-I- vy0+ mpd 0.
Mycte (M' :v' : po) — npamasd, npoxogswas 4yepes Touky (0, y0
U He uMeroWlas obwmux Toyek ¢ mpsmoi (M : v : go). Torga, BO-MepBbIX,

n'x0+ vy0+ go = 0, *)
Tak Kak npsmas {u' :v' :pgo0) npoxofguT yepe3 Touky (X0, yO, u, Bo-
BTOPbIX, CUCTEMA [BYX YpaBHEHWUN

n'x4-rly-4-po = 0,
*
nx -f-vy -f-p=0 )

[JO/MKHA 6bITb HECOBMECTHOW, Tak Kak npsambie (' : v’ : goYm n : v : m)
He UMerT 06Wmux Toyek. B cnyyae HeCcoBMecTHOCTM cucTembl (%)
HE06X0ANMO AOMKHO 6bITb M' 1M = V' : W, WAW, ecnn 0603HaYNTL Ye-
pe3 p Kaxzoe M3 3TUX paBHbIX MeXAy €060l OTHOLIEHWIA:

n = p«, y = pu,
TO U3 COOTHOLWEHMA (*) Torga Havgem
po = —p {mx0+ yy,)
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OTcroga

n v iw' —umiv: — x0+ yy0),
N NOTOMY MOXET 6bITb He 60/1€e 0AHOM NPSAMONA, NPOXOAALLENA Yepe3 Tou-
Ky (xo0, r/0), napannenbHO MPOW3BONLHO 3afaHHOM NPSAMOWA.

Takum 06pa3om, B aHaIMTUYECKOW peanu3almy BbIMOJHEHA aKCMOMa
napannenbHocTn EBkAnga.

MTak, NnocTpoeHa aHanuTU4eckas peanusauus NAOCKOW €BKNMA0BOM

reometTpun. Tem cambiM YCTaHOB/EHa

Teopema 1 Cucrema akcuom eBKMAoBoin reomeTpunm | —V
cB060AHa OT NPOTMWBOPEYWiA, ecnu HeMpoTUBOpeUMBa apuymeTUKa Belle-
CTBEHHbIX YuCEeN.

Bonpoc 0 HENPOTMBOPEYMBOCTU apU(IMETUKM BELLECTBEHHbIX YUCEN
B KypCe BbICLUEA reoMeTpun He paccMaTpuBaeTcs.

Mogenb, COOTBETCTBYIOWYIO aHaMTUYECKOl peanusauum eBKINUA0-
BOVi FeOMEeTpWM, HasbiBAOT aHANNTNYECKOW MOAENbIO eBKNNA0BOW reoMeT -
puu.

2. MoNHOTa CUCTEMbl akCWOM €BK/MMO0BO reoMeTpun
Teopema 2 CucTema akCHOM €BKIMAOBOW reoMeTpuu nonHa.

JokaszaTenbcTBO. [JOCTaTrO4YHO, OYEBUAHO, YCTAHOBUTL, YTO
nobas peanusauma eBKIULOBON reoOMeTpMM U30MOpPGHA aHaNUTUYecKoin
peanusauunu.

MycTb R — npous3BofibHasA peanu3auus CUCTEMbl aKCMOM eBKNWUAO-
BO reometpumn. Torga cornacHo 8§ 12 n 15 Bo MHOXeCTBe 06beKTOB R,
KOTOpble B peanusauumm R Ha3BaHbl «TOYKaMW», MOXHO BBECTWU CUCTEMY
[leKapTOBbIX KOOpPAMHAT X, Yy 1 nto60oli Touke M £ R 6yaeT B3aMMHO OfAHO-
3HAYHO COOTBETCTBOBATb Mapa BELLEeCTBEHHbIX yucen. [anee, KoopauHa-
Tbl TOYEK, PacnoNOXeHHbIX Ha KaKoN-HUOyAb NpsIMONA, xapakTepu-
3YHTCA YpaBHEHUEM

ux + vy + m=t0; n2+ v2o 0.

Taknm 06pa3oMm «npaMbIM» peanu3auumy R B3aMMHO OLHO3HAYHO OT-
BeYaloT OTHOWeEHNA (M : Vv : 10), AN KOTopbiX U2+ u2¢ 0. TeM cambiM
Nofly4eHO B3aWMHO OfHO3HAYHOe COOTBETCTBUE MeXAy O06bekTamu pea-
nnsauum R n obbekTamy aHanMTUYecKoW peanusauuu. HeTpyaHo npo-
CNefuTb, YTO C NMOMOLLbIO (DOPMY/N aHANMTMYECKOW reoMeTpumn B fekap-
TOBOW CMCTeMe KOOpAMHAT B3aMMHble OTHOLWEHWA 06bEeKTOB peanunsauuu
R xapakTepus3ylTcs TOYHO TaK XXe, KaK B3aWMHble OTHOLUEHWS COOT-
BETCTBYHOLIMX O6BLEKTOB aHaiMTUYecKoW peanusauuu. OTClO4a BbiTe-
KaeT, 4TO peanusaumns R n aHanuTh4yeckas peanusauns U30MOPQHbI.

Teopema [oKa3aHa.

Bonpoc 0 He3aBNCMMOCTM CUCTEMbl aKCMOM €BK/IMAOBON reoMeTpuu,
B YaCTHOCTW BOMPOC O HE3aBMCHMOCTW akCMOMbl MNapanienbHoCTu ot
npoynx akcuom, 6ypet paccmoTpeH B n. 3 § 12 rn. 111 nocne Toro,
Kak 6yfeT nocTpoeHa MofeNlb reomeTpum J1o06a4eBCKOroO.
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§ 22. O TemaTvKe NPaKTUYECKUX 3aHATUN

1 Ha npakTMyeckux 3aHATUAX, MOCBALLEHHbIX TemaTtuke 8§ 1—3,
NofIe3HO NOCTaBMTb AOKNaAbl CTYAEeHTOB. HuXe NpMBOAUTCA NPUMEPHbIT
nepeyeHb TeEM AO0KNafo0B.

1. OCHOBHble 3Tanbl pasBUTUA reomeTpum Ao «Havan» EBkAmpga.

2. «Hauvana» EBknnga. Nx BAuMaHMe Ha AanbHeillee pasBuTue reo-
MeTpum.

MaTelli NOCTyNaT M MNPeANOXeHUs, eMy 3KBUBaNEHTHbIE.
Pa6oTbl Cakkepy MO OCHOBAHWUAM TFEOMETPUN.

PaboTbl J/lambepTa N0 OCHOBAHUAM reoMeTpuMn.

PaboTa JlexaHfpa N0 OCHOBaHWAM TEOMETPUM.

XXu3Hb 1 feaTenbHOCTb J106a4eBCKOrO.

8. PeweHne npobnembl V nocTynata B pabotax Jlob6aueBcKkoro,
Bonbaun, Maycca. CpaBHUTeNbHas PoOfib KaXAOro M3 HUX B NOCTPOEHUU
HeeBK/MA0BOW reoMeTpuu.

9. KpaTkas xapakTepucTuka nocfneaylolero atana passuTua oc-
HOBAHWIA reomeTpuu, cBA3aHHOro c pabotamu bBenbTpamu, KrneliHa,
MyaHkape, Munbbepra.

I[I. Mo maTepuany 8§ 5 nofesHo MNOCTaBWUTb [OKNaAbl CTYLEHTOB,
MOCBSILLEHHbIE C/efYOWMM BOMPOCaM:

1. Ooka3aTenbCTBO Teopem 2, 3, 4, npefcTaBAswLWMX coboil ecTe-
CTBEHHbIE AOMO/IHEHUS K aKCMOMaMm Mopsaka.

2. Pa3bop nemm, Ha KOTOpbIX 6a3npyeTcs f0Ka3aTeNbCTBO TEOPEMbI
pa3bueHus Ha NpsMOiA.

Nutepatypa kK obeum Temam: 814 rn. Il KHUrK
H. B. EdumoBa «Bbicwas reometpus».

3. [loka3aTenbCTBO TeopeMbl O pa3bweHUn npocTpaHcTBa Moc-
KOCTbIO (B MOpsiiKe CaMOCTOATEeNbHON paboThl).

[1l. T3 matepuany 8§ 6 nonasHo NocTaBWUTb JoKfag «Teopema >Xop-
faHa». lnTepaTtypa: O TunbbepT, OCHOBAaHUA reomer-
pun, M.—J1., TUTT, 1948.

)KenatenbHO TakXe OCBeLLeHWe 3TOr0 BOMpOCca ¥ C APYTUX NO3ULUIA.
Cm., Hanpumep, A. . AnekKkcaHpgpoB, Bbinykable MHOrorpau
Hukn, M.—J1., TocTexusgar, 1950; M. C. AnekcaHpgpoB, Kombu-
HaTopHaa Tononorusa, M.—J1., TUTT, 1947.

IV. Mo matepuany 8 8 >enaTefbHO, BO-MepBbIX, OPraHM3oBaThb
caMocToATeNbHY0 paboTy no JoKasaTeNbCTBY TeOpeM, MNPUBEAEHHbIX
6e3 fokasaTenbCTBa W, BO-BTOPbIX, PAaCCMOTPETb pellueHne pasnyHbIX
3afjay 13 abCcoNMTHOW reoMeTpuu.

V. Mo matepnanam § 16—19, ucnonb3ya kHury H. B. Edumosa
«Bbicwas reometpus» (ra. I11), nonesHo nocTtaBuTb A0KNaAbl CTYAEHTOB
Ha Tewmbl:

1. CUMMETPUYHOCTb W TPAH3UTUBHOCTb OTHOLLEHMA MapasniesbHoC-
T NpAMbIX Ha NNOCKOCTU J106a4eBCKOrO.

No Ok~ ®
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2. O cBolicTBax pacCTOAHUA MeXAYy ToYKamu ABYX MpsMbIX; (LOKa-
3aTenbCTBO NemMmbl 1 n. 2 § 17).

3. O HeKoTopbIX MeTPUYECKUX COOTHOLUEHUAX Ha nnockoctu Jloba-
YeBCKOro.

4. WNHTepnpeTauus MNyaHkape gna nnockoctn Jlo6avyeBckoro. MoHA-
TWE O HenpoTUBOPEYMBOCTU reoMeTpun J106a4eBCKOrO.



FMMTABA Il. A®dVNHHbLIE NMPEOBPA3OBAHNSA 1

§ 1. OnpepgeneHne addnHHOTO nNpeobpasosaHun

MycTe G — rpynna Bcex nNpeo6pa3oBaHWii, uau, 4YTo TO Xe, rpynna
BCEX B3aUMHO OfHO3HAYHbIX OTOOPaXKeHW eBKNWA0BON MNOCKOCTU. B
npefblgyuieid rnase 6blna NogpobHO paccMOTpPeHa ofjHa W3 Haubonee
BaXHbIX €e COOCTBEHHbIX MOArpPynn — rpynna ABWXKEeHWA. [BuXKeHuns
eBKNMA0BON nnockoctu (cMm. § 10) — 370 Takue npeobpa3oBaHUs eB-
KNMA0BON NNOCKOCTU, KOTOPbIE COXPAHAKT KOHIPY3IHTHOCTb COOTBETCT-
BYIOLLMX OTpe3KoB. Bce ABMKeHUS 06n1afat0T BaXHbIM CBOMNCTBOM: OHM
npeobpasyroT MpsiMble CHOBa B MpsiMble, T. €. COXPaHAT Npupogy oc-
HOBHbIX TFeOMeTpUYecKMX 06pa3oB.

PaccMOTpMM Tenepb COBOKYMHOCTb BCeX Mpeo6pas3oBaHWin MaockKoc-
TW, KOTOpble NpAMble MepeBOAAT B NpsMble. Takue npeobpasoBaHus
NPUHATO HasblBaTb aduHHbIMU. OYEBUAHO, YTO COBOKYMHOCTb apduH-
HbIX Mpeobpa3oBaHWii MNIOCKOCTM 06pa3yeT COOCTBEHHYIO MOArpynny
rpynnbl G, ee Mbl 6ygem o0603Hauvatb (36. OueBMAHO, 4TO 06 cCodepXuUT
B cebe rpynny ABWKeHMWIA Kak moarpynny. Kak mbl yBUAUM HuXKe, NoA-
rpynna [BWKEHWI sBNSeTcsa COO6CTBEHHOW noAarpynnoi (36 . 370 Bbl-
TEeKaeT M3 TOro, 4to aguHHble npeobpa3oBaHWA, BOO6OLLE FOBOPS, He
COXPaHAKT KOHFPY3HTHOCTb OTPE3KOB U YTI/IOB.

K noHaTuio a@uHHOro npeo6pasoBaHUsA eBKAWAOBOWA MNJOCKOCTU
MOXHO NOAONTW TakKXe U C APYrux nosuvumii. Ha eBKNMAOBON MAOCKO-
CTW paccMOTPVMM HEKOTOPYHO [JeKapTOBY CUCTEMY KOOpAMHAT X, V.
Bcakoe gBUMXeHMEe eBKAMAO0BON MAOCKOCTU B [eKapTOBbIX KOOpAMHATax
3apaetca opmynamm (cMm. n. 2 § 15 rn. 1):

jx' = xcos<p—ysind af A
| y' = xsin ¢-(-y cos ¢ -f- a2 n
unu
| X' = xcos¢-f-ysind-f- a,,
| y' = xsinh—ycosp a2 m
1 Martepnangns ynpaxHeHuit kK rnase Il LienecoobpasHonog6upatb Mo

OBYM MHWAM:@)aHAaNWTWYEeCKOW, WUCNOAb3YyAs  ANASTOr0  3afayvyHuKW
no nnHeiHol anrebpe, 6) reomMeTpuMUYeCKOW, NCAONL3YA AN 3TOMO0 KHU-
ry 1. M. drnoma n B. I'. AwknHy3e «/igen un metogbl ap)MHHOW W NPOEKTUB-
HOM reomeTpum».
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roe ¢£(—4, 4], a a{, a2— HekoTOopble BelWecTBeHHble u4ucna. CooT-
HoweHunsa (*), (*) paroT npaBuno nepexoga oOT ntoboin Toukm M (X, y)
K ee o06pasy — M' (x', y'). WMcnonb3ys NMHEWHOCTb BbIPXEHUA Ans
KoopAauHat X' M y' To4km M' 4yepe3 KoopAuHaTbl X, Y TOYkM M wnyc-
noBue HeobpaweHUs B Hynb OnpegenuTenei

COoS ¢ — sin @ | COS ¢  BINg

sin ® COSo |, sin ¢ — COS @

Nerko yCTaHOBMTb, 4TO dopmynbl (*), ( *) onpegenstoT npeobpasoBa-
HWe eBKNMAOBON NNOCKOCTU, KOTOPOE NEepeBOAWT MpsMble B MpsSMbIE.
PaccmoTpum Tenepb 6onee obuiee ToueyHoe oOTobGpaxkeHue | eBKIM-
[IOBO NNOCKOCTW, MepeBogsiiee Touky M (X, y) B Touky M’ (x', y'),
KOOPAWHATLI KOTOPOW OMpeaenstoTca U3 COOTHOLLEHWA:
(x" =anx -j-aly + ai3,
j-aly (M
2X -7 222y

roe a», al2, al3 a2» a22, a23— HeKOTOpble NMPOU3BOSLHO (DUKCUPOBAH-
Hble BellecTBeHHble Yncna. Ans Toro 4tobbl / 66110 B3aMMHO OfHO3HAau-
HbIM OTO6paxeHMem (MAM npeobpa3oBaHMEM) eBKAMAOBOW MIOCKOCTH,
HeobX0AMMO W A0CTAaTOYHO, YTOObLI

°11 A2 ¢ O

a2\ a22
(370 yTBEpXAeHMe OyAeT HMXKe [0Ka3aHO, MO3TOMY Mbl CeAvac Ha Hem
6onblle oCTaHaBAMBATbCS He Oyfaem). M3 NMHEAHOCTU BblpaXeHUin ans
KoopAuHaT X' My' Touku M’ uvepe3 KoopAuHaTbl X Uy ToOYkKM M c no-
MOLLbI MPOCTbIX BbIYUCAEHWIA Nerko cneayeT (Hwke B 8§ 4 06 3TOM 6y-
LeT MATM pevb nogpobHO), 4To npeobpasoBaHue f nepeBoAUT MNpsAMble
B MpsAMble.

Takum o6pas3om, npeobpasosBaHue /, KOTOPOE B [leKapTOBbIX KOOP-

AnHaTax 3afjaeTcs opmynamu

x'= allx+ oy + W13
y* = aZX4~ °22)’~ba2

npwn ycnosuun, 4TO

® o,
2 “2
ABnAeTCs aduHHbIM npeobpasoBaHumem. OKasblBaeTCH, YTO BEPHO U
obpaTHoe: BCsAKoe ad)uHHOe npeobpa3oBaHMe B NGO AeKapTOBOA
cucTemMe KOOpAMHAT 3afaeTca dopmynamu (***), npuuem

2 P o,
" "22
[oka3aTenbCTBO NOCMEAHEr0 YTBEPXAEHUA [LOBONbHO CMIOXHO (CM.
§ 2, n. 4). Kak Mbl yBUAUM HUXe, CBOWCTBA ayPUHHBLIX Npeobpa3oBaHui
npouie BCEro M3y4yaTb C MOMOLWbI WX 33a4aHWUA COOTHOLIEHMAMMK (*%)
B [€KapTOBOW cuCTeMe KOOpAMHaT.
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Celiyac Mbl paccMOTpUM elle OAWH NOAXOL K MOHATMIO apguUHHOrOo
npeobpa3oBaHuWs, CBA3aHHbIA C Npeobpa3oBaHMeM BeKTOpoB. [ycTh O—
NMpou3BoNibHas Touyka naockocTu. C KaxAoih TOuKoh nnockoctu M
MOXHO COMOCTaBUTb BEKTOP

r= OM,

Ha3blBaeMblii pafinyc-BeKTOPOM Touku M. COBOKYMHOCTb BCEX paguyc-
BeKTOpoB I =0M ¢ Hayanom B Touke O 6yfgem 0603Ha4aTb Ro . OueBua-

HO, MexJAy Touykamu nnockoctu M u paguyc-sektopamum r=0OM £RO
eCTeCTBEHHbIM 06pa3oM yCTaHaBNMBAeTCA B3aMMHO O[HO3HAa4YHOEe COOT-
BETCTBUE.

MycTb Tenepb / — adpdmHHOEe npeobpas3oBaHue €BKAMAOBON njoc-
kocTu. MycTb O — NpPOW3BOSILHO (DUKCUMPOBaHHas TO4YKa MJOCKOCTU U
0' — ee o6bpa3 npu npeob6bpasoBaHun /. Tak kKak / — adpduHHOe npe-
obpa3oBaHue, TO MYYOK MPAMbIX C LEHTPOM B Touyke O npeobpasoBa-
Hve / NepeBOAMT B MYYOK NPAMbIX C LEHTPOM B Touke O'.

Mcnonb3ys B3aMMHYH O4HO3HAYHOCTb OTOOpaxeHus [/, nonyvaem,
4TO COBOKYMHOCTb pajnyc-BeKTOpoB Ro ¢ HayanomM B ToUKe O C MOMOLLbIO
npeobpa3oBaHna / B3aMMHO OAHO3HAYHO OTOOPaXKaeTcs Ha COBOKYI-
HOCTb pafnyc-BeKTOpoB Ro' ¢ Hayanom B Touyke O

ro=/0);
3gecb 1 £ RO, r' £ Ro’, a yepe3 / 0603Ha4YeHO OTO6GpaXKeHWe pajnyc-Bek-
TOPOB, KOTOpPOe MNOPOXAeHO auHHbIM npeobpasoBaHuem /. (Mbl COX-
paHsieM 3a HUM TO Xe 0603HayeHue /.)

Kak 6yfeT ycTaHoBneHo Hwxe (§ 2), npebpasosaHue f paguyc-
BEKTOPOB Y/A0BNETBOPSAET YCNOBUAM SINHEAHOCTU:

1) Ana nwo6oror » Ro n noboro BewecTBeHHOro yncna K cnpasea-
NIMBO COOTHOLLEHME

f{Xr)=v(r).
2) Ona nobblx T 1M s £ RO cnpaBeAiMBO COOTHOLLEHMe
/(r+ s) =7 () + /(«).

Mpeo6pasoBaHue/pagnyc-sektopos I £io COBOKYMHOCTbL paguyc-
BeKTOpPOB r'£ Ro', ygoBnetsopstollee ycnosmam 1 un 2, Ha3biBaeTca /u-
HeliHbIM. Ecnn npm 3TOM OoKa3biBaeTcs, 4To

f(Ro) =Ro’,
TO NUHeliHOe npeo6pa3oBaHWe pafuyc-BeKTOPOB Ha3blBAKOT HEBbIPOXK-
[EHHbIM.
MTak, BCAKoe adhuHHOe npeobpasoBaHue f NNOCKOCTM nopoXKaaeT
HEKOTOpOEe NMHENHOE HEeBbIPOXKAEHHOE Npeobpas3oBaHMe paAnyCc-BEKTO-
pOB C HayanoM B MPOW3BONbHO (OMKCMPOBAHHOW Touyke O Ha COBOKYyM-

HOCTb pajnyc-BeKTOPOB C Hayanom B Touke 0 '— obpase Touku O npu
npeo6pasoBaHumn f.
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Oka3sbiBaeTCcs, YTO 0b6paTHOe YTBEPXAEHME Takxe umeeT mecTo. lMo-
3ToMy adhuHHOe npeobpas3oBaHNe NAOCKOCTU MOXKET ObIThb ONpPeaeneHo
KaK fNMHellHOe HeBbIPOXKAeHHOe npeobpa3oBaHue paanyc-BeKTOPOB.

Hwu)e B 3Tol rnaBe Mbl onpefenum ad@uHHOe npeobpasoBaHue 4e-
pe3 NMHeNHOe HEBbLIPOXAEHHOe nNpeobpasoBaHue pajgnyc-BeKTopos. [ a-
Nnee yCTaHOBUM 3KBUBANEHTHOCTb 3TOr0 OMpefeseHUs C OnpeaesneHnem
auHHOro npeobpasoBaHMA B KOOpPAUHATHON ¢opme (cm. n. 5, § 2)
N 3aTeM MOC/ie M3yyeHWs psga CBONCTB aMHHOro npeobpasoBaHUA
YCTAHOBMM 3KBUBAMEHTHOCTb 3TWUX oOnpefeneHuii agp@uUHHOrO npeoob-
pa3oBaHUs C MepBOHAayanbHbIM OMpefesieHNeM, KOTOpPOe XapakTepusyeT
ahnHHOe npeobpa3oBaHMe eBKAUAOBON MNAOCKOCTU Kak npeobpasosa-
HWe, nepeBofsllee MpsMble B NpAMble.

§ 2. JluHeliHble npeo6pa3oBaHus. KoopguHaTHoe npefcTaBfieHne
nuHenHoro n adUHHOTO NpeobpasoBaHuii

1. NuHelinble npeo6pa3oBaHus. [peo6pa3oBaHne paanyc-BeKTOPOB

r=g¢(), rERO0, T £ RO>

€BKNMA0BOI MNOCKOCTMU a HasblBaeTCs NWHelHbIML ecnm OHO Yf0BNeTBO-
pseT chneayloluM YyCNoBUAM:

1) @(Xr) = tap (r),

roe T £ Ro —npou3BoNbHbIA pagnyc-BeKTop, a X— Npon3BoNbHOE Belle-
CTBEHHOE YMCNO;
2) ons no6bix pagumyc-BeKTOpoB r U sERoO

o(r-fs)= o(r)+ d(5).

N3BecTHO, YTO BEKTOP XI KONIIMHEapeH BEKTOPY I W mofyyaeTcs u3
Hero «pacTtsXXeHnem» B X pa3; Mo3TOMy MepBOe YCN0BUe 03Ha4yaeT, yTo
0o6pa3 BeKTOpa Xr TakXe Ko//lWHeapeH obpa3y BeKTopa I U Takxe
MoJly4aeTca M3 Hero pacTsXeHuem B X pa3 (cm. puc. 61).
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Myctb O, obpasbl Touek O, M, N, P npu otobpaxe-
HWiA ¢. Torga ecam 1 = OM, s = ON, 1+ s = OP, o OJT = ¢(n),
ONr= m(s), 6'P' = d(r+ s) (puc. 62) n cornacHo BTOPOMY YC/IOBUIO

OP —o(+ = o)+ P!
+ ()= WW -f WW\

CnepoBatenbHo, BTOpoe YycC-
NOBME 03HAYaeT, 4TO KaxAbll
napannenorpamm OMPN npe-
o6pasyeTcs B UeTblPeXyrofisHUK
O’M'P'N"', KOTOpPbIA TakXe fB- O s
naeTcs napannenorpaMmom.

Ecnn  nuHeliHoe npeob6pa-
30BaHue

Puc. 62

r= o(r)
OCTaB/IAET TOYKY O Ha MecCTe, TO OHO Ha3blBaeTCAd Ll,eHTpOﬂVIHEVIHbIM
npeobpasosaHneM. LleHTponnHeliHoe npeo6pasoBaHue MepPeBOAUT COBO-
KYMHOCTb pajuyc-BEKTOPOB B Cebs.

JNnHeiiHoe npeo6pa3oBaHue

r'—a(r)

Ha3blBAETCSH HEBLIPOXKAEHHbIM, €C/TM OHO MEepeBOAWUT COBOKYMHOCTbL pa-
AWYC-BEKTOPOB C HayasoM B Touke O Ha BCIO COBOKYMHOCTb pajnyc-Bek-
TOPOB C Hauyanom B Touke O'.

MycTb r* — ¢ (r)—HEKOTOPOe NUHeiNHOe HEeBbIPOXAEHHOE npeobpa-
30BaHWe pafuyc-BeKTOpPOB, MepeBoAsdliee paguyc-Bektop r = OM B
paguyc-sektop r' — O'M'. Torga npeobpa3oBaHue r' = ¢ (r) NOPOX-

faeT ToyeyHoe npeobpasoBaHne M'=<$(M) nnockocTu Ha cebs. Toueu-
Hoe npeo6pasoBaHne M’=d¢ (M), NOPOXAEHHOE NIMHEAHBIM HEBLIPOX-
[LeHHbIM npeo6bpasoBaHuem r' = (r) (oba npeobpasoBaHua Oyaem
0603Ha4yaTb OAMHAKOBO), 6ydem HasbiBaTb  a)(PuHHbLIM npeobpa-
30BaHMeM. JIMHeliHOe  HEBbIPOXJEHHOe Mnpeobpa3oBaHWe paguyc-
BekTOpoB r' = ((r) Oyaem wumHorga TakXe  HasbiBaTb  aPpduH-
HbiM. LleHTpoNnuHeliHOe HEeBbIPOXAEeHHOe npeobpa3osaHue ' = ¢(r)
N MOpoXJaemoe WM To4veyHoe npeobpasoBaHue M’ = (M) byaem
HasblBaTb LEeHTpPoaduHHbIM.

2. Basucbl, auHHbIE KoopAMHaTbl. Ha nnockoctn a Bbibepem
nobyto napy BEKTOPOB €, €2 HEKO//IMHeapHbIX Mexay Co60i 1
nmerwmx obuiee Hayano. Ecnaum o603Hauntb 4depes O TOUKYy, U3
KOTOPO/A WCXOAST By M cT, TO C NOMOLWblO BEKTOPOB t?i © e MOX-
HO nmocTpouTb ocm Oxi M Ox2 Ha ocax Oxi wun Ox2 nexar
COOTBETCTBEHHO BEKTOpPbl Bi W €2, 1 HanpaBneHUs oceii coBnagawT
C HanpaBneHusmu BekTopoB et wm er (cm. puc. 63). TlycTs,
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fanee, r £ a — Npou3BO/bHLINA pa-
LWYyC-BEKTOP, WUCXOAAWMUA M3 TOY-
kK O. Tak KaK BEKTOpbl By M e?2
HEKO/IMHEeapHbl, TO BEKTOp T
MO>XXHO MPeLCTaBUTbL B BUE CYMMbI
T = XyCy — %2r2*

[JelicTBUTENbHO, TakK KakK Bek-
TOpbl I, BW €2 nexaT B OfHOM
MJOCKOCTU, TO CYLLECTBYHOT yucna
% fi, v, He BCe OJHOBPEMEHHO paB-
Hble HYM0, AN KOTOpbIX chpa-
BE/IMBO COOTHOLLEHUE

Ir -f-Ugi + vE2= 0.

Puc.. 63

Uucno A® 0, nbo B NpoTUBHOM cny4yae BeKTOpbl €t v e 2 6bian bbl
KONNIMHEapHbI, YTO HEBO3MOXHO. [Mo3Tomy

M= Xysy -]- X280,

rpe Xt= — kK Vo v
T 2= K

Koa(h(numMeHTbl B Pas3fNoXeHUM § — XyBy + X222 Npu BeKTopax
BY W €2 onpefensiTcs OfHO3HAa4YHO. B camom paene, ecnu
r = Xysy + *22=1YiB, + Y22
TO
Xy — Yy)sy + (X2— YF)e2= 0,
W, MOCKONbKY BY W €2 HeKOJIMHeapHbl, HeobXxoanmo
= Yi, =Yr

WTak, ecnu Bektopbl e{ 1 e2 umetowme obuiee Havyano O M HeKon-
NMHeapHble MeXAay Co60i, (MKCUpoBaHbl, TO OGO paguyc-BeKTOp T
fonyckaeT pasfoxeHue

I“— Xy€y 4" X2C2,
rae uncna Xy u x2 onpeaenstoTcss eAUHCTBEHHbIM 06pa3oM.

O6paTHO, NO 3afjaHHOW Mape 4yncen Xy, X 2 M BeKTOpam eun e 2CcTpo-
UTCS eMHCTBEHHbIA pafuyc-BEKTOP

r = Xysy + xz22
Mapa BEKTOPOB BY, € 2, UMetoWwnx obLiee Ha4yano U HEeKoNMHeapHbIX

Mexnay coboi, HasbiBaeTcs 6asucom. Cuctema uducen xlt x2, KoTopas
Yy4acTBYeT B PasfioXeHUN

r = xysy 4- X,
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MPOM3BONBLHOIO0 pajuyc-BeKTopa r MNo 3/eMeHTam 6asuca eun e2 Ha-
3blBaeTcAa apPuHHBIMM KOOpAMHATaMu BekTopa r. B pganbHeiwem 6y-
[eM MpUMeHATb 0603HayYeHue

r = x2).

MycTb M — KoHel, paguyc-BekTopa r, TOrfa 4yucna Xit X 2 HasblBa-
0TCA aPUHHBIMW KOOpPAMHATAaMW TOYKM M OTHOCUTENbHO 6asuca eu
e2 JTOT (haKT 3anucbiBaem Tak: M(xit x 2.

BbISICHUM TeoMeTpUUecKnii cmbicn a(hMHHBIX KOOpAMHAT.

N3 onpegeneHns cymMmbl BeKTOpoB creayet, uTo gurypa OMjMM2
(cMm. puc. 63) sBnaeTca napannenorpaMmom. MoaTomy

OM = OMj+ OM2

Ecnv nonb3oBaTbCs 0fHOW MacluTabHON eaMHULER ANS M3MepeHus AavH
BCEX BEKTOPOB Ha MNOCKOCTK a, TO

1 I*1l- 2 ™1

rge 3Hak natoc 6epetca B cnyvae, Korga Bektopbl OM, neb OM2un e2
MMEIT OAMHAKOBble HanpaB/fieHUs, W 3HAK MUHYC — B MPOTMBOMONOX-

HoM cnydae. UYwucna = |OM,|, £ |OM 2 HasbiBalOTCA KOMMNOHEHTaMMW

BekTopa r = OM oOTHOCUTeNnbHO 6asuca eu e2. Takum o06pasom,
alVHHbIE KOOpAMHAaTbl pajuyc-BeKTopa I, WAW, 4YTO TO Xe, apduH-
Hble KOOpPAMHaTbl ero KOHUa, CYyTb OTHOLUEHWS KOMMOHEeHT BekTopa T
OTHOCUTENbHO 6a3uca en €2 K ANMHAM BekTopoB elt e2

Ecnn Ha Kaxpgoin u3 oceii Oxi m Ox2 BbibpaTb B KayecTBe ne2
BEKTOPbl eAMHWYHON LNWHBI (NPWM 3TOM, KOHEYHO, MacwTabbl Ha 0csX
Ox1 1 0x26yayT, BoO6LE roBOps, pasHbiMK), TO aPUHHbLIE KOOPANHATbI
pagnyc-BekTopa v agrHHbIE KOOPAMHATHI TOYKWN, ABAAOLWENCA KOHLOM
COOTBETCTBYIOLLErO pajuyc-BekTopa, OyAyT paBHbl KOMMOHEHTaM pa-
[LMyc-BeKTopa OTHOCUTENbHO 6asuca eir e2

Ecnn BekTopsl N e2 UMEKT eAUHUYHYIO [LAWHY W B3aWMHO nep-
NeHANKYNAPHbI, TO aiPUHHbIE KOOPAWHATBI TOYEeK OTHOCWUTENIbHO TaKo-
ro 6asuca ABNATCA [eKapToBbIMU. B fanbHelilweM Mbl paccmaTpuBaem
nMWb apUHHbIE KOOPAWHATLI BEKTOPOB U Touek. [103TOMY TepMUH «ad-
(OMHHBIA» Mbl ByfeM onyckaTb M FOBOPUTb NPOCTO O KOOpAMHATaxX COOT-
BETCTBYHOLLUX FeoMeTpuYecKnx obpasos.

2. KoopavHaTHOe npeAcTaBfieHMe LEHTPONMHENHOro npeo6paso-
BaHWA BeKTopoBl T[lycTb

r-= &()

— UEHTPONMHeliHoe npeo6pasoBaHne Paguyc-BeKTOPOB, UCXOASWUX W3
Toukn O, M NyCcTb 3TUM npeo6pasoBaHWeM napa 6asUCHbIX BEKTOPOB

1 Hmxe B NyHKTax 2 u 3 LeHTponuHeiiHoe npeo6pasoBaHne uMHoraa 6Gyaem
Ha3biBaTb MPOCTO JIMHEMHbLIM.

101



eun e 2 MepeBOAUTCA B HEKOTOpyl napy BekTopoB e\ = ¢ (e,), e'2—
= ¢ (¢2). bygem cumtaTb BEKTOpbl € i, €2 W3BECTHbIMW, T. €. Ham
3afaHbl MX pasfioxXeHnsa no 6asmcy elt e2

+

N2 ~~ @22

\e\ = (ej
fit ~ ®(™)

[okaxem, 4yTo 3agaHue ¢opmyn (*) BMonHe onpeaensieT AMHeRHoe
npeobpasoBaHue ' — ¢ (r).

[JeiictButensHo, nyctb r = {ib x2] — NPOM3BONbLHbLIA BEKTOpP, a
r' ={Xi, x2\—ero o6pa3 (koopaumHaTbl 060MX BeKTOpPOB b6epyTcH
OTHOCUTENbHO OAHOrO M TOro Xe 6asnca e?. Torga

r'=xfel+ x.,e2= ¢(r) = p(x" + x2e"

™)

Mcnonb3ys CBOICTBA JIMHEAHOCTW MpPeobpa3oBaHUst ¢, MNOMYYNM:
+ xred= ¢ (JtjeJ-fpxej = xt(p(ej-f xrpen= x.e/ + xre\.
CnepoBatenbHO,

MogcTaBnsAs B MpaByH 4YacTb MOCMEAHEro paBeHCTBa BMecTo el[,e'i
nx pasnoxenua (*), bygem umeTb:
r' =x4{anel+ aner)+ Xx2(anet-farer) = (ai/l1 + alixei +
-f (QjjXj+ amxne2

C Apyroi CTOpOHBI,

Tak Kak OAuH W TOT >Xe BeKTOp ' OTHOCMTEeNbHO 6a3uca ex, e3nmeeT
e4VUHCTBEHHOE Pa3NoXeHue, TO

3T opmynbl NO3BONAT MO nob6omy BekTopy I — {xv x2] onpege-
nmTb ero obpas r' ~{x[, *]. Tem cambiM yCTaHOBMEHO, 4TO (HOpPMY-
Nbl (*) [eiCTBMTENbHO ONpeAenstoT /uHeiHoe npeobpasoBaHue .

CooTHoweHnss (£) /MHeAHO BbIP@XAKT KOOPAMHATbl  BEKTOpa
r'= ¢(r) 4epes KoopauMHaTbl BEKTOpa F. 3TW COOTHOLIEHWA Ha3blBa-
I0TCA  KOOPAWHATHLIM NpPeAcTaBNeHUEM JMHENHOro npeobpa3oBaHus
r'=d¢(r) B 6asmce ev er. Martpuya

A= (an °a\
421 a22/»
KOTOpas MnopoXjaeTcss KOOPAUHATHbIM MpefCcTaBNEHNEM
I XA = aitxt -j- aix2,



npeobpa3oBaHNA @, Ha3blBaeTCA MaTpULLleil 3TOro NMHeiltHOro npeobpaso-
BaHus B 6asuce B\, e2

MycTb Tenepb hMKcupoBaH 6asuc elt e2 1M Kaxaomy pagnyc-BeKTo-
py r ={*!, x2) nocTtaBneH B cCOOTBeTCTBUE pagunyc-BekTop r'— {xJ1 x 2\
no cnefywolleMy npaBuny: KOOpAWHaTbl BeKTOpa [' Monay4yalTcs M3
KoopAauHaT BekTopa r no gopmynam:

= anx{+ alx2
\X2 = N =1/A)

OuyeBMAHO, 4TO 3TO npeobpasoBaHMe ocTaBnsfeT Touky O (0, 0) Henog-
BUDKHOWA.

[lokaxxem, 4TO MOCTPOEHHOe Hamu npeobpa3oBaHWe pagnyc-BeKTO-
poB r'= ¢ (r) nuHeiHo. ONnA 3TOro HY>XHO MPOBEPUTb COOMOAEHME
YCNOBUIA, XapaKTepusyrwLWwmnx AMHERHOCTb nMpeobpa3oBaHus dq.

1) MycTb
r={t x2, o) =r'" ={x[, X2, @) = r* = {x\x*2,

roe 49— npousBonbHOe 4yucao. Tak Kak

x* = flu (xxi) + ai2 {Ix2 = 1 (anXi + al2x2 = foe,1,
X2 = a2l (A*) + a22 (Ix2 = X (a2iXl+ a2Zx2 = Xx2',
TO {m
r* = 4r'.
OTcroga
®(Ar) = Ap(r).
TakuMm 06pa3om, MepBOe YCNOBUE NIMHEWHOCTU ANs NpeobpasoBaHUs @
cobntofeHo.
2) MycTb

r=[xunx2>S = {yb y2}

— MpPOU3BO/bHbIE PajMyC-BEKTOPbI,

r = (N =[x, xr}, s* = d(« = [y/, y2}

—ux ob6pasbl,

o (r+ s) r* = {x4 x2%

— 06pa3 CyMMbl BEKTOPOB I U S. Mbl 1MeeM:
r-f8= \xx+ yl, Xr+ y2)»
cnefoBaTesbHO,
x*= flu (Xj + y,) + a12(x2+ yr) = (Ni®i ~b #12*2) + (auYi b
+ al2y?) = Yir»
x2x= a2l (Xi + Yi)+ arr{xr+yr) = + a2*gd + («21Yy1l+
-f- N22Y2) — *2' "b ¥Yr’-
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TakuM 06pasom,
r“=r'+s'

®(r+ B) = () + d(s).

NTak, BTOpOE yCOBKE TIMHENHOCTM ANs Npeo6pa3oBaHus cTakxke cobio-

jeHo. CnepoBaTenbHo, r' = ¢ (r) ecTb NMHeilHOe npeobpa3oBaHue.
M3 04eBMAHbLIX PaBEHCTB
et= 1l-el+ 0.e2
B2— 0 4" 1e&
BbITEKAET, YTO B 6asuce elt e 2 BekTop €, MMeeT KoopauHatbl 1 u O
a KoopAauHaTamu BekTopa e 2cnyxat 0 un 1

A= {1, 0}, 2= {0, 1}
OTctofa o6pasbl 6a3ncHbiX BekTOopoB e{ M e2 TaKoBbl:

~ fel> fl21y ~2 o~ a22l
COOTBETCTBYIOWLIME PA3NOXEHUA WUMET BUA:
e[= allel+ a 2le2
n2= AM2M N2’
MaTpuua, cocTaBfieHHas M3 KO3I((UUMEHTOB 3TUX Pa3N0XEHWUR, nmeeT
BUA;
A* — lan a2t
\0-i2 ~22'
W nony4yaetca TPaHCMOHMPOBAHWEM MaTpuLbl JIMHEHOro npeobpaso-
BaHMA (. ITak, NpuUXoauMm K creaylouleil Teopeme.
Teopema 1 Ecnm pgaHo nuHeitHoe npeobpasoBaHue
r’= ()
pagnyc-BeKTOPOB ', UCXOAALLMX U3 MPOM3BOALHOW TOUYKM O NNOCKOCTMH a,
n 6asnc <%, e 2c Hayanom B Touke O, TO B KOOPAMHATAX OTHOCUTENbHO
6asnca eb er npeobpasosaHue ¢ npeacTasnseTca opMmynamu:
X = atiXi4- aix2
x2 ~ 2171 @2272’
O6paTHo, ecnu 3apaHee faHbl opmynbl Buaa (# * *) ana npeobpaso-
BaHWA KOOpAMHAT pajuyc-BeKTOPOB OTHOCUTENbHO 6Gasuca ef e2 TO
OHU NpeAcTaBAAlT B BblOpaHHbIX KOOpAMHATAaxX HEKOTOPOe NuHelHoe
npeobpasosaHue.
MaTpuya A, cocTasneHHass M3 KoaduumeHToB dopmyn *x),
U MaTpuua A*, cocTasneHHas U3 Koah(ULUNEeHTOB pasnodXKeHUidi BeKTO-

poB e[, el no 6asucy By, er, NepeBoAsTCA OAHA B [APYrylw TpaHcno-
HUPOBAHNEM.
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PaccMOTpMM KOOpAWHATHbIE NMpefcTaBAeHUS MPOCTEMLNX IMHENRHbIX
npeobpasoBaHuii.

Mpumep L AOyctbr' = ¢ () ecTb nogo6ue ¢ KO-
dmnmumeHtom Kk, T.e ¢ (r) = kr. basuc el Br Bbibepem M3 npo-
M3BOMIbHOW Mapbl HEKONIIMHEAPHbIX BEKTOPOB, MCXOASLMUX M3 LEeHTpa
nogobus. Torpga

x[ = kXi,
X — kx2.

CnepoBaTenbHO, KOOpPAMHATHOE MpeAcTaBfeHWe Mofo6us TakoBO:
(x\ —kx.4- 0-x?,
jx2t=0.xj-f kx2

matpuua nogo6us uMeeTt BuUA;

Mpumep?2 MNyctbr'=(r) ectlbBpauUw,eHne Ha yron y.
B kauecTBe 6a3uca 6epem napy B3avMHO NeprneHAUKYNAPHbIX efuHUY-
HbIX BEKTOPOB Bi W €2 UMeKLWMUX Ha4yano B LeHTpe BpalweHus. MycTb
r = (Xj, X2} — Npou3BONbLHLIA paguyc-BekTop. Toraa, BBOAA NONApP-
Hble KOOpPAMHAaTbl Ha MJIOCKOCTM a W NOAb3ysACb TeM, 4YTO apduHHbIE
KOOpAUHaTbl BEKTOpa COBMagaloT B 6asnce eun e 2C AeKapTOBbIMU, MO-
nyunm:
(= pcos §
\x2= psin0,

roe p, © — NonsipHble KOOPAMHAThbl KOHLA BekTopa . Tak KakK BEKTOp
r'=¢ (r) nonydyaeTtcs NOBOPOTOM I Ha Yron y BOKPYr Hayana Koopau-
HaT, TO
j X[ = pcos ®-fy),
\x'2= psin(0 + V).
OTcroga
Ix'=pcos (©+ y) = p[cosOcosv — sin ©sin vi,
| 2= psin ©— vy) = p[cos 0siny-f- sin 0 cosy].
PackpbiBasi CKOOKM B MpaBblX YacTAX 3TUX PaBEHCTB M nonaras p cos 0=
= Xi, psin0 = x2, HaillgeM (hOpMY/bl KOOPAMHATHOrO MpeAcTaBeHUs
BpalLeHNs Ha yron y:
j Xj = xtcosy — x2siny,
| X2— Xtsin Y-f- *2cos Y*

MaTpuua BpalweHna Ha yron y nMmeeT Bua;
= /coay — siny\
\sinY coay/.
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Mpumeps. TlycTb npeobpasoBaHue
r= o()

eCTb OTpaxXeHMe OT NPpAMON a basucen e2Tak Xe, Kak
W B MpuMepe 2, BO3bMEM COCTAB/IEHHbIM W3 B3aMMHO MepneHANKYNAPHbIX
BEKTOPOB Bi W € 2 @ANHWYHON [NNHBLI, NPUYEM BEKTOp €2 HanpaBuMm
no npsamoi a. Torga, ecim

r{v, x2, r — [x\ x2],
TO
Xi—xt, x2= —x2

HanucaHHble (hOpMyNbl 1 AalOT KOOPAMHATHOE MpeAcTaBleHUe oTpaxe-
HWUS OT npamoii.,MaTpuua npeobpasoBaHUs 34ecb UMEET BUA;

HA-1).

Mpumep 4 CxaTue K npamMoi. TlycTb a — HeEKoOToO-
pas npamas, npoxoaswas 4yepe3 Touky O. ConoctaBum C KaXgbiM
pagnyc-BeKTOpPOM

r=wr
paguyc-BeKTop
M =d¢@) = om

Takoil, 4to ecnm P — OcCHOBaHMe MepeneHAUKYNApa, OMyLLeHHOro M3
M Ha a, To M' nexuT Ha nyye PM, npuyem OTHOLLEHMe ANUH OTPE3KOB
PM'" H PM paBHO NOCTOAHHOMY
nonoxutensHomy uyucny k. Huxe
O6yfeT npoBepeHO, 4YTO YKa3aHHOe
npeo6pasoBaHne nuHenHoe. TlocT-
poeHHOe Bbie npeobpa3oBaHue Ha-
3blBaeTCA CcCXaTumeMm K npasa-
Mo 1 a. Echm k < 1, TO Mbl MMeeM
[JEeACTBUTENbHO CXaTue, ecnm Xe
k> 1, To Mbl Ha caMOM fJene UMeeMm
[eno ¢ pacTaXeHUEM.
Ha puc. 64 ykasaHO, KakK u3me-
HAeTca ¢urypa F nop pgeicteuem
npeo6pa3oBaHusa cXaTus K npsamon a.
Myctb 1'— (r) ecTb cXaTue K
npamoii a ¢ KoahduumeHtom K.
Beps 6a3uc elt e 2 U3 B3aUMHO nep-
NEHAUKYNAPHBIX  efWHUYHbIX  BEK-
TOpPOB W pacnonaras npu 3TOM Bek-
Puc. 64 Top et Ha npsMoli a, bygeM WMeTb
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ans BekTopoB I = (arb x2l ur' = (r) = {*/, X2\ cOOTHOLWEHMUS:
X[ =
A2 — kd%
HanucaHHble hOpMYnbl W JalOT KOOPAMHATHOE MpeAcTaBieHue B 6asuce
eun e2cxkatna K npsMoi a. MaTtpuua 3TOro npeobpasoBaHWs, UAW, 4YTO
TO Xe, Ckatua K.ocu 0xIt nmeet BuA:
n o\
\o «}.
Ecnu 6bl no npsAMoil a 6bin HanpaB/ieH BEKTOP € 2, TO KOOpAMHATHOe
npeAcTaBneHne UMeno 6bl BUA;
| X[ = kxlt
1*2 = X2»
W, cnepoBaTenbHO, coXaTme K ocn Ox2 ¢ KoagpduumeHtoMm k xapaktepu-
3yeTca MaTpuuen.

A — (k
\0 1/.

N3 npuBefeHHbIX HamMuW pPacCMOTPEHMIi BbiTeKaeT, UTo ecimet n e 2
— e[MHNYHbIE B3aMMHO MepPrneHANKYNsPHble BEKTOPLI, TO NMHeliHoe
npeo6pasoBaHne r'= ®(r), nmetowee B 6Gasuce el e 2 KoopgMHaTHOE
npeacTasieHune

XA — fejXj,

ABNAETCA OJHOBPEMEHHO CXaTWem K [ABYM B3aMMHO MepneHAuKynsap-
HbiIM ocam Oxt n Ox2 ¢ KosapmumeHTamm n k2. MaTtpuua Takoro
npeobpasoBaHUs UMeET BUA:

A=

3. "eOMeTPUYECKUI CMbICNT ONPeaeNMTeNst LeHTPOSIMHEAHOIO NpPeo6-
pasoBaHusi. MycTb Ha MJOCKOCTV a ONpeAeneHO LEHTPONIMHelHOe npe-
06pa3oBaHNe pPaguyc-BeKTOPOB, MMEKLWMX Hauyano B Touke O:

r' = g(.
Bbibepem 6asnc eit e 2¢c Hayanom B Touke O. Torga OTHOCUTENbHO 3TOrO
6asmca KoopauMHaTHOe npefcTaBfieHMe OyfeT MMeTb BUA:

Xj = "l- M2721
X2 =
BasncHble BEKTOpbI € it € 2 NepeBoOAsATCA COOTBETCTBEHHO B BEKTOPbI
2 = awuel aZlek
e y— itiei aizt'
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Onpegenntens matpuubl

A = (aun
\fl2l a22l
O6yaem HasblBaTb OnMpeAennTeneM AWHeiiHOro npeo6pasosaHus (p. B ganb-
HelilueM Hapaay C OOblYHbIM 0603HAYeHMEM ONpeaenuTens MaTpuubl A:

6ygem mcnonb3oBaTb 0603HauveHne det.4.

MycTb N — eAWHUYHbLIA BEKTOP, MepneHAMKYNApPHbIA K NNOCKoCcTM a W Ta-
KOV, UTO BEKTOPbI eX, er, N B MPOCTPaHCTBe 06pa3yioT NpaBylo TpoliKy. Torga
BEKTOP N MO HanpaBfeHW0 COBMafjaeT C BEKTOPHbIM Npou3BefeHueM [ev e2\:
O603HauMm yepes SO nnowagb napanienorpamMma, MOCTPOEHHOrO Ha BEKTOpax
en er, Torga

[*?, fiZ = SOn. (*)

O603HauMmM uepe3 S'0 nnowagb MapannenorpaMma, MOCTPOEHHOrO Ha  BeKTOpax
el = ¢ (ex), e2=y (fi2); Torga

\e[, €2]= =S'On. c )

3HaK N/C B 37O/ (OpMyNe COOTBETCTBYET C/yuyald, KOrja Tpoiika BEKTOPOB e,,

e3, N npaBas, a 3HaK MUHYC, KOrfa 3Ta )e TpoliKa BEKTOPOB fieBas. B nepBom
cny4vae Mbl 6yfieM roBOpWTb, YTO Napbl BEKTOPOB €X , €2 M EeX, €2 Ha MIOCKOCTU a
OpWEeHTUpPOBaHbl OAMHAKOBO, & BO BTOPOM Cllyyae — MPOTUBOMONOXHO. Ecnu
So' = 0, TO BEKTOpbl €X W €2 KONAMHeapHbl, U BONPOC 06 OpueHTauun nap
ex, e2 n elt e2 oTnagaert.

Vicnonb3ysa CBOMCTBa BEKTOPHOrO MpPOM3BEAEHMUA, U3BECTHble M3 Kypca aHa-
NINTUYECKON TeoMeTpumn, MOoNy4YmMm:

[e e2l==Namel+ a2lex «l12el~b °22fi2] == all«22 [fil,

+ QaP\ex fill —(«x2—012a2l) [fill fiZe

OTctofa ¢ yyeToMm paBeHCTB (*) n (J) byaem uMeThb:

+SL= |as "2 1S0
0 II«Z. «5![
OpUWeHTUPOBAHHOM MAOWaAbI0 MapannenorpaMmma, MOCTPOEHHOTO Ha  Bek-

Topax ewu fi5, 6ygem HasbiBaTb 4mMcio SO, ecnn napbl X, €? W er, e2 0pUeHTUpoBa-
Hbl OAMHAKOBO, W — S'0> ecnn 3TW nNapbl OPUEHTMPOBaHbI  MPOTMBOMONOXHO.
OpueHTUpOBaHHYl naowanb 6ygem o0603HavaTb 6ykBoi aQ Torga

= 1., 2150

OTclofja BbITEKAeT TFeOMeTPUYECKUii CMbICT OnpeAenuTens NUHEAHOro npe-
o6pa3oBaHus

X[ = anxt+ alx2,
X— @K1 202

MMeHHO det A ecTb OTHOLIEHME OPUEHTUPOBAHHOM Nnowaanm napannenorpaMmma,
NOCTPOEHHOTO Ha o6pasax aNeMeHTOB 6asnca ex, e2 K niowaan napannenorpaMmma,
MOCTPOEHHOr0 Ha 6a3nCHbIX BEKTOpax eXx, e2.
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MycTb Tenmepb r, S — Mapa Paanyc-BEKTOPOB Ha MMOCKOCTM &, MCXOAALLUX
M3 ToukM O, M nycTb

r= xlel4-*2"2.

S= VIN + X2
— pas3noXeHus 3TUX BEKTOPOB no 6asucy elt er. Ecnm depe3 S 0603HAUUTL MNO-
Waab napannenorpamMma, NoCTPOEHHOTO HAa BEKTOpax r, S, TO

[r, s]=+Sn. am

Tak e, KaK U Bbllle, Napbl BEKTOPOB I, S M elt e2 6yaeM cumMTaTb OPUEHTUPOBAH-
HbIMM O[JMHAKOBO, €cin B popMyne (***) CTOMUT 3HaK M/C, U OPUEHTUPOBAHHbLIMU
NpOTUBOMONOXHO, ecnu B (opmyne (,%) CTOMUT 3HaK MUHYC. B nepBom cnydae
OPWEHTMPOBaHHOI MowaAbto napannenorpaMma, NOCTPOEHHOrO Ha BeKTOpax I W
s, OyZieM HasblBaTb 4Mcio + S, a BO BTOPOM ciyyae —S . OpUEHTUPOBAHHYIO
naolWwagb 3Toro mapanfnenorpaMma 0603HauYMM Yepes a. ToOrja U3 COOTHOLLIEHMUS

[r,s] = + x2e2t yjCi+ Y2*2I = (*iYr — *2Yi) [eve2\
rbiTeKaeT, 4To
*I'V
1%2 Y21
MycTtb, panee,
r = oh S: > Y2
06pasbl BEKTOPOB I M S nNpu npeobpasoBaHumn dh.

OpwveHTMpoBaHHasa nnowagb 0’ napasnfienorpamMmma, NOCTPOEHHOrO0 Ha BeK-
Topax r' mu s', paBHa

*1 Y

4 Y2
Tak

;«l1*1+ «12%2. Yi = «nYi+ airYa
X2= az2lXy-|- 022*2. Y= «3i¥Yi+ «22¥2.

T0, WUCNONb3yA YMHOXeHue martpuy, UMeeMm:

A1yl (A M
X2 ¥Y2 | \«2l «@2/ \*2 y2]/-

Tak Kak onmpefiennTens NpousBedeHWs MaTpuL, paBeH MPOM3BEAEHWO onpejenu-
Teneidi nepemMHOXaeMblX MaTpul, TO
L e v
*2 W 21 "2 X2 M
YMHOXasa 06e yacTu nocnegHero paBeHCTBa Ha SO M UCMONb3ysA COOTHOWEHMS (**%)
(* *), nonyumm:
a' —a-det A

Takum 06pa3om, Npu NUHeAHOM npeobpasoBaHun r' = <p(r) Bce napanne-
NorpaMMbl U3MEHAKTCA TakK, 4YTO WX OPUEHTUPOBAHHbIe MMOWAAMN W3MEHAITCA
nNponopuMoHanbHO;  06WMM  KO3(MULMEHTOM  NPOMNOPLMUOHANBHOCTU fBASETCA
onpegenutens npeobpasoBaHus.

M3 dopmynbl a' = adet A BMAHO TakXxe cnepytouiee: ecnnm det A > 0, 1o
npeobpa3oBaHMe COXpaHAeT OpMeHTaLuM BCeX Map BEKTOPOB NIOCKOCTW a, ecnu
Xe det A < 0, — MeHfeT na nNpPOTMBOMONOXHbIE. OueBMAHO, YTO ecnu

det A ¢ 0, To nuHeiiHoe Npeo6pa3oBaHne P HEBLIPOXKAEHHOE.
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MycTb Tenepb NMHeliHOe npeo6pasoBaHue ' =»d(ir) MMeeT paBHbIA HyNw onpe-

penutens. N3 dopmynbl a = | yi| SO cnegyeT, UTO OpuMeHTUpPOBaHHasf naowaib

napannenorpaMma, MoCTPOeHHOro Ha BeKTopaxX e[ — < (EX) U e\ = P(e%), paBHa Hy-

Mo. CnegoBaTelbHO, BEKTOPbI e[ W e2 KOMMMHeapHbl. OB03HAUYMM Yepesa’ MPSIMYLO,
Ha KOTOPOiA NexaT 3T BeKTopbl. A5 N06Or0  paguyc-BeKTopa t  ClpaBeMBo
pasnoxeHne

r= xxex-fxze2

N3 nuHeiiHoCcTM npeo6pasoBaHMs TorAa cneayeTt, yuTo BEKTOP

N = xle[ + x 2e"2

NeXxuT Ha npsmoi a'. MTak, B cnyyae, korga, det /4 = 0, BCS MIOCKOCTb @ 0T06-
paxaeTcs B HEKOTOPYl MNpsMyl. Takoe NUHeliHoe npeo6pasoBaHWe MIOCKOC-
TM Ha3blBaeTCA BbIPOXKAEHHbIM.

PaccMoTpeHHble Bbile (haKTbl pacKpbiBalOT FeOMETPUYECKUA CMbICA onpefge-
NUTENS NUHERHOro npeo6pasoBaHMﬂ.

4. KoopanHaTHOe TMpeAcTaBNeHWe NUHEAHOro npeobpa3oBaHus.
B nyHkTax 2 n 3 HacTosAwero naparpafa 6bJ10 pacCMOTPEHO LEHTPO-
NWHelHoe npeobpa3oBaHMe. B HacTosiLleM MNYHKTe pe3ynbTaTbl, MO-
Ny4yeHHble B NN. 2 1 3, 6YAYT nepeHeceHbl Ha o6Lme nnHeliHble npeobpa-
30BaHuA.

MTakK, nyctb

i = ¢0)

— NIMHeliHOe npeobpa3oBaHue, MepeBoAslLee paguyc-BeKTopbl I £ RO B
pagunyc-ektopbl r'*Ro’. Myctb gi= 0'Gl n g2= 0'G2— BeKTOpHI,
paBHble COOTBETCTBEHHO BEKTOpam = OEt n e2= OE2 BekTopbl
N €2 npeanonaraldTCA HEKON/MHeapHbIMW. Takum 06pa3om, Ha MA0CKO-
CTW BblgenawTcs ABa 6asuca eit e2 M gt, g2 Hayana KOTOPbIX Haxo-
aatca B toukax O m O'. MNMycTb M — nNpou3BofibHas TOYKa MIOCKOCTH.
Torpga KoopAuHaTbl ee OTHOCMTeNbHOro 6asuca et, e2 6ygem 0603Ha-
yatb (xu Xj), a oTHocuTenbHO 6asuca git g2— (y,, y*. B cooTBeTCTBUM

C 3TUM paguyc-BeKTop I — OM wuMeeT KoopaumHaTbl {xv x2), a paguyc-
BekTOop r'= O'M — koopauHatbl \y{ Yy2.

Myctb e *=p(ed n «’=f (e — obpasbl 6a3sUCHbIX  BEKTOPOB
npu npeo6pasoBaHUN ¢ u NYCTb

<= aHgt-f a2g2

= aizfl “b °2ig2
— pas3fnoXxeHns BeKTOpoB en' u e’ no 6asucy gv g2 TlycTb Tenepb
r ={X,, X2]— npou3Bo/ibHbIA BekTOp W ' — | y\, y2j — ero o6pas.
Torpa

M=y[gi+ Y"2 = ¢ (@) = & (XN + xre/



Tak Kak ¢— NvHeliHoe npeobpasoBaHue, TO
dfoe, + *22 = pre,)+ hp(xe"-=
= mo (e)+ *2p(ed = + X2
CnegoBaTesibHO,

r'= *l«'+ x2r= y'ffd-y'fiv

r f

lMoacTtaBnas B NeBYyH 4acTb MNOC/MeQHEro paBeHCTBa BMECTO eX e2 nx

pasnoxeHus (*), nony4um:

r' =g, (a>xx + a2g’+ *2(alyt-f azy?d =

= QiXji-i- S T (T Rr2r)
C [pyroii CTOPOHbI,
r=y»"rb y~r-
OTcroga
Yx=aill ~b a\txw
Y2 = qzixi ~b 222" !
MycTb paguyc-Bek-

Top OJIT (puc. 65) B

6asuce en e2MmeeT Ko-
opauHatel) X[, x’}, a

BekTop OO' = ine x-f-

+ d2ev
[anee,

OM7= 66I-f(YM'= Puc. 65
=00"+ ON,

roe ON~— BekTOp, paBHbii BekTOopy 0'M '\ BekTtop ON
Hatbl {y,, y2} lMoatomy

(* = y\+ di,

\x 2= y2+ d2

>

MMeeT Koopau-

OTclofa KOOpAMHATHOE NpefcTaBNeHWe NUHENHOro npeo6pa3oBaHus

r' = ¢(r) B 6asnce ex e2 umeet BUA;

| X~ = AiN "b al2?24” dlt
1 *2 = a2iXl “f" a2X2~b d2

M3 nonyyeHHbIX opmMyn BUAHO, 4YTO obuiee NnuHeliHoe npeobpasosa-
HMe CcKnafblBaeTCs U3 NOCNeLOBATENbHOIO BbIMONHEHUS LEHTPONUHEN-

Horo npeo6pa3oBaHus



— OuyX, “f" ai2x2>
— ariXi _b 7222
M napannenbHOro nepeHoca Ha eekTop OO' = d,e,-j-rfd2

OuyeBUAHO, UTO BEPHO U 06paTHOe yTBepxAeHue: (*) onpegensier B
6asnce ex 1 €2 nuHeitHoe npeobpa3oBaHWe COBOKYMHOCTW BEKTOPOB C
Hayanom B Touke O (0, 0) B COBOKYMHOCTb BEKTOPOB C HayasoM B TOYKE
O' (du d2. Mpwn 3tom maTpuya

nonyvatoujascs TpaHCMOHWPOBaHWEM MaTpULbl A KOOPAMHATHOrO Mpej-
cTaBfeHUs npeobpasoBaHUs <

— aifl +
*2 = +
npencrtaBnsaeT coboli KOSd)d)MuMEHTbI pa3noxxeHna 06pa30|3 3/1eMEHTOB

6asmca e{ e2no Bektopam gt=0'Gtwmng2=0'G2 paBHbIM COOTBET-
CTBEHHO BekTOopam et u e2

Tak Kak npu napanfefibHbIX MepeHocax KOHTPY3HTHOCTb Quryp
Ha €eBKNMAOBOIM NJOCKOCTM COXpaHsercd, TO, OYEBUAHO, reomeTpuye-
CKUIA CcMbICN OnpefennTens 06LWero nuHeRHOro npeob6pasoBaHus ¢
TOT Xe, YTO U Y LEeHTPONNHeHOro npeobpasoBaHms. VIMeHHo,

€CTb OTHOLWEHNE OPUEHTNPOBAHHBbIX I'II'IOLIJ,&,U,E‘VI napasnnenorpammos 0' u
a, NOCTPOEHHbIX COOTBETCTBEHHO Ha BEKTOpPax

r, S

roe r u s— nbble HEKONNMHeapHble MeXXAy Co60ii pagnyc-BeKTOpbI C Ha-
yanom B Touke O (cm. puc. 66).

r'=f{rl’
Puc. 66
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[anee, ecnu

a2 a2
TO opmynbl (*) onpeaensatoT NMHENHOE HEBLIPOXAEHHOE npeobpasoBa-
HWe; ecnn Xxe

41 12 = Q,

TO Te e GopMynbl OnpefenstoT NMHelHOe BbIPOXAEHHOE Npeobpa3oBa-
HUe.

5. KoopauHaTHoe npeAcTaBfeHWe ag@UHHOrO npeo6pasoBaHms.

Teopema 2. TycTb 9— adduHHOe NnpeobpasoBaHne eBKINLOBOIA
NAOCKOCTU U eit e 2— Npon3BONbHbIA 6a3uc Ha 3Tol nnockocTu. Torga
KOOpAMHATHOe nNpefACTaBNeHNe tp OTHOCUTENLHO 6asuca ew e 23agaeTcs
thopmynamu:

x = anxt-f- alx2-f-d,,

*PeA22%2  dfy
roe
M ul2 ¢ 0.
hi °22

JokKka3aTenbCcTBO 3TOW Teopembl HEMoCpPefCTBEHHO BblTe-
KaeT U3 pe3ynbTaToB, MOMYYEHHbIX B N. 4. [lelicTBUTENbHO, adhMHHOE
npeo6bpa3oBaHne P B KoopamHatax Xi, X2 OTHOCUTENbHO 6asmca e?2
MMeeT TO XKe caMOoe KOOpAWHaTHOE NpejcTaBfieHne, YTo U MopoXAatoLee
ero J/IMHeiiHOE HEBbIPOXAEHHOe npeo6pa3oBaHMe pafUyCc-BEKTOPOB
r' —tp (r). A npeobpasoBaHue /*'=<p (r) vmeeT B 6a3uce eu er Koop-
LVWHaTHOe npeacTaBfeHue

| x = atlxt + airta+ "i.
= arixi+ at& + dz,
npuuem

au a\r ¢ 0.
a2\ °22

Teopema [oOKa3aHa.

VimeeT MecTo u o6paTHOe YTBepXAeHMue.

Teopema 3. TycTb Ha ®BBKNINAOBOA NNOCKOCTMU (DUKCUMPOBAH He-
KOTOpbIN 6a3nc el er n onpeaeneHo npeobpasoBaHune o, KOTOPOE Ka>K/oi
Touke M (xIr x2 oTHocuT Touky M' (x{, x2) no npasuny

=flI* 1+ «12*2+fl,
XN= aZix1~b "22X2“1* dz>
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Mpu 3Tom,

aH V22 ¢0O,
ak w2

Torpa ® ecTb adduHHOe npeobpas3oBaHue.

Joka3aTenbCcTBO HeNOCPeACTBEHHO BbITEKAET M3 TOr0, 4TO
npeo6pasoBaHune ¢ NOPOXAAET NMHENHOe HEBbIPOX/EHHOE Mpeobpaso-
BaHMWe COBOKYMHOCTW pafmyc-BeKTOpPOB C Hayanom B Toyke O (0, 0)
Ha MHOXeCTBO pafnyc-BeKTOpPOB C Hayanom B Touyke O' (dif d2\ no-
cnefHee yTBEpPXAEHMe fOKa3aHO B N. 4 HacTosAwero naparpada.

Takum o6pa3om, n3 TeopeM 2 u 3 cnefyeT, 4TO onpejeneHvie ag-
(hMHHOrOo npeobpa3oBaHUs €BKAWAOBOWM MIIOCKOCTM MOXHO AaTb B Tep-
MUHax npeobpa3oBaHWin KOOpAMHAT TOYEK OTHOCUTENIbHO (PUKCUPOBAH-
Horo 6asuca Bu e2

§ 3. pynna apuHHbIX Npeobpa3oBaHuii

1 MponssegeHe ahhuHHBLIX NpeobpasoBaHuUii. MycTb Ha eBKANAO-
BOW MMOCKOCTW a 3ajaHbl fBa apMHHbLIX Npeobpa3oBaHusMuU rj. B co-
OTBETCTBUM C onpefeneHunem, gaHHeiM B N. 1 § 9 rn. |, npomssegeHnem
ahUHHLIX npeobpa3oBaHUil M3 U ) HasbiBaeTcA Mpeobpa3oBaHuee §,
cocToslee B NocnefoBaTelbHOM BbIMOMHEHUM Npeo6pasoBaHuii [) u Ij.

duKcmpyeMm Ha MIOCKOCTU a HeKOoTopblli 6asmnc eun e 2. MycTb OTHO-
CUTeNbHO 3Toro 6asuca npeobpasoBaHusa BU T) UMEOT KOOPAWHATHbIE
npescTaBneHUs:

Torga npeoGpasoBaHue £'= T3 B 6asuce elt e2 UMeeT KOOpAWHAT-
HOe MpeacTaBfeHue:

ALK =cCcin+ apg -f

X2* CAXI“b Q22+ K2
rae

hi —/i+ budt-J-bl2d2 h2= f2-\-b2d|-\-b222

OTctofia Ha OCHOBaHMK Teopembl 3 § 2 rn. Il cnegyet, 4yto npeo6-
pasoBaHue £ = w3 ecTb ahnHHOE npeobpa3oBaHMe MAOCKOCTM a.
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WTak, cnpaBeanuea cnegytouias Teopema.

Teopema |. TpousseaeHne aduHHbIX NpeobpasoBaHuii ecTb
atuHHoe npeobpasoBaHue.

TakK Kak gna npounssegeHns nobbiX TOUEUYHbIX Npeobpa3oBaHunii W, Ij,
£ NNOCKOCTM a crpaBeANnB 3aKOH accoumatusHocTh (cm. 89 rn. 1), ro, B
YacTHOCTW, 3TOT 3aKOH chpaBeanmB, Korga 4 1), £ — apduHHbIE npe-
obpasoBaHus.

2. O6palleHne athpuMHHOrO npeobpaszoBaHUsA. DPUKCUPYEM HEKOTO-
pblii 6a3nc eit €21 NycTb OTHOCMTENbLHO Hero agunHHoe npeobpasosa-
Hue Y MMeeT KoOpAMHaATHOe npeAcTaBieHue

XN — Ayl -J- M2 4T M

&2 = “ N2212 ~f~ 12>
npuyem

@0,
aii ai2

Bbipaxas xu xr yepesn:',, X'2, nonyyumm:

1
a2 — \
T X =4%x%2h

*)
M — —aa
rge
/i = —( az2dl-(-and?,
f2 = — (a2ni

dopmynbl (*) gatoT NPaBMIO HAXOXAEHUS NO KaXXA0N Touke M ’(xi,x2)
NA0CKOCTK a ee npoobpasa M (xu x2) oTHOCUTENLHO Npeobpas3oBaHus Tp.
CnepoBatenbHO, GopMynbl (*) 4al0T KOOPAMHATHOE NpejcTaBfieHMe Mnpe-
obpaszoBaHua Myl N3 Teopembl 3 § 2 rna. Il Torga BbiTekaeT, 4TO ijri
ecTb admHHOE npeobpa3oBaHue.

WTak, cnpaBefnmBa

Teopema 2 [lpeobpa3oBaHue, obpaTHoe K apPUHHOMY, Cylie-
CTBYeT, €AMHCTBEHHO U sBAsieTCA ad)hMHHBIM Npeobpa3oBaHMeM.

3. Ipynna aguHHbBIX MpeobpasoBaHUi K ee MNOArPYMnbl.

Teopema 3. COBOKYNHOCTb aphuHHbIX npeobpa3oBaHMil €BKU-
[0BOIi MNOCKOCTW OTHOCUTENLHO Onepauun yMHOXKeHUs obpasyeT rpyn-
ny.

LJoka3zaTenbcTBO. [eACTBUTeNbHO, B cuny Teopembl |
npoussedeHne ABYX apunHHbIX npeobpa3oBaHUii ecTb CHOBa apmHHOE
npeo6pasoBaHme. Ponb eauHNULBI MTpaeT TOXAECTBEHHOe npeobpas3oBa-
Huee, M ANA KaXAoro apgpuHHOro npeobpasoBaHWsa P B CUNY TEOPEMbI 2
ecTb obpaTHoe tp1 Takoe, yTo 3[ri1 = e.
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TakuMm 06pa3oM, COBOKYMHOCTb alPuMHHbLIX nNpeobpasoBaHUii OTHOCU-
TeNbHO OMnepauunm YMHOXEHWs AeiicTBUTENbHO 06pasyeT rpynny.

3Ty rpynny, Kak Mbl ycnosunuch Bbiwe B 81, 6ygem o603Hayatb O6.
B rpynne O6 umetoTcs [Be BaxHelwwue noarpynnsl: J1 — nogrpynna
HEBbIPOXAEHHbIX LEHTPONMNHEWHbIX Npeobpa3oBaHuii u V — NoArpyn-
Na napannenbHbIX MEpPeHOCOB.

Opyrue noarpynnel rpynnbl 03 6yAyT yKaszaHbl HUXe.

No6oli napannenbHblii MEpPeHOC MNAOCKOCTM a He MeHseT paccTos-
HWA Mexay Touykamu. [lo3aTomy npeo6pa3oBaHMs MOArpynnbl & He
MEHSIIOT METPUYECKMX COOTHOLIEHWI Ha niockocTu. C Apyroii CTOPOHbI,
NPUMEHSA K reoMeTpuyYeckum gurypam Ha NNOCKOCTM a npeo6pasoBa-
HUS 13 noarpynnel Jb, Mbl, KaK nNpasunio, 6yLem U3MeHATb MeTPUYECKUe
COOTHOLLEHNA MEeXAY 3NeMeHTamu 3Tux ¢uryp. OTcioga ICHO, YTO U3y-
YyeHMe CBOWCTB reoMeTpUMYecKUX (Uryp, OCTAKLUXCA WHBAPUAHTHbLIMU
(Hem3meHHbIMK) Npu  a@UHHBIX Npeobpa3oBaHUAX, Npexne BCero cBo-
OUTCA K WCCNefOBaHUI0 WMHBAPWAHTHBIX CBOWCTB TEOMETPUYECKUX (u-
ryp npu HeBbIPOXAEHHbIX LEHTPONIMHERHbIX Npeobpa3oBaHUsX.

§ 4. HekoTopble cBolicTBa addhUHHbLIX Npeobpa3oBaHuii

Teopema 1 T[pn adpduHHOM NpeoGpasoBaHUK NpsMble Nepexo-
AT B NpsMble, NpU 9TOM NapannenbHbie MpsiMble NepexoasaT B napan-
nenbHble.

JokaszaTenbcTBO. ®UKCMPYEM Ha NAocKocTu 6asuc, co-
CTOAW NI U3 ABYX B3aMMHO MepneHAUKYNspHbIX efUHUYHBIX BEKTOPOB €U
e2. Torga KoopguHatbl TOYEK MAOCKOCTM OTHOCUTENbHO 3TOro 6asmca
ABNAOTCA [eKapToBbIMW. [lycTb  — MpoW3BONbHOE ad)(hMHHOE npe-

o6pasoBaH|/|e NNOCKOCTH, UMEKLLEe B 6asunce Bu er KoopanHatHoe npepn-
CTaBneHune

fx[ = aux, -f- anxr -
\x'2= anx/l-)- anx. + fifa,
npuyem
"2 0.
n21 @2

Touka nnockoctn M (xt, x2) nepesogutca ahPuHHLIM nNpeobpasoBa-
Huem ¢ B TOUKY M ' (X% x2). Ecnun Touka M (Xj, X2 npoberaet HeKOTO-
pyto npsmMyto |, TO KOOpAMHaTbl TOYKM M yAOBMETBOPSOT YPaBHEHUIO

A* + Apr+ C= 0 (12+ 6r170).
Touka M’ (Xi, x2')— o6pas Toukn M (xu m2 npu npeobpasoBaHum

TorAa Takxe 6ygeT npoberaTb HeKOTOpyl npsMyto  [eicTBUTENLHO,

BblpaXKass KOOPAWHATbl XM XTI TO4kM M uyepe3 koopauHaTbl Xit x2 Tou-
kKa M' u3 dhopmyn (*), nonyymm:
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Q

i
11— p ( «22M ~\~ «12r)>

/a = («ai™i «11”2)e

CooTHoweHna ( J ) ecTb KOOpAMHATHOe MpefcTaBNeHWe 06paTHOro
K if apdmHHOro npeobpasoBaHus ijrle 6asuce eb €2
Tak Kak KoopauHaTbl Toukum Jll (X,, X y[OBNEeTBOPSAIOT YpPaBHEHUIO

nx, -j-B% C—0O
TO KoopaumHaTbl M' (X', X') yAOBNeTBOPSIOT YpPaBHEHUIO
x|+ A'x'+ C'= 0O
rae

n'= 1 (Na2— fam), 5'= 1 (— Nak+ fiaj,

Ecnm 66l A'2-}-B'2= 0, TO OAHOpPOAHas CcuUCTeMa OTHOCUTENbHO
yucen /1 n B:

(na'm_ Bm— O,
\la3-f Ban = O,

nvea onpeaennTtenb

«22 —«21
— ay
obnagana 6bl NUWb HyneBbiM pelweHvem J1 = B = 0. 3T0 HEBO3MOX-
HO, TakK Kak nmo ycnosutwo /12 B2® 0. CneposaTenbHO, ypaBHeHue

AX[+ B'x2+ C'= 0

onpegenser HekoTopykw npavyto I

AddunHHoe npeobpasoBaHue i3 NepeBOAUT MNpAMY / B MpsSiMyto
a obpaTHoe K Hemy apuHHOe npeobpasoBaHue (-1 NepeBOAUT NPAMYIO
I B npsmyto |, B uem nerko ybeauTbecsi, NOACTaBNAS BMECTO KOOPAU-
HaT Xi , X2 TOYkKM M ' B ypaBHeHMe

A’X[ -f-Bx2-(-C'= 0
MX BbIpa)XXEHMA 4epe3 KoopauHaTbl X4 X2 Toukm M u3 dopmynbl {*).
Tak Kak ¢ U ijrl— B3aMMHO OfHO3Ha4Hble OTO6GpPaXKeHUs NIOCKO-

cTW, TO OTclofa cnefyeT, uTo obpasom npsMoii | npu npeo6pasoBaHUm
tp cnyxuT BCs npamas I.
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MycTtb Tenepb It n /2— gBe napannenbHble npsmble. Torga wux
o6pasbl nNpu aPUHHOM npeobpasoBaHWUU, O4YEBMAHO, MNapannesnbHbl.
B npoTmBHOM cfnydae TOYKe nepecedyeHus obpasosB npambix It u /2
fOoMKHa 6blna 6bl COOTBETCTBOBATL (B CUY B3aUMHON OAHO3HAYHOCTU
ahuHHOro npeo6paszoBaHua M) obLiasd Touka NPAMbIX 1X U /2, 4TO He-
BO3MOXHO, TaK Kak li n /2napannenbHbl.

Teopema foKa3aHa.

MycTb | — npon3BonbHas NpsMas Ha NAOCKOCTU. [na Tpex Touek
A, B, C, nexauimx Ha 3TO NpsiMO, BBeJEM MOHATME MPOCTOr0 OTHO-
weHusa (A, B\ C). Mog npocTbim oTHoweHnem {A, B\ C) 6yaem noHu-
MaTb 4ucno

[A, B\ O) = ‘el ()

rge |[/1C| n 1£C| — pnauHbl otpe3skoB AC u BC; 3Hak nnawoc B opmyne

(***) 6epeTca, ecnm BekTopbl AC n BC coBnagaloT N0 HanpaBieHUIo,
M 3HaK MWHYC, €C/M 3TW BEKTOPbl HamnpaBfieHbl B MPOTUBOMO/OXHbIE
CTOPOHBbI.

Touku J1 n B B yKasaHHOM OTHOLIEHWM Ha3bIBAKOTCA OCHOBHbIMU, a
Touka C — penaweii. Mpoctoe oTHoweHune (A, B\ C) Tpex Touek A, B, C
4acTo 3anmucbiBalOT TakK:

41' B:C>=1
noHumas nog AC n BC npoekuun BektopoB AC 1 BC Ha ocb /, KoTopas
nonyvyaetcs M3 MpsMoW /, eCAn Ha mocnefHeli BbIGpaHO onpefeneHHoe
HanpaBfieHWe. JIerko BWAETb, YTO MPOCTOE OTHOLIEHWe TpexX TOYeK
A, B, C He u3MeHuUTCA, ecnin HanpasfieHWe ocn | 3aMeHUTL NMPOTMBONO-
JIOXHbBIM.

Ecnn penawas touka C nexuT BHYTpuM oTpeska AB, To npoctoe
oTHoweHue (J1, B; C) oTpuuatenbHo; ecnun xe To4yka C feXUT BHe OT-
peska AB, 10 uncno (J1, B; C) nonoxutensHo. Ecnn gensawas touka C
npo6eraeT MOHOTOHHO MpAMYt0 | B HanpaBneHUn oT Touku J1 K Touke B,
TO NPOCTOEe OTHOLUEHME CHayana MOHOTOHHO y6biBaeT oT +1 fno — oo,
3aTem TepnuT paspbiB, korga C coBhmajaet ¢ Toukoh B, u npu nepe-
MelleHMn Toukn C 3a TOYKOM B MOHOTOHHO y6blBaeT OT +o0o0 O +1.
Ipauueckn 3To0 M306pakeHO Ha puc. 67. 3amMeTWm, 4TO TOuke J1
oteevaeT (J1, B\ A) = 0, a Touke B — (A, B\ B) = too0.

«f >0 0O <0 *CQ8 > | *1

PHc. 67

Jlerko BuaeTb, 4YTo ecnn Touku J1 n B (hVIKCMpOBaHbI, TO MOJI0XKEHNE
Toukn C Ha I'IpFIMOVI | NoNHOCTLIO onpeAenseTca YMUC/IOM

X= (1, B; C).



MoatoMy uucno % MOXeT 6bITb
NMPUHATO 3a KOOpAMHaTy Touku C Ha
npsamon /.

Teopema 2. Mpu adhuHHOM
npeobpas3oBaHWM NPOCTOe OTHOLIEHME
Tpex ToueK, feXKawux Ha /6ol
npsiMoii, He M3MeHsieTcA.

JokKka3aTenbcTBO. Tak
Kak npuv napanfienbHbIX NepeHocax
NpocToe OTHOLWIEHWe  TPexX TOYeK,
pacnonoXeHHbIX Ha 60K npamon,
He MeHAeTCA, TO AOCTATOYHO YCTaHo- Puc. 68
BWUTb CNPaBe/IMBOCTb TEOPEMbI NULb
ANS UeHTpoadgUHHbLIX NpeocbpasoBaHuii.

MTakK, nyctb

R0

— NpoU3BO/bHOE LiEHTpoaddrHHOe NpeobpasoBaHMe pajuyc-BEKTOPOB,

Ha4yano KOTOPbIX HaxoAWTCA B HeKOTOpOVI Touke O.

PaccMoTpuM cHauana cnyuaid, korga toukun A, B, C nexar Ha nps-
moin I, npoxopswei yepes Touky O (cm. puc. 68). TMycTb NUHelHoe
npeobpa3oBaHune @ nepeBoauT nNpsmyto | B npamyto 1', a Toukn A, B,C —
COOTBETCTBEHHO B ToYkM J1', B', C'. OB03HAYNM Yepe3 e U e X efuNHnY-
Hble BEKTOPbl Ha npAmbIX | u I (cm. puc. 68). Ecnn e' — obpa3 BekTo-

pa e, TO €' J1eXWUT Ha npamoin I' n notomy

e' = (o2,

roe (1P 0 — HekoTopoe uucno. Tak Kak npu apdmHHOM npeobpas3oBa-
HUX TMIpsSMble MepexoadT B npamble, TO Toukn A, B', C' nexart Ha nps-

Mo T M MMET MecTO COOTHOLUEHUS:

M = (Tl
OB' = $(OB),
OC' = ¢ (0C).

Myctb a, p, y— npoekyun Bektopos OA, OB, OC Ha ocb I,

KO-

Topas mosiyyaetcs W3 npsMoit /, ecnu Ha | MKCMpoBaTb Hanpas/eHue,

COOTBETCTBYIOULEE OpTY €. Torga

0] A = ae,
OB = pe,
OC = ye.
OTcropa
AC = OC—OA = (y—a)e,
BC=0C—0B= (Y—p<
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CnepnoBaTenbHo, npoekuun BekTopoB AC, BC Ha ocb | TaKoBbl:

AC = V—a,
BC = V—np.
AHaNornyHo
A'C = [i(y—a),
B'C = u(y - P
— npoekuymn BektopoB A'C, B'C Ha ocb . MocnegHsas ocb nonyya-
eTca u3 npsmoin I', ecnn HanpaBieHWe Ha Held Takoe Xe, Kak My
BeKTOpa e\
OTcloga
NA’, n,. A'C MY -«) -—V:%_-ABCC ~ (A, E’. 65

Teopema [oKa3aHa Ans TOYeK, PacroJIOKEHHbIX Ha MPAMbIX, MPOXO0-
aawmnx yepes Touky O. MycTb Tenepb T — npsmas, He NpoxoAsiias
yepe3 Touky O. lpoBegem uepes

Touky O npsAmyto /, napannenbHyto

T. Yepes Toukn A, B, C npsmoii T

npoeefieM npsMble p, ¢, I, napan-

nenbHble Mexgy coboin (cm. puc.

69). Toukn nepecevyeHUs nNPAMbIX

p, Q, r ¢ npAmoii | o603HauMMm Awu

B, C..
OueBugHo,
(A BiC = RO - A"
BC ~ Bfii
(AtBt; C).

LleHTpoathpuHHOe npeobpaso-
BaHMe ¢ nNepeBOAUT MNapaniefb-
Hble MpsMble B MnapanfiefibHble,
nostomy ecnm A', B, C; A/,
B,", C," — o6pasbl Touek A, B, C;
Ai, Bu Cj oTHocuTenbHo 3TOro
npeobpasoBaHus, TO NpsiMble T' 1
[ napannenbHbl, npamas [ npo-
X0A4UT yepe3 TOUuKy O, U, HaKOHeL,
npamble A'At'; B'BX CC,' na-
pannenbHbl (cM. puc. 70). MoaTo-
my (A', B'; C")=(Atf,Bt'; Cy) =
ny Cy) = (A, B; C). Teope-
Ma MOMHOCTbIO [OKa3aHa.



§ 5. OCHOBHble TeopeMbl Teopun aduHHbIX Npeobpa3zoBaHUin

Teopema 1 CywecTByeT O4HO U TONbKO 04HO adhhnHHOE npe-
obpasoBaHue, KOTOpPoe Tpu Toukn O, A, B, He ne>kaline Ha OAHOW Nps-
MO, NepeBOANT B TPMW MNPOM3BONbHbIE TOoukn O', A', B', Tak>Ke He ne-
>Kallue Ha OAHOW MpsSMOIiA.

JokaszaTenbcTBO. ®ukcupyem Ha nnockoctu 6asuc, co-
CTOAWMIA N3 BEKTOPOB

ey = OA, e2 = OB.
Torga koopauHatbl Toyek O, A, B TakoBbl:
0(0,0), N1 (1,0), B (0,1).

O603Haunm uyepes (£, £2), (alt a2, (p4 P2 koopauHatbl Touek O', A', B'
OTHOCWTENbHO 6asuca eme.

MpeanonoXxum, 4To cywecTByeT apuHHOe npeobpasoBaHue, nepe-
BoAsLee Touky OB O', A B A' n B B B'. O603Ha4um yepes
I x( = a”x, -j- anx2-f- dif
j X2 = @1~ A2372 1 d2
KOOpAUHATHOe npejcTaB/ieHMe 3TOro npeobpasoBaHus B 6asuce e,, er.

MopctaBnsa B hopmynbl (*) KoopguHaTbl Touek O, A, B\ O', A', B',
noay4uMm:

£, = d2
«mn-f-dt, a2= aA-[-d2
Pi = al2-j-d{, p2= a22-f-dt.
OTcropa
a,i — Si> ai2 --Pt d, =
«@l“ N2 ""2» «22 = P2 no* N2 ~ 1%

I'Ipeo6paaoBaH|/|e NNOCKOCTN, 3afaHHOE OTHOCUTENIbHO b6asncaen er
COOTHOLUEHUNAMN
x[ = (a4— 1,) *t-1- (Pi — i,) Xj-f @,
\x2= (@,- |dx,+ (P,- ¥ x,+ 12

KakK HeTpyfHO BuAaeTb, nepesogut Touky O (0, 0) B Touky O' (|b 12.
Touky A (1,00— B Touky A' (ab a?d wtouky B (0,1) — BTO4YKy B’
(P,, p2.®opmynbl (*), Kak Mbl 3HaeM, onpefenstoT NUOONMHEHOe  He-
BbIPOXAEeHHOe, NM60 NuHeliHOe BbLIPOX/AeHHOe npeobpa3oBaHuWe COBO-
KYNMHOCTU pafnyc-BeKTOPOB C Hayanom B To4Yke O (0, 0) BO MHOXeCTBO
paguyc-BekTopoB ¢ Hauyanom B Touke O' (li, | 2. Bo BTOpOM Cnyuae
thopmynbl (*) oTo6paxatT BCK MIOCKOCTb B OAHY MNpsiMyt. Tak Kak
BekTOpbl O A' 1 O’B’ HeKoNIMHeapHbl, TO Npeobpa3oBaHMe BEKTOPOB,
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nopoxpaaemoe gopmynamum (*), NUHeAHOe HEBLIPOXKAEHHOE W NOTOMY

Pi—Et 90
Pa  S2
Takum ob6pasom, cornacHo Teopeme 3 § 2 rn. Il npeobpasoBaHue (*),

nepesogsuiee Touky O B Touky O, TOUKy A B TOUKYy A' U TOYky B B
TOuky B', ecTb atypuHHOe npeobpasoBaHme.
Jlerko BmAeTb, YTO BCsiKoe adypmHHOE npeobpasoBaHme

Xt = -f- bix2-f- hir
X2= M I+ V 2+ A2

nepesogswee Toukn O, A, B cooTBeTCTBeHHO B Touku 0’, A', B', Ta-
KOBO, 4TO

by = ctj | It bi2= ff = Ij,

A- @ 2 2= P 2= s
MosToMy cyuiecTByeT O4HO U TONIbKO O4HO aphmHHOE nMpeobpasoBaHue,
KOTOpOe nepeBoauT N6yl Hanepen 3afjaHHYl TpPoilKy Toyek O, A, B,
He nexauwnmx Ha OAHOW MNpsSIMOW, COOTBETCTBEHHO B Toukm O', A', B',
KOTOpble TaKXe B3ATbl MPON3BOMbHBIMW U HE /ieXaT Ha OfHOW NpsSIMOIA.

Teopema goKasaHa.

CnepctBue. TycTb Ha NNOCKOCTW BBeAeHbl KOOPAWHATHI C NO-
MOLLbI Npou3BOnbHOro 6asuca ew er. lNycTb, pganee, 0' (-, £2), A’
(ama2),B' ($1 p2d — Tpu TOUKM, He NedKallne Ha ofHOW npsaMoil. Torga

Pi-Si_ oo

PRS2
[JelicTBuTenwHO, paccMoTpuM apduHHOe npeobpasoBaHue, nepesogsllee
Toukn (0, 0), (1, 0), (0, 1) cooTBeTCTBEHHO B TOYkM O', A', B'. Bblwe
310 npeobpasoBaHue ObIO 3aaHO B KOOPAMHATHOM MNpeacTaBfieHUM OT-

HOCUTeNbHO 6Gasnca e U e 2(cM. 40Ka3aTeNbCTBO TeopeMbl 1 HacTosLLero
naparpada). 3To NpeAcTaBfeHNe UMENOo BUA;

xi ~ (ai ISi)xi (Pi SI) x2~b Si»)’"—l
xs —@2— 82) x1(P2— S2) x24-S2-
Tak Kak cooTHoweHua ( J) 3agaloT adduHHOe npeobpasoBaHue, TO
ai siPi i
® 0.
a2 S2P2 S2

Cnencteme  [oKasaHo.

Teopema 2 [ng Toro 4yTobbl B3aMMHO O4HO3HAYHOE OTO6parke-
Hue f5nn0cKoCTU Ha cebs 6b110 apUHHBIM, HEOBXOAMMO U AOCTATOYHO,
4TO6bl OHO NEepeBOAMNO NPAMble B NPAMbIE.

OLoka3zaTenbcTBO. HeobxoaumocTb yCNOBMA 3TOW TeOpeMmsl
eCcTb npocToe cnegctene Teopembl 18 4 rn. Il.
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Mepelijem K [OKa3aTeNbCTBY JAOCTAaTOMHOCTU YC/OBUSA TEOPEMBbI.
MycTb r>— B3aMMHO OAHO3HAYHOEe OTOOGpaXeHWe MAOCKOCTM Ha cebs,
npy KOTOPOM MpsiMble MepexoasT B npsMble. OTMeTUM Mpexae Bcero
[ilBa BaXHbIX CBONCTBa Mpeobpa3oBaHUa op.

a) Mpeobpa3oBaHue M MNepeBOAUT napannenbHble NpsAMble B napan-
nenbHble.

6) MpeobpasoBaHue r]) coxpaHsAeT MPOCTOe OTHOLEHNE Tpex ToYeK
OJHOV NpsMOiA.

YTBepXeHue a) ecTb HEMOCPeACTBEHHOE ClefCTBME B3aWMHON OAHO-
3Ha4YHOCTU oTOo6paxKeHus 1> [eACTBUTENbHO, ecnn npamble | n T' —
obpasbl napannenbHbIX NpAMbIX | 9 T — nepecekawTcs, TO caMy na-
pannenbHble NpaAMble / U T UMEKT 06 Y TOYKY, YTO HEBO3MOXHO.

[oka3aTenbCcTBO yTBEpPXAeHUA 6) 3HAYMTENbHO C/I0XHee, 4YeM [A0-
Ka3aTenbCTBO CBOMCTBa a). [103TOMY Mbl MOMECTUM €ro nocne fokasa-
TeNbCTBa TEOPEMbI 2.

MTak, 6yaem cumTaTb, YTO Mpeob6pa3oBaHue fp o6nagaeT CBOWCTBA-
MW a) un 6).

MycTtb O, A, B — TOYKM, He nexawyue Ha OAHON MPAMOi, TOrAa OHK
nepexogat B Tpy Toukm O', A', B', TakXe He fexaljune Ha OfHON nps-
MO. Ha nnockocTu BblbepeM 6a3nc, COCTOALWMIA U3 BEKTOPOB

e, = OA,
e2= OB,
M NycTb Toyka M (Xu xr) npeobpa3oBaHueM NnepeBOAUTCA B TOYKY
M"' (xy, x2) (koopauHatbl Toyek M un M' 6epyTca B 6asuce eit ed.
Torga Xi 1 x2 eCTb hyHKUMM ymucen xt n x 2
| xi —fi (> *r>
| = 12(Xy Jin1
Ona koopguHat Touek O, A', B' npumem crnegytouime 0603HauYeHNs:
0'(d1
(an -f-d{ a2-f-dj,
B '(al2-\-dv = «22+ 72).
Tor,qa NMMEKT MECTO COOTHOLWEHNA:
ft (0,0) = cft; 12(0, 0) = rf2
1 (L 0)=«n + di; Fro> °)= 21+ 2
/i(0, 1) = a2+ dL /2(0, 1) =a22+ d 2

Mpsmaa OA npeobpa3oBaHueMm ip mepeeoguTca B npamyw O'A’,
Npu 3TOM NPOCTOE OTHOLLEHME Tpex ToUYeK Ha npsamoil OA paBHO NpoCTO-
My OTHOWEHWO 06pa3oB 3TUX To4veK Ha nmpsamoi O'J1'.

Mycte M (xIt 0) — npomusBonbHaa Touka npamoint OA nM' (x», xr’)
— CcOoOTBeTCTBYlOWaa eli Touka Ha npsmoit O'J1'. Torga

©, N; M) = (0", N'; M").
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Ho
[0, A M) =

TaK Kak

OA — 1, OM = xu AM = x, — 1

[anee,
o'M’ M (*x0) — M (0.0)
onr-o'n M*r,0)-bl 1,0)
Moatomy
tl (XY0) — 11— 1 1
OTcroga

fi (*1,°) “ «iJ1 + di-
CoBepLIEeHHO aHaforMyHO MoayYaem:
Ir (*b O) = «21 *i + <’2,
/i (0,x2 = alx2 + 1iin /20, x2 = azx2+ d2

MycTtb Tenepb M (xt, X2 — npowusBosbHad ToukKa MJIOCKOCTU U
JI™ (x/, x2)— ee obpa3. Yepe3 Touky M nposeaem npsmbie /4 u/2
COOTBETCTBEHHO MNapannenbHbie npsaMbiM OB 1 OA (cm. puc. 71). Mp4a-
mas li nepecekaeT OA B Touke M t(xb 0), a npAmas /2 nepecekaetr OB

Puc. 71

B Touke M 2 (0, x2. Tak Kak npeobpasoBaHue IpNepeBoAUT napanfiefb-
Hble MpsiMble B Mapasn/efbHble, TO YeTblpexyronbHnk O "M /M LU / ecTb
napannenorpamMmm. Yepes O', M/, M', M2, Kak 06bl4HO, 00603Haue-
Hbl COOTBETCTBEHHO 06pa3bl Touek 0, M It M, M 2 MMoaTomy

OoM- = O0'-f0'/IF= O0'+ 0O'M\ + M[M' = OM[-f O'M'2=
oym; + oM'r— oo\
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CnepoBatenbHO,

x[ = ft{Xy,Xn= fy{Xy, 0) + fy (O, Xr— fy (0,0) =
= aiYXi+ °12*2~b dy,
Xt = f2(xy,*.)=fz{xv°) + /a0, x—/. (0, 0) =

= a2xt-f~ «2224—~d2-

Takum 06pa3omM, KOOPAUHATHOe MpeAcTaBfieHMe MpeobpasoBaHMa @
faetca  hopmynamm:
Mx[ = awXy4- alx2+ d2

i Xj = a2 )" «20f" d2

npuyem
iy ai2 (an-(-dy) —dy  (fli+ dy) — dy
«Z. ((22 (aZ _j_ da - d2 N«22 “t‘ d)/() d2

Tak Kak Touku O', JI', B' He nexart Ha 0AHOM nmpamoii (cMm, cnefcTeume
K Teopeme 18 5 rn. Il).
OTcloga cnepyeT, 4to N ecTb appmHHOE npeobpa3oBaHme.

MpvBegeM Temepb [0Ka3aTefbCTBO YTBepPXAeHMs 6). OHO OCHOBbLIBAETCS Ha
[BYX NeMmax.

Nemma 1 Ecmm 1) ecTb npeo6pasosaHne NAOCKOCTW, Nepesosiiee npsiMble
B NpsAMble, TO cepeauHa NtoGoro oTpeska AB nepexoauT B cepeanHy oTpeska A'B'.
roe A' 1 B' — o6pasbl Todek A n B.

LJoka3aTenbCcTBO. PaccMOTpUM NPOU3BOAbLHLIVA NapannenorpaMmm AMBY -
[N KOTOPOro oTpe3ok AB fABMSeTCA guaroHanbio. BTopas pguaroHans MN  3Toro
napannenorpaMma nepecekaeT oTpe3ok AB B ero cepefuHe — Touke O. Tak Kak
npeo6pasoBaHne (O NepeBOAWT Mapan/efbHble NpsMble B nNapannenbHble (CM. CBOM-
CTBO @)), TO napannenorpaMm AMBS oTo6paxeHuem \3 npeobpasyeTcsa B HEKOTOPbIN
napannenorpamm A'M’'B'N’', y KOTOpOro [AByMs MNPOTUBOMOMOXHLIMA BepLUMHAMU
O6yayT TOukM A' 1 B'; Touka nepeceveHus gmaroHaneli O napannenorpamma AM Bbl
nepeiger B TOYKY NepecevyeHWs AuaroHanei napannenorpamma A'B'M'N', T. e. B
cepeAuHy oTpeska A’'B' (puc. 72).

Jlemma 1 fokasaHa.

Puc. 72

Nemma 2 MNycTb ¢ — npeobpasosaHue MNNOCKOCTW, MepeBofsllee MpsAMble
B npamble. MycTb, fanee, npeobpasosaHue ip nepeBOAMT Toukn A u B cooTBseT-
CTBeHHO B Toukn A' n B'. Torga 1) nepesognT BHYTpPeHHWe TOuKM oOTpeska AB
BO BHyTpeHHWE TO4KM oTpeska A'B'.



JokaszaTtenbctBo. Oue-
BMAHO, [OCTATOYHO MOKa3aTb, YTO
TOYKM NpAMOA  AB, BHelWHWe no
OTHOLUEHNIO K OTpe3Ky AB, nepe-
XOAAT B TOUKM NpsMoOi A'B’, BHeL-
HMEe MO OTHOLUEHNIO K OTPE3KYy
A'B".

Mycte C —Touka npsmoii AB,
nexkawiaa BHe oTpeska AB, npuyem
Touka B nexut wmexgy Cwu A,
Torpa

AC
A, BC=— =4>1

Yepes Toukn A u B nposefem npsa-
Mble T W p, napanfiefiHble Mexay
coboin (cm. puc. 73); Ha 3TUX npa-
MbIX OTNOXWM MO 06e CTOPOHbI OT
npsimoii AB napbl paBHbIX 0TPE3KOB

MA = AN PB = BQ.

W3 anemeHTapHOl reoMeTpuu M3BECTHO, 4YTO Touka D nepeceyeHns 6OKOBbLIX CTO-
poH Tpaneumn MNQP u Touka E nepeceyeHus guaroHanein Toi >xe Tpanmeyum ne-
XaT Ha npamoit AB, KoTopas MPOXOAWUT Yepe3 CepefuHbl OCHOBAaHMIA Tpaneyuu.

[okaxem, yto, ecnn Touka C nexuT BHe oTpe3ka AB 1 TOMbKO B 3TOM Cly-
Yae, OTHOLUeHue JAnH oTpeskoB AM wun BP:

\AM \
| BP\

MOXHO nofobpatb Tak, uTobbl C 6bina cepeanHoii oTpeska DE.
[JeiicTButenbHo, n3 nogobus TpeyronbHukos AMD n BPD, AME un BQE
BbITEKaeT, 41O

\AM\ IAD\ AD I
IBP | IBD | IAD\ -1 ABI
oTctoga
\AP| _ ft
\AB| ‘. AD\ z G 1 AB ]
aHaforMyHo
\AM | AEI \AE\
T \QBI  \EB\  \AB\-\AE\
oTcloja
\AE | t
1 AB\ ft-fI" AE\ fi+ 1 1AB I
Myctb Cj — cepeguHa oTpeska DE, Torga
ft ft2
\ACI\= -~ (M FI|-Hﬂ£|)=,E5\k_\ 1f4-1 \AB\ = fio— 1\AB .
Tak Kak I > 1, to Cj NeXxuT BHe oTpe3ka DE, npuyem Touka B nexut

mexay Ct u A. Ansa uncna
<4 B, C)= X> 1,
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KOTOpPOe O0JHO3HAYHO onpefenseT Ha npsaMoii AB Touky C, MOXHO nogo6paTtb
yucno k Tak, 4tobbl cobnOfanoch pPaBeHCTBO

Ona 3TOro [OCTATOYHO MOJSIOXKUTL

Mpwn BbIGpPaHHOM Hamu K TOYKM n C coBnagyT. B panbHeiiwem 6ygem cumtathb,
4YTO OTHOLLEHWE OTPE3KOB

Mog peiicTBeM npeobpas3oBaHua ¢ napanienbHble MpsMble TU P, MPOXO-
Asuime yepes Toukn A u B, nepexofAaT B napansiefibHble npsMble T. U p', Npoxo-
Aslme COOTBETCTBEHHO uepe3 Toukun A' n B'. Lanee, Toukm M n N npamoii T
N To4kM P v Q npsmoit p nepexofat B Toukm M' n N' npamoi T' un Toukn P,
Q' npsmoii p' Takue, yto A’ ecTb cepeguHa M'N' n B' — cepeguHa P' Q' (3o
BbIXekaeT n3 nemmbl 1). Mpsamble MP u NQ, MQ n NP nepexogar B npsmble
AP n N Q!, If Q" n N'P'] takum o6pasom, Toukm D n E npeobpasoBaHuem
¢ nepeBOASATCA B TOUKM MepeceyeHMs GOKOBLIX CTOPOH W AuaroHanei Tpaneuuu,
n306paxXeHHOW Ha puc. 74. CepeamHa C oTpe3ka DE nepexoaunt B cepeanHy C'

Puc. 74

oTpe3ka D'E'. Tak KakK cepefjHa OTpe3Ka, COeJUWHAILWEro TOYKY MNepecevyeHUs
NPOAOMXEHUA GOKOBbIX CTOPOH W TOUYKY MepeceyeHus ee AuaroHaneid, Bcerga ne-
XWUT BHE OTpe3ka C KOHUaMu B cepe%MHax OCHOBaHWIA Tpaneyumn, TO BHELHAA N0
OTHOLLEHMIO K 0Tpe3ky A B Touka C OyfeT mmeTb cBOMM 06pa3om Touky C', KOTO-

pas nexuTt BHe oTpe3ka AB.
Jlemma [oKasaHa.

Mepeiifem Tenepb K AOKas3aTeNbCTBY yTBepXAeHus 6). [lycTb Ha
npsmoit | gaHbl Tpu Touykum A, B, C. [LoKaXem, 4YTO eCnnm e — eauHu-
ua usMepeHus otpeskoB M oTpe3kn AC n BC TakoBbl, 4TO

[ e
AC=T.+21»BC= ps *

rope T, p, K, N — HaTtypa/jbHble 4ucna, 10
(1\ B- C) = (11, B\ C),
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roe AB', C' — o6pasbl Touek A, B, C. N3 Teopembl 2 § 11 rn. |
BblTEKaeT, YTO ec/ OT efMHULbI U3MEpPEeHUs AJIVH C NOMOLLbI MacllTa-
6a e nepeiTU K HOBON eAWMHWLE WM3MEPEHWA C MOMOLLbI0 OTpe3ka €', To
OTHOLUEHWe ANWH ABYX MNPOW3BOJIbHbIX OTPE3KOB a W b He wun3MeHwuTcs.
[M03TOMY MpPOCTOe OTHOLIEHME TPeX TOYEeK He 3aBUCUT OT TOro, C Nno-
MOLLbK KakKoW mMaclTabHOW eAuMHWLbl NPOBOAWUTCA WU3MEpPeHWe AUH OT-
pe3KoB.
Ona gnuH oTpeskoB AB u BC cnpasefnusbl ()OpMYyfibl:

HCI--J-, |Bc|=-8.

MosTomy
|AC\
(A, B; C)==% +
BHaK B (popmyne BbiOMpaeTca B 3aBMCUMOCTM OT TOro, nexuTt nm C
BHYTpWU oTpe3ka AB wnn BHe ero. B nepsom cny4ae, Kak Mbl MOMHUM,
fepeTcqd 3HaK MWHYC, a BO BTOPOM — 3HaK MJOC.

=—2 m

Ecnn AC—oTpe3ok npsmoit AB, KOHIPY3HTHbIA OTpe3Ky T~—e , M
A'C'—ero o6pa3 Ha npsmoin A'B', 1o M3 nemm 1 um 2 cnegyert, uTO
Toyka C' NIeXXMUT BHYTPU uamM BHe oTpe3ka A'B' B 3aBUCMMOCTM OT TO-
ro, ieXXut num touka C BHYTpWM unanM BHe oTpe3ka AB. To3Tomy 3Hak
npocTtoro oTHoweHus (N1, B-, C') coBnagaer co 3Hakom (J/1, B; C).
[anee, ecnn Ha npsMoit A'B' B KayecTBe eguHMLbLI MacwTaba BbibGpaThb
0Tpes3oK e', To

n'cler.-~r; B'C' ' =p.

Moatomy

(A, B\ C)= % * 2%
CnepoBatencHo,

(A", B-, C"HY—(N, B\ C),
N yTBepXaeHne 6) ANs ABOMYHbLIX OTPE3KOB [OKasaHo. [ns obuero
cnyyas [0Ka3aTeNbCTBO OCYLWECTBASeTCA C MOMOLLbK MpeAebHOro
nepexoda, TaK Xe Kak 3To 6blno cgenaHo B § 11 rn. | npu pokasa-
TeNbCTBAX TEOPEM O CBOWCTBAX [A/IMHbI OTpe3sKa.

M3 ycTaHOBNEHHbIX B 3TOM naparpaje TeOpeM BbITEKAKT BaXHble
cnefcTBUS:

1. Ad¢uHHOe npeobpasoBaHuMe MAOCKOCTU MOMKHO OMpefennTb Kak
npeo6pasoBaHue NAOCKOCT U, MepeBoAsAlLee NPpAMbie B NpsiMble. 3TO0 onpe-
feneHne Hambonee reoMeTPUYHO U O HEM Mpe>Kfe BCero wna peds B § 1
r*. 11, korga BBOAMNOCL MOHATME ahMHHOrO npeobpa3oBaHus.

OpfHako 60nee MPOCTON W HarAAaAHbIA CNOCo6 M3yveHUs aPUHHBIX
roeo6pasoBaHuii — TOT, KOTOPbIA W3N0XeH B 3Toi rnase. [lpaTomy
Mbl U MPUAEPXMBANUCH €ro.

2. C kaxpoin Tpoiikoii Touyek O, A, B, He nexawmnx Ha OAHON nps-
MOii, cBfi3biBaeTCcs 6asuc, cocTtoswmii n3 BekTopos e x— OA, er = OB.
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M3 Teopembl 1 BbiTekaeT, 4TO adpuHHOe npeobpa3oBaHMe OJHO3HAYHO
onpefenseTcs, ecnM U3BECTHO, B KaKoi 6a3nce/, e 2 NepeBofuTCS LaH-
Hblil 6a3nc e n e 2; Npu 3ToM no6oi 6asucein e2 apuHHbIM npeobpaso-
BaHWEM MOXKeT OblTb nepeeedeH B 060 Haneped 3adaHHblii 6asnc
Bi, eZ2-

"OTCcloga cnefilyet, u4To C TOYKW 3peHus auHHbIX npeobpasoBaHuii
Bce 6asucbl paBHOMpaBHbl. [103TOMy npu aP@uHHLIX NpeobpasoBaHMAX
He COXPaHATCA AANHbI OTPE3KOB U YIAbl MeXXAY NPAMbIMU.

§ 6. AddunHHaa reomeTpus

1 MpegmeT aphuHHON reomeTpmun. CBOINCTBA FeOMETPUYECKUX (K-
ryp, WHBapuMaHTHble OTHOCUTENbHO BCEX aPUHHBLIX Npeobpa3oBaHuUi
NMIOCKOCTU, HasblBaloTCA a@UHHbIMW. OTAEN TeOMEeTpuMn, usydaroimi
3TU CBOICTBa, Ha3blBaeTca aP@uHHOIA reomeTpueil. Tak Kak COBOKYI-
HOCTb ahh)MHHbIX Npeobpa3oBaHWiA Ha NNOCKOCTM 06pa3yeT rpynny, To
a(OUHHYI0 TeOMeTpPUI0 MOXKHO ONMpefennTb TakXKe KakK Teopulo WH-
BapuMaHTOB rpynnbl aPuHHbIX NpeobpasoBaHuii.

K noHATusM aduHHOW reomeTpmmu, OYEBUAHO, OTHOCATCA MOHATUA
TOUKMW, NPAMOW, TpeyronbHUKa. MOHATME OKPYXXHOCTU YXKe He ABNAeT-
¢ auHHbIM. [lanee, CBOMCTBO NPSiMbIX ObITb MapannesbHbIMK SBASAET-
cA aMHHbIM, a CBOWCTBO ObITb MEPNEHANKYNAPHbIMU — aPhUHHBIM
He aBnsetcs. K uucny aUHHLIX MOHATUIA OTHOCUTCA MPOCTOE OTHO-
LUeHVe Tpex TOYEK Ha MpsMOi, OTHOWeHWe nioljafeli napannenorpam-
MOB W, BOOGLLE, OTHOLIEHMe MAoLWajeil No6bIX reomMeTpuyeckux Guryp.
OTctoga cnefyet, 4To aUHHLIMU ABAAIOTCA MOHATUA CepeauHbl 0Tpes-
Ka, MefuaHbl TPeyronbHUKa, TOYKW MNepecevyeHUs MeLunaH, PaBHOBENMU-
KNX Quryp, Tak Kak
3TU NOHATUSA CBOAATCA
K YKa3aHHbIM Bbllle af-

(OMHHBIM MNOHATUAM.
[anee, noHATME LeH-
Tpa CUMMeTPUM HEKOTO-
poit urypsbl (cM. puc.
75) onpepenserca ude-
pe3 MOHATUE CepeAnHbl
oTpe3ka ¥ MOTOMY £B-
naetca ap@uHHbIM. To-
HATKE XXe OCU CUMMeT-
pun OCHOBaHO  Ha
nepneHanKynapHoOCTH
NPAMbIX XU NOTOMY a-
(OMHHbIM He ABNsAeTCH
(cm. puc. 76). MoHATHe
TPeyrofbHUKa,0ueBnNa-
HO, fABnseTcA adPuH-
HbIM. Ho cBOIiCTBO Tpe- Puc. 76
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yronbHMKa OblTb paBHOGEAPEHHBIM WAU MPSAMOYTONbHLIM  YXE€ He
aBnsetca  apdpuHHbIM.  Bonee  TOro, B agUHHOA  reomeTpumn
MOHATUE TPeyrosbHUKA HeNb3A paclenuTb Ha Kakue-HWOyab 6o0nee
YacTHble NOHATUA, T. €. Henb3A BbIAENUTb Kakue-nubo creumanbHble
Knaccbl TPeyronbHUKOB. [JeiAcTBUTENbHO, B CUY TeopeMbl 18 5 Kax-
Obll TPEYroNbHWK MOXET ObiTb nepeBefeH apPuHHbLIM Mpeobpa3oBaHm-
em B 060 ApYyroin TpeyronbHUK.

LBe ¢urypbl 6ygem HasbiBaTb a)PMHHO IKBUMBANEHTHbLIMU, €CAu
O[JHY M3 HWX MOXHO NEepeBecTn B APYryl apPuHHbIM NpeobpasoBaHueMm.
TakK KakK COBOKYMHOCTb aMHHbIX nMpeobpa3oBaHMii 06pasyeT rpynny,
TO OTClOfa Nerko cnefyeT, 4To OTHOLWeEHME a(hMHHOWN 3KBUBANEHTHOCTU
o6nagaeT cBoicTBaMN PeNEKCUBHOCTU, CUMMETPUM U TPAH3UTUBHOCTMN.
MosToMy Bce Urypbl Ha MNOCKOCTU pacnajalTcs Ha NomnapHo Henepe-
cekawolymecs Knaccbl aUHHO 3KBMBANEHTHLIX (UIYp, KOTOpPbIE Mbl
6yaem HasbiBaTb ayuMHHbIMU Knaccamu. OUYeBMAHO, KaXAbl ad(UHHbIV
Knacc onpefenseTcad O4HO3HAYHO YyKasaHWeM KaKoW-HUbyAb QuUrypsl,
npuHagnexallein aToMy Knaccy.

Tak Kak BCe TPeyrofibHWKW ah@UHHO 3KBMBANEHTHbI, TO OHW Mpwu-
HagnexaTt Bce ogHOMY ayDMHHOMY Knaccy W, cnefoBaTefibHO, apguHHO
HepasNnynmsbl.

B eBKANAOBON reoMeTpuu posib aPPUHHLIX KNaccoB MrparT Knacchl
KOHTPY3HTHbIX ¢uryp (cm. 8 10 rn. I). B eBKNMAOBOA reomeTpuun
COBOKYMHOCTb TPeyrofbHUKOB pa3bmBaeTcsi Ha 6GeCKOHEYHOe MHO-
XKECTBO pa3NMYHbIX KNacCOB KOHFPY3HTHbIX- TPeyronbHWKOB. Kax-
Oblii TaKol Kknacc onpefgenseTcs, Hanpumep, 3afjaHWeM CTOPOH Tpe-
YTONbHUKA.

PaccmoTpum BOMpoc 06 ahMHHON Knaccudpumkaumm YeTbipexyrofb-
HUKOB. OTMETMM Mpexje BCEro, YTO CBOWCTBO YeTbIPEXYTONbHUKA BObITh
napannenorpaMmom aBnasetcs apUHHbLIM, MNOCKOMbKY MpU aPPUHHBIX
npeobpa3oBaHMAX NapanjefbHbie NPAMble MEPEXOAAT B napanfefibHbie.
C [npyroil CTOpOHbI, Bce napannienorpammbl ayMHHO 3KBUBANEHTHbI
MeXay coboi. [eiAcTBUTeNbHO, AN TOro 4tobbl auHHO npeobpaso-
BaTb napannenorpamm ABCD B napannenorpamm A'B'C'D', pocTa-
TOYHO ahMHHO npeobpa3oBaTb TPeyrolbHUK ABD B TpeyrofibHUK
A'B'D’', uTo BCerga Bo3MOXHO B cuiy Teopembl 1 8§ 5. Takum obpasom,
COBOKYMHOCTb .MapanfiienorpaMMoB o06pasyeT ap@uHHbIA Knacc W,
CTano 6biTb, HUKaKWe 4YaCTHbE BUAbl MapanfiienorpaMMoB, KakK Hanpu-
Mep pom6, KBajpaT WAW MNPAMOYrofbHWK, B a()MHHOW reomeTpuu He
CYLLEeCTBYIOT.

OTmeTuM 6e3 [0Ka3aTeNbCTBa, YTO COBOKYMHOCTb BCEX YeTbIpex-
Yro/fIbHUKOB pacnajaeTcsi Ha GeCKOHEYHOE MHOXECTBO al(IMHHBIX Kiac-
COB. [na TOro 4To6bl BbIAENUTb KaKOMN-HWOGYAb U3 adPUHHLIX K1accoB
4eTbIpexyrofibHNUKOB, AOCTATOMHO (PUKCUPOBATb MNPOCTbIE OTHOLUIEHWUS

Al= (A, C; M) n nN2= (B, £; M),

KOTOpble ANS 4eTblpexyronbHnuka ABCD (puc. 77) ykasbiBalwT, B Ka-
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K-OM OTHOLLEHWUW TOYKa Mepeceye-
HUa M gwnaroHaneidi AC un BD
LennT aTm  auaroHanu.
PaccmoTpum  Tenepb,  KakoW
ahMHHBIA  Knacc ¢uryp onpege-
NAeT  OKpPYXHOCTb. [lyctb K —
OKPYXXHOCTb paguyca R c LeHTpoMm
B Touke O. Bbibepem Ha nNnocKoc-
TW 6a3nc M3 4BYX B3aMMHO MepreH-
OVKYNAPHBIX €AUWHUYHBIX  BEKTO-
poB eit €2, MMEWLWMNX Hayano B Puc. 77
Touke O. Tak Kak agp®uHHbIE KO-
OpAuHaTbl TOYEK MM0CKOCTU OTHO-

cUTenbHo 6asnca en e2 0AHOBPEMEHHO SBASAKOTCA W AeKapTOBbIMU, TO
ypaBHEHWE OKPYXHOCTU K uMeeT BUWA:

x\ x\— R2= 0.

MycTb rp— NpousBo/bHOE apMHHOEe Npeo6pasoBaHMe NAOCKOCTM, WUMe-
tolllee 0THOCUTENbHO 6a3nca B\, e 2 KoopauHaTHOe npeacTaBneHne

Xj = anXy-f alx2+ dt, A Wl 2
Xo— «rJ1 "™b «22*2 3 - ¢do. *)

«21 «22

OKpyXHocTb K aduHHbIM npeobpasoBaHuem ¢ MepeBOAMTCA B KpU-
BYIO, WMEIOLLYI0 ypaBHEHUe

a(*;, x2 = A'X1+ 2B’x[x2+ C'~"2 D'x[+ EX2-j-F'= 0,
roe
(x 1,x1) A2 " °12 (X2+ Ar)2+ (= «2l (FH*
+ M)+ o« X2+ <Y)]—R2
*1 ¢ [«22f1  aNaX2  «22M «12%41 "M>
*2= |—adx[ + anx2— aZidy-f and?] J,cll_
ecTb obpaweHmne gpopmyn (*). Kak yxe oTmMe4yanocb B § 3, COOTHOLWIEHMA

2 "2 D ad) — anady,

_____ A NOOXr o+ - ai2di+ «iA ]

npeAcTaBnsAlOT Co60/ KOOpAWHATHOE MpeAcTaBieHMe Mnpeobpa3oBaHus
tjrl obpaTtHoro K ip B 6asuce B\, e 2-0O6pa3 okpyxHocTn K npu adtpmHHOM
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npeo6bpasoBaHun > npeactaBnseT coboW KPMBYH BTOPOro nopsfaka.
Tak Kak

A'C - B'2= (@a2+ a\x(a]2+ a]) -
(«22«12 a2inli)2 = «ll «22 “b «12 «21

2alaln2la2 — «1112 >,
«21«22

To kKpuBaa K' — o6pa3 kpuBoih K — npegcTtaBnset coboin annmnc.
AHanorn4yHo ycrtaHaBnmBaeTcd, 4YTOo o06pa3 annunca npu nb6om
ahpmHHOM npeobpa3oBaHMU CHOBa ecTb anaunc. fanee, nyctb K\ nu
K2— gBa annunca (puc. 78). O603Haumm 4vepe3 O, n 0 2 LeHTPbl CUM-
MeTPpUM 3TUX 3NNUNCOB, a vepe3 At n Bit A 21 B 2BepluHbl X 60/bLIOWA
n mManoi oceir. OyeBMAHO, YTO ecnn adduHHOe npeobpasoBaHue i>Tpe-
yronbHnK O1J11B 1 nepeBoAnT B TpeyronbHUK 0 2A 2B 2 1 npu 3TOM

02= rp(04, A2= oKJ), B2= ~(B~,

T0 annmnc Ki nepesogntcsa a@uHHbLIM npeobpasoBaHueM ¢ B 311MUMC
K 2. OTctopa, 6narogapsa Teopeme | § 5, nonyyaem, 4To nobble ABa
anaMnca MoryT 6biTb COBMELEHbl APYT C APYrom agpduHHbIM npeobpa-
30BaHueM.

TakuM 06pa3oM, OKPY>KHOCTb onpeaensieT adMHHbIA Knacc, cocTos-
WKii 3 Bcex anamncoB. C TOYKM 3peHus apPUHHON reoMeTpun, OKPY>K-
HOCTb U 3MUNC HepasnnyuMmbl.

B eBK/IM0BOW reOMeTpUU Knacc KOHTPY3HTHbLIX MeXAy coboit annunn-
COB onpefensieTca 3afaHuMem 60MbLIOKA OcU M 3KcueHTpucuTeTa. OTcloga
ACHO, 4YTO aPPUHHBLIA Knacc, BKAOYaKOLWMA B cebs Bce 3NNMMCHI, Npu
nepexoge K eBKIMAOBON reoMeTpum pacnafaetcs Ha 6eCKOHEYHOe MHO-
XKECTBO KJ1TaCCOB KOHTPY3HTHbIX 3//UMCOB B 3aBUCHMOCTU OT pa3mepa
60MbLIOK OCK 31AMMCa W BENYMHbI €r0 3KCLEHTPUCUTETA.

AHaNOrnyYHbIMM PacCYXJEHUAMU MOXHO MOKasaTb, 4TO BCe rumnep-
60/bl 06BbEAUHAOTCA B OAUH aPgUHHBIA Knacc, KOTOPbIA MOXeT ObiTb
3aflaH NpPOU3BONbLHONM rMNep6onoin, a Bce napabonbl — B OAWMH aPpguH-
HbIA Knacc, KOTOPbIA MOXET ObiTb 3a4aH NPOW3BObLHON Mapabonoi.

2. O6 aKCMOMaTMYeCcKOM MOCTPOEHUM apUHHON reomeTpun. o cux
nop Mbl paccmMaTpuBany apuHHble NpPeo6pa3oBaHns TOUEK eBKIWAOBOIN
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nnockoctu. OCHOBHble 06BLEKTbI €BKAW0BO reomMeTpuu Ha NAOCKOCTU
(TOYKM M NpsSIMbIE) OCTAKOTCSH WHBApPUAHTHbLIMK MpU aPpuHHLIX npeobpa-
30BaHUAX W, cnefoBaTeNbHO, MpuHagnexaTt apduHHOW reomeTpumn. U3
CBOWCTB a(hMHHBIX Mpeobpa3oBaHUil, KOTOpble GbINN M3y4yeHbl B 8§ 1—5,
BbITEKAET, UTO Mpu aPpPUHHBIX NMpeobpa3oBaHUSAX COXPAHAKTCA OTHO-
WEHNA MPUHALNEXHOCTU Mexay TouKaMu U NPAMbIMU, OTHOLLUEHME no-
pagKa Mexnay Toukamu fo6ol NpamMolii W, HaKOHel, OTHOLUeHWe napan-
NenbHOCTM NpAMbIX. [lanee, Kak HeTpyLHO MpOCNefuTb, BCE YTBepXfe-
HUA, 3aK/Jl0YeHHble B aKCMOMax CBf3W, NOpsAfKa, HENpepbiBHOCTM U
napannensHOCTW ANS €BKAWLOBON reoMeTpun, OTHOCATCA K agpUHHOI
reoMeTpuun, U TONbKO OTHOLIEHUE KOHFPY3HTHOCTU BMECTe C aKCMOMaMmu
KOHIPY3HTHOCTM YXXe He ABNATCA 00bekTaMu a®UHHON reoMeTpun.

3T0 ecTeCTBEHHO MPUBOAWUT K MOCTPOEHMIO aKCMOMATUKU apdUHHOI
reoMmeTpumn. Hiuxe Mbl B KpaTKMX 4YepTax HameyaeM akKcMOMaTU4ecKoe
nocTpoeHne apMHHO FeoMeTpun.

A) AKcUOMbI athOUHHOI reoMeTpun COCTOAT U3 YeTblpex rpynn:

1. AKCuOMbI CBA3N.

2. AKcuoMbl nopapgka.

3. AKCMOMBbI MapasnfesbHoCTH.

4. AKCUOMBI HenpepbIBHOCTN.

Hwxe npuBOAMTCA MNOMHBIA CNMCOK 3TUX akcuom fAns cnydas ad-
(hMHHON reomMeTpyMM Ha MAOCKOCTW.

LAKCUOMB CBA3MU

1.1. Yepes nobble ABe pasinMyHble ToOUKM JT 1 B NpoxognT ofHa v TONbKO 0OA-
Ha npamas.

1.2. Ha kaxpgoi npamoii _CYLLeCTBYIOT M0 KpaiHeid Mepe [Be TOYKMW.

1.3. CyulecTBYIOT N0 KpaiiHeld Mepe TpU TOYUKW, He nexaliune Ha OfHOW npsa-

MoW.

2. AKCMOMB nopsagka

2.1. Ecnn Touka C nexut mexpgy toukamu J1 n B, 1o JI, B, C — pasnnyHble
TOYKM OfHOW npamoit n C nexuT Takxke mexay B un Jl.

2.2. KakoBbl 6bl HU 6bIAK TOYKM J1 1 B, Ha npsamoi AB cyLliecTByeT no Kpai-
Hell mepe ofiHa Touka C Takas, 4to B nexut mexay J1 n C.

2.3. Cpegn ntobbix Tpex To4Yek MPAMON CyliecTBYeT He 6onee OfHOW, nexa-

e mex BYM$ rmMu.

n 2.4. y 'U'c%om'g'pyl'lama ) Myctb A, B, C— Tpu TOUKM, He fiexalyune
Ha OfHOM I'IpFIMOI/I, N a — HeKoTopas npsmas, He npoxoaduias depes Touku J1, B,
C. Torga ecnn npsMas a NpoOXOAMT Yepe3 BHYTPEHHIOK TOUKYy oTpes3ka AB, ToO
OHa MPOXOAWUT TakXe NUBO uepe3 BHYTPEHHIO TOUKy oTpe3ka AC, nnbo yepes
BHYTPEHHIO TO4YKYy oTpeska BC.

3. AKCUOMBI napannenbHoOCTM

31. Akcunmoma EBknupga.) Yepes Touky JI, He npuHagnexaiyro
npsMoii a, MPOXOAMT OfHA W TOMLKO OfHa MpsMas a', napanienbHas Npamon a.
(Mpsamble a 1 a' HasbiBalOTCA MapafnenbHb MW, €CAN OHM He UMEKT 06-

7D TOLIGKX
32. (Akcuoma [ e3apra) Echm npamble AA' n BB' napaniefb-
Hbl Npsmoii CC', npamas AB napannenbHa npamoii A'B’, a npamas BC — nps-
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fyl moin B'C' (puc. 79), To npamas AC
napannensbHa npamoin A'C'.
4. AKcunoma Henpe-
PbIBHOCTM
4.1. (Mpuuyun LOepe-
KMHpa.) Ha ocHoBaHMM akcuom
CBA3M W nopsafka, Kak 6bin0 noka-
3aHO B 8§85 rn. |, Ha Npon3BONLHOIA
npsMoii a BBOAMTCA OTHOLUEHWE
npeALecTBOBaHUS.
MycTb TOYKM NpsiMOin a pa3bu-
Tbl Ha fBa HenycTblXx Knacca Kr wu
Puc. 79 /Cr v npn TOoM Tak, 4To nto6as Touka
nepeoro Knacca npeawecTsyeT fo-
60l TOUKe BTOPOro Knacca M Kaxpjas Touka npsmoi nomajaet B OAWH W TONbKO
OfMH Knacc; Torga nnMbo B NepBoM Knacce ecTb TOUKa A 0, cnefiytoLias 3a BCEMU TOY-
KamMn 3TOro Knacca v npefLllecTByioLLan BCeM TOYKaM BTOPOro Knacca, n11Mbo BO
BTOPOM Knacce ecTb Touyka A0, o6najarolias TeM >Xe CBONCTBOM.
Mpo Touky Jlo roBopsAT, 4TO'OHA MPOM3BOAMT CEYEeHMUe TO4YeK NPSMOiA.
YTBepxieHue akcuombl [e3apra B eBKIWOBON FeOMeTpUM SABNSETCA He-
CNOXHOW Teopemoli. OHO ycTaHaBAMBAaeTCA C MOMOLLbK MPU3HAKOB KOHFPY3HT-
HOCTU TPeyronbHWKoB. OfHako 6e3 NpuBAEYEHWA aKCMOM KOHTFPY3HTHOCTM 3TO
yTBEPX/JEHME [0Ka3aHO OblTb He MOXeT. [103ToMy B ag()MHHON’ reomMeTpum Ha
NMIOCKOCTU ero MPUHMMAKOT KakK akCUoMy.
Akcnoma [le3apra, Kak Mbl YBUAUM HWXKE, UrpaeT Npu NoCTPOeHUN athuH-
HOM reoOMeTpUM NPUMEPHO TakKyl >Xe PONb, Kakyk B €BKINLOBOV TeOMeTpuu ur-
palT MNPU3HAKM KOHFPY3HTHOCTU TPeYrofibHUKOB.

B) BekTop B ayMHHOI reomeTpun onpe-
fLenseTcd TaK Xe, Kak W B €BKIWLOBOIW;
WMEHHO BeKTopoM AB Ha3biBaeTca Hanpas-
NeHHbI oTpe3ok AB, y KoToporo Touyka A
Ha3blBaeTca Hayanom, a Touyka B — koHuoOM.
Bektopsl AB 1 CD Ha3sblBalOTCA paBHbIMU,
ecnu yetblpexyronsHnuk ABDC dBnsdetcsa na-
pannenorpammom, T. e. ecnum npsamele AB u
CD, AC n BD cooTBeTCTBEHHO MapannesnbHbl.
Bektopbl AB u CD, nexauwune Ha OAHOM nps-
MO a, Ha3blBalTCA pPaBHbIMW, €C/K CYLLecT-
BYeT TpeTuil BekTOop EF, He nfexawuii Ha
npsMoli a, paBHbI KaXAOMY M3 BEKTOPOB
AB un CD (puc. 80).

CornacHo NpuBefeHHOMY OMpeaeneHnto pa-
BEHCTBA BEKTOPOB MMeeM, YTO ec/u

AB = L5,
~AB ® DC.

T0

M3 onpefeneHus paBeHCTBa BEKTOPOB JIerkKO BbITeKaeT, 4TO 3TO
OTHOLWIeHNe paBeHCTBa o6na,qaeT CBOliCTBaMM peGbl'IEKCVIBHOCTVI, CUM-
MeTpUn N  TPaH3UTUBHOCTKU. [locnefHee yTBepXAeHue eCcTb Henocpej-
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CTBEHHOE C/liefiCTBME aKkCMoMbl [le3apra B
npumMeHeHUn K TtpeyronbHukam ACE u
BDF (puc. 81).

C NomMoLLblO paBHbIX BEKTOPOB JIETKO
CTPOMTCHA NOHATUE YMHO>XKEHNSA BeKTOpa
Ha HaTypanbHoe yucno T. IMeHHo ecnu
r = AOAi — paHHbIA BeKTOp, TO oA
BEKTOPOM TT noHWMawT BekTop JIUIT,
nonyvaroLlniica nocneaoBaTenbHbIM NpU-
NloXXeHWem BekTopos J1U1b /U 2, ... ,
NT_!' AT, paBHbIX MeXAy CO60W M nexa-
WMX Ha ogHoW npsamoint NQNi (puc. 82).
BekTtop BA, nonyyatowuniics us Bektopa J1B nepemMeHoli ponu Havana
N KOHUA, Ha3blBaeTCAd BEKTOPOM, MPOTWBOMNONOXKHLIM BekTopy AB,
nobo3HavaeTca Tak:

BA = — AB.

HynesbIM BEKTOPOM Ha3biBaeTCA BEKTOP, Y KOTOPOro Hayano M KOHel
coBnafaroT. Takue BEKTOPblI OTOXAECTBAAT C Toykamu. Mo onpegene-
HWI0 BCE HYNEBble BEKTOPbl PaBHblI MeXAy CO60iA.

A0 A, A2 A3 Amu

Puc. 82

MycTb Tenepb I — MPOU3BONbHbLIA BEKTOP. TOrga, MCNonb3ys MoHs-
TS YMHOXEHWUS BEKTOpa Ha HaTypalibHOe 4YMucno, NMPOTUBOMOMOXHOIO
BEKTOpa W HYNIeBOr0 BeKTOpa, Mony4yaem Npasnao YMHOXKEHUS BeKToOpa I
Ha MPOW3BONbHOE LleN0e YnUCno n:

nr, ecim n> O
HyneBoMYy BeKTopy, ecam n — O

—|n|r, ecnm n < 0.

Beegem Tenepb noHATME cymMmbl BekTopoB. [ycts AB n CD — faBa
NPoOn3BONbHLIX BeKTOpa. PaccmMoTpuM BekTopbl OE

13 ofHoOW Touyku O M paBHble COOTBET-

CTBEHHO BekTopam AB un CD (cwm.

puc. 83). MNMyctb OEGF— napanne-

norpaMm, MOCTPOEHHbIA Ha  BEKTO-

pax OE u OF. Bektop OG Ha3blBaeT-

cA cymmoi BektopoB AB un CD.

Vicnonb3ysa onpegeneHve paBeHCTBa

BEKTOPOB M  akcuomy [Jesapra,
Nerko ycTtaHOBWUTb, UTO oOnpejene-
HMe CYMMbl BEKTOPOB He 3aBUCUT

Puc. 83 OT BbiGOpa Hauana BekTopos OE un Qg



PasHocTbio BektopoB AB ©n CD, ecTecTBeHHO, Ha3biBalOT CYyMMY
BekTopoB AB u —CD.

B) [anee, Ucnonb3ys onpegeneHne paBeHCTBA BEKTOPOB W aKCUOMY

[e3apra, ycTaHaB/IMBAeTCs, YTO KaX/[blii BEKTOP MOXHO pa3fennTb Mo-
nonam. ApyruMu cnosamu, Ans BCAKOTO BeKTOpPa Tl CYLLECTBYeT BEKTOP
[ 1 TaKoM, 4To

2ri = T.

Mocne atoro And Kaxporo otpeska AB MOXHO OnpefenuTb ero cepe-
AvHY _ Touky C. WNmMeHHO C — Takas BHYTPEHHAA TO4yKa OTpe3Ka
AB, uTO

~AC=CF

2AC =AB.

[anee, ocHOBbIBasACb Ha npuHuune [efeKUHAa, Mbl MOXeM, QUKCU-
pOBaB Ha KaXAol MpSAMOA HEKOTOPbI MaclwTabHbli OTPe30K, TOYHO
TaK e, Kak 370 6bino cgenaHo B § 11 rn. |, pewnTb 3afadvy 06 n3me-
pPeHVWW ANWH OTPE3KOB Ha KaXAoh npsAMOiA. HanmoMHMM, 4TO MpUHLMN
[enekuHpa akBMBaseHTEH akcumomam Apxumega v KaHTopa nuwb npu
YCNOBUM, UTO A1 OTPE3KOB, NeXalnx Ha OAHOW NpAMOWA, BBEAEHO Mo-
HATWE KOHIPY3SHTHOCTU. 3TO O06CTOATENbCTBO BeCbMa CYLLECTBEHHO,
TakK Kak BCe MNocTpoeHus § 11 onupanucb HemnocpefcTBEHHO Ha aKCUOMbI
Apxumepa n KaHtopa. Ansa otpe3koB AB u CD, nexawmx Ha OfHOW
NpAMOW WM napannenbHbiX MAPAMbIX, MOHATUE KOHFPY3HTHOCTU BBO-
anTca Tak: oTpe3kn AB 1 CD Ha3biBaOTCA KOHTPYIHTHbLIMU:

AB = CD,

ecnn BekTopbl AB 1 CD paBHbl WM NPOTUBOMNONOXKHbLI. OTMeTUM, 4YTO
OTHOLIEHNE  KOHFPY3HTHOCTM OTPE3KOB MOXXHO BBECTMW TONbKO ANA
0TPEe3KOB, Ne>Kalux Ha OfHOW MPAMON WAWM Ha napanienbHbIX NPSMbIX.
[na oTpe3kos, ne>Kallx Ha nepecekaroLuxcs NpPAMbIX, Takoe OTHOLIe-
HWe BBECTU HeNb3d — B 3TOM COCTOMT MNpUHUMNUANbHOE OTAnYue al-
(PUHHOI reoMeTpunu OT eBKIUAOBOINA.

[na oTpe3Kos, nexalwimx Ha napannenbHbiX MpsAMbIX, BolbepeM efu-
HbIli MacwTabHbIA 0Tpe3oK. Torfja Ana 3TUX OTPe3KOB onpefdeneHa 4u-
Ha | (a), T. e. PyHKUMA OTpe3Ka a, Y[0BNeTBOPAOLLAA YCNOBUAM:

1) / (@ > 0 pna noboro oTpeska a,

2) 1 (@ = 1 (b), ecnn oTpe3kn a 1 b KOHFPY3HTHBHI,

3) Il (@a+ b)=1(@ + | (b).

CymMma 0Tpe3koB a H b cTpouTca cregylowmnm o6pa3om: Ha (QUKCUpo-
BaHHOW NpAMON W3 AaHHOro CemeicTea mapanfiefibHblX MPAMbIX CTPOUM
0Tpe3oK AB, KOHIFPY3HTHbIN @, a 3aTeM 0Tpe30oK BC, KOHIPY3HTHbINA b,
npuyem Touka B nexut mexpgy /1 n C; otpesok AC u npuHumaeTcs
3a CyMMYy OTpe3KoB a u b.
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N OnnHoii BekTOpa AB HasbiBaeTca umcno \AB\, paBHOe ANMHe
oTpeska AB.

lMocne aToro yMHO>XeHue BeKTOpPa Ha N060e BelecTBEHHOE YUCNO ON-
pepenserca Tak: MycTb AB — nNpon3BONbHbIA HEHYNeBOW BekTop,
a A— noboe BeLLECTBEHHOeE 4MCNO, Torga nog sektopom X - AB no-

Humaem BekTop AC Takoli, 4To AnnHa BekTopa AC paBHa anvnHe AB,
YMHOXEHHOI Ha uncno X, n Touka C nexuT ¢ B no ogHy vam no pasHble
CTOPOHbI OT A, ecnm cooTBeTCTBEHHO X > 0 wam X <; 0. Ecnm X = 0,
To AC eCTb HYNeBO BeKTOP.

Onepauuy CNOXeHWd BEKTOPOB UM YMHOXEHWS BEKTOpa Ha 4wucho,
KaK /1erko MpOBepUTb, YAOBMETBOPAIOT 0ObIYHBIM 3aKOHAM BEKTOPHOW
anre6pbl:

o ->-b—b—+a, n+40=a,
a-f-(b c¢)= (a-j-b)-Jc,
a -j- (—a) —0,
Xct—{?) = Xu—4—xb, X4-4Dha = Xa ~—{wx

Basucom HasblBaeTca Nnobas napa BeKTOPOBet, e2, vMeroWwmx obLiee
Hayano — Touky O ¥ HeKONAMHeapHbIX Mexay coboil. (Tak Xe, Kak
W B €BKIUAOBOW reoMeTpuMu, BEKTOPbl HEKOANWHEapHbl, ecM OHW He
nexaT Ha napanfnenbHbIX MNpPAMbIX. HyneBoi BeKTOp BCerga cuymTaeTcs
KONNMHeapHbIM N060My BekTOopy. MM03TOMY 3nemMeHTbl 6asnca — Bcerga
HeHyneBble BEKTOPBI.)

VimeeT MecTo cregylowas OCHOBHAafd Teopema:

BcAkuii BeKTOp I eANHCTBEHHbIM 06pa3oM pasnaraeTcs B CyMMYy

= Xisi + Xrsr,
BekTOpbl X\E 1 M X2e 2 Ha3blBAOTCA KOMMOHEHTaMu BeKTOpa I OTHOCK-
TenbHO 6asnca eun e2, a uncna Xi U X2— NpoekuusaMuU BekTopa I Ha
BEKTOPbl et 1 e 2m

Bektop r = OM, umewowunin Hayano B Touke O (puc. 84), Ha3biBaeT-
cA pajuyc-sekTopoMm. Mpoekunn pagmnyc-BeKTopa HasblBalOTCA €ro Koop-
AvHaTaMu ¥ 418 pajuyc-BeKTOPOB MPUMeEHAEM 3anuchb:

r=Lw =\xJ x2}

C kaxpgoi Toukoit M adduHHOW
NA0CKOCTM nocfne Bbl6opa 6asnca eun e 2
¢ Hayanom B Touke O B3aMMHO OZHO3HAY-
HO CBfA3aH paAnyC-BEKTOpP

r= OM.
KoopauHaTbl Xit Xxr 3toro paguyc-

BEKTOpa MPUHMMAKOTCA 3a KOOpAUHATHI
TOukM M, YTO 3anucbiBaem, Kak 06bIYHO:

M {xun x2).
Mocne Toro Kak BBeAeHbl KOOPAMHa-
Puc. 84 Tbl  TOYEK,  JIerko [loKa3sblBaeTcH,
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4YTO MPOEKLMM N060ro BeKTopa Ha BeKTOpbl 6a3nuca paBHbl PasHOCTAM
COOTBETCTBYHOLWMNX KOOPAMHAT KOHLUA W Hayana BeKTopa.

Bcnep 3a 3TuM onpegensieM SnHeiHble npeo6pa3oBaHna pagunyc-Bek-
TOPOB, aPuUHHbIE NpPeo6pa3oBaHMA TOYEK MIOCKOCTU W CTPOUM BCHO
Teoputo, passButyto B 88 1—5 rn. L

MocKonbKy BCe yTBEPXKAEHNSA akCUoM ap(PUHHOW reoMeTpun UHBAPU-
aHTHbl OTHOCUMTENbHO rpynnbl apduHHbIX Npeobpa3oBaHWii, TO Mbl U
NPUXoANM K TOMY, YTO ay(MHHAs reoMeTpus ecTb Teopus UHBApU~
aHTO0B a(PMHHOI rpynnbl NpeobpasoBaHuil.

§ 7. OpToroHanbHble Npeo6pa3oBaHus. EBkIMA0BA reoMeTpus

Kak 6bi1/10 BbIACHEHO B § 6, aphuHHas reomeTpus npefcTaBisfeT CO-
6o/ Teopulo WHBapUaHTOB rpynnbl auHHbIX npeobpasoBaHuii O6.
Mepexon OT aPPUHHON reoMeTpUN K eBKIWUAOBOI, OCHOBAHHbIA Ha Teo-
PETUKO-TPYMNMnoBbIX MOCTPOEHUAX, CBOAWUTCA K BblgeneHuto BHyTpu 06
Takoil ee cobcTBeHHOW noarpynnsl H, uto npeo6bpasoBaHus u3 H oc-
TaBNAT WHBApMaHTHOW HEKOTOPY UYMUCAOBYIO (PYHKLMUIO Mapbl BEKTO-
pos. lMpeob6bpasoBaHusa, Bxoadwme B H, 06bIMHO HasbiBalOTCA OPTOro-
HafbHbIMUK, a YNOMSHYTas Bblle PYHKUUS — CKanfpHbIM NPOU3BEAEHU-
€M BEeKTOpOB.

Takum 06pa3om, OpTOroHanbHble NPeobpasoBaHuns, KOTOPbIe B €BKIM-
[OBOI reomeTpuu 6YAYyT UrpaTb pofib ABVXKEHWN, NpeacTaBAsaldT coboi
ahhuHHbIe nNpeobpa3oBaHWa MNAOCKOCTU, MOAYMHEHHbIE AONOAHUTENb-
HOMY YC/IOBMIO: OHW COXPaHAT HEU3MEHHON HEKOTOPYH YUCOBYHO Be-
NNYNHY — cKanapHoe npousBefeHune. Kak Mbl yBUAWM, CKanspHoe
npou3BefeHne He ABNSETCA MHBapMaHToOM Bcelt rpynnbl O6 . Mpuctynum
K COOTBETCTBYIOLLMM MOCTPOEHUAM.

dukcupyem Ha NNOCKOCTM 6a3MC K3 HEKON/IMHeapHbIX BEKTOPOB
Cwu e 2, umerowmx Havyano B Touke O. B ganbHeiwem yepes r = OM 6y-
fem 0603HayaTb pagnyc-BeKTOpbl C Havyanom B ToUke O U KOHLOM B TOY-
ke M. KoopauHaTbl Toukn M u paguyc-sektopa r= OM O0ANHaKOBbI.
Huxe npuMeHsatoTca 0603HaYeHUs, KOTOpble ObiM yXKe WCMNO/b30BaHbl
B rnase Il:

r= OM = xiBi + x22 r= \xu x2\A M (xu x2.

UucnoByto OyHKLMIO Napbl BEKTOPOB I, S Mbl 6yem HasblBaTb CKansap -
HbIM Mpou3BefeHWeM UM o0603HaYaThb (r, S), €CAM OHA yA0BNeTBOPSET

CneflyloLUM YCNOBUAM.
1 (r, s)= (s, 1) (ycnosume cummeTpun).
2. (Xr, s) = X(r, s), roe X—npou3BOfbHOE BELLECTBEHHOE 4uUCNO.
3. (r,+ r2 8= (r, s)+ (rr, s).
4. CkanspHoe npou3BefeHne BeKTOpa C camiuM co6oii HeoTpuuaTenb-
Ho-. (r, r)> 0, n obpauiaeTcs B HyNb, NNLWb €CANT eCTb HYNEBO BEKTOP.
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N3 CUMMETPUN CKanApHOro nponsseneHns ucBoncte 2 u 3 BbITEKAET,
uTO CKanapHoe npoussefeHne o06nagaeT elle CAeAyOL MMM CBOCTBAMMU:
(r, Xs)= (is, 1) = HA(s, r) = 4A(r, s),

rge 9 — nponsBo/ibHOE BeLLeCTBEHHOE 4UC/0 U
8+ 8= (rsj+ (r, sd

Mycte © = Xjtfj -f-*222 1 5 —VYiei+ y2e2—pa3noXeHns BEKTOPOB
r ns no 6asmcy 6L e2 Torga, UCNOMb3ys CBOWCTBA CKaAPHOro
NPOuN3BeAEeHUA, MONYyUYNM:
(r, s) = (XyB,+ xrer, yN + y22 = nV, (e, ej -f
~b *iyr MNi» Bi) x2y{(eit e,) -j- xiy.1 (B2 e2.
Monoxum
«n = (N> @) 21 = (Ma> N)>
«az = (N> Ma)> 2= (2> @)
OTctofia ANs CKaNApPHOro Npou3BefeHUs UMeeM Crefyiolyo GopmMyny:
(r, S) = anxiYi + ai2Xiy2+ a2i*2yi + a22*2y2-
BbipaxkeHue
h(r, s) = OuXiy! + Oirtiy2+ a2iXi + a2x 2

cToslllee B MpaBoli YacTW mnocnefHein (opmyfnbl, MPUHATO HasbiBaTb
O6unnHeHo hopmoii, NOPOXKAEHHOW BeKTOpamu I, S. BunuHeliHaa gopma
BMNONHe OMnpejeneHa, eciv 3afaHa maTpuua ee KoappuULNEHTOB
TR A
\«21  «22/e
Takum 06pa3oM, OTHOCUTENbHO fAaHHOro 6asmca elt e 2 ckanapHoe
npou3BefeHNe BblpaXKaeTcsa C NOMOLWbO OUANHERHOW (OpMbI:

(r, s)=ap yy+ alxly2+ a2kyt+ ax2

MaTpuua
= "
\«21 «22'
Ha3blBaeTCca mMaTpuuelh'6unuHeinHoli gopmbol @ (r, S).
MockonbKy

«12= &> @) KL= (2> Gl
TO B CUYy CUMMETPUMN CKanapHOro npousBefeHns vMeem, 4To

12 ~ «1-
A = (aH a'a
w1 «22/

N COOTBETCTBEHHO 6UNMHelHaa dopma
O = ayXiyi + ai2xiy2+ a2inyi + a2x2y 2

Martpuua
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MOCTPOeHHas MO 3TON MaTpuue, AN KOTOPOU

«l2 — «21.

Ha3blBAlOTCA CUMMETPUYHBIMY.

Takum o6pasom, ckansipHoe nNpoussefeHune Bcerja 3afaeTca GunuHen-
HO CMMMeTpPUYHOI POPMOIA.

Myctb ® (r, s)— 6uUNMHeHaaA cuMMeTpuyHas opma. BbipaxeHue,
KOTOpoe nonyyaetcad u3®, ecnum NOMOXWUTb I = S, Ha3blBaeTCA Keajgpa-
TUWYHOI hOpMOI, NOPOXKAEHHO BeKTOpOM . OTHOCUTENbHO 6asnca
e 2KBafipaTuyHaa opMa UMeeT BUA

d(r, r) = anxl2+ 2ai2x,x2+ «22+2

M npeacTaBnseT cob6oii 04HOPOAHbLIA MOMMHOM BTOPOW CTEMeHW OTHOCK-
TeNbHO KOOpAWHAT BeKTopa T.

KBagpaTuuHass (opma HasblBaeTCs MONOXKUTENbHO ONpejeneHHoi,
ecnu

@ (r,r) = aux]-f- 2anx{xr-f- a2zx\ > O
med((r, r)y =0, NWb ecnu r —HYNEeBON BEKTOP.

Myctb r =[xIt x2}— HeHyNeBOl BEKTOP U NYCTb ANS ONPeLeNeHHOCTH
X2¢ 0. Torga

®(r, T)=x2(anQ 2+ 2al2J + c2
OTclopa cnegyeTt, 4TO HEO6XOAMMBIM 1 [OCTaTOYHbIM YC/OBMEM MO-
NOXUTeNbHOW OnpefeNeHHOCTN KBafpaTU4YHON (OpMbl
@ (r, 1) = anxl -f- 2alx 2+ alx\
ABNAKTCA HEpaBEHCTBA
an> 0, anai2— aZ2> 0.

Tak Kak ckanspHoe Mpou3BefeHNe BeKTopa I caMoro Ha ce6s ecTb
KBagpaTuyHas gopma

® (r, r) =aunxa-f 2anxixr-f azx

TO ycnoBue 4, Urypupytoliee B onpefeneHnn cKanspHoro npoussege-
HWUS, 03Ha4yaeT, YTO KBagpaTuyHas opma

@ (r, r) = anxi + 2alxXr-f a2\

MONOXWUTENIbHO OMpeaeneHHas.

MTak, B Npou3BONbHOM Gasncee,, e 2 CKansipHoe NpousBefeHue npeg-
CTaBNseT coboil BUANHENHYID CUMMETPUYHYD DOPMY, a COOTBETCTBYH-
wasa el KeagpaTuyHas (opmMa NONOXKMTENbHO OnpeAeneHHas.

O6paTHO, NycTb MaTpuua

A=|% @ = ¢
a2l &%
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3afaeT CUMMETPUYHYO GUINHEHYIO hopMy
@ (r, s) = anx,y, + aixty2+ aunxy-f anxyr,
AN KOTOpOW KBagpaTuuHasa dopma
O (r, 1) = anx: + 2akRgpa+ az*l
NONOXUTENbHO oOnpefeneHHas. Torga HenocpeACTBeHHOW NPOBEPKOiA
nerko yb6egmTbCs, 4TO
o(r, s) = d(s, 1),
o (Xr, s) = X (r, s),
O (rt+ r29 = (ry, )+ @ (r,, S),
W, cnefoBaTeNbHO, hopmyna
(r, S = o ([, 9
JEeNCTBUTENbHO OMpefAensieT CKansgpHOe NPOu3BeAeHMe.
Takum 06pasomM, NPUXOAUM K Chnefylolleil Teopeme.

Teopema 1. CkanspHoe npoussefeHne OTHOCUTENLHO NPOU3BO/b-
Horo 6asncae u e 2 Bcerga 3afaeTCs CUMMETPUYHOA BUINHENHOA (hopmoii
& (r, s) —amxi¥i anmAYr  °2nYi-~Harixr¥Yi (au = an>

AN KOTOpPOI KBagpaTwuyHaa dopma
@ (r, r) = anx\ -+ 2anxyi + azix\

ABNAETCA MONOXKUTENbHO ONpeAeNneHHOIA.
O6paTHO: BCcAKas GunnHeiiHas cuMMeTpuuHasa opma

®(r, s) = aydpy+ amyy2+ atxryy+ alxjy2
ANS KOTOPO/i MOCTpOeHHas Mo Heii kBagpaTuyHas copma P(r, )
ABAETCA NONOXKNTENbHO ONpe/eneHHoi, npeacTasnseT Co6Oi CKanspHoe
npownssefeHve.

Bbile ckanfpHoe npousBedeHue ObIO ONpefeneHo AN pajuyc-
BEKTOPOB, WCXOAALIMX U3 HEKOTOPON MNpPOU3BONLHO (UKCUPOBAHHOW
Toukn O Ha maockocTu. He npepctaBnseT TpyAa pacnpocTpaHUTb Mo-
HATWE CKaNsApHOro Mpou3BefeHNsA Ha Ntobble BeKTOpbl. VIMEHHO MyCTb
r= AB U s== CD — fBa NpPOM3BO/IbHbIX BEKTOpa Ha MAOCKOCTM M
nyctb ri= OM u $.= ON — paguyc-BeKTOpbl, COOTBETCTBEHHO paB-
Hble r ©n s. Tor,qa MoNMOXUM

ry= Xysy-~x2",
Y= WO Y2
Ecnn n |2 ni n T)2— COOTBETCTBEHHO MNPOEKUMN T K S Ha BEK-
TOpbl BY M €2, TO
= Xy, £2= x2
% = VYi, Jla= Yr
MosTomy nonaraem
(r, 8) = + «irliZir+ a2ybsdy+ O0» A T)2
Torga

(r, s) = (ry.sy),
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W, cTano ObITb, CKa/IIPHOE MPOM3BEAEHME 1S JIH0ObIX BEKTOPOB T, s
MJ0CKOCTM OTHOCUTENbHO 6asnca e un e 2 NpeacTaBnseT coboii bunuHei-
HYI0 CMMMETPUYHYIO (OPMY OTHOCUTE/IbHO MPOEKLMA BEKTOPOB I, S
Ha 6a3sncHble BeKTopbl e, M e2. [pu 3TOM KBagpaTuyHas ¢opma, Mo-
CTPOEHHasA Mo 6UNMHEHOW, NONOXMWTEIbHO ONpeAeneHHas.

[nvHoli BekTopa r 6ygemM HasbiBaTb YMC/IO0

\r\=Y{r, r).

ECTecTBEHHO >XenaTb, 4TOGbl Yrosl Mexay BeKTopamu, A/MHa BeKTopa
W CKasIipHOEe MpPOV3BefeHVe BblIN CBA3aHbl 06bIYHBIM COOTHOLLEHUEM:
CKa/IipHOe NPOU3BeEHME BEKTOPOB PaBHO MPOM3BEAEHUIO UX [JJIMH Ha
KOCWHYC yrna Mexzay HuMW. 103ToMy Mbl NPUXOAMM K CleAyHLeMy
OMpeaeneHnto yria QMexay BeKTOpaMu r us:

d= arccos er’ ,

Ir| ||

0% s

BeKTODbI I 'S Has3bIBalOTCA OPTOrOHa/lbHbIMUW, €C/TN YTOJ1 MeXay
HUMW paBeH , WK, 4YTO TO XKe,

T. €. nonaraem

(r, s) = 0.

Ons Toro u4tobbl NPUBEAEHHOE BbIle OMNPeAesieHVe yrnia Mexay
BEKTOPAMU T U «BblfI0 KOPPEKTHBLIM, HEOGXOAUMO YCTAHOBUTb, YTO A/
NMoGbIX BEKTOPOB I M S CMpaBed/MBbl HepaBeHCTBA

—I< -INN—< |,
Ir| 1Sl

Wi, 410 TO XKE CaMoe,

i <t

OTO HepaBeHCTBO 06bIYHO Ha3bIBAKOT HepaseHCTBOM Kowiv — ByHs-
KOBCKOTO.

Myctb X — nNpon3BO/IbHOE BELUECTBEHHOE 4uMc/o, a I U S — aBa
NPoOu3BOJIbHLIX BeKTopa. Torga Mo akcuMome 4 CKanspHOro npowvssefe-
HUA MeeM:

(r—Xs, 1 — Xs) > 0,
T. €. ana moboro X
X2(s, s)—21(r, s) (r, r)> 0.
Tak KaK KBafpaTHbIA OTHOCUTE/IbHO X TPeX4sieH
X2(s, s) —2X (r, s)-f (r, 1)
NPUHUMAET TOSIbKO HEOTPULATE/IbHbIE 3HAYEHUS, TO OH He MOXET NMETb

142



Pas/IMYHbIX AEVICTBMTEHbeIX KOpHEI7I, n, cnegosaTesibHO, €ro oUCKpu-
MWHaHT HEMNON0XUTENEH:

(r, s)2—(r, r) (s, s) < 0.
OTcloga 1 BbITEKaET, YTO
(r, 8)2< (r, r) (s, 9).
Takum 06pa3oM, 4715 N0ObIX BEKTOPOB I' U S MMEEM
(. 82
Ir|2|si2™
NTaK, nycTb Ha ad)hMHHOM MNMOCKOCTU BBEAEHO CKasIAPHOE MPOun3-
BeaeHwe (r, s). Torga Ans BCex BEKTOPOB I onpefernieHa gnvHa \r\ un
onpefenieH yroa Mexgy AByMs f0b6bIMM BeKTOpamu.

AdprHHOe npeobpasoBaHue If; aPphUHHOA NMIOCKOCTN HA30BEM OpPTO-
FOHa/IbHbIM, €C/IM OHO He MEHSeT CKaNSPHOIO MPOM3BELEHUS MeXay

BEKTOpamu, T. e. 418 N0bbIX BekTopoB I = AB u s — CD u ux obpa-
30B

rr= WW,s'=CD7
CnpaBef/IMBO  PaBeHCTBO
(r', s = (r, 9).

OueBMAHO, UTO BCAKOE OPTOroHasIbHOe Mpeobpas3oBaHVe He MeHsieT
[L/IMH BEKTOPOB W YIrNOB MEXAy HUMW.

COBOKYMHOCTb OPTOroHa/bHbIX Npeobpa3oBaHmMii 06pasyeT MOArpymn-
ny H rpynnbl adyhmHHBIX Mpeobpas3oBaHnii  nyiockocTu. [Ansa gokasa-
TeNbCTBa 3TOr0 (pakTa JOCTATOYHO MPOBEPUTb CAPaBeLIMBOCTbL ClIEAYHO-
LWMX YTBEPXKAEHWUIA:

a) npon3BefeHne ByX OPTOroHabHbIX NpeobpasoBaHnii ecTb OpTO-
roHasibHoe npeobpasoBaHue,

6) npeobpasosBaHne, 06paTHOE K OPTOroOHa/IbHOMY, eCTb OPTOroOHa/b-
HOoe npeobpasoBaHue.

JokaszaTenbcTBO yTBepXAageHuna a) MNyctb £—
aththmHHOE NpeobpasoBaHme, NpeACTaB/IsAoLLEe CO60 NpoM3BeAeHNE ABYX
OpTOroHanbHbIX npeoGpasoBaHuit $ u ¢. [lycTb, fanee, r U s—gBa
NPoOU3BO/IbHLIX BeKTopa. Torga

(r, s) = |r Us|cos (r?s).
Monoxum
r'=o(), S'= (9.
TaK Kak (p — opTOoroHasibHoe MpeobpasoBaHue, TO
[r'] = \r\, |a'| = 1*L
N Yyron mMexay BeKTopamu r' 1 s' paBeH yrfily Mexjay BeKTopamu I 1 S.
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Tak Kak
I EQE MO = 90,
st= 1(S) = M@ (5) = MP(SY,
a Ip— OpTOroHa/IbHOe rpeobpasoBaHue, TO

Ir' 1= 1r |,
1<l = |s],

r|
s"\

n yron Mexay Eektopamu ' un $'" paBeH yrny Mexpay BekTopamu I u
S . lMoatomy

(r*, s") = \r" Us" lcos (r'\Y), = ,r ,IS;cos (r,J1«)= (r, S).

YTBepxXaeHne a) AoKasaHo.

JokaszaTenbCcTBO YyTBepxpgeHua 6). MNyctb mp—
OpTOroHaNIbHOe rpeobpasoBaHMe. TakK KakK p— adrHHOe npeobpaso-
BaHMe, TO OHO uMeeT obpaTHoe prl. [lycTb Pl nepeBOAWT ABa MpoOU3-
BOJ/IbHbIX BEKTOpPA I US B BEKTOPbI T’ Ms'. Toraa, UCMosb3ys OpToroHas b-
HOCTb P, VIMEEM:

s s

:V|’

M Yyron Mexnay BeKTOopamMu I UM «paBeH yriny Mexay r' us’. AdjuHHoe
npeo6bpasoBaHue Pl nepeBognT rB r',$ Bi', M Tak Kak

(r', s) = (r, 9)

a BeKTOpbl T s BbIbpaHbl MPOM3BO/LHLIMU, TO IP-1 eCTb OPTOrOHaIbHOE
npeo6pasoBaHue.

MTakK, COBOKYMHOCTb OPTOrOHa/IbHbIX Mpeobpa3oBaHuii 0bpasyeT
rpynny. OueBugHo, H ecTb cobcTBeHHas nogrpynna OC . Haligem Te-
nepb KOOpAWHATHOE MpeAcTaB/ieHMe OPTOroHasbHOr0 Mpeobpas3oBaHusl.

Tak Kak atipuHHBIM Npeo6pasoBaHNEM MPOU3BOJILHO 3afjaHHbIN 6asuc
MOXHO MepeBecTV B 060N ApYron, TO Ha apMHHON MIoCKOCTU Bce Ga-
3UCbl paBHOMpaBHbI. [ocne Toro kKak Ha agUHHON MIOCKOCTU BBEAEHO
CKafsipHoe NPOoM3BeeHNe U BblfeneHa rpynmna opToroHa/ bHbIX Npeobpaso-
BaHWIA, BCe 6a3nCbl pPa3fenATCsA Ha MOMapHO HemepeceKaroLmecs Krac-
Cbl. B Kaxgblli Takoi Knacc BXOAAT 6as3vchbl, Y KOTOPbIX COOTBETCTBEH-
HO paBHbl J/IMHbI BEKTOPOB Y YI/bl MeXAY HiMMK. [pyrumn cnosamu, 6a-
aucbl en 02 n 6i , € 2 OTHOCMTENILHO OPTOrOHA/ILHBLIX NPeo6pasoBaHMl
BXOAAT B OAMH KJ/acc Torja M TOMbKO TOrfa, Korja

ei=1bl VA= k2> (e”eN=(exeN.

Mo3aTomy npeacTaBnsieTcs Lieniecoo6pasHbIM BbIgeNMTb Tak HasbiBae-
Mble OPTOHOPMUPOBaHHbIe 6a3ncbl. Basuc, COCTOALWMI 113 BEKTOPOB eu er,
Ha3bIBAETCSH OPTOHOPMUPOBAHHBLIM, EC/IM BEKTOPbI €, M e2 OPTOrOHATbHbI
W [JIMHbI WX pPaBHbl efuHULE. BasucHble BEKTOPbI Bi U € 2 OPTOHOPMK-
pOBaHHOro 6asnca HasbIBalTCS OpTamMu.
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Teopema 2. OpTOHOPMUPOBAHHbIE GA3NChI CYLLECTBYHOT.

[JeiicTButensHo, nyctb e{, e2— Mpou3BONbHbIA 6a3uc. [nvMHa Bek-
Topa e, paBHa Y (elt eX > 0. Monoxum

1
Si
V(ev ex
Torga
V(ei. et
1tfil-- ( )
V(ev et) V(ev el
W, cnefoBaTeNbHO,
lgj= I-
PaccmoTpum BeKTOp
g2 = et+ Xgit
rae X—HeKoTopoe BelieCcTBeHHOe uucno. lMopbepem | Tak, u4TOO6bLI
(gv e = o
T. e
(«t+*#1, ffi) =0.
OTcroga
b = --"7 = - (e2
O603Haunm 4epes Ighl [OavmHy BekTopa Bektopbl gt un g2=
= —- g”", o4yeBMAHO, 06pa3yldT OPTOHOPMMPOBAHHbLIN 6aswnc.
bl

Teopema foKa3aHa.

N3 onpegeneHns opToroHanbLHOro npeoo6-
pasoBaHMs BbiTeKaeT, YTO Takoe npeo6paso-
BaHMe BCerja OpPTOHOPMUPOBaHHbLI  6asnc
NepeBoANT B OPTOHOPMUPOBAHHBIIA.

Teopema 3. EcnmadduHHoe npeobpaso-
BaHWe [P NepeBOAUT HEKOTOPbIA OPTOHOPMU-
poBaHHbI 6a3nc en e 2B OPTOHOPMUPOBAHHbIN
6asuc e/, e./, To I ecTb OpTOroHanbHoe
npeobpasoBaHue.

JokasaTenbcTtBo. [lyctb 1 —
=AB n s — CD — p[Banpou3BONbHbIX BeK-
Topa mr' = A'B', s'— C'D' — ux ob6pasbl
npu npeobpasoBaHMm $ (puc. 85).
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MycTtb
r=1let-flrer, *= Niei+ YA
— pas3noXxeHns BeKTOpOB I, S no 6asucy elt elY a
r'=Ne[ +t2x2

s'= \ e\+ rke>

— pasnoxeHusa r', s' no 6asucy e[, €0

Tak Kak BEKTOpbl €, He.,, € ‘une' 06pa3yloT OPTOHOPMUPOBaHHbIe 6a-
3uncbl, TO

Si= (f>N) N> i = (@N)i JTr=
= (el [2= (e = (s€) 1=
MoCKONbKY CKanapHoe Npou3BefeHMe BEKTOPOB PaBHO MPOM3BEAEHUIO
ANVH BEKTOPOB Ha KOCUHYC yrja MeXAy HUMM, TO
= \NNcospp £2— \r\ cos b2, 7], = |s| cos 9If T\r= \s\ cos €

Il = \r'\'cos [, I' = 1r " Icoadp’; ii; =|s'| cos 0J, N2= |sj cos &

O =" (r,ef), 2= (r, €d; =" (5, ¢,), =" (s, €2

D' = 41(r', e\)% = -4 (r'te2\ g =1 (s, e\), 6,= " (s, *2)

OTcioAa BbITEKaeT, YTO MPOEKUMU BeKTopa I Ha ocu oxy. OX2, ans

KOTOPbIX BEKTOPbl €b € 2CYTb 0PThl, PaBHbl MPOW3BEAEHUIO AJIMHbI BEK-
TOpa I Ha KOCMHYC Yrna MeXpiy BeKTOPOM M COOTBETCTBYIOLLEH OCbio.

MosTomy ecnim R = om — pajgunyc-BeKTOp TOUYKM m C KOOpAMHaTa-
mu li, £2 oTHocuTenbHo 6Gasuca elt e2 710
R = 4-

Moatomy aduHHbIE KOOPAMHATbI TOYKW M OTHOCWUTESIbHO OPTOHOPMU-
poBanHoro 6asmuca SABAAKTCA [eKAPTOBbIMW. AHANOrM4yHO ecnun fji,
t]2 — koopauHaTtbl ToukM N OTHOCUTENbHO Gasuca eite2, TO B CUNY
OPTOHOPMWPOBAHHOCTM 3TOro 6asmca umcna rji, T]2 eCTb AEKAPTOBbl KO-
opauHatbl Touku N.

MycTb KOHUbI OPTOB ev e2 e\, e Haxogatcs B Toukax Eit £2
E\, a My nM2 M; n M 2—CcoOTBETCTBEHHO MPOeKLMU TOoukn M  Ha
ocn Ox, M Ox2 n Toukm M'—ee obpasa—Ha ocn O'x[ m 0'x'2

Torpa

1ly=(My, Ey, 0), 12= (Mr, N2 O),
b[=(MyE\-, O), %= (M O
MockonbKy npu apguMHHOM npeobpa3oBaHMM NPOCTOE OTHOLUEHWE Tpex
TOYEeK coxpaHsieTcs, a ip ecTb a)PuHHOe npeobpasoBaHue, TO
=S5 h=2
Ni= . 'h= N2
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B fekapToBOW cucTemMe KOOPAMHAT MPOEKLMS BEKTOpa Ha KOoOpAu-
HaTHYIO OCb paBHa PasHOCTW KOOPAMHAT KOHLA W Hayana BEeKTOpa.
[MoaTomy

Haxogum ckansapHoe npousBefeHVe BeKTOpoB AB M CD, WUCMO/b-
3ya UX pas/zioxkKeHUA No OPTOHOPMUpPOBaHHOMY 6a3V|cy By, €2t

(AB, CD) = |ml 22

AHa/IOTUYHO HaxXOAMM CKalsipHOe TMpou3BefeHe BeKTOpoB A'B7
M C D 1uepes UX pasfoXeHns Mo OPTOHOPMUPOBAHHOMY 6asuncy By e r'i

(A'B, C'D")=g;r,;+6'n".
OTcloga
(AB, CD) = (A'B', C'D").

Tak Kak BeKTopbl r= AB M S = CD 6blivM B3ATbl NPON3BO/SIb-
HO, TO npeo6pas3oBaHWe I[P eCTb OPTOroHasbHOE.
Teopema [oKasaHa.

Teopema 4. Bo BcAKOM OpTOHOPMUpPOBAHHOM 6aswuce eit ez
KOOpAMHATHOe MpeiCcTaB/eHWe OPTOroHanbHOro npeobpasoBaHUA UMeeT
BUA:
| x*= X, cos h— x2sin ¢-j- dit jx[ = Xycos ¢ -f- *2 sin d-j- dy,

j x2= Xysind -}- g2co5 d2  \x'2-=Xysind¢ — x2cos ¢ -f-d2. M
O6paTHO, BcAKoe ahpuHHOEe npeobpa3oBaHue P, KOTOPOe B OPTOHOPMU-

poBaHHOM 6a3uce By, e 2 3afjaeTcs dopmynamu (*), ABnsAeTca OpTOro-
HafbHbIM.

JokaszaTenbcTBO. [lycTb IpP— OpPTOroHasbHOe Mpeobpa-
30BaHWe nBy, €% NPOM3BO/bHbLIA OPTOHOPMMPOBAHHbLIM 6a3uc. Tak
KaKk @ — auHHOe npeo6pasoBaHue, TO B OA3NCE e X,e T OHO VMEET KO-
opAnHaTHOe npeacTaB/ieHUe

Kak 6bi0 nokasaHo B 8§ 3 rn. Il, anemeHTbl 6asuca sy = OE, H
e2= OE2 nepexogat B BekTopbl e[ = 0'E[ n e2= 0'E2 npudem Ans
paguyc-BekTopoB Touvek O', E[, E 2 cnpaBeanBbl pas/ioXeHUs:

00' = dxey-)-dze2
OE[ = (an-j- djey-j- (azi dder, OE2=(al2 dy)ex-)- (ar2-j-de2.

147



Tak Kak

TO BEKTOPbI 8[ N €2 oTHOCUTeNbHO 6Ga3nca ev er umewT pasnoxXeHna:

B| = "l- @25 N2 = «d2M «Q2N0*
OTcropa

«11 = «> et) = lelll*lcosZ (e[, et) = \e[\cos Z (e[, et),
«@t = (& ~r) = 1Qj Z (o(, 62)
QL= (" | & A @*
,«22 = (e2« er)= 1021 cos Z (B', ed.
Tak Kak Ip—OpTOroHasbHOe npeo6pasoBaHue, TO

N BekTopbl €\ 1 €2 opToroHanbHbl. EcinM Mbl 0603HaYMM 4Yepe3 cpyron
Mexay BekTopamu exu e[, To

Z (e[, =] —dZ @B, =]+ dZ (B, e)= b

eCAM  napbl BEKTOPOB 04 n e[, €2 opueHTMpOBaHbI 04WHAKOBO
(cm. 8 2 rn. 1), n

Z(e'l/lej—d)—f;"(e'v =p—~"; Z (e;, e = 89 — o,

ecnu napbl  BekTopos ePo
e2un e[, €2 opueHTUpPOBaHHI

MPOTMBOMOMIOXHO (CM. puUcC.

86 U 87).
Moatomy wu3 opmyn (*)
0 e cnegyeT, uTo
Puc. 86 anm = cosdp, al2= sina,
arl —sind, ar2= cos g,
ecnu napel en e2u e[, €2
OPUEHTUPOBaHbI OAWHAKOBO,
0" aH — cos o, a,2 = sin o,
a2l= sindg, aZ= — cosd,
0 ecnin  napel eite2un €v e'
OpPWEHTMPOBaHbI  MPOTUBOMO-
Puc. 87 NOXHO.
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O6paTHOe yTBEpXJeHWe C MOMOLLbI Teopembl 3 CBOAUTCA K Mpo-
BEpPKe cneaylouiero gakra: nyctb e/, €2 — obpasbl BEKTOpPOB et u
£2npu oTOGpPaXEHUU P, KOTOPOe 3adaHo (opmMynamu:

(x\ = xxcos g — x2sin ¢ -{- dit

| x" = Xjsin @ -)-"2c080+ d2
nm

iX[ = cos®  *2sin o -f- dlt

I X2= Xj sin h— m2cos Cb-j- d2

Torga BekTopbl e[ u e' 06pa3syrdT OPTOHOPMMPOBAHHLIN 6asuc.
B nepBoMm cnyuyae BeKTOpbl €] W €2 MMeT pas3fnoXeHus;

e[= costol+ sinhe2
e2=—singe,-\-cospe2

OTcroga
= V~cos2¢ -{- sin2¢p =1,
\B'2A = Ksin2¢g-f-0R¢p =1,
(e e2)=—cosgsinth-|-sincost = 0.

Takum 06pa3omM, BEKTOPbl €X U e2 AelCTBUTENbHO 06pasytoT OpPTOHOP-
MUpPOBaHHbIA 6a3nc. AHaNOrMYHO yCcTaHaB/MWBaeTCA, YTO M BO BTOPOM
cnydae BeKTOpbl e/ W e2TakXe 06pa3yloT OPTOHOPMUPOBAHHLIW 6asuc.
Teopema foKa3aHa.
B § 15 rn. | 6bIN0 BbIACHEHO, 4TO Mpeobpa3oBaHWe, UMelOLlee B
OPTOHOPMUPOBAHHOM 6a3nce KOOpPAWHATHOE npeAcTaBieHue

IX[ = Xi cos o — x2sin ¢p-f- du
j X2 — xxsin ¢ -f- x2cos ¢ -j- d2,

CBOAMTCA KBpAaLLEHWIO eBKAUAOBON MIOCKOCTU Ha yron @ n napannenb-
HOMy nepeHocy Ha BekTop d = [du dz). Ecnm e KoopAuHaTHOe npeg-
CTaB/eHWe paccMaTpuMBaeMoro npeo6pa3oBaHUs WMeeT BUA:

Ix\ = Xicos ¢ -f- x2sin ¢ -j- dlt
jx2= Xisin h — x2cos g -j- d2,

TO 370 npeobpa3oBaHWe ecTb NpPOM3BeAeHWe BpaleHUs Ha yron o
napannenbHoro nepeHoca Ha Bektop d =|di, d2\n oTpaxeHusa oT nps-
MOi. B ob6oux cnydasx peuyb WAET O ABWXKEHUAX €BKAWLOBOW MMOCKO-
CTU, KoTopble 6binn u3yyeHbl B § 15 rn. |. VI3 Teopembl 4 u NpoBefeH-
HbIX TO/MIbKO YTO PAacCMOTPEeHWI BbITEKaeT, YTO rpynna opTOroHanbHbIX
npeobpasoBaHuii 9 u3omopHa rpynne ABWXEHWUW eBKNMAOBOM nnoc-
KocTu. OTclofa W BbiTEKAeT OCHOBHas TeopeMma 0 CBA3U apUHHOWA M eB-
KNMA0BOWA reoMeTpuil.
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Teopema 5 Tycte O6 — rpynna ad@uHHbIX NpeobpasoBaHuii
eBK/MAO0BOM MNOCKOCTU W H — ee noarpynna, cocToswas U3 opToro-
Ha/bHbIX Npeobpa3oBaHuil.

Teopnsi MHBapMaHTOB FpynMnbl OPTOroHaNbHbIX npeobpasoBaHuii H
COCTaBnseT €BKIMAOBY FeOMETPUIO, a Teopus WHBApUMaHTOB rpynnbl
aduHHbIX NpeobpasoBaHWii cocTaengeT aduHHY0 reoMeTpuio.

Tak kak noarpynna H He coBmajaeT co Bceid rpynnoii 06, TO nto-
6ot mHBapuaHT rpynnbl 06 ecTb MHBapuaHT rpynnbl H, HO cyulecTBy-
0T MHBapWaHTbl MoArpynnel H, He ABNAOLWMECA WUHBapuMaHTamu rpyn-
nol 06.

HanoMHMUM, 4YTO peyb O KOHKPETHbIX WHBapuaHTax rpynn 06 n H
wna B 86, 7 rn. Il, Kyaa Mbl 1 OTCbllaeM 4YmMTaTens.

§ 8 K Bompocy 06 akcnomaTuke adPUHHOA U €BKINLOBONA
reomeTpuil

B atom naparpadge 6yaeT gaHa akcumomaTuka apMHHON W eBKAU-
[IOBOW reomeTpuid, OCHOBaHHas Ha CBOWCTBAX /IMHEHbIX onepauunii Hag
MaTeMaTUYeCKNUMU 06BLEKTAMMU.

MHO>KeCTBO R 371eMeHTOB X, Yy, z NPOW3BO/MbHOW MPUPOAbI HasblBa-
eTca a PUHHBIM (NWHEWHBIM) NPOCTpPaHCTBOM, ecnu:

a) Ka>KAbIM [BYM 3/IeMeHTaM X W y NOCTaBleH B COOTBETCTBUE 3fe-
MEHT T, Ha3blBaemblii CyMMOV 31eMeHT OB X U Y, CyMMa 3/EMEH-
TOoB 0603HauaeTCA uepe3 X + ;

6) Ka>KAOMY 3/IEMEHTY X U Ka>KAOMY BellecTBEHHOMY ynciny XnocTas-
NEH B COOTBETCTBME 3EMEHT XX, Ha3blBaemblii MNPOW3BEJEHMEM YMC-
na X Ha 3NEMEHT X.

3Twu onepauuu AOMKHbI YAOBNETBOPATHL CrefylolmMm TpeboBaHUsaM-.
Lagx+y=y+Xx

6) x +y) +z=x+ (y+ 2.

B) CywecTByeT aneMeHT 0 Takoil, 4To X + ©= x Ans noboro Xx.
OneMeHT © HasblBaeTCA HYyNeBblM 3/1eMEHTOM.

r) Ons Ka>KAOro X CyllecTByeT 31eMEHT, 0603Ha4aeMblii Yepe3 —x,
Takoii, yTo

X+ (—x) = 0.
. a 1ex= X
6} a (Px) = (o) X.
1. a) (a+ P)x = ax - fix.
6)a (x + y) = ax + ay.

TOYHO TaK Xe, Kak W B NpuMBEAEHHbIX Bbllle CMCTEMax akCUOM eB-
KNMAoBON U aMHHON TeoOMEeTpuUiA, 3MeMEeHTbl, a TakXe onepauuu
CNOXEHUA W YMHOXEHMS WX Ha BelleCTBEHHble YMcna HUKAKOr0 KOH-
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KPeTHOro cMmbicna He uMMeloT. [103TOMy BCAKWIA pas, Korjga Mbl BCTpe-
Yyaemcsa C onepauusamu, YAOBMETBOPSIOLWMMMN NEPEUYUCIEHHBIM Bbille Tpe-
60BaHMAM, Mbl BNpaBe CYMTaTb MX ONepauusiMu CAOXEHUS U YMHOXe-
HWA Ha 4Yucna, a COBOKYMHOCTb 3/IEMEHTOB, 418 KOTOPbLIX 3TU oOnepa-
UMW YCTAHOBNEHbl, — aPPUHHLIM (TMHEAHbIM) MPOCTPAHCTBOM.

3neMeHTbl aPUHHOro npocTtpaHcTBa OyAeM Ha3blBaTb BEKTOpPaMU.

Myctb R — ahuHHOE NpoCTpaHCTBO. BekTopbl X, Y, ..., V Hasbl-
BalOTCA /JIMHEAHO 3aBUCUMbIMU, eCcln cyliecTBYOT yucna a, (5 l,
He BCe O[HOBPEMEHHO paBHble HY/IO, Takue, 4To

ae + Py ..+ \iv= 106

BeKTOpr, He ABnAK LW MnecA NNHEAHO 3aBUCUMbIMU, Ha3blBAKITCSH NMHEN-
HO He3aBUCUMbIMW. ﬂ,perMM cnoBamun, BEKTOpPbl X, Y, ..., V NNHENHO
He3aBUCUMbI, €Cnn pPaBEHCTBO

ax + $y + ... + pu= 6

BO3MOXHO NuWb Npn a = p= ... = p= 0.

C noMOWbD  MOHATMA NWHEAHON 3aBMCUMOCTU CTPOMTCA BAXHOE
MOHATUE pa3MepHOCTM aPpPUHHOrO NPOCTPaHCTBaA.

AduHHOE NPOCTPAHCTBO R Ha3blBAeTCA M-MepPHbIM, €CAN B HeM
CywlecTBYeT N JMHEAHO He3aBUCUMbIX BEKTOPOB M HeT 60nblIero uucna
NIMHEWHO He3aBUCUMbIX BEKTOPOB.

[BymepHoe athHHOE NPOCTPaAHCTBO HasbiBaeTcs aduHHON  naoc-
KOCTbIO0.

Kak 6bl0 nokasaHo B § 6, U3 akcuoM agp®UHHOW nnaHuMeTpun
MOXHO BbIBECTU MOHATWE BEKTOPA, CNOXEHWe BEKTOPOB U YMHOXeHUe
MX Ha BeLlecTBeHHble yucna. MNpu 3TOM BCce akCUMOMbl apgpuHHOro (nu-
HeliHOro) npocTpaHcTBa OTHOCUTENbHO oOnepauuini Haf BekTOopamu Oy-
OYT BbIMNOMHEHHbIMU. Takum o6pasom, a@uHHas MAOCKOCTb B CMbICAe
akcuomaTukn 8§ 6 ecTb AByMepHOe appuMHHOE MPOCTPaHCTBO.

MoOXHO AoKa3aTb (Ha 3TOM Mbl OCTaHaBAMBAaTbCA He OyAeM), uTo
BCAKOE ABYMepHOe apPUHHOE NPOCTPAHCTBO ecTb apuHHAf MNMOCKOCTb
B CMbIC/le aKCMOMATUKKN § 6.

Mepeiijem Temepb K akCcUMOMaTUKe €BKAMAO0Ba MPOCTPAHCTBA.

Byaem rosopuTb, 4TO B alhMHHOM npocTpaHcTBe R onpegeneHo
cCKansipHoe npousBefeHue, ecnum Kaxol nape BeKTOpoB X,y£ R nocTtas-
NEeHO B COOTBETCTBME BELLECTBEHHOE 4YMCNO, KOTOPOe Mbl 0603HAYUM
yepes (X, y), NpuMyeM yKa3aHHOe COOTBETCTBMe 06nafaeT CrefyroLWwmumMm
cBoiicTBamu.

1L (X, ¥) = (y, X) Ana BCex BEKTOPOB X My (CMMMeTpuUs  CcKansp-
HOro npousBefeHus).

2. (Xx, y) = A{x, y) gna Bcex uncen A un Bcex x, yE R.

3.

(x, + xr,y) = {xlty) + (Xr, y)
anst MOOBIX Xu X2, y(zR -
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4. CkansipHoe npou3BedeHMe BeKTOpa camoro Ha cebs HeoTpuua-
TeNbHO:
x, x) > O

n obpawaetcs B HyNb, AMwb ecam x = 0.

AdpUHHOe NpOCTPaHCTBO, B KOTOPOM OMpefeseHo0 CKansgpHoe Mpo-
n3BefeHne, YAOBMeTBOpsAOLLee CBOWCTBaM 1—4, Ha3blBaeTCA  €BK/M-
[OBbIM MPOCTPAHCTBOM.

Ecnm umcxoauTb M3 aKCMOMATWMKW €BKIWAOBOW TFeOMETpUU, AaHHOW
B8 4,5 7, 11, 15 rn. |, TO Ha €BKINAOBON MMOCKOCTU MOXHO BBECTU
MOHSATME BEKTOPOB W NMHENHbIX OMnepauuii Hag HUMKU, a TakKXXe NOoHATHE
CKanspHOro npou3BefeHNs BEKTOPOB, 6narogaps 4Yemy eBKAugoBsa Mno-
CKOCTb €CTb ABYMEPHOE €BK/AWAOBO MPOCTPAHCTBO B CMbIC/e oOnpejene-
HWA, OaHHOro B HacToslem naparpade.

B § 7 6bln0 MoOKa3aHO, 4TO, OTMPaBNAfCb OT aKCMOMaTWKW [ABY-
MEPHOr0 €BK/MMA0OBa MPOCTPaHCTBA, CBA3aHHOIO C BBEAEHMEM CKanap-
HOro nMpousBefeHnsa B apPUHHOM MPOCTPAHCTBE, Mbl MPUXOAUM K MOHSA-
TUIO €BK/WAOBOM MN/IOCKOCTM, 6Gasumpytouielica Ha akcuomaTtuke 88 4,5,
7, 11, 15 rn. |

B HacTosllee BpeMs BO MHOFMX pasfefiax COBPEMEHHON MaTemMaTuKu
HaxoAsT MOCTOSHHOE NpPWMEHeHWe MOHATUA aPpPUHHOrO M eBKAMAOBA
npocTpaHcTB. [pu 3TOM B NOAABAAOLLEM OOMbLWINHCTBE Cy4aeB WC-
Nnonb3yeTca akCcuomathka 3TUX MNPOCTPAHCTB, NPMBEAEHHAas B HaCTOS-
wem naparpate. 970 00BLACHAETCS B MEPBYH Oyepedb €e  KOMMaKT-
HOCTbIO M yA06CTBOM MPOBEPKM B MPUNOXEHUAX.



FTMTABA lll. NPOEKTUBHBLIE MPEOBPA30OBAHUA

B Hauane XIX Beka napannenbHo C aKTUBHbIM pa3BUTUEM OCHO-
BaHWUIi reomMeTpMuM BO3HMK/IA U CTana yCrewHo pa3BMBaThbCAa HOBas BETBb
reoMeTpunm — MpoeKTUBHAA reoMeTpus. NCTOYHUKOM ee ABUNCL MOT-
pe6HOCTM apXUTEKTYpbl 1 rpadiukn. MNMepsoe Bpems NPOeKTUBHAA reomeT-
pus vMena LOBOJIbHO OrpaHWYeHHY cdepy NPUIOXKeHWiA. TlocTeneH-
HO 6blNN 3amMeyeHbl U NpocnexeHbl rNy6oKMe CBA3M MEXAY MPOeKTUB-
HOl reomeTpueil 1 BoMpocamnm OOGOCHOBAHWUS 3MEMEHTAPHOI FeoMeTpuUn,
4yTO NPUBENO K TECHOMY 06beAUHEHN0 060UX OTLENOB reOMETPUU B KOH-
ue XIX Beka. PesynbTtaToM 3TOro 06befuHeHMA 6blI0 NOCTPOEHME B
paMmKax MPOeKTUBHON reoMeTpumn rnyboKoW Teopuu, KOTopas BKIKOUMNA
B €4MHYI0 CXeMy reometpum EBknuga u Jlo6ayeBCKOro.

Co3faHue MpPOEKTUBHON reoMeTpuu CBA3aHO C paboToli M3BECTHOrO
(hpaHuysckoro reometpa MoHcene (1788—1867) «TpakraT o
NPOEKTUBHbLIX CBOWCTBAx ()Mryp», B KOTOPO BMepBble B KayecTBe Camo-
CTOATENIbHOT0 06beKTa MccnefoBaHUs BblAeneHbl FeOMeTpUYecKne CBOM-
cTBa (Mryp, He MU3MeHAKLWMecs Mpu LEeHTPaNbHOM MNPOEKTUPOBAHUN.
BaXHyt0 ponb B pasBMTUM MNPOEKTUBHON reoMeTpuu Cbirpanu paboThbl
M. Wans (1793—1880), A. W TteinHepa (1769—1863) u
X. WTtaypTa (1798—1867).

§ 1 LeHTpanbHas npoekuums

B atom naparpacge onucbiBaeTcs NoApo6HO onpejeneHne n cBOMCTBA
LeHTpanbHOW NPOEKLUUN, KOTOPbIE Ha MPOTSHXKEHUU BCEro MOCAefYHLEero
U3N0XEHNS UTPalT CYLWECTBEHHYK PO/ib.

B eBKNMAOBOM MpOCTPaHCTBE paccMOTPUM [Be rMepecekaroLimecs
nnockoctn amp. MycTb | — npsmasn, No KOTOpOl MepecekakTca Maoc-
KOCTM aup, MS — TOYKa B NPOCTpaHCTBE, He MpuHagaexalwas naoc-
KocTAM a u p. lposegem npamyto SM uepes Touky S u Touky M, ne-
Xaulyr Ha nnockoctn a. O603HauMMm 4vepe3 M' TOUKy nepeceyvyeHuns
npamoin SM ¢ nnockocTbio p (cMm. puc. 88). COOTBETCTBUE, OTHOCALLEe
TO4Yke M na0CKOCTM a TOUKY M' NAOCKOCTU p, HAa3blBaeTCA LeHTpanb-
HOW npoekuwei, WAN LeHTpPalbHbIM MNPOEKTUPOBAHWEM M3 TOYKM S.
ACHO, 4YTO LeHTpa/sbHOE NMPOEKTMPOBAHME OMNpefeneHo AnA nwb6oi na-
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pbl MJOCKOCTEA a u p, He
NPOXOAALUX 4Yepe3 TOUKY
S. [anee, ecnn Q — He-
KoTopas gurypa Ha MNA0CKO-
CTW @, TO LeHTpanbHoe npo-
eKTUpOBaHMe M3 TOYKM S
nepesoauTt Q B HEKOTOPYHO
durypy Q' Ha naocKocTu

Vv p. ®durypa Q' HasbiBaeTcs
\ LLeHT pancHol npoekumei
\ Q. Ecnn (hmkcuposaTb

N1 ¢wurypy Qu BapbupoBaTh Bbl-

6op TOYKMS U NAOCKOCTH P,

TO NPW NOMOLLM LEHTPanbHO-

ro NPoeKTUPOBaHUsA (UTypbl

Q Mbl nonyymm 6ecKOHEYHOe MHOXEecTBO puryp Q', B HeKOTOpbIX OT-

HOLUEHUAX MOXOXMX HAa Q, HO BO MHOIMX APYTUX CYLLECTBEHHO OTNN-

yalwwmuxcs OT Hee. Hanmpumep, NPOeKTUpYys pPaBHOCTOPOHHUIA  Tpe-

YFOMbHUK, Mbl MOXE€M, BOOGLLE roBops, NOMYYNTb TPEYFOJIbHUK MpPOU3-

BOJIbHO (hOPMbI; MPOEKTUPYS OKPYXHOCTb, Mbl MOXEM MNONYYUTb 3/-

nunc, napa6ony (puc. 89, a)) unn gaxe runepbony (puc. 89, 6)). TouHO

TakK )X€ MHOTrue BeMYMHbI, CBf3aHHble C (UIYpPOR, 6yAYyT W3MEHATbCH

Npu LeHTPanbHOM NPOEKTUPOBaHMMW. B nepBy oyepeab 3TO OTHOCUTCS
K ANIMHaM OTPEe3KOB U Mowajsam TPeyronbHUKOB.
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C pnpyroil cTopoHbl, urypbl 06n1afal0T M TakMMuU CBOCTBaMWU, KO-
TOpble COXPaHAKTCA MPU LEeHTpanbHOM NPOeKTMpoBaHMK. Kpome TOro,
KaK Mbl YBUAMM HUXE, C FeOMEeTpU4eckMMu urypamm MoryT 6biTb CO-
MOCTaBfIEHbl BEe/IMYMHbI, TakKXXe He U3MeHALUIMecs npu  N6bIX LeHT-
panbHbIX MPOEKTMPOBaHUAX. TakKuWe CBOWCTBA M BeIMUUHBI HA3bIBAKTCA
MHBApMaHTaMun LeHTpPasbHOro NpoeKTUpoBaHUsA. VIMEHHO 3Tu CBOWCTBa
turyp TlloHcene M Ha3Ban MPOEKTUBHbLIMW, ONpefennB UX Kak
06beKTbl uccnefoBaHMA B MPOEKTUBHON reoMeTpuu, MNOHMMas nojg
nocnefHein oTAen reoMeTpuu, B KOTOPOM W3y4yalTCA CBOMCTBA (uryp
Mpu HECKO/NIbKUX MNOCNef0BaTe/lbHO BbIMOMHEHHbIX LEHTPanbHbIX Mpo-
ekunax. Kpome Toro, o6bekTaMu MPOEKTWBHOW TFeOMeTpUM SBNAKTCS
TaKXe BEINUYUHbI, WUHBAPUAHTHble OTHOCWUTENbHO MPOEKTMPOBAHUIA.

Mpumepsbl . 1 Ecnn Touku Nb N12,..., AN HEKOTOPOWA (urypsi
Q nexart Ha Npamoli, TO Nocne LEeHTPanbHOro NPoeKTUpPoBaHUS MX 06-
pasbl— Toukn J1/, N2,..., An' — TakXe fexaT Ha OAHON NpPAMOIA.
CnepoBaTenbHO, CBOMCTBO TOYEK ieXaTb Ha OAHON NpAMON ABNAeTcA
NMPOEKTUBHLIM, T. €. NMpAMas ecTb 00bEKT MPOEKTUBHOW FeoMeTpuu.

2. Ecnn Toukn Nj, N2,..., N, cdurypel Q nexar Ha KakKoM-HUOYAb
KOHMYECKOM cevyeHun (KpMBOW BTOpPOro nopsigka), To 06pasbl 3TUX TO-
YeK Npu LEHTpPaNbHOM MPOEKTUPOBAHUM TaKXe J/1eXaT Ha HEKOTOpOM
KOHMYEeCKOM ceuyeHun. CnefoBaTeNlbHO, KOHWYECKOe CeYeHue eCThb 06beKT
NMPOEKTUBHON reomeTpuun. MNpn 3TOM Hafo UMeTb B BMAY, YTO CBOMCTBA,
npucyLmne TONbKO OKPYXHOCTU, WU TONbKO 3AAUNCY, WKW TONbKO K-
nep6one, nnn ToNbKO napabone, He ABNAIOTCA NPOEKTUBHbIMU. MMo3TOMY
B MPOEKTUBHOW reoMeTpuM He fenaeTca pasnnumsa mMexgy KOHWYeCKUMu
CeYeHUs MU, KaK 3TO AenaeTcsd B €BKAMAOBON M ap(hMHHOIN reomeTpusax.

M3 CKa3aHHOro Bbille BUMAHO, YTO MeXAy MPOEKTUBHOW, athnMHHON
W eBKNUAOBON reomMeTpusMyU ecTb MHOro obuiero. KIMeHHO, BCe 3Tu
reoMeTpum M3y4vatoT MHBAPMAHTbl HEKOTOPOro kKfacca npeobpasoBaHuii.
Oco6as pofib NPOEKTUBHOW reoMeTpumn, Kak Mbl YBUAWM HUXE, COCTOUT
B TOM, YTO OHa MO3BONSAET BOEAWHO COEAWHWUTb Pa3Hble reoMeTpuyeckune
cUCTeMbl: aliPUHHYKO TreomMeTputo, reometTputo EBknnpa u reomeTpuio
Nobayesckoro.

LOns TOoro utob6bl OCYW,eCTBUTb YKa3aHHble MOCTPOEHUS, HYXHO
npexzae BCero U3y4mTb KNacC TakK Ha3blBaeMblX MPOEKTUBHbLIX npeobpa-
30BaHWIi. BaXHYyl ponb Npu 3TOM WUrpardT NOHATUA OGECKOHEYHO ypa-
NEHHbIX 3M1EMEHTOB, K PacCMOTPEHUIO KOTOPbIX Mbl U MepexofumM.

§ 2. BecKOHeYHO yfa/ieHHble 3/IeMeHTbl eBK/MAoBa NPOCTpaHCcTBa.
MpoekTUBHOE NPOCTPAHCTBO

MycTb S — npou3BONbHas TOYKAa eBKAWAOBA NMPOCTPAHCTBA U S —
npamas, He npoxogsauias yepe3 Touky 5. lMpoBegem uyepe3 Touky 5
N NpPAMYIK0 S NAOCKOCTb @ U PacCMOTPUM BCEBO3MOXHbIE MpsMble, MPO-
X0o4dlWme yepes TOUKY S B MJIOCKOCTU a. OTW npsamble obpasytoT nnoc-
KWA MNy4yoK C LEeHTpPOM B Touke S, 0603HayaTb KoTopblii 6ygem P (S).
Mexay npambiMy nyyka P (S) M Touykamu nNpsMOi S yCTaHOBUM COOT-
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BETCTBME, OTHOCS KaXAOW TouKe
5 v M npsMoil s Ty npamyl T ny-
yka P (S) (puc. 90), kotopas
nepecekaet s B Touke M. [pa-
Myl T HasblBalOT MPAMOWA,
NpoeKTUpyoLWed Touky M.

OueBUAHO, YTO BCAKOM TOM-
ke M npamoli s B nyuyke P (S)
COOTBETCTBYeT  OnpejeneHHas
npamas. O6paTHOe YyTBepxaje-
HVe He MMeeT MecTa, TaK Kak
npamoii s' nyyka P (S), koTo-
pas napannefnbHa S, He COOT-
BETCTBYET HMKakas To4yka npsMoil s. Takmm 06pa3om, COOTBETCTBUE
MeXxay npsMbIMM nydka P(S) M Toukamu MNpsMOin S He SBNAeTCA B3auM-
HO OA4HO3HAYHbIM. OTO 06CTOATENLCTBO NPW PACCMOTPEHUU LEHTpPab-
HbIX MPOEKTUPOBAHMI  FEOMETPMUYECKUX (UFYp MOCTOSHHO BbI3bIBAET
3aTpygHeHua u Heypob6cTBa. [103TOMY YCNOBMAUCL paccMaTpuBaThb
napannenbHble NpsMble Kak MpsMble, Mepecekarolimecsd Ha 6GeckoHeu-
HocTu. Torga npsmas s' B nyuyke P (S), napannenbHas npsMoi s,
TaK XXe KaK W Bcsikaa gpyras npsmas nyuka P (S), 6yger umetb € S
00LLy0 TOUKY. TONIbKO 3Ta TOYKA He 06bIKHOBEHHasA, a HeCOO6CTBeHHas;
ee MPUHATO HasbiBaTb OECKOHEYHO yAaneHHON TOYKON NpsMoii S.

BeckoHeYHO ypjaneHHas TOYKa NPAMON S cUMTaeTCs NpUHaAnexaliei
TakXe KaxAoW nA0CKOCTM, KOoTopas MpOXOoAMT depe3 npsmyt s. [a-
Nlee CUUTAKOT, 4YTO BCe MapanfefnbHble NpsMble B NPOCTPAHCTBE WMEKT
OO4HY W Ty e 6EeCKOHeYHO yfaneHHYH TOYKy. B COOTBETCTBUM C 3TUM
cUCTEMY napanfiefibHblX MNPAMbIX, fAeXxawmnx B OAHOM NNOCKOCTW, Ha-
3bIBAKOT MYYKOM MPSAMbIX C 6ECKOHEYHO YAaneHHbIM LEHTPOM.

OTMeTUM, 4TO MpPU LEHTPanbHOM MPOEKTUPOBAHUM MNYYOK MNPAMBbIX
C 6EeCKOHEYHO YyAaneHHbIM LEHTPOM MOXET MEepPenTn B O06bIKHOBEHHbIN
ny4yok (cm. puc. 91, a)); 3A4ecb My4YOK C 6ECKOHEYHO Yy/AaNneHHbIM LLEHTPOM

Ha NJ0CKOCTW a MPOEKTUPOBAHMEM W3 TOUYKM SO MepeBOAUTCHA B 06bI-
KHOBEHHbIA MYYOK Ha MNOCKOCTM P C LEHTPOM B TOuke S.

[anee, npu TO Xe LEHTpanbHOW MNPOEKLUMN OObIKHOBEHHbIA ny-
YOK C LEeHTpOM A, fexalum Ha AMHWAWM NepeceyeHns MAOCKocTel a
n p, NEepexoauT B NMYYOK MpsMbIX C 6GECKOHEYHO  YyAaneHHbIM LeH-
Tpom (puc.91,6)); uepes  0603HayeHa NNOCKOCTb, MpoxXoAslias uvepes
TOYKY SO napanienbHo NA0CKOCTU P.

BeckoHeYHO yfaneHHble TOYKWM HenapanfieflbHbiX MPAMbIX CYMTa-
I0TCS pas3nuHbiMU. TakMMm 06pa3oM, Kaxgas MNA0CKOCTb COAepPXUT
6eCKOHEYHO MHOr0  pas3finyHbIX 6GECKOHEYHO YAaNeHHbIX TOYEeK.

COBOKYMHOCTb BCEX GECKOHEYHO YyAaNeHHbIX TOYEK MOCKOCTU Hasbl-
BalOT OECKOHEYHO yfaneHHol npsiMOi, a COBOKYMHOCTb BCEX GECKOHeu-
HO Yy[afeHHbIX TOYeK MNPOCTPaHCTBa — OGECKOHEYHO yAaneHHoW nnoc-
KOCTbHO.

BBefeHHas TepMUHOIOTUS OnpaBjaHa CnefytowmmMm coobpaxeHaMu:
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1. AiBe napanfefnbHble
NI0OCKOCTN WMET 06Lme
6eCKOHEYHO  yAafieHHble
TOYKW, NOITOMY COBOKYI-
HOCTb GEeCKOHe4yHO yfga-
NEHHbIX TOYEK MAOCKOCTH
MOXHO  paccMaTpuBaTh
KaK MHOXecTBO, COCTOA-
ee M3 TOYeK Mnepeceve-
HWUA 4BYX MapanfienbHblX
nnockoctein. B cBsisu c
3TUM €eCTEeCTBEHHO Has-
BaTb COBOKYMHOCTb 6ec-
KOHEYHO Yy[aneHHbIX ToO-
YyeK MIOCKOCTM 6eCKOHeu-
HO YJaneHHoW npsMON.

2. COBOKYMHOCTb BCeX
6ECKOHEYHO  y[aneHHbIX
TOUYEK MpoCcTpaHcTBa Mpu
nepeceyeHun ¢ NGO
06bIKHOBEHHOW MN0CKOC-
Tblo onpegensieT 6ecko-
HEeYHO YyjJaneHHyl nps-
Myto. MMo3Tomy ykKasaHHOe
MHOXECTBO TOYEK ecTe-
CTBEHHO Ha3BaTb 0OECKOHEYHO YJaNeHHON MI0CKOCTbHO.

MTakK, K MHOXeCTBY OCHOBHbIX 06bLEKTOB €BKIMAOBA MPOCTPaHCTBA
NPUCOEANHAIOTCS HOBbIE 3/IEMEHTbI: «GECKOHEYHO YaleHHast NI0CKOCTb»,
«BECKOHEYHO YAaNieHHble MPsSiMble» W «BECKOHEYHO YyaaneHHble TOUKW».
Mpy 3TOM NpUCOEAMHEHME HOBbLIX 3/IEMEHTOB, KaK Nerko BWAeTb, OCY-
LEeCTBAAETCA C BbIMOJHEHWEM CNEAYHOLWMUX YCNOBUIA:

1. K MHOXecTBY TOYeK Kaxpaoi npsmoii npubaBnsetcs ofHa 6ec-
KOHEYHO yfafeHHas TOo4YKa, K COBOKYMHOCTU MPSMbIX KaX /0N NJI0CKOCTU
fob6aBnseTcsd ofHa OECKOHEYHO YypafieHHas MnpsMas W, HakoHel, K
MHOXeCTBY MN/OCKOCTel MpocTpaHcTBa Ao06aBnsieTcd ofHa GECKOHEeYHO
yAaneHHas MNNOCKOCTh.

2. CBoiicTBa B3aMMHOI MPUHAANEXHOCTM PacCLUIMPEHHOr0 MHOXeCTBa
OCHOBHbIX FeoMeTpuyeckux 06pa3oB yA0BMEeTBOPAIOT TpeOGOBaHUSAM BCEX
akcuom ceAsn (cm. 84 rn. ).

3. And paclmpeHHOro MHOXeCTBa OCHOBHbIX 061HEKTOB CBONCTBA B3a-
MMHO MpPUHAANEXHOCTU TaKOBbl, YTO KaXAble ABE MJOCKOCTU UMEHT
06WYI0 NpAMYI0, KaXAble NpAMas U NA0CKOCTb MMEKT 06LLYH TOUKY U,
HaKOoHeL, BCSAKMe f[Be MpsMble, NeXxaliue B O4HON MJ0CKOCTM,UMEHT 06-
WY TOUYKY.

Mpsamasa, gononHeHHas 6eCKOHEYHO YyAaneHHOW TOUYKOM, HasbiBaeTcs
NpoeKTUBHOW npsMoi. [110CKOCTb, AONO/HEHHAs 6eCKOHEYHO ypaneH-
HO/ MpsSIMON, Ha3blBaeTCd  MPOEKTUBHOW MNOCKOCTbH, MPOCTPaHCTBO,

Puc. 91
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[OMONHEHHOEe OECKOHEYHO YAaneHHOW MNOCKOCTblO, HasblBaeTCa Mpo-
eKTMWBHbIM MPOCTPAHCTBOM.

B eBkNMAOBOl/ reomMeTpuuM WHOrga npuberaldT K pacCMOTPeHUsM,
CBA3aHHbIM C OECKOHEYHO yjaneHHbIMU 37eMeHTamu. Ho no cyuiecTBy
3TV 371EMEHTbl MCNOMb3YIOTCA NULIb AN ONUCAHUA psiga cneyuduyeckmx
thakToB. Hanpumep, BMecCTO TOro 4tobbl roBOpUTL O MapanienbHOCTU
NpAMbIX, FTOBOPAT, YTO OHM NepeceKarTcs B 6ECKOHEYHO yAaneHHON Tou-
Ke, unn napabona ecTb 3AAUNC, NPOXOAALWMNIA Yepe3 GeCKOHEYHO Yypa-
NEHHYH TOYKY M T. N. B NpOEKTMBHOM NPOCTPaHCTBE 6ECKOHEYHO yAaeH-
Hble 3/1EMEHTbl UTrPakT Ty Xe POb, YTO U 06bIKHOBEHHbIE, U BCAKOE WX
0co60e BblfjeNleHNe HEeecTeCTBEHHO.

MpuunHa pasnuums Mexagy posbl 6GeCKOHEYHO Y[AaneHHbIX 3fe-
MEHTOB B €BK/IWLOBOM W MPOEKTUBHOM MNPOCTPAHCTBaX COCTOUT B TOM,
4YTO eBKIMAOBa reoMeTpus MOCBALLEHA W3YYEeHUK TaK HasblBaemblX
MeTPMUYECKNX CBONCTB Uryp, T. €. CBsA3aHa C M3MEpPEeHWEM OTPE3KOB U
YrN0B. YKa3aHHble NMOHATUSA WMMEKT CMbICA, ecan urypol Hecogepxat
OECKOHEYHO YyAaNeHHbIX 3/IEMEHTOB; MOSTOMY B €BK/WAOBON reoMeT-
pun  GECKOHEYHO YAaNeHHble 3/1eEMeHTbl MO0 HEeo6XO0AMMOCTM WrpaKT
0CO06Yt0 pOfib.

B NpoTMBOMONOXHOCTb 3TOMY B MPOEKTUBHOW FeoMeTpuu, rae MeT-
puyeckue cBOICTBa YUIyp He ABNSIOTCA 06beKkTaMu MccnegoBaHus, 06-
CTOATENbCTBA, BbI3blBAlOWME Pa3NUUYNA MeXAY 06bIKHOBEHHbLIMW TOYKa-
MU M BECKOHEYHO yfaneHHbIMU, OTnagalwT. bonee TOro, Tak Kak npu
LEeHTpanbHbIX MPOEKTUPOBAHUAX GECKOHEYHO YAafieHHble 3/1eMEHTbl MO-
ryT nepexoauTb B 0ObIKHOBEHHbIE M HA0BOPOT, TO OHM He 06/MajaloT HU-
KaKUMW NPOEKTUBHbLIMU CBOMCTBaMU, KOTOPbIE Bbl OTMYAAN UX OT 0ObIK-
HOBEHHbIX 3/1eMeHTOB. [103TOMYy B MPOEKTUBHOM MPOCTPAHCTBE HeT
pasnnuua Mexpay O0ObIKHOBEHHbIMU U GECKOHEYHO YAaneHHbIMKU 3fe-
MeHTaMu.

§ 3. VHTepnpeTauns NPOEKTUBHOW NPsIMO ¥ NPOEKTUBHOM M/IOCKOCTY
B CBA3KE NPSAMbIX

B npeabigyuwem naparpade 6b10 BBeAeHO MOHATUE NPOEKTUBHOIO
NpoCTpaHCTBa U ObINO MOAYEPKHYTO, 4TO MNpWM nepexofe OT eBKAIMAOBA
NPOCTPaHCTBA K MPOEKTUBHOMY OTMafjaeT pasnmyme Mexay 06blKHOBEH-
HbIMMU N GECKOHEYHO YAaneHHbIMW TO4YKaMu. HudXe Mbl CTPOUM WHTeEp-
npeTauuio MNPOEKTUBHON NPAMOM UM MPOEKTUBHOMW MNNOCKOCTW, B KOTOPOW
BCE 3/IeMEeHTbl PaBHOMpPaBHbI.

MycTb S — HekoTOpas TO4YKa eBKAWAOBaA MnpocTpaHcTBa. Paccmort-
pUM COBOKYMHOCTb BCeX MPsSMbIX MPOCTPAHCTBA, MPOXOAAWUX 4epe3
TOYKY S. YKazaHHas COBOKYMHOCTb MPSMbIX Ha3blBaeTCA CBA3KON nps-
MbIX C LLEHTPOM B TOYKe S; B AanbHelillem oHa o6o3HavaeTcad V (S).

VIHTepnpeTauntio MNPOEKTUBHOW MAOCKOCTU CTPOUM Chefytouwum 06-
pasoM: «TOYKamu» TMPOEKTUBHOW NJOCKOCTM O06BABAAKTCA MpsMble
cBA3KKM V (S), «npAMbIMU» MPOEKTUBHOW MAO0CKOCTU— NAOCKUE MYUKN
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NPAMbIX C LEHTPOM B TOYKE S, T. €. COBOKYMHOCTU NPSAMbIX CBA3KN V (S),
nexalyue B 04HON NAOCKOCTU, M, HAKOHeL,, 38 NPOEKTUBHYIO «MIOCKOCTb»
npuHumaeTcsa cama cBsaska V (S). Mpu 3ToM, Kak ferko BUAEeTb, OTHOLUE-
HWe B3aUMHOW MNPUHAANEXHOCTU TOYEK U NPAMbIX Ha MNPOEKTUBHON
NMIOCKOCTN yA0BNeTBOPseT cBoiicTBam 1, 2, 3, CDOPMYNMPOBAHHbLIM Bbl-
we (8§82, ctp. 157). OTMeTMM, 4TO B PacCCMOTPEHHOW WHTepnpeTauun
MPOEKTUBHOW MN/JOCKOCTM BCE TOYKM U MpsSiMble PaBHOMPaBHbI, T. e.
HeT pasnnums Mexay OObIKHOBEHHbIMW U 6ECKOHEUYHO YAaNeHHbIMU TOu-
KaMn ¥ npsMbIMU.

C nHTepnpeTaymelil NPOEKTUBHON NAOCKOCTW C NOMOLLbIO CBA3KWN Nps-
MbIX V (S) TeCcHO cBfi3aHa elle 04Ha MHTepnpeTaLMa NPOeKTUBHOW naoc-
KocTu. MycTb K — HekoTopas cdepa C LEHTPOM B TOUKe S. Torpa BCA-
Kas npamas cBf3kum V (S) nepecekaeT K B ABYX AuameTpanbHO MpoOTU-
BOMONOXHbIX TO4YKax. [1OBepXHOCTb, Monydvatowasca wu3 chepbl K
B pe3ynbTaTe OTOXAECTB/EHUA AuMaMeTpanbHO MPOTUBOMOMOXKHbBIX
Touek K, 6yaeT, 04eBMAHO, MHTepnpeTaluein NPOEKTUBHON NIOCKOCTM.

MpoekTUBHaA npsmas B 3TOM WHTepnpeTauuu npeacTaBnseT co-
60/ KpuBylD, KOTOpPas nony4vaeTcs B pe3ynbTaTe OTOXAECTB/EHWUA Auna-
MeTpasbHO MPOTMBOMONOXHbLIX TOUEK OKPYXHOCTU 60/blIOr0 Kpyra L
cepbl K. HenocpeacTBeHHO Nerko y6eauMTbca B TOM, YTO NPOEKTUBHAA
npamas L' ecTb npocTas 3aMKHyTas Kpusas (cMm. puc. 92).

Ona Toro u4Ttobbl MocCTpo-

UTb WHTEPNpeTauunto NPoeKTUB-
HOr0 MNPOCTPaHCTBA,  HYXHO
ncnonb3oBatb  M60O  CBA3KY
NPAMbIX B YeTblpeXMepHOM Npo-
CTpaHcTBe, NM60 NOBEPXHOCTb,
nonyyaemyw B pesynbTarte
OTOX[eCTBJ/IeHUS AnaMeTpasbHO
NMPOTUBOMOJIOXHbIX TOYEK Tpex-
MEpPHON cgepbl.

OcTaHOBMMCA  Tenepb  Ha
aHa/IMTUYECKOM ONucaHuu npo-
€KTUBHON NNOCKOCTMW, UCXOAS U3
MHTepnpeTauuy ¢ nomouiblo cBAsku V (S).

BBegem B eBKIMAOBOM MPOCTPAHCTBE CUCTEMY [eKapTOBbIX KOOPAW-
HaT XU X2, x3C HavyanoMm B Touyke S. Torga nob6asa npamas ceasku V (S)
6yfeT uMMeTb ypaBHeHUe

X1_ * *3

Pl P2 P3”’

raoe Xu x=>x3— TeKyliMe KOOPAUHATbI TOYKW Mpamoli, a pb p2, P3 —
HanpaBnsw e KoshMUUNEHTbI NPAMONA. N3BecTHO, YTO HanpaBnatoWne
KO3((DMUMEHTbI NpAMOA  pu Pr, P3 OnNpeAenstoTcs C TOYHOCTbIO A0
obuero MHOXuUTens p @ 0 u

p\ + p2+ p3 & 0.
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Opyrummn cnosamu, Knacc HeHyY/eBbIX MPOMNOPLUOHANbHBIX TPOEK
yucen p = {pu Pr, P3), KoTopblii Mbl 6yfeM 0603HayYaTb [p], 04HO3HAY-
Ho onpegenseT npamyto cBasku V (S), nobpaTHo, npaAmas cBasku V (S)
OfiHO3HAYHO onpegensieT Knacc TaKuUX TPOeK.

CnefoBaTtenbHO, Kacc MpornopLumoHasbHbIX TPOEK MOXHO OTOX[eCT-
BUTb C npsiMoii cBsisku V (S), a Tak Kak npsiMasi CBA3KM ecTb TOYKa
MPOEKTUBHOW MNJIOCKOCTU, TO B Ka4yeCcTBe TOYEK MPOEKTWMBHOIM MN0CKOC-
TV MOXHO B3ATb K/acCbl HEHY/EBbIX NMPONOPLMOHANbHBLIX MeXay coboW
TPOeK BelecTBEHHbIX yucen p = (p4, p2, p3)- Yucna pwu p2 p3
Ha3blBAlOTCA O4HOPOAHbIMW  KOOpPAMHATAMU TOYKM Ha MNPOEKTUBHOW
N/I0CKOCTU.

OfHOpOAHble KoOpAMHaTbl 06M1ajatoT ChefyoWwnMMn CBONCTBAMU:

1. Kaxgasa Touyka NpoeKTMBHOWN MMIOCKOCTU MMeeT O4HOPOAHbIE KOOP-
OVHaThI.

2. Ecnm pwu p2 P3 — ofHOpPOAHbIE KOOPAMHATLI Toukn M, To ppwm
pp2i pp3, rae p P 0, TakKe OQHOPOAHbIE KOOpPAMHATLI ToUukKM M.

3. Pa3HbIM TOYKam MPOEKTUBHOW M/OCKOCTM COOTBETCTBYKT BCerjga
pasHble OTHOWEHUA p4:p2:p3 uX OAHOPOAHLIX KOOPAUHAT.

4. Hn gnsa KakoW TOYKM MPOEKTMBHOI MNOCKOCTM BCE TPU €e 0f4HO-
pofHble KOOpAWHATbLI He obpalialTcA B HY/b OAHOBPEMEHHO.

5. Ecom p\n ->Pp pf ->p°, pf ->p3 u (PiQ2+ (P2°)2+
-j-(p¥)V 0, To nepemeHHass To4Ka M n C OAHOPOAHBLIMU KOOpPAMHATaMU
p»\p'?,p'? cTpemuTtes K Touke MO ¢ ogHopogHbIMM KOOpAMHATaMU

P\> Pv Pr-

M3 cBoONCTBa 2 BbITEKAET, YTO KaXkjas TOYKa NPOeKTUBHON MA0CKOCTYU
nmeeT 6eCKOHEYHO MHOr0 TPOeK OAHOPOAHbLIX KOOPAWHAT, KOTOPble camu
no cebe He onpeaensAlOTCA COOTBETCTBYIOLLE MM TOUYKOW; OMpeAenstoT-
CA NWWb WX OTHOWEHMSA. TMO3TOMY COBOKYMHOCTb BCeX HabopoB OfHO-
POAHbIX KOOPAMHAT TOYKM M YL06HO 3anucbiBaTb B BUAE (PP4, PP2, Prs).
roe p npuHUMaetT noboe BeleCTBEHHOE 3HaudeHuWe, Kpome p =0.
o6yl K13 Tpex KoOopAMHAT ppb pPp2, Ppp3 TOYKM M, ecnu
OHa OT/IMYHA OT HY/NSA, MOXHO CAenaTb PaBHON egMHULE 3a CUET Hajgse-
Xalwiero Bblbopa MHOXWUTeNs p.

Ecnn a — HekoTopas NJOCKOCTb, MPOXOAALLAs Yepe3 LEHTP CBA3-
kn V (5), To gnsa nw6oii npsimoit

*1 2 = *3

Pi P2 P3

cBsiskn V (S), nexauieit B 9TOl NIOCKOCTU, BbIMOIHEHO COOTHOLUEHWE
Ap\ + Bpr + Cp3= 0,
rge
Axj+ Bx2+ Cx3= 0, A2+ B2+ C2p O

ypaBHEHME NJIOCKOCTU a B €BKJ/INAOBOM NPOCTPaHCTBE OTHOCUTE/IBHO
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LEeKapTOBOM CUCTEMbl KOOPAMHAT Xb Xb X3. Tak Kak NMPOEKTUBHAsA mps-
Masi eCTb COBOKYMHOCTb NpsMbIX CBA3KK V (5), nexaliux B ofHoi naoc-
KOCTW, TO MPOEKTUBHOW NpPsSMOIA, COOTBETCTBYHOLLE/ MNNOCKOMY MyuUKY
MPAMbIX, NIEXaWmnX B NAOCKOCTM a, GYAeT MHOXECTBO TOUYEK MPOEKTUB-
HOM NNOCKOCTW, OAHOPOAHbIE KOOPAMHATHI KOTOPbIX YAOBNETBOPSIOT
ypaBHEHUIO

Api1+ Bpr+ Cp3 = 0. *)
YpaBHeHue (*) Mbl 6ygemM HasbiBaTb ypaBHEHWEM MPOEKTUBHON nps-
MOIi B OJHOPOAHbIX KoopAnHaTax pit p2, P3- AN cMMMeTpUM U3MEHUM

0603HayeHNs KoahpmuneHToB A, B, C Ha blb UT, N3 1 ypaBHeHWe nps-
Mot Gygem 3anucbiBaTb B BUfe

UiPi + U222+ u3P3 = 0.
OTMeTMM, YTO OAHON W TOM >XXe NMPOEKTUBHON npaAmMoi /
ulPl+ U2+ 33 —0
OTBEYAeT LENbll Knacc ypaBHEHWA
{ou”Pi + (on?d pr + (am3) P3 = 0,
roe 0 @ 0 — npon3BONibHOE BelleCTBEHHOe umcno. Tak Kak

A2+ B2+ C2¢ 0,

TO Yncna 'mn bl2, M3 0QHOBPEMEHHO He 06palLatoTca B Hynb. Yucna uu
M2, M3 Ha3blBalOTCA OLHOPOAHLIMU KOOpAMHATaMW NPOEKTUBHOW nps-
MOIA.

[anee, ecnu Tpoika 4ynucen pu p2, p3 YA0BNeTBOPSAET COOTHOLUEHUIO

wiF + U2 2+ UsP3 = 0,
TO Npu nto6om p ¢ O Tpoilka umcen ppwu pp2, pPpP3 TakXe yaoBNeTBOpS-

€T COOTHOLUEHUIO
mlppi.+t ur ppr+ u3 PP3 = 0.

OTclofia cnefyeT, UTO €cAuM Ans OfHOro Habopa OfHOPOAHLIX KOOPAM-
HaT TOYKM M BbINOJHEHO COOTHOLLIEHME

uipi + U22+ 4spPz = 0,

TO OHO BbINOSHEHO ANS Bcex HabopoB (ppb pp2. PP3) 0AHOPOAHbIX
KOOPAWHAT 3TOW TOYKM, M MOTOMY TOYKa M NpPUHAANEXMUT MPOEKTUB-
HOM MPSMON, MMeELen OAHOPOAHbLIE KOOPAMHATHI

Ui, U2, n3.

PaccmoTpum OAQHOPOLHLIE KOOpAMHATB TOUYKM
Ha NpPpoOeKTUBHOMNW nNpamMoli. Ha eBKIMAOBOW NNOCKOCTU
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(hMKCMpPYeM HEKOTOpYl TOUKy S M paccmaTpuBaeM CUCTEMY feKap-
TOBbIX KOOPAMHAT XM X2C LEHTPOM B 3TO Touke. Jlto6as npsamas u3

nyyka P (S) wumeeT ypaBHeHue

- = .fi. 1
Pi Pi

raoe Xi, X2— TeKyuime KOOpAMHaTbl TOYKWM Ha Npamoi, a Pb p2—
HanpasnfaLWmne KosPOULMEeHTbI NPSAMONA. VI3BeCTHO, YTO HanpasnstoLwme
KO3P(MLMNEHTLI NPAMOA pU p 2 oNpefensaOTCca ¢ TOYHOCTLIO A0 06LLero
MHOXUTeNna pd O, nyucna pi M p204HOBPEMEHHO HE PaBHbl HYNIO.

, CnepoBaTefibHO, KNacC HeHyneBbIX MPONOPLUOHANbHBLIX Map yucen
p = (pl, p2, KoTopblil Mbl Byaem 0603HayaTb [p], OAHO3HA4YHO onpe-
penset npamyto nyyka P (S), u obpatHo, npamas nydyka P (S) ogHo-
3Ha4yHO onpefjenseT Knacc Takux nap.

Tak Xe, KaK 1 B pacCMOTPEHHOM Bbllle C/lyyae MPOEKTUBHOM naoc-
KOCTW, TOYKaMu MPOEKTUBHON MNpAMON 6yAyT Knaccbl HEHYNEBbIX MPO-
MOpLMOHaNbHBIX MeXAy coboii nap BeL,ecTBeHHbIX uucen p = (pu p 2.
Uncna pb p2 HasbiBAOTCA OAHOPOAHbIMU KOOPAMHATAMMU TOYKM Ha
MPOEKTMWBHOW MNPAMON.

OfHOpOAHbIE KOOPAMHATBI TOUYKM Ha NPOEKTUBHOW NpsMoli obnagatT
cneayruUMMn CBONCTBAMMU:

L, Kaxpas Touyka MPOEKTUBHOW NPsSMOA WUMeeT OfHOPOLHbIe KOOp-
OVUHATbI.

2. Ecnv pY p2— ofHOpOAHbIE KOOPAWMHATHI TOYKM M, TOo ppb
pp2, rge p & 0, — TakXe OLHOPOAHbIE KOOPAMUHATbI TOYKU M.

3. Pa3HbIM TOYKaM MPOEKTUBHOW NPSMOWA COOTBETCTBYHOT BCerfa
pa3Hble OTHOLEHUA p, :p2

4. Hn gns Kakoi TOYKM MPOEKTUBHOW NpsMoli o6e ee OAHOPOAHbIe
KOOPAWHATbI He paBHbl OAHOBPEMEHHO HY/O.

5. Ecm pf ->p°, pf ->p° u (pat (PF22P 0, vo NepemeHHas
Touyka Mn ¢ ofHOpoAHbIMKM KoopauHaTamu p[n), p f cTpemuTcs K Touke
MO c¢ ogHopofgHbiMK KobpauHaTamu p\ , p2.

M3 cBolicTBa 2 BblTEKaeT, YTO KaXfad TO4YKa NPOEKTUBHON MpAMON
nvmeeT 6ECKOHEYHO MHOMO nap OAHOPOAHbLIX KOOPAMHAT, KOTOPbIe camMu Nno
cebe He onpegenatTCca 3afaHMeEM COOTBETCTBYHOLWLEN TOUKKM; onpeaenser-
CA NWWb OTHOLIEHWe 3TUX KOOpAMHAT. [MO3TOMYy COBOKYMHOCTb BCEX
HabopoB O4HOPOAHbLIX KOOPAMHAT TOMKM M yA06GHO 3anucbiBaTh B BUAE
(PPi, pPr), rge p npuHumaeT nt60e BeWECTBEHHOE 3HA4YeHWe, Kpome
p = 0. Jliobyo M3 ABYX KOOpPAWHAT pPpb pp2 TOYKM M, ecnm oOHa
OT/INYHA OT HYNSA, MOXHO caenaTb paBHOW efuHULE 3a CYeT Hajnexa-
Wwero BbibOpa MHOXWUTENs p.

Ha eBKAWAOBOW NAOCKOCTU C [eKapTOBbIMU KoopAuHaTaMu Xi, X2
paccMOTpMM My4yoK npsambiXx P (S), nonaras, 4to UEHTP ny4yka S
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HaxoguTcsa B Havane koopauHat (cM. puc. 93). TycTb a — eBKIUAOBA
npsMas, MMetolas ypaBHeHUe

x2= 1
PaccMOTpMM MPOEKTUBHYK MNPAMYIO /, TOYKM KOTOPOM HaxopsaTcs
BO B3aMMHO O4HO3HaYHOM COOTBETCTBMM C NpAMbIMKU nyyka P (S). MycTb
M — To4YKa MPOEKTUBHON NpsSMON, MMeloWas OLHOPOAHblE KOOPAWUHATHI
(Pun Pr), npuyem p¢ 0. Tor-
[la To4Ke M TakXe COOTBETCTBY-
eT napa OfHOPOAHbLIX Koopau-

HaT 1] Touyke M npoek-
w2 o
TUBHON npsamoii | B nyuke P{S)

COOTBETCTBYET Mnpsimas
X 2
T: = = =,
Pi P2
Mpsimas T nepecekaeT NPsSMYHO
a B Todke N (— 1]. Takum
\P\i !
obpaszom, TOuke M (pu p2 Puc 93
NPOEKTUBHOW npsiMoii / Ha eB-
KNMAOBOW nNpsMO/ a CcooTBeT-

ctyeT Touka N (”, 1]. O6patHo, Kaxpgon Ttouke N (pu 1) eBKIMAo-
\P2
BO/ MpAMOli a CcOoOTBETCTBYeT Touka M (pif 1) MpoeKTUBHOW NpAMON

/. MycTb Tenepb — TOYKa NPOEKTWBHOW NPAMON, MMewoW,as OfHO-
pogHble koopauHatel (pu 0). Torga npsmas Trnydka P(S), cooTBeT-
CTBylOLWWasn Touke M  MMeeT ypaBHeHue

*2= 0.

Mpsamasa T.", o4yeBMAHO, NapanfefnbHa eBKAWLOBOW MpsMOA a wu, cne-
f[oBaTeNbHO, nepecekaeTcs C Heli B 6GECKOHEUYHO Y[aneHHOl Touke.
MoaTomy TOouke M  Ha €BKAMAOBON NpAMO a oTBe4vaeT H6eCKOHEYHO
yAaneHHas Touka.

Takum 06pa3oM, ecnu Ha NPOeKTUBHOM NpsMoOi | BBeAEHbI O4HOPOA-
Hble KOOPAMWHATbl TOYEK PU P2 1 YCTAHOBIEHO COOTBETCTBME MEXAY TOY-
Kamun MpOeKTMBHON npamoli | n eBKANMAOBON NPAMOR a, NONO/HEHHOW 6ec-
KOHEYHO YyAaneHHOW TOYKOMW, Mo dopmyne:

roe X — AekapToBa KoopgwuHata Ha npsMoin a, To Touykam (pb p2),
roe Prd 0, oTBeyatoT OObIKHOBEHHble TOYKW €BKAMAOBON MpPAMONA  a,
a Touke (pi, 0) oTBeYaeT 6eCKOHEYHO yaaneHHas Toyka NpsMon a.

AHanornyHble CBA3M MOXHO YCTaHOBUTb MEXAY TOYKaMuW MPOEKTUB-
HOM NNOCKOCTM W eBKNMAOBON MNOCKOCTU.
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Myctb V (S) — cBA3Ka
NpsiMbIX B €BK/ANAOBOM MNpo-
cTpaHcTBe. PaccmoTpum B
npocTpaHCcTBe fLekapToBy
CUCTEMY KOOpAMHAT X1, X2,
X3, Ha4ano KOTopoli HaxoauT-
ca B TOouyke S. UYepes a
0603Ha4YMM eBKNMAO0BY NoC-
KOCTb, YpaBHeHWEe KOTOpoW
TaKoBoO:

x3= 1
Puc. 94
(cm. puc. 94).

MycTb X — MNpPOeKTMBHaA MNJOCKOCTb, TOYKM KOTOPOA HaxomgaTcs
BO B3aMMHO O[HO3HAYHOM COOTBETCTBMM C NpAMbIMU CBA3KKU V (S).
VIMEHHO TOYKe M NpOeKTUBHON NAOCKOCTU X, WMEKLWein OAHOPOAHbIe
KoopAmHaTbl (pb p2, p3, CTAaBUTCA B COOTBETCTBME MpsAMas T CBA3KU
V (S), ypaBHeHWS KOTOPOWA CyTb

R = — £?
Pi P2 P3

Ecnn p3dg 0, To npsmas T nepecekaeT eBKAMAOBY MIOCKOCTb B 06bIK
HOBEHHOI TOuke ecnn xe p3= 0, To npamas T

napannenbHa eBKAMAOBOM NNOCKOCTW a M NepecekaeT ee B GECKOHEYHO

yAaneHHoi Touke. OTCloga cnefyeT, UTO BCce 6ECKOHEYHO yaNleHHble TOu-

KW eBKNMAOBON NNOCKOCTM a COOTBETCTBYHT TEM TOYKAM MPOEKTUBHOWA

NA0OCKOCTU X, Y KOTOPbIX OQHOPOLHAA KoopAuHaTa p3 paBHa HYy/0.
Tak Kak ycnosue

P3 = O
Ha MPOEKTMBHOM nnockocTu X onpegenser npsMyto
O¢Pi+ 0ep2+ 1ep3= 0

TO MOXHO CKa3aTb, YTO MpW YyKa3aHHOM COOTBETCTBUM npsmas p3 —
— O nepexofnT B 6GECKOHEYHO YAaNeHHYl MpsMYl NAOCKOCTH a.
OnuncaHHbIe Bblle COOTBETCTBUS MeXAY TOUKaMM NMpPOeKTUBHOW nps-
MO/ 1 MPOEKTUBHOI MNOCKOCTH, C OAHOI CTOPOHbI, U COOTBETCTBYIOLUMM
eBKINAO0BbIMU MPAMOIA 1 NJOCKOCTbIO, MOMOMHEHHbIMU GECKOHEYHO yaa-
NEeHHbIMW TOYKaMW, — C APYroi, MOKas3blBalOT, UYTO ANS TOYeK Mpoek-
TUBHOI NpsAMOi MOXeT 6biTb BBEAeHa HeofHOPOAHAs KoopAuHaTa

Pi '
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a ANsA TOoOYeK NPOEKTUBHOW NMOCKOCTW napa HEOLHOPOLHbIX KOOpPAMHAT

C nomoLLbo 3TUX KOOPAWHAT HAa NMPOEKTUBHON NPAMOW U MPOEKTUB-
HOM MIOCKOCTU YCNOBHO MOXHO BbIeNNTb GECKOHEYHO YyAaneHHble TOY-
KW, KOTOpble XapaKTepu3ylTcs TeM, 4YTO AN HUX 3HAYEHUS HEOLHO-
POAHbLIX KOOPAMHAT X Ha NMPOEKTMBHON NPSMOI U MO KpaiHel mepe of-
HOW 13 Xt M X 2Ha NPOEKTUBHOW NIOCKOCTM paBHbl YCNIOBHO 00.

KoopaunHathl

Ha MPOEKTUBHOM NpAMON U

PA
P3

Ha MPOEKTUBHOW MNOCKOCTU Ha3blBalOT HEOAHOPOAHBIMWU NPOEKTUBHLIMU
KOOpAMHATaMn TOYKW.

Hwuxe, B 885 1 9, Mbl ocTaHOBMMCA 60/1ee NOAPOGHO Ha Pa3NNUHbIX
cnocobax BBEAEHMA Ha MPOEKTUBHOM NPAMOA U NPOEKTMBHOW NMOCKOC-
TW OAHOPOAHbLIX W HEOAHOPOAHbLIX MPOEKTUBHbLIX KOOPAWMHAT.

§ 4. MpuHUMN ABONCTBEHHOCTHU

Ha npoeKkTWBHOW NAOCKOCTM paccMaTpuBalOTCA [Ba OCHOBHbIX TWNa
06bEKTOB: TOUYKM M npsimble. OKa3blBAeTCS, YTO C KaXKAbIM Npeanoxe-
HMEM MOXET ObITb CONOCTaBNEHO HEKOTOPOe yTBEPXAeHUe Tak, uTo eciu
3TW nNpegnoxeHns chopMyaupoBaTb Hagnexawum o6pasom, TO 04HO
M3 HUX NepexoauT B APYroe npW 3aMeHe CAOBa «TOYKa» C/IOBOM
«npsiMas» W CfoBa «MpAMas» CNOBOM «TOYKa». 3TO 06CTOATENbCTBO M
COCTaBNAET COfepXaHWe MNpuHUMNa ABONCTBEHHOCTU Ha NPOEKTUBHOINA
MAOCKOCTW.

PaccMOTpUM MpUHLMN ABONCTBEHHOCTM MO OTHOLEHWIO K akcromam
CBA3W MPOEKTUBHOW NnockocTh. O6 3TUX aKCMOMax Mbl YXXe roBOpWAW
B 82 rn. IlIl. OHW onucbIBalOT OTHOLWIEHWE MPUHAANEXHOCTU TOYeK U
MPAMbIX, KOTOPble Mbl BblpaXKann CMOBaMW «TOYKA IEXMWT Ha MPAMONi»,
UM «npsMas NPoxXoAnT Yyepe3 TOuKy». Hike Ham 6ygeT 6onee yao6HO
rOBOPUTb «TOYKa MPUHALNEXUT NPAMOA», WKW «NpAMas NpUHALNeXUT
TOYKe».

YunTbiBaf 3Ty TEPMWHOMOTMIO, Mbl MOXEM aKCMOMbl CBS3M MPOEK-
TUBHOW NNOCKOCTW 3anucaTb B cnegytouleit gopme (Mbl 6ygem 0fHO-
BPEMEHHO MPUBOAUTbL MPEAIOXKEHUe, KOTOPOe COMOCTaBNAETCA COOTBET-
CTBYIOLLE aKcMoMe; TeKCT akCMOMbl NMPUMBOAMTCA Ha NeBOW MONOBUHE
CTpaHULbl, TEKCT MPEeAN0oXeHWNs, COMOCTaBAEHHOIO0 C aKCUOMOW, — Ha
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npaBoil NONOBWHE CTPaHULbl; BNpefb Takue fBa NpeanoXeHus 6yaem
Ha3blBaTb [BOWCTBEHHLIMU APYT APYTY):

1. KakoBbl 6bl HW 6bliv ABe
Toukn A n B, cyuwectByeT npf-
mMas a, npuHagnexauas Touke A
n Touke B.

2. KakoBbl 6bl HW 6bIAN ABe
pasnnyHbie Touykn A un B, cyuwe-
CTBYEeT He 60/iee OAHOW NpAMONA,
npuHagnexauwen u Touke A, K
Touke B.

3. Kaxpgoi npamoin npuHagne-
XUT He MeHee Tpex Touek. Cyuie-
CTBYET N0 KpailHei mepe Tpu TOu-
KW, He nNpuHagnexauiue OLHOW
npAMOi.

4. Kaxable aBe npsamble UMeloT
06U Y0 TOYKY.

KakoBbl 6bl HW 6bINW gBe Nps-
Mble a U b, cyulecTByeT Touka A,
npuHagnexawas npsaMoiA a wu
npamon b. (3To ecTb He 4YTO MHOe,
KakK akcuoma 4.)

KakoBbl Obl HM GblNn aBe pas-
NNYHble NpAMble a WU b, cyulecT-
BYeT He 6onee OAHON TOYKW, Npu-
Hagnexauieil M NpsMoin a, unpsa-
moli b. (3TO npeanoXxeHue Heno-
CPefCTBEHHO cnefyeT M3 aKcuo-
Mbl 2.)

Kaxpaoli Touyke NpUHaZNexuT
He MeHee Tpex npsMbiX. CyuiecT-
ByeT MO KpaliHeli Mepe Tpu nps-
Mble, He MpUHajNexaune OfHON
Touke. (3TO yTBepXfeHWe ferko
BbiTeKaeT M3 akcmom 1—3.)

Kaxpable f4Be TOUKWM UMelT 06-
Wyt npsmyto. (3TO ecTb He 4TO

MHOe, Kak akcuoma 1.)

TakuMm 06pa3om, C KaX[oN akCUMOMOWN CBA3U MPOEKTUBHOW MI0CKO-
CTM MOXHO COMOCTaBUTb YTBEPXAEHUEe, BbiTeKalolwee U3 3TUX akKcu-
OM, TaK, YTO conocTaBAsemble MPeAOXEHUNA ABONCTBEHHbI APYT APYTY.

CnepoBaTenbHO, ecin Kakoe-nnbo npeanioxXeHne NPoeKTUBHOW nioc-
KOCTU WCNOMb3yeT TONbKO MOHATUE MPUHAANEXHOCTU TOYEK U MPAMBIX,
TO CNpaBejMBO TakXXe 4BONCTBEHHOE eMYy NpPeASioXeHue.

PaccmMOTpuM BbipaKeHUe NpuUHLMNAa ABOMCTBEHHOCTUM Ha MPOEKTUB-
HOI NIOCKOCTM C MOMOLLbIO OAHOPOAHbLIX KOOpAUHAT. yCTb Ha NPOEKTUB-
HON MAOCKOCTW BBefAeHbl OJHOPOAHbLIE KOOPAMHATbI TOYeK. Torga Kax-
fJas ToukKa onpefensercs OTHOWeEHMEM Tpex uucen (pb p2, P3), a Kax-
fas npamas — ypaBHeHWeM BuAa

UiPi + WM2P2 + u3P3 — 0. ™*

Bbilwe Mbl YCNOBUAUCL KOIPPUUMEHTLI ypaBHeHUdA (*) HasbiBaTb OfHO-
POLHbIMU KOOpAMHaTaMu MPAMON, KOTopas 3TWM YypaBHEHWeM onpege-
ndetca. Kak Mbl oTMeyanu, Ans onpefeneHns npamoi [OCTaTOYHO 3a-
faTb OTHOLUEHWS ee OAHOPOAHbLIX KOOPAWUHAT U, U2 : K3, npuyeM yucna
«b N2, /3 He MOryT OfHOBPEMEHHO PaBHATLCA HYJO.

Ecnn (pi, pr, P3) — oAHOpOAHbIE KOOpAMHATbl HEKOTOPOW TOYKMK
M, a («1, ©2, U3) — KOOpAMHATbI HEKOTOPOI MPAMOA T, TO COOTHOLUe-
Hue

bliPi + n2P2+ WM3P3 = 0
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ABNAETCA YCNOBUEM MPUHAANEXHOCTU TOUKM M UM npsmMoii T Apyr Apy-
ry. OTclofa UMeeM [Ba [BOWCTBEHHbLIX APYT APYTY MPeanoXeHus:

Mpn nocTosHHbIX (Uuv n2, uj Mpn noctoAHHbIX (P,, P2, P9I
n Tekywmnx (p{, p2 p3d cooTHOo- un Tekywux («j, W2 uUd COOTHO-
LeHune LeHune

« + VaPr+ ~3P3 = 0 (%) UiPi + 122+ «3p3=0 ()
onpefiensieT BCEBO3MOXHbIe TOUKW, OMpeAensieT BCEBO3MOXHble Mpsi-
npuHagnexatwime npamoii (bl,, 1213;  Mble, nNpuHagnexauime  TOUKe
B 3TOM CMbICe OHO Ha3sblBaeT- (plt p2 p3); B 3TOM CMbICNE OHO
CS ypaBHeHMEeM MpPSMOINA. Ha3blBaeTCA ypaBHEHWEM TOYKMU.

YacTto npu NOCTOSHHBLIX P,, P2
P3 n nepemeHHbIX ult n? n3coor-
HoweHne (*) HasbiBalT YypaBHe-
HMeM nyyka cueHTpom (pt, p2 p3.

§ 5. CNnoxHoe OTHOWeEHNEe YeTbipex TOYeK NMPOEeKTUBHOW NPAMONA

1- CnoXHoe OTHOLLUEHWE 4YeTbipex TOYeK Ha €eBK/IMAOBON MPSMOWN,
MOMOSIHEHHOM 6GECKOHEYHO YAasleHHOM TOYKOM. B 3TOM MYyHKTE CA0X-
HOe OTHOLUEeHMe YeTbipex TO4YeK MPOEKTUBHON NpAMOW 6yneT BBeAEHO,
0TNpaBAAscb OT TOro hakTa, YTO NPOEKTUBHAA MpsMas ecTb eBKAMA0Ba
npsmas, NonofiHeHHas 6eCKOHEYHO YyAaneHHON TOYKONA.

MTak, NnycTb a — eBKAWAOBA Npsmas, Ha KOTOPOli BBeAEHO onpefe-
NEHHOe HanpaBfieHWe W [eKapToBa KoopAuHata X. [MONONHMM MpAMYHO
a 0eCKOHEYHO yjaaneHHON Toukoi M,,. [lekapTOBY KOOPAWHATY TOYKMU
M" Ha npamoii a 6yfem cuuTaTb paBHOM oo. MycTb, fanee, A B —
ABe 0ObIKHOBEHHbIE TOYKM NPAMOWA a M XA U XB — UX fEeKapTOBbI KOOP-
AnHaTbl. Tak e, Kak u B rnase ll, yepes AB 6yaem 0603HavaTb Npoek-

UMto BekTopa AB Ha NMpsMYl0 a C YYeTOM BbI6pPaHHOro Ha Heli Hampas-
neHusi. Torga, Kak Mbl 3HaeMm,

AB = xB — XA

B rnaese Il 6bin0 BBEAEHO Ba)HOE MOHATWE MPOCTOr0 OTHOLUEHWUS
Tpex Touek, NeXawux Ha O4HON npsMoi. HanoMHUM onpefeneHune n
HeKoTOpble cBOWCTBA 3TOro noHatus. MycTb A, B, M — 0ObIKHOBEH-
Hble TOYKM NpAMOK a. MpoCTbiM OTHOWEHMEM Tpex Touek A, B, M Ha-
3bIBAe€TCHA 4UCNO

(. B M)= =, -

Toykn J1 n B Has3biBalOTCS OCHOBHbIMW, Touyka M — gensuieil.
Kak 6b1n10 ycTaHOBMeHO B rnase |, Kaxgoi Touke M npsamoi a, B ToM
yucne n TouKe , 0TBeYaeT onpeaeneHHoe 3HavyeHUe MPOCTOro OTHO-
WeHna 1, 06paTHO, KaXAOMY 3HAYEHUIO MPOCTOro oTHoweHus (f1, B; M)
COOTBETCTBYET ONpefefieHHOe MONOXeHMe TOUYKM M Ha npamoil a; npu
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3TOM, KOHEYHO, TO4YkM J1 1 B cumTarTca (PUKCMpPOBaHHbIMK. [lo3TOMy
C NOMOLLbIO MPOCTOr0 OTHOLUEHWSA MOXHO BBECTU KOOPAWMHATY TOYKM M
Ha MpAMOA a:

Av = (1, B; M).

KoopanHata M OTAMYHA OT €BKAUAOBON KOOpPAMHATbI Xme OTMETUM,
4TO NPV NOCTPOEHMU KOOPAMHAT XM [Ans TOYEK NpsMOi a 6a3ncHble Tou-
Kn J1 1 B hMKCUpoBaHbl, HO BbIGOP UX MPOU3BOJIEH.

Ons Toyek M, nexawmux BHe oTpeska, 6yfemMm WMeTb:

Xm = (1, B\ M)> 0;

ana Toyek M, nexawimx BHYTpu oTpe3ka AB, nmeem:
Xm = (1, B; M) < 0,

B yacTHOCTU, AnA cepefuHbl C oTpeska AB wumeem:

[anee, aong toyek J1, B u M>Knonaraem:

XA= 0, kB = 00, XMo= ]

3TN onpefeneHns eCTeCTBEHHbI, U60 OHM MO3BONSAOT PacCMaTpMBaTh
M KakK HenpepbiBHY (QYHKUWIO Touku M. [elcTBUTENbHO,

KA—— = 0; kB = lim kM —Ilim = 00;
7 BA M-+B M->8 BM
KM — lim - dlim (A- - 1) = L
” M-*M,, BM M-M, \ BM

CxemaTnyeckn 3HauyeHWUs KOOPAMHAT XM AN HeKoTopblX Touek M nps-
Mo/ a faHbl Ha pwuc. 95.

MNo* M A M B n
Puc. 95

M3 cKa3aHHOrO Bbllle BbITEKaeT Clefylollee BaXHOe 3ameyaHue: ¢
MOMOLLbI0 KOOPAMHATbl FM OObIKHOBEHHOW TOouke B npsMoil a npunu-
CbIBAeTCA KOOpPAMHATA 00, a 6ECKOHEYHO YyAaneHHOW TOYKe TOi Xe nps-
MO a — koopfuHata 1. Ecnu cTaTh Ha Ty TOYKY 3peHus, 4To 6ecko-
HEYHO yJaneHHas TOuKa MpPAMON XapakTepusyeTcs KOOPAWHATON 0o,
TO SICHO, YTO Nt06asA Touka MO NpsAMOIl a MOXET paccMaTpuMBaTbCA Kak
6ecKOHe4Ho ypaneHHasa. Lnsa 3Toro 4octaTtovHO TOUKY Mo B3fATb B Ka-
yecTBe BTOpOI 6a3MCHOM TOYKM B npu BBefeHUU KOOpAMHATbI XM Ha
npaAmMoi a ¢ nomowbio paBeHcTBa XM = {A, MO0; M). Tem cambiM
BBEJEHME KOOpPAMHATbl TOYEK Ha NPSIMO C NMOMOLLbIO NMPOCTOr0 OTHOLUe-
HUS CHMMaeT C MOHATUS BECKOHEYHO yfaneHHOW To4YkM MM npaMoi
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a ee 0co60e MONOXEHMEe W fefiaeT BCE TOYKM NPAMOW &, NOMOMHEHHO
6eCKOHEYHO yfaNneHHOW ToUKon MK, paBHOMpaBHbIMWU. Takum o6pasom,
Mbl OMATb NPUXOAMM K TOMY MOJIOXKEHWIO, UYTO BCE TOUKW MPOEKTUBHOI
NpsIMOiA paBHOMpPaBHbI M NH06asA TOUYKA 3TON MPAMON MOXET ObiTb Npu-
HATa 3a OECKOHEYHO YyJAaneHHy, mochne
4ero BCe OCTajlbHble TOUKM M MPOEKTUBHON
NpAMOI C NOMOLLbIO KOOPAUHATLI %M Haxo-
L4ATCS BO B3aMMHO O[HO3HAaYHOM COOTBET-
CTBUWN C TOYKAMU €BKIMAOBON MPAMON.
MpocToe OTHOLWIEHME, KaK MOKasbiBakoT
nMpuMepbl, MOXET M3MEHATb CBOE 3HaYeHUe
MPU LEHTpasbHbIX MPOEKTUPOBAHUSAX.
[LelicTBUTENbHO, NYCTb LeHTpanbHoe
NPOEKTUPOBAHME MPOUCXOAUT M3 TOUKKU 5
Kak M3 UeHTpa u a, b, c — Tpu npsimbie
nyyka P (S), npuyem npamas c ecTb 6uc-
cekTpuca yrna mexgy npambiMu a un b (sce
MOCTPOEHME MPOUCXOAUT B  HEKOTOPOI
naockoctu a). lMycTb, panee, g U g'— He-
napannenbHble MexXay Ccoboil  npsimble
(puc. 96), He npoxogsuiMe yepe3 TOUKY
S. OueBMAHO, 3TV NpsIMble MOXHO Bbl6paTb Tak, 4TOObI

|[AS 1> 1 1 n jyd's| < \B'S |;
3pech yepe3 \M N\ o603HauyeHa AnauHa oTpeska M N. Torjga

Puc. 96

1(A, B; C)| - 14 E{SF U
IAC \* 'S\

A, B; C)1

(A, B C) BC sy S

Tak kKak Toukm A', B', C’ asnawTca obpasamu Touyek J1, B, C
NpU LEHTPaNbHOW MpoeKuMM M3 LeHTpa S, TO HamuWcaHHble COOTHOLUe-
HUA MOKa3blBalOT, YTO MPOCTOE OTHOLUEHWE TpexX TOYeK MOXET Uu3Me-
HUTb CBOE 3HAaYeHWEe MPW LEHTPasIbHOM MPOEKTUPOBAHUMU.

Cefiuac Mbl BBEAEM MOHATUE CNOXHOFO OTHOLUEHWS YETbIPEX TOUEK
OfHOI npsiMON, KoTOpoe 6yAeT WMHBApWaHTOM LEeHTPaNibHbIX MNPOEKTH-
pOBaHMWIA.

Cno>KHoe OTHOLWEHNE YeThbIpex Touyek A, B, C, D ogHoii
npamoii a onpegenseTcs (OpMynoii:

(1, B; C, D) = (Alﬁ 3)1

OHO npefcTasnseT co6OM 4ncno, paBHOe YACTHOMY MNPOCThbIX OTHOLe-
HUi Touek A, B, C un Touek A, B, D.

Toukn J1 1 B B 060MX NPOCTbIX OTHOLIEHUAX SBASKOTCA 6a3UCHBIMY,
a Toukn C n D — penawmumn. Moatomy napa Toyek JI, B HasbiBaetcH
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6a3nCcHOi (MM OCHOBHOIA) Mapoii CNOXXHOM0 OTHOLWEHKSA, a napa Tovek C, D
— pendweil napoi. M3 onpefeneHus CMOXHOr0 OTHOLIEHWS NIerKO Bbl-
TekaeT gopmyna:

AC
(n, B;C,D) = {4-i: Q=-AL r; ncBn
(N, B; D) AD_ BC mAD

BD

PaccmoTpum Tenepb Hanbosee Ba)XHble CBONCTBA CNOXHOrO OTHO-
leHnda, HenocpeaCTBeHHO BbITEKakOWME U3 €ro onpenesieHnd.

Teopema 1 CnoxkHoe OTHOLIEHNE He U3MEHAETCA OT NepecTa-
HOBKM nap 6a3nCHbIX U Aenduwnx ToYek, T. €.

(A, B, C,D)= (C,4 A, B).
LJokaszaTenbcTBO. [eACTBUTENLHO,

C, AB)=-</*' DB =-AC'BD = (A, B; C, D).
( A ')DA -CB AD . BC ( )

Teopema 2. CnoXKHoe OTHOLUIEHWE HE W3MEHAeTCA OT OAHOBpe-
MEHHOW NepecTaHOBKN TOYEK BHY T PU KaXKAO0i napbl, T. €.
(A, B; C,D)= (B, A; 4 C)
Jokas3aTenbCcTBO. [lefCTBUTENLHO,

B, A; C)= -*®- AC = AC— P-= (A, B; C, D).
( A ) AD=mBC ADmBC ( )

Teopema 3. lepecTaHoBKa TOYeK B OAHON Mape U3MeHseT Be-
NINYUHY CNOXKHOTO OTHOLWEHUS HA 06pPaTHYIO:

(B, A; C, D) e=-r-r-1

hBle sy WBACGS

. 1
(n, B C, D)

LJokaszaTenbcTBO. [eicTBUTENBHO,

AC mBD (A, B; C) (N, B; C, &Y
€CNN nepecTaBfieHbl TOYKW BTOPOl napbl, U
B, ; C, &) - BC-AD - (A>B'D;_
/1C mBD (A, B, C (A, B, C, D)’
eCNN nepecTaBfieHbl TOYKU MepBOi napsbl.

Teopema 4 T[lepecTaHOBKA ABYX KpalHWUX WUAKM [BYX CPEAHMX
TOYeK B CMOXKHOM OTHOLUEHUM U3MEHSIeT ero 3HaueHue cneaylolum o6-
pasom:

(0 B C /) = 1— (A, B; C, D),
(N, C; B,D) — 1— (/1, B; C, D).
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JokaszaTenbcTBO. Ecnm nepectaBneHbl mectamu cpefHue
TOYKMK, TO

N, C; B, D)= AB'-CD-= AB' (C/1+ AD) =
{ ) S mip"”

CB. ad
AB mfA + AB m\D AB -CA+ (AC+ CB) *AD
CB mD CB mD
AB mCA+ AC.AD , j_ JIC.(BA+ AD) j _
CBe JE> ' CBe<AD

_ = 1_ (1, B, c, D).
BC mihD \Y

Ecnn e nepecTaBneHbl KpaiHue TOYKW, TO
(b,BVC, A= B, D; n,¢)=1— @B, N; D, C) = 1—
— (N1, B\ C, D).
Teopema 5 [lonoxkum,
(A, B; C, D) =v,
TOorga npu BCEBO3MOXKHOIW MNepecTaHOBKe MecTamu Todek A, B, C, D

B CNOXHOM OTHOLWEHUM OHO GyfeT NpUHUMATb TOMbKO LIECTb pasnny-
HbIX 3HAYEHWii, KOTOpble fAaHbl Tabauueii:

1 (0 B; C, D)- V. 4 (M BD O-
. _ . . 1
2 (N C; B, D)= 1- v 5. (, C, D, B) Ny
3 (1 DB C=1—y= 6 (1 D CB v,
Lo 1
v

JokaszaTenbcTBO. W3 faHHbIX yeTbipex Toyek A, B, C, D
MOXHO COCTaBUTb 24 pas3nnyHble nepecTaHOBKW. HoO cpeaun Bcex 3TuX
nepecTaHOBOK OyAyT Takme, KOTOpble Jal0T paBHbIe 3HAYEHUS CMOXHOIO
OTHOwWeHNA. N3 Teopem 1 1 2 nerko BbiTeKaeT, 4YTO ANA KaXAOW nepe-
CTAHOBKW HaligyTcs ele Tpu, nopoxjaloLwme To Xe 3HaYeHUe CN0XHOro
OTHOLUEHUA, YTO U UCXOAHAA MepecTaHOBKA. Hanpumep, Ansa nepecTa-
HoBkn (J1, B; C, D) wumeewm:

(n,B;C, D)= (C,D; N,B)= (D, C; B, ) = (B, N; D, C).

Takum 06pa3om, Bce MepecTaHOBKWM AensTcs Ha 6 rpynn, no 4 ne-
PecTaHOBKMW B KaX[oii, MPUYEM MepecTaHOBKM OAHOW Tpynnbl MopoXaa-
0T OfJMHAKOBble CMOXHblE OTHOWEHUS. Ecnn

v= (N1, B; C, D),

TO, NO/Mb3ysicb TeopeMaMy 3 W 4, NOCNe MPOCTbIX BbIYUCAEHUA NONYUYUM
Tabnuuy, KoTopas urypupyet B hOPMYNUPOBKe Teopembl 5.
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Mokaxem Tenepb, Kak BBOAMTb KOOPAMHATbLI TOYEK Ha MPAMON C Mo-
MOLLbI CNOXHOF0 OTHOWeEHUSA. PaccMOTpUM Ha eBKAWAOBON Npamoin a,
NOMNO/IHEHHON GECKOHEYHO YAAaneHHOW TOYKOW MA, T. e. Ha MPOEKTUB-
HOW NpsAMON a, YeTbipe Toukn A, B, C, M. lMpeanonoxmm, 4to TOUKHU
A, B n C ukcupoBaHbl, a Touka M nepemeltaetcs no npamon a. Kax-
JOMY MOJIOXKEHUIO TOYKM M Ha NpAMOl a COOTBETCTBYET OnpejesnieHHoe
3HayeHue CNoXHoro otHoweHna (A, B, C, M). lMycTb Tenepb 415 ABYX
Toyek M ju M 2npsamoin a umeem:

(n, B; C, MO = (]I, B; C, M 2.
[Jokaxem, 4yto Toukm M t 1 M 2coBnagatoT. [LeliCTBUTENbHO, M3 COOT-
HOLLEeHNs
(n,B; C, MO = (J, B; C, M2
cnepyet, 4To
(n,BVC) (NI, B-C) w
0, B; MY n, B; M2)
Moatomy
(n, B\ M9y = (J1, BmM 2.

A TOrpga, Kak 6bino gokasaHo B rnaee Il, Toukn M, n M 2 coBnagaror.

Takum o6pasom, nNpu (UKCMpPOBaHHLIX Toukax JI, B, C kaxpomy
MONOXEHNI0O TOYKM M Ha MpAMOA a OTBe4vaeT OnpefesieHHOEe CMOXHOoe
oTHoweHune (J1, B; C, M) - 06paTHO, KaXXAOMY 3HAYEHUIO CMOXHOTIO0
OTHOWEHUA Npy HUKCMpPOBaHHbIX J1, B 1 C 0g4HO3HAa4YHO OTBEYAET HEKO-
Topas Touka M npsmoit a. Mo3aToMy 4yucno

Vm= (1, B; C, M)

MOXET 6bITb MPUHATO 3a KOOpAMHATY TOYkM M Ha npsiMoii a. BBepgeH-
Hass HaMW KOOpAMHaTa TOYEK Ha MPsAMON a Ha3blBaeTCsi MPOEKTMBHOI.
CMbICn 3TOr0 OyAeT packpbIT HUXeE.

MTaK, Ana MNOCTPOEHUS TMPOEKTMBHbLIX KOOpAMHAT Ha npsiMoli a
(hUKCUPYIOTCA TPU NPOU3BONbHbIE TOUKM A, B, C, a cama NpoeKTMBHas
KoopamHata vM ntoboin Toukm M Torfa onpegensetca no qopmyne:

Uvw = (J1, B; C, M).
Ecnn touka M cosnagaet ¢ C, TO
vce— (1, B; C, C)= {A’B'C) = 1
( ) EA, B\ c))
Ecnn M coBnapgaet ¢ Toukoih B, To

\s " (1, B; C, B)= A" B/ C)BB = 0.

HakoHel, ecnun M coBnmajaeT ¢ TOukol JI, To, paccmartpuBas aToT
cnyyail Kak MpefenbHbli, UMeeM:

V,=Ilim (1, B; C, M) = lim E\A’ B> = <
M->A MAA (A, B; M)

172



Takum 06pa3oM, OCHOBHbIM TOYkam A, B, C COOTBETCTBYHOT NpOEK-
TWBHbIE KOOPAMWHATbI, paBHble COOTBETCTBEHHO =»,0, 1.

34ecb TaK Xe, KakK 1 B Clly4yae MPOCTOr0 OTHOLWEHUS, TOUKY A MOX-
HO paccmaTpuBaTb Kak 6ECKOHEYHO YaNleHHY0 TOUYKY NpsiMOil a, cuuTas,
YTO a MoMnofIHeHa 6GEeCKOHEYHO yAaneHHOW Toukol M Te nanM, 4To TO XKe,
NPOEKTUBHOM MpAMON a. Tak Kak Touka A MOXET ObiTb (hMKCMpOBaHa
NPOU3BONbLHO, TO NMto6as ToYKa A MOXET ObITb B3siTa 3a 6ECKOHEYHO yaa-
NEHHYI0, U Mbl CHOBA MPUXOAMM K TOMY, 4YTO BCe TOYKM MPOEKTUBHOI
nNpsMoli paBHOMPaBHHbI.

Touke COOTBETCTBYET MPOEKTUBHAs KOOpAuHaTa
Jl, B; C )
vm -(A B;C, M )= (”):-i(___—’
o[M»
roe X= (N1, B; C), a — 1. Takum o6pasom, ecnm Touka Mo

eCTb YeTBepTas TOYKa B CNOXHOM oTHoweHuu (J1, B; C, M J, To cnoxHoe
oTHoweHne (A, B; C, MJ paBHO MPOCTOMY OTHOLUEHMIO TPeX TOYeK
(A, B; C). 3T0 npuBOAMT K Crnefytolen BaXXHON Gopmyne:

(n,B;C)= (1, B; C, MJ.

2. lMpocToe U CMOXHOE OTHOWeHWe B My4yke NpsMbIX. [1pocToe
CNOXHOE OTHOLWEHME TOYeK MPOEKTUBHON NpAMON, KOTOpoe 6bif0 Moc-
TPOEHO B MpeAblayLieM MYHKTe, CYLeCTBEHHO OMMPanocb Ha TOT (akT,
YTO MOA MPOEKTUBHOW MPSIMOW Mbl
NOHUMaNu eBKANA0BY NPAMYH0,N0-

NONHEHHY 6eCKOHeYHO YyfaneH-

HOM ToOukoil. bnarogaps aTomy

06CTOATENLCTBY Mbl  MOCTOSHHO

nonb30BainCb METPUYECKUMM MO-

HATUAMW — OAAWHOW  eBKANAOBbLIX

O0Tpe3KOoB. Ha npoekTUBHOW nps-

MO, B CMNY ee 3aMKHYTOCTH,

Kaxfas napa Toyek J1, B onpe-

fenseT ABa otpe3ka AB u J1oo B. puc ¢?
M3 3TuX OTpe3KOoB Mbl BCerga Bbl-

6upann eBKAMAOB 0Tpe3ok AB.

Opyrumun cnosamu, Mbl 6Gpanu TOT OTPE30K, KOTOPbIA He COAepXuT
6ECKOHEYHO yAaneHHON TOYKWM eBKIWAOBOW MPSMONA.

Mpn MOCTPOEHUU MOHATMIA MPOCTOr0 U CMIOXHOTFO OTHOWEHUA nps-
MbIX B NY4YKe Mbl BCTPETUMCH C TeM XXe MOJ0OXeHMEeM Belel. VIMEHHO
BCAKMe ABe npsmble a u b nyuka P (S) (puc. 97) o6bpasytoT ABa yrna.
Lnsa Toro utobbl yka3aTb NpaBuno Bbibopa ONPEeENeHHOro yrina mexay
npambiMu nydka P (S), moctynum cnegytowum obpasom. Myctb [ —
HekoTopas NpPou3BofibHaa npamas nydyka P (S), KOTOpPyH Mbl B faNb-
Hellllem cunMTaem (QUKCUpPOBaHHOW. W3 ABYyX YrnoB, KOTOPbIA 06pa3oBaH
npsAMbIMU an b, Bcerga 6yaem Bbl6upaTh TOT, KOTOPbIA He COAEPXUT npA-
Mo /. OueBmaHoO, 4yTO NpaAmas / npu Bbi6Ope yrna urpaeT Ty Xe pofb,
KOTOPYIO Ha €BKNMAO0BOM NpsAMOW urpana 6eCKOHeYHO ypaneHHas Tou-
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Ka. lMocne Toro Kak OfHO3HA4YHO onpefeneH BbIOOP yrna mexay nps-
MbiMKM nyuyka P (S), npunucoiBaeM emy 3HaK + WAM — B 3aBUCUMMOC-
TV OT TOro, COBMajaeT M NOPALOK €ro CTOPOH C HanpasieHuem [BUXe-
HWA MPOTMB YAcOBOW CTPESIKM WM C HampasBleHWEM [BVWKEHWA MO Ya-
coBOW cTpenke. Ha puc. 98 *4(a, b) nonoxuteneH, a *4(b, a) — oTpu-
LaTeneH.

MycTtb B nyyke P (S) gaHbl Tpu npamble a, b, c. TpoCTbIM OTHOLIE-
HUeM npAMbIX &, b, ¢ HasoBem 4umcno

MpsmMble a W b HasbiBaloTCA 6asnUCHbIMK, a NpsMas ¢ — fensauwein. Ecnu
Aensujas npsmas € NPOXOAWUT BHYTPU yria Mexay npsamMbiMU a u b, TO

(a, b; ¢)< 0
€C/M OHa NpPOXOAWUT BHe 3TOro yrna, To

(a, b\ ¢)> 0
ecnn OHa coBMnajaeT ¢ a, To

(@, b\ a) = 0;

ec/in Xe OHa coBnajaet ¢ b, 1O
(a, b\ b) = o0
N, HaKOHeL,ecnu c coBnagaet c /, To
(@ by I) = +1.

OTctofia BWAHO, YTO MNPOCTOE OTHOLWeHWEe npsMbIX nyyka P (S)
nMo CBOUM CBOMCTBAM BMOJSIHE AHANOTMYHO MPOCTOMY OTHOLUEHUIO Tpex
TOYeK MNpPAMON.

[anee, ecnu npamble a u b gukcuposatb, To MexAy nNpsMbIMKU T
nyyka P (S) u uucnamm

M™M= (°. b\ T)

yCTaHaB/MBaeTCqd B3aMMHO OfHO3HayHOe COOTBETCTBME. [103TOMY 4YMCO
LT MOXeT 6bITb MPUHATO 3a KoOopauHaTy npsiMoi T B nyuyke P (S).

MycTb Tenepb a, b, ¢, d — 4veTbipe npsmbix nydyka P (5), Torga
CNOXHbIM OTHOLIEHMEM 3TWUX MPAMbIX Ha3blBAETCH YMCO

(a’ b c, d) - (a, b;c) _ si'n Z. (a, ¢) -si'n Z. (b, d)
(& b\ d) sinZ (a, d) esinZ (b, €

Mpamble a, b HasblBalOTCA 6GasnUCHbIMU, a NpsMble ¢, d — AenAwnumMu.
O6a oTHOweHUs NpsAMbIX nyyka P (S) — npocTtoe M CnoXxHoe —
BbIPaXalTCA 4Yepe3 CUHYCbl YIr0B, KOTOpble 06pasyloT jenswue un 6a-
3CHble NpsAMble. 3aBUCUMOCTb MPOCTOrO W CAOXHOFO OTHOLUEHWIA nps-
MbIX Ny4Ka OT (QUKCMPOBaAHHOW Hamu npsmoit | nposBnseTca B TOM, 4TO
B hopmynax (*) m (*) yuyactBywT nnéo *4\a, c), ~$(b, c),..., NMMbo ux
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pononHeHus fo . Moatomy abcontoTHas BeUYMHA NpaBbiX 4YacTeidl B
thopmynax (*) n (* ) He 3aBMCUT OT Bbibopa npamoit |. CnefgoBaTenbHO,
abconTHaA BeAMYMHA NPOCTOr0 U CAOXHOFO OTHOWEHWHA NpAMbIX B
Myyke He 3aBUCUT OT Bbibopa mpsimoit |

3HaK NpocTOro OTHOLWEHUS 3aBUCUT OT Bbl6opa npsmoin /. [leiAcTBu-
TeNbHO, ecn fenauwas npsamas C HaXOAUTCS BHYTPM yrna mexay 6a-
3WCHLIMU MPAMBIMU @ U b, TO

(a, B\ ¢c) < O

(npn atom npamasa | HaxoauTcA BHe *4 (a>b)), u
(a b\ ¢ > O

ecnu gensiuias npsamas ¢ Haxogutca BHe 26 (a, b) (puc. 98, a), 6), B)).

Ecnn mbl Tenepb npAmyto / 3amMeHMM MNpsMoi /'.nexal,ein BHyTpuU
MPeXxHero yrnamexgy 6asucHbIMU NpsMbIMU @ U b, TO 418 NOCTPOEHUSA
MPOCTOro OTHOLIEH Us NPUAETCA UCNONb30BaTh APYrYH0 Nnapy BepTUKafb-

a) 6) B)
Puc. 98

HbIX YrnoB, o6pa3oBaHHyt 6a3uCHbIMK NpsMbIMKW @ U b. A Torga nps-
mas ¢ 6yaeT NpoXo4uTb BHE HOBOrO yrnaa mexgy npsmbiMM a u b, ecian
OHa NpWM CTapoil cuTyauuum Haxoaunacb BHYTpPM yrna mexagy a u b\
aHaNorM4yHo M3MEHUTCH POSb NPSAMOW C, ec/iM OHa NPOX0Auaa BHe cTa-
poro yrna mexgy npambiMm a un b. CnepoBaTesibHO, MPOCTOE OTHOLE-
Hue npaAMbIX a, b, c:

(@ b\ ¢
— Mpun nepexofje oT 0O4HON NpsSMOA /K APYroi/' MOXeT M3MEHUTb 3HaK.

Teopema 6. CnoXkHoe OTHOLWEHNE YeThbIpex NPAMbIX My4ykKa
P (S) He 3aBMCUT OT BblbOpa NpsAMOoii I.

JokaszaTenbcTBO. W3 hopmynsl (£) AN CAOXKHOIO
OTHOLIEHUSA BUAHO, YTO 3HAK C/IOXKHOr0 OTHOLUEHWS 3aBUCUT OT TOrO,
MMEIT NN NpocTble OTHOWeHUsA (a, b\ ¢) u (a, b\ d) ognHakoBbie 3HaKu
nnu HeT. M3 npefblAyLnX PacCy>XAeHWiA ICHO, YTO MPMW nepexofe oT nps-
Mol | kK npAMoit /' Nn6o 06a MPOCTbIX OTHOLIEHWNS MEHSAIT 3HaKU OAHO-
BPEMEHHO, NMb60 06a NpPOCTbIX OTHOWeHMA (a, b\ ¢) u (a, b; d) 3Haka He
MeHAT. Tak Kak abCcontoTHas BesiMYMHa NPOCTbIX OTHOLIEHWI MPU 3TOM
He MeHseTCs, TO CNoXHoe oTHoweHne {a, B\ ¢, d) He 3aBMCUT OT BbIGOpaA
npamoin / B nyyke P (S). Teopema AoKasaHa.
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OTmMeTUM, 4YTO BCe MOCTPOEHUA, KOTOPble NMPOBOAMAUCL B MYHKTEe 2,
OTHOCUINCb K NYYKY MNPAMbIX Ha eBKl'IVI,qOBOVI MNNOCKOCTMN.

3. MepcneKTUBHbIE COOTBETCTBUS MPSIMbIX WM MNy4yKoB. Mbl  6ygem
paccmaTpuBaTb MPOEKTWBHYK MNIOCKOCTb KaK €BKAMAO0BY MIOCKOCTb,
MOMOJIHEHHYI0 6ECKOHEYHO YAaNeHHbIMU TOYKaMU 1 BECKOHEUYHO yhalieH-
HOM NpPAMOIA.

MycTb cHayana S — 0ObIKHOBEHHAA TOYKa €BKAWAOBON MIOCKOCTM a
M p — 0ObIKHOBEHHas MpsAMas Ha 3TOW MIOCKOCTW, He MpoXoAsAwas ye-
pe3 Touky S. TlycTb, fanee, A — TOYKa MepeceyeHUs NpAMOW a nyu-
ka P (S) c npamoi p. COOTBETCTBME, OTHOCSILLLEE KaXKAOlW Mnpsamoin a
nyyka P (S) Touky A npamoin p u Hao6opoT, 6yaem HasbiBaTb MNep-
CMEKTUBHbIM. Y NOTpebnss HarnsfgHble TEPMUHbI, MOXHO CKa3aTb,
4YTO MepcrneKTUBHOE COOTBETCTBME MexAy nydykom P (S) u npamoin a
nonyvaeTcs B pe3ynbTare cedyeHua nydka P (S) npamoii a, a nepcnek-
TUBHOE COOTBETCTBME MEeXAY MpsAMOA a u nyykom P (S) ¢ momoLybio
NpPOeKTUpPOBaHMA NpsamMoil a nyuykom P (S).

Teopema 7. CHnoXKHOe OTHOLIEHWE 4YeThlpex MNPAMbIX Nyyka
P (S) paBHO CNO>XHOMY OTHOLUEHUID YeThbIPeX COOTBETCTBEHHbIX TOYeK
npamoi a.
JokaszaTenbcTBO.
Myctb A, B, C,D — yeTbipe TOUKHU
npamoi /, cooTeeTcTBYHOLWME NpA-
MbiIM a, b, ¢, d nyuka P (5).
0O603HauuM 4Yepe3s h paccTosHue
TOouyku S go npsimoit / (puc. 99).
OpreHTNPOBaHHO NowWwanbl Tpe-
yronbHuka XYS Ha30BeM 4uciio

Puc- 99 rae X n Y — Touykum npsamon /, a

XY — npoekuna sektopa XY Ha
npamyto / (Npegnonaraetcs, 4To Ha NPAMONA | puUKcMpoBaHO onpeaeneH-
HOe HanpaBieHue).

Torpga gns TpeyronbHuka ABS 6ygem umeTb:

20ABS = AB ' /!> 2(JABS = IAS I' IBS ISin-3(a>b),

rae 1AS |, IBS |— anuHbl oTpe3koB J15 u BS. OTcioga

AHanorunyHole ¢opmynbl gna sennunH AC, AD nonyyaem u3 pac-
CMOTpeHus TpeyronsHukos 4CS, ADS, :
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8b= \P--S-\;h\ i (oY) BC:Drj-----I--Bf--'iHI!E—S——Ils'in ®, 0. "

OTcroga
(A, B\ C, D)= -4C1 BB = *in”(c, c) msin* (fg d) = ft. ~ ~
BC «/ID sin (b, c) msin -3 (a, d)

Teopema foKa3aHa.

Lo cnx nop BBefeHHble B NyHKTax 11 2 HacToslero naparpaga no-
HATUSA CNOXHOT0 OTHOLIEHUSA YeTbipex TOYEK Ha NPAMON W YeTblpex mps-
MbIX B MYy4YKe MPsSMbIX CYLLECTBEHHO OMMpannCb Ha TO, YTO npsMas wu
LLEHTP My4Ka 6binn 06bIKHOBEHHbIMU 06pa3amu eBKAWAOBOA MOCKOCTHU.
PacnpocTpaHuM Tenepb MOHATUE CMOXHOIFO OTHOLIEHWS Ha TOT clyuvai,
Korga npsmas siBnseTcs 6eCKOHEYHO YAaNeHHON W LeHTP MyyKa NexuT
B 6ECKOHEYHO YyJaneHHOl TOuKe.

MTaK, nycTb aM— GeCKOHEYHO

yfhaneHHas npsmas, a Bk, CrT,
D — 4YeTbipe MPOW3BOJIbHbIE TOY-
KN 3Tol npsmoit. MycTb S —06bIK-
HOBEHHaa TOYkKa MPOCTpPaHCTBa M
P (S) — Ny4yoK npaAMbIX C LEHTPOM
B 3TOli Touke. O60O3HA4YMM yepes a,
b, ¢, d npamble ny4yka P (S), gns
KOTOpbIX COOTBETCTBEHHO TOYKM
A» B« C,, D,, (puc. 100) sBns-
l0TCS  6GECKOHEYHO  YAaneHHbIMU.
Monexum

(A, Bj C., DJ=(a b c d.

Nerko Bugetb, uto uucno {A,,, Bj, Cmg DJ He 3aBucmut oOT
Bbibopa nyuyka P (S). AeictButensHo, ecnn P (5') — nNy4YyoK C UEHT-
pom B 0ObIKHOBEHHOW Touke S', a a’, 6', ¢, d" — npsMble 3TOro Nyu-
Ka, npoxopgswue yepes Toukm A,,, B,,, Ck, D T0, TaKk kak nps-
Mble ana', bub', cuc', dud' napannenbHbl, yrabl Mexgy napamu
COOTBETCTBYHOLWMX MPAMbIX paBHbl. Moatomy (puc. 100)

(a, b\c d) = (a, b;c, d),
n, cnepoBaTtesibHO
(A, Bj CxDJ = (a, b\ ¢, d.

MycTb Tenepb SM— 0GeCKOHEYHO YypaneHHas TO4Yka MOCKOCTU a
n a, b,c, d— yeTblpe npamblie u3 nyyka P (SJ. Torga npsmble a, b,
c, d napannenbHbl Mexpgy co6oii (cm. puc. 101). MycTb 0BbIKHOBEH-
Has npamas S He NPOXoAuT yepe3 S,. Torga nonoXxum

@ b c d) — (A, B\ C, D).
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OuyeBWAHO, 4YTO ANS BCAKOW npsaAMONi s', He npoxoasuwein uepes SB
nveem (cm. puc. 101):

04,B;C, D) (ALB";C’, D",

TaK KakK NMpoCTble OTHOLIEHMA TpeX TOYeK
(A, B\C) u (JI, B; D) He MeHsitOTCS
npyv napannefibHOM MPOEKTUPOBAHUN.

MycTb a 1 a' — pa3nuyHbie npamble

MA0OCKOCTM M S — TOYKA, He nNpuHagne-

Xawas obeum 3TUM  npsmbiM.  Torga

a' B' ¢ D’ ' Kaxpaasa npamaa p nydyka P (S) nepece-

KaeT a 1 a' COOTBETCTBEHHO B TOYKax Jl

n N1'. CooTBeTCTBME MeEXAY TouKamu J1

nA' npamblx a uMa', KoTopoe npu 3ToM

Puc. 101 BO3HMKAET, HasblBalOT  MepcrnekTus-

HbIM COOTBETCTBUEM MEXKAY MNPAMbIMU

auna' cueHTpom S (puc. 102). ABoiicTBEHHOE onpefeneHne ANa TONbKO
4yTo npuBegeHHoro cnegytouwiee. Mycte P (S) n P (S') — pasnunyHble

MYyYKN MAOCKOCTM U a — npAmas, He MpuHagnexawas HuW OLHOMY U3

3Tux nyukoB.Torfa kaxpjas Touka J1 npsMoil a BMecTe C TOYKamu S

nS' onpepensetase npsamele J15 n 15'. ConoctaBnsas Of4HY W3 3TUX

NpsiMbIX APYTFOM, Mbl NOly4yaeM NepcrneKTUBHOE COOTBETCTBME MEXAY MyY-

kKamn P (S) u P (S") (puc. 103).

Puc. 102 Puc. 103

N3 Teopembl 1 BbITEKaeT, 4TO NPU NEPCNEKTUBHbIX COOTBETCTBMUAX
MeXAy npsMbIMKM a ua' uam mexgy nydkamu P (S) m P (S') cnox-
HOEe OTHOLUEHWe 4YeTbipeX TOYeK WAM YeTbipex MpPsSMbIX OCTaeTcs He*
N3MEHHbIM.

4, O[JHOPOAHbIE U HEOAHOPOAHblE MPOEKTUBHbIE KOOPAMHATHI
NPOeKTVBHOI NpsiMoii. B § 3 ofHOpPOAHbIE KOOPAMHATLI ANS TOYEK Mpo-
eKTUBHOW MNpsAMO 6biNM BBEAEHbI C MOMOLLbLIO COOTBETCTBUS MeXay
MpsSMbIMU HEKOTOPOro ny4yka P (S) 1 TOYKaMu MPOEKTUBHOI NpsiMoit a.
B oCHOBe HalluMxX MOCTPOEHMIA nexana HekoTopas UKCMpOBaHHas Aae-
KapToBa cMCTeMa KOOpAMHAT Ha eBKIMAOBOM nnockoctu. OKasbiBaeTcs,
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4YTO OA4HOPOAHbIE KOOPAMHATbI AN TOYEeK NPOEKTUBHOW MPAMONA MOryT
ObITb BBEAEHbl GECKOHEYHbIM MHOXECTBOM pas3fMyHbIX CMoco6oB. Huxe
[aeTcs onMcaHWe COOTBETCTBYHOLWEA KOHCTPYKLMM U yCTaHaB/MBAKT-
cA (opMynbl nepexofa OT OLHOW CUCTEMbl OAHOPOLHbLIX KOOPAUHAT
K ApYyroi.

WTak, nycTb P (S) — nmy4yok npsiMbiX Ha eBKJAWAOBOM MAOCKOCTH a.
PaccmoTpum 6asuc, cocToAwuiA M3 BeKTOPOB (CM. puc. 104).

ej= SE,, e2= SE2

O603Ha4YMM 4epes X,, X2 aQuH-
Hble KOOpAMHATbl TOYkKM M OTHOCK-
TenbHO Gasuca eit e2. Ecnm M (xitx 2
— Tekylasa To4yka Ha npsmon /,
npoxofsuleil yepes ToUKy S, To ypaB-
HeHne NpsMoi / nMeeT BUA:

rge uucna pb P2 0HOBPEMEHHO He

paBHbl HYNO, a OTHOLWIEHWe p, :p2

OAHO3HAYHO OnpegenseTca Npsmoi /.
PaccMOTpUM Tenepb Ha MAOCKOC-

M a apyroii 6asuc, COCTOALLMIA M3 BEKTOPOB

M nycTb TodKa M (XM x2) OTHOCUTeNbHO 3Toro 6asuca umeeT ad-
(hMHHble KoopauHaTbl Xi, x2'. Kak u3BecTHO u3 rnaebl |l, gopmynebl,
BblpaXartolime CBA3b MeXAy KoopauHatamu X it x2 Toukm M B 6asuce
eun e2un KoopauHaTamu X, , X2 TOi Xe TOYkn B 6asuce €, , €2, TaKOBbI:

OTctofga cnefyeTt, Y4TO OTHOCUTeNbHO 6asuca e/, e2 npamasa [/ 6ygeT
UMEeTb YypaBHEHWUe:

(play+ p2ai2) xt'+ (pia2i+ p2a2)x2 =0

(Mbl npeanonaraem, uyto B 6asnce eu e2 npamas | 3agaeTcs ypas-

HeHuem (*)).
OTMeTUM, 4YTO ec/v 3N1eMeHTbl 6a3mcoB elt e2n e, , €2 cBA3aHbI COOT-

HOLLEHUSAMM
e\ = ke{ e2= ke2

roe K O— HeKoTOpOe MOCTOSIHHOE 4Yucno, To npsimMas B 6asuce e,, €
6yfeT UMeTb ypaBHeHue

Fiv+d pxe= 0,
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nnn
pA + p-A=o

CnepoBaTenibHO, Ans 6a3McoB, KOTOPbIe MOAyYalTCs APYr M3 gpyra
noflobHbLIM Npeobpas3oBaHueM, npamas | UMeeT 3KBUBANEHTHbIE WU COB-
nagarolne ypaBHeHUs.

M3 paccMOTpeHwWii, MpOBEfEHHbIX Bbllle, BblTEKaeT, 4YTo ecnm | —
npamasa nyyka P (S) — umeeT ypaBHeHue

piXi + px2= 0
OTHOCUTENbHO 6a3uca eu 62, a
9 A-p2x2= 0

— ypaBHeHUe | oTHOCUTeNbHO Ga3uca e/, e2, TO

-p[ — WA+ 1.
N2 = Q1M + «2-4-

Tak Kak Koa(hpuumeHTbl pi 1 p2, onpegenstolime NonoXeHne nNpsMon

| oTHOCUTENbHO 6a3unca eit e2, n KoahpuumeHtol p/, p./, onpegensto-
e NoMoXeHue TOW XXe MpsMOW OTHOCMTeNbHO 6a3uca e/, e 2, xapak-
TEPU3YKTCH C TOYHOCTHIO [0 OOLLEro MHOXMUTENS P, TO MOXHO CKa3aTb,
4yTto opMysbl

p"p; - AuP, + «12#,
NN N N
p'p'2 — aubP\ 'baMP-l

onpeaensatoT 3aKOH W3MEHEHUS KO3hPMUMEHTOB PpPb p2 nNpsiMoid [/
nyuka P (S) npu nepexoge oT apguHHON CUCTEMBbI KOOPAMHAT XU X2
K HOBOW adypMHHON cucTeme KoopauHat x/, x'2

MycTb Tenepb b — NpoekTMBHas npsamMas; TOrAa MOXHO CUYMTaThb,
4yTo TOYKM npsAMOiA b HaxopgATca BO B3aMMHO OJHO3HAYHOM COOT-
BETCTBMU C nNpsAMbIMK Nyyka P (S), T. e. Kaxgon Touke B £ b cooTtset-
cTBYeT onpefeneHHas npsamas | nyuka P (S). Bbibupaem Tenepb npo-
M3BOJIbHbIA  6a3nc

(x)

ei "SE,, e2= SE-2

Ha naockocTh a. B aduHHOA cucTeme KoopAauHaT, MOPOXAEHHON 3TUM
6asucom, npsmas | onpegensieTcs ypaBHEHWEM

Pi*i+ px2= 0.
Monoxum

Pi= P> Pr=  Pi
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Mapa uucen plt p2 Ha3biBaeTCA OAHOPOAHBLIMW MPOEKTUBHbIMKU (MK
NPOCTO OAHOPOAHLIMU) KOOPAMHATAMU1TOUKM B MNPOeKTUBHOW NpsAMON
b. OfgHOpOAHbIE MPOEKTUBHbIE KOOPAMHATHlI TOYKWM Ha NPOEKTUBHOW Nps-
Mo o6nagaloT cBoiicTBaMu 1—5, 0 KOTOpPbIX WAa pedb B §3. HanoMHuUM
nx:

1. Kaxpasa Touka NPOEKTUBHON MNPAMOIA MMeeT OAHOPOAHbIE KOOp-
LVHaTbI.

2. Echm pu p2— ofHOpOAHbIE KOOPpAMHATBl TOYkM B, TO ppi,
ppr, rge p ¢ 0, — TakXe OfHOPOAHblIE KOOPAUHATbI TOYKKU B.

3. Pa3HbIM TOYKaM NPOEKTUBHOWM NpSIMOI COOTBETCTBYIOT BCErfja pas-
Hble OTHOLWEHWA Py : pr.

4. Hn gna kakoii TOYKM NPOEKTMBHOW npsmMoli 06e ee OAHOPOAHbIE
KOOPAMHATLI He paBHbl OLHOBPEMEHHO HYJIIO.

5. Ecnu p\n) “mp® ,p2!) “mp2n (pi®)2+ (p 202¥=0, ro NepemMeHHas To4Ka
B c opHopofHbIMW KoOpauHaTamu p\n), pa1) cTpemMuTcd K TO4Yke BO

C OfHOPOAHbIMK KoopauHaTamu pC p2.

M3 cBoiicTBa 2 BbITeKaeT, YTO KaXfasd TOYKa NPOEKTMBHON npsMoil
MMeeT GECKOHEYHO MHOrO nap OfHOPOAHbLIX MPOEKTUBHbLIX KOOpPAMHAT,
KOTOpble caMmu Mo cebe He onpefensTCs 3afaHWeM COOTBETCTBYHOLLEN
TOYKMW; Oonpejensercs NWWb OTHOLWEHMe 3TUX KoopauHat. Mo3ToMy co-
BOKYMHOCTb BCeX HabopoB OAHOPOAHbLIX KOOpAMHAT TOYKM B yao6HO
3anucbiBaTb B Buge (ppi, ppr), rae p npuHMmaet ntoboe BewecTBEHHOE
3HaueHue, kpome p = 0. Jlobyo M3 ABYX KOOpPAWHAT ppi, ppr Tou-
Ku B, ecnm oHa OTAMYHA OT HY/ASl, MOXHO CAeNaTb paBHON efuHULLE 3a
CYeT Hajnexauiero Bbibopa MHOXUTeENs p.

Ecnu Ha nnockocTu a BbiGpaTb Apyroi 6asuc

e\—SE/, e2 = SE2,

TO B cuCTeMe ayUHHBIX KoopaMHaT X/, X2\ NOPOXAEHHbIX 3TUM 6a3u-
com, npsamas | 6yaeT MMeTb ypaBHeHue

pIX[-[- px" = 0.
[Monoxunm
P[= P P2= — PF[-

Mapa uncen pp p2 HasbiBaeTCH TakXe OLHOPOAHLIMU MPOEKTUBHbLIMYU
KoopAMHaTamu TOYKM B Ha nNpoekTUBHON npsamon /.
dopmynbl nepexofa OT OAHOPOAHbLIX KOOpPAWHAT pu p2 Toukn B
K HOBbIM OAHOPOAHLIM KOOpPAMHATaM MWMEKT BUS;
I P'Pi' = cuPi+ capr,
| pp2= c2Pi cizP2,

1 Takoe onpefiefieHne OAHOPOAHbIX KOOPAMHAT COrnacoBaHo C OnpefesieHnem,
[aHHbIM Bbllle Ha cTp. 162 B § 3 rn. 111
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roe

C= (cu = A-
\c21 CIT) 2
[ = -i-p’m A= «1 alk & 0 (cm. dopmynsl (1)),
ar. arr
MaTpULbI
A = («n ‘12
W onpegennTens
b= au
an a,

6blN BbIABNEH BbiWwe. IMEHHO MaTpuua A OMNMCbIBaeT NepPexof OT HOBbIX
appuHHbIX KoopaunHat X[, x\ Toukn M K ee cTapbiM a)MHHBLIM KOOPAM-
HaTam  Xj, X2.

Ecnn gna Touyek NPOEKTUBHOW NpPsSIMO/ BBEeAEHbI OAHOPOAHbIE MPOEK-
TUBHbIE KOOPAWHATLI P,, P2, TO OT HUX 4YacTo OblBaeT MOJIE3HO MepenTh
K TaK Ha3blBaeMblM HEOAHOPOAHbIM MPOEKTUBHbIM KOOpAuMHaTaM, KO-
TOpble BBOAATCA MO cregytolei gopmyne:

Ecnn p[, p2— gpyras cuctemMa NpOeKTUBHbLIX OAHOPOAHBLIX KOOpPAM-

HaT Ha NpAMOW b, TO MO Hell MOXHO BBECTW MPOEKTWBHbIE HEOLHOPOA-
Hble KOOPAWHATbLI TEM e MPUEeMOM

p>

CBsi3b MeXAY PasHbIMU CUCTEMAMMW HEOAHOPOAHbLIX MPOEKTUBHBLIX KOOp-
AMHAT OCYLLEeCTBNAETCS C MOMOLLbIO (hOPMY/ibl

PH __cuPt 4~C2P2 _ cndy-cl2
p'p2  cdPi+ crPr oy Ce”

npuuem Q4 C2 ¢ 0, tak kak Q4 CR2 *1*|
a2 a2 a

W3 nocnepHelt hopMynbl BUAHO, 4To ecim ¢ 0, TO C NOMOLLbIO
pasHbIX CUCTEM HEOAHOPOAHbIX MPOEKTUBHbIX KOOPAMHAT HAa MPOEKTUB-
HOV MpPsSIMOI b BbIAENAOTCA B Ka4eCTBE GECKOHEYHO YAa/IeHHbIX pa3nuny-
Hble TOYKU. Bonee Toro, Hagnexauwmm Bbi6opom 6a3uca

e/=S£p €e2= SE2
MOXXHO ,OGMTbCS TOrO, YTO Nt06as TOYKa NPOEKTMBHOW MNpAMOR b cTaHeT

6eCKOHEYHO yaaneHHoW. A ns atoro Bektopbl €{u €2Hafo0 BblbpaTh Tak,
YTOobbI

c,lq + ¢c2 = 0.
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5. CnoXkHoe OTHOLLEHME YeTbIPEX TOYEK MPOEKTUBHOI MpsIMOiA 1 ero

Bblpa)KeHWe uepe3 HEeOofHOPOfHble MPOEKTMBHbIE KOOPAMHATbLI TOYeK.
MycTb Ha MPOEKTUBHOW MpsAMoil b BBefAeHbl OJHOPOAHbLIE MPOEKTUBHbLIE
KOOpAuHaTbl pu p2 ”

— HeofHOpOAHAsA NpPOEeKTMBHas KOOpAuWHaTa, MOCTPOEHHas Mo Koop-
AnHatam  p{ p2

Torga Ha €eBKNUAOBOM NMOCKOCTM a, COrNacHo cnocoby nocTpoe-
HUA OfHOPOAHbIX MPOEKTUBHbIX KOOPAMHAT pX P2 Ha MPOEKTUBHOW
npsmoi, b cooTBETCTBYeT HeKOTOpbIA ny4yok P (S) Takoi, uto ecnu
HEKOTOpble HEKONINMHeapHble BeKTOpbI

ex= SEt, e2=SE2
NPUHATb 3a 6a3MC Ha MAOCKOCTM Ce, TO TOYKM NPOEKTUBHOW MNPSAMOWA C

KoopauHaTaMu p,, P2 HaxoAAaTCs BO B3aMMHO OAHO3HAYHOM COOTBET-
CTBUU C MNPAMbIMU

PN + P2X2= 0

nyuka P (S); 3pecb pt = p2 p2= — p,. OTclopga cnegyet, 4to Tou-
ke B £ b ¢ HeogHOpPOAHOI MPOEKTUBHOW KOOPAMHATOM

P2
B nyuke P (5) cooTBeTCTBYyeT npamas
I: Xf— gx2= 0.

Ecnrm g — oo (pr = 0), ToTouke B £ b Bnyuyke P (S) ®oTBeT-
cTByeT npamasa x2= 0.

Ha nnockocTv a pacCMOTpPUM NPSAMYK @, UMEIOLLYI0 OTHOCUTE/bHO
6asuca ev e2ypaBHeHue Xxr = 1

Mpamasa xt— gx2= 0, npuHagnexaw,asa nyyky P (S), nepece-
KaeT npsMyto a B Touke (g, 1), a npamas x2 = 0 nepecekaetca ¢ nps-
MO a B TOYKe (oo, 1), T. e. B 6ECKOHEYHO Y[ aNeHHO ToUKe Npsamoli o.
MoaTomy, ecnu npamoi

l: X, —gx2=0

COMOCTaBUTb TOYKY

L @ 1)
npamoi a:

*2 »
TO Mbl MOJYYUM NEPCMEKTUBHOE COOTBETCTBUE MEXAY My4KOM P (S)
M npamoin a. TakK Kak
X¥=q
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— [eKapToBa KoOopAamHaTa Ha I'IpﬂMOVI a, TO C/NOXXHO€E OTHOLWIEHNe -

GbIX YeTblpex Touek Lj, L2, L3 NPAMOI a HaxoauTca Mo hopmyne:
n I . T T \__ Lx3£2"4 _g3— Qi qt
Perrno s Dl dits T —R ol —a

Mycte /(12 13, /4— npamble nyyka P (S) , oTBevawowme, B CUNY yC-
TaHOB/IEHHOTO Bbllle MEPCNeKTUBHOr0 COOTBETCTBMA, Toukam Ly, Lv
L3 L4 Torga no teopeme 1 85 6yaem umeTb:

072 (3 (b "2 Ng) —
<3 — 2?2 — <1
OnpepeneHune 1 MycTb Toukam B{ Br, B3 B4 npoekTus-
HO npsMoii b B nyuke P (S) oTsevawT npsmble "/, /2, /3, /4, npuuem
COOTBETCTBME OCYLLECTBNAETCA C MOMOLLLID NOCTPOEHUA OAHOPOAHbIX
NPOEKTUBHbIX KOOpAMHAT pv p2 no 6asucy ev e2. Torga CNO>KHbIM OT -
HOWeEeHNEM YeThbipex Touek Bv Br, B3 ,B4npoekTusHoi npsimoii b Ha-
3biBaeTcs uncno (B,, B2, B3, B,), paBHOe CNOXXHOMY OTHOLUIEHUID YEThI-

pexnpsambix /(, /2 /3, Ikenyuyke P (S) (cm. n.2 HacToswero naparpadga),
T. €.

(B, B2 B3 B4 = (I, 12 L, /4.

M3 npoBefeHHbIX Bbille PacCMOTPeHUn BbiTekaeT ChnefytoLas
Teopema 8. Bemm

P.() pd RK) p|4
pél) ’ 552) ’ p?) ’ " PFA)

— HEeOAHOpOAHbIE MPOEKTWBHbIE KOOPAWHATHLI Tovyek B,, B,, B3, B4npa-
Mol b, To cnpasegnuea copmyna

(Bt, B2 B3, B4 = . -24T15%, _

<73--92 <?24— 91

Lna Toro utobbl onpegeneHne 1 6bIN0 KOPPEKTHLIM, HaMm HagnexuT
yCTaHOBMTb, YTO OHO He 3aBMCUT OT BblGopa 6a3uca B nyuke P (S).

Teopema 9. MycTb ANS TOYEK NPOEKTWBHOW NpsMoOiA b ¢
nomou,bto AByx 6asucos e{, er un e|, €, noCTpOeHbl ABe HeOLHOPOAHbIE
NPOEKTUBHbIe KoopauMHaTbl qu q'. TycTb fanee Bu B2 B3 B4 —
yeTbipe MPOM3BO/bHbIE TOYKM MPOEKTUBHON NpsAMON b, umetowme B ABYX
yKasaHHbIX CUCTEMax MNPOEKTMUBHbIX KOOPAWHAT KoopAauHaTbl qu g\

a, 2 M, A» A Torpga



JokaszaTenbcTBO. W3 pesynbtatoB n. 4 85 ra. Il BbiTe-
KaeT, 4YTo ecnm q U q' — HeOLHOPOLHbIE MPOEKTUBHbIE KOOPAUHATLI Of-
HO 1 TOW e ToukM B npsmoli 6, NOCTPOEHHbIE COOTBETCTBEHHO NO 6a-
3ucam en e2unef, e2, TO

v_oag+ p
y<7+6’
npuyem
o 0.
OTctoga
bB— Y . —?2 _ (a<;+ P)(y? + 5) —(aqt4- P) (yn3+ 6) "
A3 — 22 24 — + P)(Yra-6) — (aq2+ P) (yq3+ 6)

(«<74+ P) (Ne 4- 6)— («?2 + P) (\qj 4- A

(@<A4- P)\<hi+ 6) —(a?l+ P)(y?4 + 9)
= (a6 —PYy)B— <) _(ab—Py)(sA—apar) _ a3—gal > #A—72

(a6 —py) (B— <M (€S —Py) (A — <NB—<I aA— &4

Teopema pokasaHa.

M3 TeopeMbl 3 BbITEKAeT, 4YTO OMpefesieHWe CNOXHOro OTHOLUEeHU:
yeTblpex TOYEeK MPOEKTUBHOW MpPAMON, He 3aBUCUT OT cnocoba BBeAeHUs
HEO4HOPOAHbIX MPOEKTUBHbLIX KOOPAMHAT Ha MPOEKTUBHOW NpPSMOIA.

6. BBeAeHVE HeOAHOPOAHbLIX MPOEKTUBHbLIX KOOPAUHAT C MOMOLLbIO
C/IOXHOTO OTHOWeHMA. TlycTb Ha NpPOeKTUBHON npsmoil b BBeAeHa
HeoaHopoAHas MPOEKTUBHas KoopauHata (. ®ukcupyem Ha npsmoit b
TpU pasnnyHble TOukM B{, B2, B3 1 pacCMOTPUM CMOXHOe OTHOLUEHUE

(Bv B2 B3 M),

rae M — nepemeHHas Touyka npsamoli b.
Kak 6b1/10 BbisCHEHO B nN. 1 §5, yucno

vm = (B, B2 B3 M)

O0AHO3HAYHO XapaKTepusyeT MOMOXKEHNE TOUKM M Ha NMPOEKTUBHON Mpsi-
Mol b. 3To yncno Mbl Ha3BanM MPOEKTUBHON KOOpPAWHATON Toukn M.
[ToKaXKemM, 4YTO 4KUC/O

= (Blt B- B3 M)

ABNAETCSA TaKXe HEeOAHOPOAHOW MPOEKTWBHOW KOOPAMHATON TOUYeK nps-
Mol b

[OeiicTButensHo, ecnn  qit g2 g3, g — COOTBETCTBEHHO HEOHOPOA-
Hble MPOEeKTMBHbIe KOOpPAMHATBI Touek Bv B2 B3, M, To, Kak cnegyert
n3 Teopembl 2 n. 5 85 rn. I,

vm= (£,, B2 B3 M) = WY b_. . ]
B- & g—gi
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Monaraa 3pecb

L= W . B, y =1 ee6=- =
3-—ar =&
6yaeMm umeTb, 4TO
ag+ P
Vm q
¥+ 6
ap . S—A o, _ o (s - Ap(R2- D ¢
y 6 B - 1 - < s Ao '

OTclofa cnefyeTt, UTo cucTeMa uducen
xvm = (K, BZ B3 M)

npescTaBnseT coboii cucTeMy HEOAHOPOAHbLIX MPOEKTUBHLIX KOOpPAMHAT
Ha npsMmoii b.

MTakK, ecnn Ha NpPOeKTMBHOW NpsMoi b uKcupoBaHbl TpU pasnuy-
Hble TOUKW B ItB2,B 3, TOANSA NO6OK TOUKM M 3TOI NPAMOIN C MOMOLLbIO
CNOXHOr0 OTHOLUEHMS OnpefeneHa HeOAHOPOAHAas MPOEKTUBHAs KoOOp-
AuHaTa

M~ (Si, Br, B3, M).
Kak Mbl 3Haem (cm. n. 1 8 5 ra. IlI),
vB, = 00, \s, = O, viB=1].
OTcloga BbITEKAeT, YTO eC/M Ha NPOEKTUBHON MpSAMOA b Npon3BO/b-
HO PUKCUPOBATL TPU Pas3/IMUHbIE TOUKU B It B 2, B 3 M OTHECTW B KauyecTse
3HAYEHWI HEOJHOPOAHbIX MPOEKTUBHbLIX KOOPAMHAT Touke Bi — oo,
Touke Br — 0 M TOuke B 3 — 1, TO AN1S NPOM3BO/IbHON TOUKM M MpPs-

Moli b 3HaueHMe HeOAHOPOAHOW NMPOEKTMBHOWN KOOpPAMHATHI \M HaxoamuT-
cA no dopmyne:

\ri—<Bi, Br; B3, M).

WwmeeT MmecTo cnepyrouias OCHOBHAasf Teopema, MOMIHOCTbIO OMWUCHI-
Balllas CTPYKTYpy MHOXecTBa BCEX CUCTEM HEOLHOPOAHbIX MPOEKTUB-
HbIX KOOPAMHAT ¢, KOTOpble MOTYT 6biTb MOCTPOEHbI ANA TOYEK MPOEK-
TUBHON NpsAMOIA.

Teopema 10. MycTb b — npoekTwusHas npsamas. Torga, Ka-
KoBa Obl HM OblNa CUCTEMA HEOLHOPOAHbIX MPOEKTMUBHLIX KOOPAWHAT (,
NOCTpPOEHHAsA AN TOYeK b, ee MOXKHO MONYyYUTb CReayoLw MM NocT poOeHu-
eM: 0603Ha4yMM 4epe3 B i TOUKY, ANA KOTOPOW qi=00, 4yepe3 B., TOHUKY,
Ans KoTopoit g2=0, ¥, HaKoHel, yepe3 B 3TOUKY, ANs KoTopoi q3= 1
Ana no6oih Toukn M npamoin b nono>kum

vm = (Bit B2; B3, M),
Torga
vm = g-
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JokaszaTenbcTBO. Kak Mbl 3Haem, nwobas cucrema Heog-
HOPOAHbLIX MNPOEKTUBHLIX KOOPAMHAT ( MOXeT 6biTb Nony4vyeHa yepes
O0AHOPOAHbIE MPOEKTMBHbIE KOOpAMHATbl PV P2 TOYeK npamoin b, oT-
npaensscb OTHeKOToporo 6asuca ev eB nydke npambix P (S) Ha
eBKnuaoBoinnockoctna. Ecnm Bu B2, B3, M — TOUKM, O KOTOPbIX
NOeT peyb B yCN0BUM Teopembl 4, M yucna qu g2 3, g — COOTBET-
CTBEHHO WX HEOLHOPOAHbIE MPOEKTMBHbIE KOOpPAMHATHLI, TO MO Teopeme
2 6ygem unmeTb:

Vm = (Bj, B2, B3 M) = lim (B, B»;, B; M) =
B-, B,
= lim 43~ Us A~ar _ a4—4r
" g3 —4ar A— B i3 far

3/ech yepe3 B M ga o603HaueHa Touka npsamoii b u ee NPOeKTUBHaA
KoopauHaTa. OTclofa

A3 — Ar
TaK Kak

4—o0, 3= 1

TeopemMa MOMHOCTbIO AOKasaHa.

§ 6. MNpoekTUBHbIE NMpeobpa3oBaHWsi MPOEKTUBHOI npsaAMoii

1 MoHATME NPOEKTUBHOIO Npeo6pa3oBaHus. [lycTb AN TO4YeK Mnpo-
eKTUBHOI npsMoii b BBefeHa MPOEKTWBHas KoopauHaTa (. PaccmoT-
PUM COOTHOLLEHUE

q' __ciig+ Q27 )
ari + arr
rge an, al2 a2l a2— HeKOTOpble MOCTOSIHHbIE Yucna u
o 0.

Ha cdopmyny (*) MOXHO CMOTPeTb C ABYX pa3HbIX TOUYEK 3pEHMS.
Bo-nepBbIX, COOTHOWeEHME (*) MOXHO paccMaTpuBaTb Kak (opmyny
nepexoga OT OAHOW MPOEKTMBHOW KOOpAMHATbl Q TOYKM B K apyroi
NPOEKTUBHON KOOpAWHaTe (' TOl Xe Touku. BTopas Touka 3peHus coc-
TOUT B TOM, UYTO KaX[ol Touke B NpoOeKTUBHOW NpsMoi b, umetoweit
HEO4HOPOAHYH TMPOEKTUBHYK KOOPAWMHATY (, COMOCTaBAsieTCA TOukKa
B' Toii e npAmoi b, umerowas HeOQHOPOAHYIO NPOEKTUBHYI KOOPAU-
HaTy

gt _ oud + 2
a2lg + a2’
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Tem camMbiM Ha MPOEKTUBHOW MpsAMOW bonpegenseTcs HEKOTOPOE TOYeY-
Hoe npeobpa3oBaHue . OHO U Ha3biBaeTC NMPOEKTUBHBIM.

Takum obpa3oM, NpOeKT WBHOe Npeobpas3oBaHue npsmoli b
MO>KHO KpaT KO 0XapaKTepn30BaTb Kak NpeobpasoBaHNe, KOTOPOe 3a4aeT -
CS1 APOBHO-NIMHENHONW (DYHKLMER HEOLHOPOAHbIX MPOEKTMBHLIX KOOpAMHAT
TOoueK npamoi b:

g/ _ and —+ai2

alAQ“b 22
npu ycnosuu, 4TO
alU °12 ¢ 0.
21 a2

2. CsolicTBa MPOEKTUBHbLIX MNpeobpa3oBaHWii NpPSMOI.
Teopema 1 [MpoekTnBHOE NpeobpasoBaHMe MNPSAMONA eCThb B3auM-
HO OfIHO3HAYHOe 0TO6pa>KeHMe 3TOM NPsAMONA Ha cebs.

LokaszaTenbcTBO. MycTb Ha MNPOEKTMBHON npamoi b
BBefleHa HeoAHOpoAHas npoekTWBHas KoopauHata (. [lycTb, fanee,
® — npoekTuBHOE npeobpasoBaHue npamoii b. Torga ¢ aHanuTu-
Yyecku OnucbiBaeTca (QopMynoi

,_ ang+ g3
a2l9+ °2
rae
O= an al2 ¢ 0O,
a2 a2
OueBUAHO, UTO H — OAHO3HA4YHOe oToGpaxeHue npsamon b B cebs. [o-
Kaxem, 4yTo npeobpasoBaHne ¢ npeobpasyeT npamyto b Ha cebs ny npe-

o6paszoBaHuA  ecTb obpaTHoe (~*, KOTOpOe TakXe npeobpasyeT nps-
Mylo b Ha cebs.

MpeXae BCEro BbISCHUM, B KaKyl TOUKY NepexoAuT npu npeo6pa-
30BaHUU ¢ TOUYKa C KoopauHatoli g = co. Ee Mbl HUXe 6y[eM Ha3biBaTb

6eCKOHEYHO yfaneHHOW M 0603Ha4yaTb B MoryT npeacTaBuTbCS ABa
cnyuvas:

a) «r, ® 0. B atom cnyyae Touka B*, wumeeT o6pasom TOouky B'

C KoopfuHaTol <7 = o
02"
6) 02l = 0. Tak Kak
aH ai2 ,q
a,, a,.
TOo aH ® 0 un #2 ® 0. MoaTomy npeobpasoBaHMe B 3TOM Cay4yae 3a-
faeTca ¢opmMynoi
arR

°22
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M3 KOTOPOI cnepyeT, YTo GECKOHEYHO yfaneHHas Touka BonepexoanT
cama B cebs.

M3 qopmynbl (£) cnefyeT TakXxe, 4To npeobpasoBaHue @ ABNAETCA
ahPuHHBIM npeobpa3oBaHuem MpsAMoin b. Mo3TOMY OHO B3aMMHO OAHO-
3HauHoO.

Takum o6pa3om, apduHHOe Npeo6paszoBaHUe MosyyaeTca M3 MPOeK-
TUBHOrO Npu ycnosuu, 4to a2= 0. B pganbHeilliem mbl 6ygem npegno-

narate, 4to aZ ¢ O.

Torga npoo6pa3om 6GECKOHEYHO YAaneHHOW TOYKM 04YeBUAHO,
6yneTt Touka BOc koopguHaTtoin 0= — — . [eiCTBUTENbHO, TaK Kak
a2l
® 0,
7. ap

TO OTHOWeHMS al( :al2n a2l:arbHe paBHbI MeXay C060i, U NOCKOMb-
Ky

az22 = "21¢ °22 = 0

021
TO Touka BOnepexoanT B TOUKY Npsamoii b, y KoTopoii

q' = oo,
T. €. B OECKOHEYHO yJaneHHyl Touky B
MycTb Tenepb B' — npou3BonbHad Toyka npsmoli b ¢ KoopAwnHa-

TO q', KOTOpas He paBHa 00 W He paBHa — .
a2l
PaccMoTpuM Ha npsiMmoit b Touky B ¢ KoopauHaTol

°2 , 02
Ag~—/
_E21 , , £n
a4n 4

Tak Kak q' @ oo n q' ® — , To TOYKa B oTAMyHa oT Touyek BO m
ari

B . [danee, nerko npoBepuTb, 4TO
anQ + ai2 __ '
az2ifd 4~ a22

MosTomy o6bpa3om Touku B npu npeobpasoBaHun ¢ 6ygeT Touka B'.
Takum o6pasom, [OKasaHo, 4YTO MNpPOeKTMBHOe npeobpasoBaHue o:

q/ _ and +
az2lQ  °22
nepesBoanT NpsMyto b Ha cebs. Lanee, dopmyna
°22 ., M2
A ? A [ *\
«l BU 1**/
- + T
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04YeBMHO, 3afaeT oGpaTHoe npeobpazoBaHne P11 Ans npeobpasoBaHus
®, KOTOPOe TaKXe fBNAETCA MPOEKTUBHbLIM, MOCKOMbKY

°2 —an
a a
~ a2 °l a
4 a

113 qooplvlynbl (***) cnepyet, 4TO (-1 — 0A4HO3HAYHOe O0TO6GpaxeHue
NPOEeKTMBHOW npaAMoil b Ha cebs.

NTak, Hamu OKa3aHo, 4To ®h ecTb B3aVIMHO 0flHO3Ha4YyHOe oTobpa-
XeHNe NPOeKTUBHOW NpsMOI b Ha cebs.

OTmeTUM ABe TeopeMmbl, KOTOpble 6biAM MOMYTHO YCTAHOB/EHbI MpK
floKasaTenbCTBe Teopembl 1.

Teopema 2 TlycTb Ha npsmoii b3agaHo B HEOAHOPOAHBIX NPOEK-
TUWBHbIX KOOpAMHATAax MPOEKTUBHOe npeobpasosaHue

n an ¢ 0

21 °22

Lns Toro yTobbl 3TO nNpeobpaszoBaHme ObINO aPPUHHLIM, HEOBXOANMO K
JOocTaTou4yHo, 4YTo6bl a?71= 0.

Tak Kak ycnosue a2l = 0 3KBUBaNEHTHO YC/I0OBUIO, 4YTO NpU Npeoo6-
pasoBaHuM, ¢ 6eCKOHeYHO yfaneHHas Touka NepexoguTt cama B cebs,
TO Teopema 2 JONyCKaeT CNeAyoLY 3KBUBANEHTHYO (DOPMYINPOBKY:

Teopema 2a T[ycTb Ha npaMoli b 3agaHO NPOeKTUBHOE NpPeod-
pasoBaHue . Ana Toro 4yTobbl  6bIN0 adhMHHBIM NpeobpasoBaHUEM,
Heo6X04ANMO W AOCTATOYHO, YTOObI GECKOHEYHO yaaneHHas Touka nepe-
BOAWNACb 3TUM npeobpasoBaHNemM cama B cebs.

(MoppasymeBaeTcsa, 4to ¢ 3agaHo opmynol n 6ecko-
HEYHO Yy[aNeHHOW TO4YKe COOTBETCTBYET KOOpAUHATa ( = 00).

Teopema 3. MycTb @ — NpoeKTUBHOe npeobpasoBaHue NPSAMOI
b, 3afaHHOe B HEOLHOPOAHbIX MPOEKTUBHbIX KOOpAMHATax (Hopmynoii

Q9 — aftl1 g2 A= all °12 o o.
219+ “22 a2l a2

Torja ¢ wuMeeT o6paTHOoe OTo6GpakeHne ®~\ KOTOpoe SBASETCS
NPOEKTUBHLIM U KOTOPOE B TeX >Ke KoopAuHaTax 3afaeTcs qpopmynoii



Mpu STOM ecnM NPSAMOMY OTOGPa>KeHUID COOTBETCTBYeT MaTpuua

A= («n n

TO 06paTHOMY OTOGpa>KeHWlo COOTBETCTBYeT MaTpuua

o2 -012

il

-0 a1l
il

ABnaoWanca o6paTHON Ana maTpuubl A.

Teopema 4 Tlpn NpPoeKTUBHbIX Mpeobpas3oBaHUAX MNPOEKTUB-
HOM NPSMOW CNO>KHOE OTHOLLEHNE YeTbIpex TOYEK He MeHseTcCs.

OJokaszaTenbcTBO. [lycTb @ — NpOeKTMBHOe npeo6paso-
BaHMWe MNpsMOA b, 3agaHHOe B HEOAHOPOAHbIX MPOEKTUBHbIX KOOPAU-
HaTax opmynon
L = and ~bai~ ® o

a2la H-a2 22

MycTs By, B2 B,, B4—ueTbipe Npou3BO/bHbIE TOYKKM Mpsimoin b, a qt,
Ab Y>> MA—ux koopgamHaTel. O603Haunm yepes B', B'2, B'3 B\ o06pa-
3bl 3TUX Touek, a 4vepe3 [, g2 dv g\ KoopauHaTbl Touyek B', B', B'3,

Torga nmpn k = 1, 2, 3, 4 UMelOT MeCTO paBeHCTBa:

, _ angk+ OR
ouyan "2
[anee,
(B(, B2 B3 BJ — % A
— AN—
(Bu B2 B3 BYy - "o A
B-A 2 -2
[MoBTOpPAS [OCNOBHO BbIYUC/IEHUA, MpPOBeAeHHble B [0Ka3aTe/bCTBe
Teopembl 9 n. 5 85 ra. Ill, n Nonb3ysicb YCNOBMEM, 4TO
) 0,
nolyYynm:
- oA\ u\

s 2 H—-"21

Takum o6pasowm, .(Bt, B2, B3 B4 = (B', B'; B', B").
Teopema fAoKasaHa.
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Teopema b5 Bcakoe NpoekTWBHOE npeobpasoBaHWe NPOEKTUB-
HOM NpAMON NOMAHOCTbIO ONpefensieTCcs, ecAn M3BeCTHbl 06pasbl Tpex
pasnyHbIX TOYeK MpU 3TOM nNpeobpasoBaHUN.

LJokaszaTenbcTBO. T[lycTb @ — NpoOeKTUBHOE npeobpaso-
BaHWe NpPOeKTUBHOW npsamoil b. MycTb Bb B2, B3— Tpu pasnunuyHble
TOUYKWU MPAMON, ANA KOTOPbIX W3BECTHbI WX 06pasbl — Toukn B/, B2,
B /, TakKXe fexauime Ha npsmoi b. MycTb M — NpPoOM3BOAbHAA TOY-
Ka npsMoil b, Torga ee nosoXxeHWe MOSIHOCTbIO OMpefensercs Yucnom

= (Bi, B2\ B3, M).

MycTb M' — 06pa3 TOYKW M, TOrAa ee MOMOXeHUe Ha NpsmMoit b non-
HOCTblO OMNpeaenseTcs Yucnom

uMm™*= By , B2; B3, JM).
Mo Teopeme 4
v*= (sn B2 B3 m) = (B/, BZ; B3, m") = vM=
Tak Kak Touku B,, B2 B' u3BecTHbl, a uucno onpepenseTcs
3alaHMem Touku M, To no Toukam B', B2 B3 m Touka JII Haxo-
AUTCS OfHO3HAYHO.

Teopema [oKa3aHa.
M3 Teopem 4 1 5 BbiTeKaeT cfegyroliaa Teopema.

Teopema 6. [4ns TOro 4yTobbl B3aMMHO O[JHO3HAYHOE TOYEYHOE
0TOoOpa>keHne MNPOEKTUBHON NpsAMOA b Ha cebsi ObINO MPOEKTHUBHLIM,
HEe0OX0AMMO W AOCTATOYHO, YTOObI OHO COXPAHSNO0 CIOXKHOE OTHOLEHNE
nMobbIX YeTbIpex TOouyek npsamoii b.

LJokaszaTenbcTBO. HeobXxoAMMOCTb YCNOBMA TEOPEMbl He-
MOCPeACTBEHHO BbITEKAET W3 TeOpeMbl 4, a ero 4oCTato4yHOCTb — U3
Teopembl 5.

Teopema 6 [aeT reomeTpuyeckoe oOnucaHwe MPOEKTUBHOIO MNpeo6-
pa3oBaHWs MPAMOIA, KOTOpPOe YXe He UCMONb3yeT KOOPAMHATHOrO npej-
CTaBneHWS MNPOEKTMBHOro npeobpasoBaHus.

3. TpoekTWBHOe mpeo6pasoBaHMe B OAHOPOAHbIX KOOpAMHATaX.
MycTb b — npoekTuBHas npsmas. Ans Touek B npsmoii b Beegem og-
HOPOAHbIE MPOEKTUBHbIE KOOPAUHATHI pv p2. O6GO3HAUYMM Yepe3 ¢ He-
O4HOPOAHYI0 TNPOEKTMBHYIO KoopauHaty pans Touyek BE b, koTopas
CTPOMUTCS MO KOOPAMHATaM pU PT OBbIYHLIM 0GPa3OM:

< — —..

Pi

MycTb, Aanee, <p— MPOEKTUBHOe Npeo6pasoBaHWe NPsSMON b, KoTopoe
B KOOpAMHaTax ¢ ONUCbIBaeTCs (OpPMYOii:

g, _ _altg{ g2 an al2 ~ 0_
°2194" a2 @ 2
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Tak Kak

TO
Pj __ flltP1 + al2P2
P, a2lPl + £22P2

OTcilofa cnefyet, uTo CYLLeCTBYeT UWUC/O0 p', OT/IMYHOE OT HYNs, TakKoe,
uTo

p'pi'=alpl+ alp2
p'P2=a2iPi+ a2l

*)

CoOTHOWEHUS (*) HasblBalOTCA KOOPAMHATHLIM NpPeACTaBneHUEM
NPOEKTWBHOrO NpeobpasoBaHus g B OAHOPOAHLIX KOOPAMHATAX Pb P2

TakuM 06pa3oM, B OfHOPOAHLIX KOOpAMHATax pb P2 BCAKOE MNpo-
eKTUBHOe npeo6pa3oBaHMe <P C TOYHOCTbIO [0 MOCTOSHHOIO MHOXWUTENS
p' NpeacTaBnseTCs JSIMHEWHbIM HEBbIPOXAEHHbIM Npeo6pa3oBaHNEM:

P Pi —auPI~{~ auP-' aliavx 0
P P2 ~ "2IPi ~b 22> N2
4. pynna npoekTUBHbLIX MNpeo6pas3oBaHuii npsmoi. oj npousBe-

feHVeM ABYX MPOEKTUBHbIX Npeo6pa3oBaHWii @ U ) MPOEKTUBHOW nps-
Mol b 6yfem MoHMMaTb pe3ynbTaT UX NOCNeA0BaTeIbHOrO MPUMEHEHNS.

Teopema 7. COBOKYNHOCTb MPOEKTMWBHbIX MNpeobpasoBaHuii
NMPOEKTUBHOW npsiMoii b obpasyeT rpynny OTHOCMTENbHO onepauum
YMHO>KEHUS.

OokaszaTenbcTBO. [lpoekTuBHOe npeobpasoBaHue nps-
Mol b MOXHO ompegenuTb, COrflaCHO Teopeme 6 M. 2 HacToslero na-
parpada, Kak B3aMMHO Of4HO3HayHOe npeobpa3oBaHMe TOYEK 3TON nps-
MO, NPV KOTOPOM COXPaHAeTCs CMOXHOEe OTHOLWEeHMe. OTCloAa Hernocpea-
CTBEHHO cfefyeT, 4TO Mpou3BeAeHUe ABYX MNPOEKTUBHbIX Npeobpaso-
BaHW/ NpsMON ecTb CHOBa MNPOEKTUBHOE npeobpasoBaHue.

Tak Kak gnsi npou3BefeHus Tpex npeobpasoBaHMil crnpaBeAnvB 3a-
KOH accouuaTWBHOCTW, TO MPOW3BEAEHME TPeX MPOEeKTUBHbLIX Mpeobpa-
30BaHWii NpsSMOI nNoAvYMHSAETCA 3akoHy accouyuatuBHocTM (cm. § 9
rn. ).

ToxpaecTBeHHOe Mpeo6pa3oBaHUe TOUYEK MPAMON b, OTHOCALLEE KaX-
jon Touke B £ b ee camy, npeactaBnser cob6oi NpPoOeKTUBHOe Mpeo6-
pasoBaHue. Ero mbl 6ygem o6o3HavaTb, Kak 06bl4HO, 4yepe3 e. [1peob-
pasoBaHuWe e urpaet ponb eAMHULbI OTHOCUTENbHO Onepauuyu YMHOXe-
HMA NPOEKTUBHbLIX MpeobpasoBaHuii.

CornacHo Teopeme 3 M. 2 HacTosAWero naparpaga, Kaxaoe NpoeKTUB-
Hoe mpeo6pa3oBaHue @ npamoi b umeeT obpaTHoe gr1l, KOTOpoe TaKXxe
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ABNAETCSA NPOEKTUBHbIM. [lanee, eCnM B HEOAHOPOAHbIX MPOEKTUBHbIX
KoOopAauHaTax ¢ npeobpa3oBaHuWe @ MMeET MpefcTaBneHue
q aliyH-al2
HxA ~T a2
rae

A= ® o.
22
To (-1 B Tex XXe KoopfuHaTax WMeeT npefcTaBneHue
arz m—“g

-°21
q+
A T
Tak Kak matpuua npeo6pasoBaHus @
a.

)
obpaTHa K maTpuue npeo6pasoBaHus @71, To crnpaBeAsNBO COOTHOLLE-

Hne
hp-1= e

BbinonHeHMe 3TOro COOTHOLWIEHWA JIEFKO MPOBEPSAETCA Henocpes-
CTBEHHbIMU BblUKUC/EHUAMU. CnNpaBefiMBOCTb TOr0 >Xe COOTHOLLEHUS
MOXHO YCTaHOBUTb TakKXe W HeCcKoNbKo 60/iee M3AWHLIM CNOCO60M,
He npuberas K BbIYUCNEHUAM.

3anucaB npeobpasoBaHue ¢ B OLHOPOAHbLIX MPOEKTUBHbLIX KOOPAM-
Hatax pb p2

A =

pYi= AuPi+ «irPr-

p'p;=aZpi-f OrsPr.
n npeobpasoBaHne ¢-1 B Tex Xe KOOpAMHaTax:

al2

pyY, = ~rPi+ Pv

ey
P Pr Pl+AP2

M 3aMeTMB, 4YTO MPOM3BEAEHNI0 npeobpasoBaHuii ¢ n -1 cooTBeTCcTBYET
NPoeKTUBHOE npeobpa3oBaHWe C MaTpuLeld, paBHON NPOU3BELEHUI0 MaT-
puy npeobpasoBaHuin ¢ n -1, NoOAy4ynm, 4TO MPOEKTMBHOMY Mpeobpa-
30BaHNIO (- COOTBETCTBYET MaTpuua
1 0\
(o ™
Moatomy -1 = e.
Teopema [oOKa3aHa.
OTMeTMM pAf BaXHbIX CMeACTBWUIA, BbITEKalOWMUX W3 MOCTPOEHUN,
KOTOpble OblMM MCMOMb30BaHbI B A0Ka3aTeNbCTBE TEOPEMbl 7.
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CnepgctBue 1 TlycTb Ha NPOEKTUBHON NpsAMOi b BBeAeHbI
OfIHOpPOAHblE KOOpAMHaTbl pb p2 Torga noboe NpoekTUBHOE npeobpa-
30BaHMe  npamoi b B KoopauMHaTax pb Pr MO>KHO 3anucaTb B Buge

Ip'p " aHp{+ aip2
\ P'P4 = a2iPi+ azPr>
roe
A =

— HeocoGeHHas MaTpuua.

O6paTHO, KaXK[oli HeocobeHHOW MaTpuiue A C MOMOLLbI OAHOPOA-
HbIX KOOPAWHAT PU P2 0TBeYaeT HEKOTOPOEe MPOoeKTUBHOE NPeo6pasoBa-
Hue

pp = a'Pi+ aiplt
p'p anPi + aimmPr

npsMoi b.
[Be matpuubl

A= M. n B = (p“ .
U, aj a (lbvl B/IJ
Ha3blBalOTCA MNPOMNOPLMOHANbHLIMKY, ecnn cyuwectsyeT yucno KP 0 Ta-

KOe, YTo
B = XA,

(b bIA/ X an HAsN
\b-ii b j \xa2l Xal-

Nlerko BugeTb, 4TO MPONOPLUOHANbHbIE HEOCOOeHHble MaTpulbl, K
TONbKO OHW, MOPOXAAKT C MOMOLWbLI OAHOPOAHbLIX MPOEKTUBHBLIX KO-
OpAMHAT pu pr O4HO W TO Xe NPOoeKTUBHOe npeobpasoBaHue ¢. Takum
o6pa3oM, MexAay MpPOeKTUBHbIMKU npeobpa3oBaHMAMM npaMoid b un
KnaccaMmu, COCTOSLLMMMK M3 HEOCOBEHHbIX MPOMOPLUOHAaNbHbLIX KBagparT-
HbIX MaTpul, BTOPOro nopsfjka, ycTaHaB/MBaeTCA B3aMMHO O[HO3Hauy-

HOe COOTBETCTBUE.
MosTomy maTpuuya Bupaa

(0 u). ar°
nopoXaaeT TOXAECTBEHHOE ﬂp806pa3OBaHlﬂe, a matpuua

a2 — o*
- Vg
nopoxpaer npeo6bpasoBaHue -1, .0bpaTHOoe K npeobpasoBaHuto <k
P'Pi'= auPi-T aip2,
P'Pi = «2iPi+ anPr-
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CnepcTtBue 2. TMpu nocnefoBaTeNbHOM BbIMOJHEHUU NPOEK-
TUBHbIX NpeobpasoBaHunii cpi M G2 NpsMoi b, T. e. Npu NOCTPOEHUN NPO-
13BefieHMs npeobpasoBaHuii ¢, blh2 MaTpuULb n Ab oTBevawLume
3Tum npeobpasoBaHuaM, nepemMHOXKalTcsA. [1poekTuBHOMY npeobpa-
30BaHM0 h2pb Takum obpasoMm, cooTBeTCTBYyeT MaTpuua A2Ai.

KBagpaTHas HeocobeHHas MaTpuua

A =
a1 %

Ha3blBaeTCA MNONO>XKUTENbHO yHVIMO,D'yﬂFIpHOI‘fl, ecnm

aH> 0 n det A = 1
pil

B kaXAoM Knacce HeoCOOEHHbIX MPOMOPLMOHAaNbHbIX KBaApaTHbIX MaT-
puL, BTOPOro nopsifka ecTb TONMbKO OAHa MOMOXWUTENbHAs YHUMOAY-
napHas matpuua. [anee gna KpaTKOCTU Takyl Mmatpuuy 6ynem Hasbl-
BaTb MNPOCTO. YHUMOAYNAPHOM.

O603HauMM rpynny KBafpaTHbIX HEOCOBEHHbIX MaTpuly BTOPOro
nopsfka OTHOCWUTENbHO YMHOXeHMs uepe3 L2, COBOKYMHOCTb BCEX
YHUMOAYNAPHBIX MaTpul, BTOPOro nopsgka, 04YeBMAHO, o6pasyeT He-
KoTopyt rpynny LU2 koTopas aBnasetcs nogrpynnoi L2

Fpynny BCex MPOEKTUBHbIX MNpPeobpa3oBaHUn MPOEKTUBHON nps-
Mol b 6ygem 0603HayaTb (b.

N3 cnepctBuid 1 n 2 BbiTeKaeT cregytolas BaxHas

Teopema 8 Ecnm ka>kaomy NpoeKTUBHOMY nNpeobpas3oBaHuio
o £ ()b NPOEKTUBHOW NpsAMONA b nocTaBWTb B COOTBETCTBME YHUMO-
OYNAPHYIO MaTpuuy

A= (an
§"2i a?
KoTopas B [aHHOW (PUKCMPOBAHHOW cuCTeMe OAHOPOAHLIX KOOPAWHAT

plt p4 3agaeT npeobpas3oBaHne b, TO yKa3aHHOE COOTBETCTBME €CThb
nomopu3m MexKay rpynnamum g b u L2

8§ 7. NHuBONOUUN

MpoekTuBbIOe Npeo6pasoBaHWe ¢ NPOEKTUBHOW NPAMOA b Ha3biBaeTCA WH-
BO/OLMEN, €Ccnu OHO YAOBNETBOPSET YCNOBUIO

@= e

M OT/IMYHO OT TOXAECTBEHHOro npeobpa3oBaHMs e. JTO YCN0BUE 3KBUBANEHTHO
TpeboBaHWMIO, YTOObI
®= o1,

T. €. 4YTo6bl Npeobpa3oBaHWe @ COBMajano Co CBOMM OOPATHbIM.
MycTb Ha npsmoii b BBeAeHbl 0AHOPOAHLIE KoopauHaThbl olt pr u npeo6paso-
BaHMe  onpegeneHo hopmynamu:
( PPi'—anPi+ aiiPr< an ai2 y
1 PPr,= <xiPi + a22p2,021 022

=0.
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HaiiieM YyC/f0BUs, KOTOPbIE HY)XXHO HAMOXMWTb Ha MaTpuLy
n k11 «2

\«21 «22
4TobGbl NpeobpasoBaHne <P ObINO UHBOMKOLMEN.
B cuny cnegcteua 2 n. 4 86 rn. Il npeobpasoBaHUO I<COOTBETCTBYET
martpuua
] «™-(-0%021 OuOiz + «12«2T\
\ «21«ll ‘4«22«21 °21«12 + «22 )’
3Ta maTpuua 6yaeT cOOTBETCTBOBATb TOX/AECTBEHHOMY Npeo6pa3oBaHUi0, ecnu OHa
nUMeeT BWA:
n
I- L}

roe g @ 0 — HekoTopoe umcno (g = ‘1, ecim npeo6bpasoBaHue < 3agaTb C MOMO-
WbI0 YHUMOAYNAPHOW MaTpULbl).
L0CTaTouHbIM YyCNoBMeM ANS TOro, 4TOGbl 6blfo

0\
A2:
o g
ABNAETCA PAaBEHCTBO
«ll = — «22-
O[IHOBPEMEHHO YCMOBME ON = — o022 FapaHTUMPYeT, 4TO (b He eCTb TOXAECTBEH-
Hoe npeo6Gpas3oBaHWe. Takum 06pa3oM, pPaBEHCTBO
.04 @2~ 0

€CTb [O0CTaTo4yHOE Yyc/oBue TOro, YTOGbI npe06pa3OBaHV|e
| P'Pi = «iP1+ «2P2.
o o
\' p>2' =:«1Pi + «22P2
6biI0  MHBOMOLMEIA.
MycTb Tenepb ¢ — WMHBOMOLKUA. Torga Heo6XoAUMO BbIMOMHSAOTCA YCN0BUS
a'\' + 012021 = a2bi. + a\
2“1l 2 ¢ M2 H Q02 0.
3TN COOTHOLLUEHMA MOXHO 3anucatb B Bunae:
Ou — o022) Oy + o022) = Q
«i(«1l+ «2) = 01200y + 02) = Q
Ecnm 6bl Oy + o022 @ 0, TO Mbl Umenu Obl
al= I3 Qiz= al G
n (b 6bI/10 Obl TOXAECTBEHHbLIM npeo6pasoBaHV|eM, 4YTO HEBO3MOXXHO, TaK KaK Mbl

NPeAnonoXUAN, YTO ¢ — UHBONMIOLMS.
Mo3ToMy Heo6X0AuWMO BbIMOMHAETCA YCNOBUE

Oy + 022 = 0.
MTak, [okasaHa

Teopema 1 TlpoekTusHoe npeo6pasosaHue ¢ npsmoii b, 3afaHHOe B
O[JHOPOAHbIX KoopAauMHaTax opmynammu

| P'P[ — «liPi + «12P2. «11 «12

\ P P2— «21P1+ “rrPr. “21 °22 +0,

byseT wuHBOMWOUMEA Torga M TOMbKO Torga,korga on + 02 = 0.
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Ecnn npoekTuBHOe npeoGpa3oBaHue ¢ NpAMoi b sBASeTCA WHBONKOLMENA, TO
OHO 06paTHO camoMy Cebe; CnefoBaTesbHO, W3 paBeHCTBa

B' = @ (B)
BbITEKaeT
B = & (S,

roe B 1 B' — Touku npsMoit b. OKasbiBaeTCsl, YTO €C/IM 3TO 06CTOATENLCTBO MME<
€T MecTO XOTs 6bl AN OAHOW Mapbl HECOBMAZalLWMX TOYEK, TO NMPOEKTUBHOE Npe-
o6pas3oBaHue § eCTb WMHBOMOLUS.

Teopema 2. TlycTb ¢ — NpoeKTUBHOE npeobpasoBaHne NpAMOi b K
NycTb CYyWeECTBYT pa3nnyHble ToUYkM B1(i b 1 Baf £ Takue, 4To

B= 0 (s
Bj
Torfa npeobpas3oBaHne ¢ eCTb WHBOMHOLWUS.
LJokaszaTenbcTBO. TakK Kak (b nepecTaBnsieT ABe pas/MyHble TOUKM
Bx n Br npsmoil b, To ¢ He ecTb TOXJecTBeHHOe npeobpa3oBaHue. [anee, ecnu
C — npowusBosibHas Touyka npamoit b m C' = ¢ (C), 7o Touku Blt Br, C, C ne-

pexogat B Touku Br, BY C',¢0 (C'). Tak kak npeobpa3oBaHue ) COXpaHAeT CN0X-
HOe OTHOLUEHUWe, TO

(Bu B2 C, C) = (Ba, Bi, C',d (C)) = (Blt B2 ¢ (C), C).

OTctoga C= ¢ (C) = ¢2 (C). Tak Kak C — Mpomu3BO/bHAs TOYka MPAMON b,
TO Teopema AoKasaHa.
N3 TeopeMbl 2 B CBOK ouepefb BbiTeKaeT

Teopema 3. Ecim Bb Br, B3, B4 — 4eTbipe pasnnyHble TOYKM NPAMON b,
TO CyWecTBYeT TONbKO OfHa WHBOMOLMA ) NPAMOIA b, Npn KOTOPOi

Br = ¢ (BX

= @ (BJ.

JokasaTenbcTBO. [elictBuTensHo, no teopeme 5n. 28 6 rn. |l
CyLLecTBYeT TONbKO OfHO MPOeKTMBHOEe npeobpa3oBaHue  npsmoi b, nepesBoas-
wee Toukn B3, B4u Bj B Toukn B4, B3 u Br. Mo Teopeme 2 3To npeobpasoBaHue
6yfeT WHBOMOLUMEN.

[okaxem Tenepb OCHOBHYK TeOpeMy HacToswero naparpada, KoTopas mno-

3BO/ISIET CBECTW N06GOE MPOEKTUBHOE Npeo6pa3oBaHue MpsMoli b K NMpou3BeAeHUio
WNHBOMIOLMIA.

Teopema 4 [IpoeKTuBHOE npeo6GpasoBaHe ¢ NpPsMOii b, He sBAstOLLe-
ecsl MHBONIOLMeli, NPeACTaBMMO B BUAE NMPOU3BEAEHNS ABYX UHBOMIOLMIA.

LJokaszaTenbCcTB o . OTMeTMM BHauvane, 4To Mpu NGO WMHBONOLMK
®dx npamoin b umeem: ? =

MycTb Tengpb HE ipb 1 (b He ABNSETCS HU TOXAECTBEHHBIM NPeo6pasoBaHneEM,
HU MHBOMOUMEN. TOrAa Halfetcs Mo KpaiiHeli Mepe oAHa Touka B, KoTopas npu

npeo6pa3oBaHUMN () He OCTAETCA Ha MeCTe U He MepecTaBnseTcs Co CBOUM obpasom.
Monoxum

C=¢d@B) nD —d (C).

Torga C He coBnagaeT ¢ B, a D He coBnagaet HM ¢ To4ukoi B, HU ¢ Toukoi C.
[anee, cywecTByeT nNpoekTuBHOe oTobpaxeHne (1( nepesogsuiee Toukn C, B, D
B Toukn C, D, B. [No Teopeme 2 HacTosLWero naparpadga g ectb nHBontouma. Mpe-
obpasoBaHue P2 = depx nepecTtasnseT Toukm D u C u noToMy Takxke fABnseTCA
VNHBOMOLMEN.
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OTctoga BbITEKaeT, YTO
k= o.e=d.p*= @duh) d = qap

ecTb NpowsBedeHWe ABYX WHBOMIOUWIA. Teopema [okKasaHa.

§ 8. HenoaBuxHble TOUYKM MPOEKTWBHbLIX Npeobpa3oBaHWii NpPsSMOI
M MX CBSI3b C MHBOHOLMAMMU

MycTb (h — NpoeKTMBHOE NpeoGpa3oBaHWe NpPAMON b, 3afjlaHHOE B OJHOPOA-
HbIX KOOpAWHaTax plt pr dopmynamm

P'Pi — «nPi + “irPr> Oy 2
p'p/= “21P1+ ariPu a2l &2

®0.

PaccMOTpUM BOMPOC 06 OTbICKAHWM HENOABMXKHBLIX TOUYeK NpeobpasoBaHus o,
T. e. TAaKUX TOueK, KOTopble NpeobpasoBaHnem <p NepeBoasTCs camu B cebs.

Ecnn p\, p\ — KoopAauHaTbl HENOABWXHOW TOYKW, TO ANA uucen_pj,
MMeeM CUCTEMY YpPaBHEHWIA:

p'p° = ablp| -(- al2,
P'p\=  P\+ a22p2

npuuem p'® 0. [MopctaBnsas B TOXAecTBO p\ p\ — p\ p\— 0 BmecTto p\ u
P2 ux 3HauyeHus, nonyynm:

A (21 p\ +22p") — Pl Pl “12p2) = <=

MocnefHee COOTHOLLEHWE NpeAcTaBnseT coGoii KBagpaTHOE ypaBHeHWe

“den ("2—Ab > “P=0o0 >

o o Pi .
AN HEO[HOPOAHON NPOEKTUBHOM KOOpAMHATbl (0 = —  HEMnoOABMXHOW  TOYKMU.
P2

MycTb
A= (2Z2—p2+ A2

— OVUCKPUMUWHAHT ypaBHeHusa (*).

Ecnn 9 — ToXAeCTBEHHOe npeobpa3oBaHue, TO = a2l= 0, an = a3
1 neBas 4acTb ypaBHEeHUA (*) ecTb TOXKAECTBEHHbIA Hy/b. JTO 03HAYaET, UYTO Kax-
[as Touka nMpy TOXAECTBEHHOM Mpeo6pa3oBaHWM ¢ OCTaeTcs HemoABMXHOW. Ecnn

OT/INYHO OT TOXAECTBEHHOr0 nNpeobpa3oBaHMA, TO OHO Ha3blBAETCH:

a) ANNMNTUYECKUM, ecim A < o, — B 3TOM c/yyae npeo6pasoBaHue < He
UMeeT HenofBM>KHbIX TOYeK;

6) napadonunyeckum, ecnu A = 0, — B 3TOM Clyyae MMeeTCs ofjHa Henoa-
BU>KHasA ToukKa',

B) rMNepooInYecknM, ecim [l >, , — B 3TOM cnyyae npeo6pasosaHue ¢ ume-
eT [Be pa3NNyHble HeNofBMXKHbIE TOYKN.

Teopem a 1l T[lapabonmyeckux WHBOMOLMIA He CyllecTBYyeT.
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LoKa3aTenbcTBO. ECIM p— uHBOMOUMS NpsMOii b, TO aw
- 022. [109TOMY AWCKPUMMHAHT [, ypaBHeHUs (*) NpUHUMaeT BUS:

0—4(sy “i2a2i) —— 4 (au a22 — 5Ai2°2i) — — 4 ?;
Tak Kak ¢ — napabonunyeckoe npeobpasoBaHue, TO
o= 0.
CnepoBatesibHoO,
oy “i2 Q
«21 022

uTO HEBO3MOXHO. [M03TOMYy Mapa6o/Muyeckoe NPOEKTUBHOE Mpeo6pasoBaHue ¢ He
MOXET GblTb WHBOMHOLMEIA.
Teopema f0Ka3aHa.

Teopema?2 Ecmu Bx, Br —Henogsu>Hble TOYKW runepbonnyeckoro npo-
eKTUBHOTO NpeobpasoBaHusa ¢, TO Cno>kHoe oTHowekune (Bb Br; C, @ (C)) nocToaH-
HO Ans Bcex Touek C b, oTANYHbIX OT Bj u Br.

LokaszaTenbcTBoO. [ycTh @ — runep6onmyeckoe NPOEKTUBHOE Npe-
o6pasoBaHue NpsMoi b, Umelollee fBe PasNUUHble HENofBUXHbIE TOukM BX
Br. 4ns no6oii napbl Touek C 1 D, He ABNAOWUXCA HEMOABUXHLIMUA U Nepexoas-
wnx B Toukn C', £5', M3 UHBAPUAHTHOCTM CNOXKHOIO OTHOLIEHWS BbITEKAeT, 4TO

(Bj, Br; C, D) = (flit B2 C', £

Myctb qu 92, ¢, d, ¢*,d'- HeOAHOPOAHbIE MPOEKTUBHbIE KOOPAMHATbI TOYEK
Bx, Br, C, D, C', D', Torga

c—9i <22 c—9l d _q2
c—qg2 d—qt ¢ —qg2 d —qt
MepecTaHOBKOW COMHOXMUTened B 3TOM PaBEHCTBE NOy4YaeM:

—<A ¢ —ar d—ar d'—q2

(Bt, B2, C, cy= ¢
gx d—gqg2 d' —*

= (Bt, B2 D, D).

Tak Kak Touku C u D 6blAv B3ATbl Ha NpsAMONM b NpoM3BONLHO, TO Teopema AoKa-
3aHa.

[MycTb Ha NPOEKTUBHOW NPsAMORA b hkcupoBaHbl TOUKM BT 1 Br. Touky JIT £ 6
6yfeM Ha3biBaTb FapMOHUYECKW COMPSIXKEHHOW C TOYKOW M OTHOCUTENbHO TOueK
Bx n Br, ecnn (BIf B2, M, 1IN = — 1

YeTBepky Touek Bx, Br, /11, JII
NPOEKTUBHOW NpAMOI b, Ans KoTo-
pbIX BbIMO/IHEHO COOTHOLLEHUE

(Bj, B2; M, ) = — 1,

Ha3blBalOT rapMOHUYECKOIA.
HarnsagHo 4eTBepKy rapMOHU-
Yyeckux Touyek By Br\ M, JII Ha
npsaMoii b yao6HO WHTepnpeTupo-
BaTb Ha €BKIWAOBOM MNOCKOCTU
cnegytowmm obpasom (cm.puc. 105).
Ecnn 6a3ucHble Toukn Bx n Br
(hMKcupoBaHbl, a Touka JIL 3ajaHa,
TO U3 yCNnoBus
Puc. 105 (Blt Br; M, N = —1
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BblTEKaeT, 4TO

(By B2\ M)
(Bx, B2; NI
T. e
(Bx, Br; M) = — (Bx M"Y).

Ecnn Tenepb Ha eBKAWAOBOI MAOCKOCTU B3ATb TOYKY S Tak, 4To6bl npsmas SM
6blna 6GUCCEKTPUCOI BHYTPeHHEro (BHeWHero) yrna S TpeyronbHuka BxSBz, To
npamas SM' 6yfgeT 6UccCeKTpUCOin BHewHero (BHYTPeHHero) yrna npu BepwuHe S
TOTO Xe TpeyronbHuka BXSB2. Tak kKak yron Mmexay npsmbiMu SM n SM' nps-
MO, TO TOYKA S NeXUT Ha OKPYXHOCTU K, ANf KOTOpPOi oTpe3ok MM' saBnsetcs
anameTpom. OTciofa BbiTeKaeT MPOCTON cnoco6 MoCTpoeHWs Touyku JII, rapMoHU-
4YeckuM COMpPSAXEHHOW € TOYKOWA
M, nexalweid BHYTpM oTpeska
BiBr, oTHOCUTENbHO TO4YEK BXx un
Br. Myctb k — nw6as OoKpyxX-
HOCTb, MpoxofjAuias yepes TOUKK
Br n Br (cm. puc. 106) n C — ce-
peguHa ayrn BXB2. MycTb ToukKa
M nexut BHYTpu oTpe3ka BxBr.
Torga nposogum npsmyto CM un
yepe3 TOUYKY nepeceyeHWa S npsa-
moii CM c okpyxHocTbio K npo-
BOAMM npamyt | nepneHAanKy-
napHo CM. Touka nepeceyeHus
npsmbix / n b nectb Touka T, Puc. 106
rapMoOHMYecKM COMpAXeHHasa ¢
Toukoit M oTHocuTenbHO Toyek Bxu Br. Ecnu M — cepeguHa oTpeska BXB2, To
npsmble / n b napannenbHbl, ¥ To4yka JIF B 3TOM cnyyae 6yaeT 6€CKOHEYHO yaneH-
HoW (cMm. pwuc. 107).

OnucaHHble NOCTPOEHWA OMMPAKTCA Ha MOHATWE eBKNWAOBOW OKPYXHOCTW,
T. €. UCNONb3YHT NOHATUA KOHTFPY3HTHbIX OTPe3KoB W yrnos. OKa3blBaeTcs, 4To
MOXHO fJaTb NPOCTOW CcNocob6 NOCTPOEHWA FapMOHWYECKW COMPAXEHHOW TOYKM,
KOTOPbI/A HE MCNONb3yeT 3TUX NOHATWUIA. OTO NOCTPOEHWe OCHOBAHO Ha CBOMCTBAX
NONHOr0 YeTbipexBepWMHHNKA. OHO 6blI0 NONOXEHO HEMELKUM MaTeMaTUuKoM
MTayATOM B OCHOBY YMUCTO FeOMETPUYECKOro OMNpeAeneHns MPOeKTUBHOTO
npeobpasoBaHua (cM. no 3aTomy nosogy rn. V kHurn H. B. EdpumoBa «Bbicwasn
reomMeTpua»).

[MONHBLIM YeTbIPpEXBEPLINHHUKOM Ha3biBaeTca hurypa, obpasoBaHHas YeTblpb-
MSl TouKamu (BepliMHaMM), N3 KOTOPbIX HWKAKWE TPU He nexaT Ha OfHOW npsmoil,
M WecTblo NpsamMbiMu (CTOPOHaMM), onpefenseMbiMU napamu ToueK (BeplwuH) (cm.
puc. 108).

B NONHOM uYeTblpexBeplWMHHUKE
copepxatcs Tpu npocTeix ABCD,
ABDC n ACBD (puc. 109).

[lBe CTOPOHbI MNOMHOrO YeTblipex-
BEPWMWHHUKA, MPOXOAAlLMe uYepe3 O0f-
HY BepWWHY, Ha3blBATCA CMEXKHbLIMY,
a [lBe CTOPOHbI, He uMetowWwmne obLWei
BEpPLMHbLI, Ha3blBalOTCA MNPOTMWBOMONO-
>KHbIMWU. TakK KakK B NONHOM YeTbipex-
BEPWMWHHUKE TONbKO 4YeTbipe BEPLINHbI,
TO KaXjas CTOpPOHA MMeeT TONbKO OAHY
NPOTMBONONOXHY. LLIeCTbCTOPOH NON-
HOro YeTbipexBepWUHHWKA o06pasytoT
TPW napbl MPOTUBOMONOXHbBIX CTOPOH:

n CD-, AC v BD; AD n BC. Puc. 107
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Myctb K, L, M — Toukn nepeceveHnsa aTux nap (cm. puc. 108). Toukn K, L, M
Ha3blBAKOTCA AuaroHanbHbiMK, a npaMmble KL, LM n MK, nx coegunsiowme, aguna-
roHanAMmn  YeTblpexBepLUNHHMKA.

B nonHom u4eTbipexBepwnHHMKe ABCD ToukuM nepeceyeHus amaroHanu KL
co ctopoHamn BD n AC 0603HauymMm cOOTBETCTBEHHO Yepe3 F un G (puc. 110). Mpo-
ekTupysa uyetBepky Touek K, L, F, G u3 ueHTpa D Ha npamyto AC, noiyyum yet-
Bepky Toyek A, C, M, G, npu aTom

(K, L\ F, G)= (A, C M, G).

MpoekTupysa obpaTHo yeTBepky Touyek A, C, M, G u3 Toukn B Ha npsamyto
KL, nonyunm 4yetBepky Touek L, K, F, G. Otcioga

KUWFO=LKFEO=  \rg

MOUWNYECKYIO YETBEPKY.
Puc. 108 CnpoektpoBaB U3 TouykM D Ha
npamyto AC toukn K, L, F, G, nony-
UMM rapMoHMYecKkyto 4yeTBepky Touek A, C, M, G

A, CM G=(KLFG= —1

NTakK, Npuxoaum K Cnefylolemy BblBOAY: Ha KaXKAOW fuaroHann NOMHOMO Ye-
ThIpPeXBepLIMHHNKA WUMeeTCa rapMoHMYeckas 4YeTBepka Touyek, obpasoBaHHas [BY-
MSi AMaroHanbHbIMM Toukamu K, L M Toukamn nepeceyeHnss 3TOW AnaroHanu c
napoil CTOPOH, NPOXOAALLMNX Yepe3 TPETbO AMaroHanbHytd Touky M. Ha puc. 110
TOYKW 3TON uyeTBepku cyTb /(, L, F, G, n N8 HUX UMEET MecTo COOTHOLLEeHMWe

(K, \F, Q)= —1

[Lanee, Ha Ka>k[oii CTOPOHe MOAHOTO YeTbIPEXBEPLUNHHAKA UMEeM rapMOoHuYe-
CKYl ueTBepKy ToueK, 06pasoBaHHyl0 napoit BepwuH A, C, AMaroHanbHoW TOUKOif
M 1 Toukoil nepeceyeHnss G 9TOii CTOPOHBLI C ANaroHanblo, NPOXoAsLieli uepes ase
ApYyrue anaroHanbHble TOuKM.
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K F L G
Puc. 110

Ecnn rapmoHuueckyto 4eTBepky Toyek K, L, F, G cnpoektuposaTb W3 Au-
aroHasbHOM TOYKM M, TO MOYYMM FapMOHWYECKYD YeTBEpPKY npaMbiXx MK, ML,
MF, M G. lNepBble ABe U3 HUX ABNAOTCA ANaroHansiMu, a 4Be nocrejHne — cTopo-
HaMn MOJIHOTO YeTbIpexBepLUNHHMUKA.

Mepexoas OT MOMHOrO YeTbipexBepLUMHHMKA K [BOWCTBEHHOW emy durype,
nonyy4um urypy, KoTopas HasblBaeTCs MOAHbIM YeTbIPEXCTOPOHHUKOM. Mbl npea-
naraem umTaTento B KauyecTBE MO/E3HOr0 YNpaXHeHUs chopMynupoBaTb MNOHATUE
1 CBOICTBA MOMTHOTO YETbIPEXCTOPOHHMKA, & TaKXe CAenatb YepTeX 3TOW (urypbl.

MepeiigjeM Tenepb K MOCTPOEHMIO YeTBEPTOM rapMOHM4YecKol Toukum G no
TPeM faHHbIM. 3TO MOCTPOEHME NIerkKo npocneanTs no yept. 110. MycTb Ham AaHbl
Toukn K, L, F. TlocTpoum rapmMoHMYeCKU COMPSHXKEHHYK TOouky G ana Touku F
oTHocuTenbHO Tovek K wm L. [lna 3Toro nposefem 4epe3 Touky K napy npowus-
BOMIbHbIX NpsMbIXx KA u KB. lMepecekaem X MpoU3BOMbHOI NpsMOiA, Npoxoas-
e yepes Touky F. Touku nepeceveHns 0603Haumm yepe3 B u D. MNpoBogmm nps-
Mble LB 1 LD. Toukn nepeceyeHUs 3aTux npsMbiX ¢ npambiMm KD n KB 0603Ha-
yaem A n C. Torga npsamas AC nepecekaeT npamyt KL B nckomoi touke G

BaXHO OTMeTWUTb, 4YTO BCe MOCTPOEHUA MPOBOAATCA C MOMOLLLIO MWL OAHOM
NNHERKKN, T. e. He UCMONb3YIOT HUKAKUX aKCMOM, KPOMe aKCMOM CBA3M.

BepHemca Tenepb K pacCMOTPeHMWIO CBOMCTB rMnep60anMyecKnX WHBOMOLMIA.

Teopema 3. [unep6onuyeckas WHBOMOLMS OTOBpaXKaeT KadKayl TOuKy

B TOYKY, rapmMOHUYECKN CONpPA>KEHHYK C Hell OTHOCUTENbHO ABYX HenoaBUXKHbIX
\

TOueK.
NokaszaTenbcTBO. [lycTb @ — runepbonnueckas WHBONOLUS NPO-

eKTUBHON npsimoit b. O603Hau4MM 4yepe3 Bx n Br aBe ee HEMOABMXHbIE TOUKM. Tak
Kak gns nw6oih Toukn CE£ b umeem

c= ®2(C),

TO 43 Teopembl 2 HAcTOALLEro naparpada UMeem:
(Bu Br; C, 9(C)) = (Bj, Br; ® (C), C).
n3 O6UJ|V|X CBOMCTB C/IOXXHOFO OTHOLLUEHUS WMEEM:

(BIt Bz, C, 9(C)) = Ex B2 6(C), C)

Moatomy
(Br, Br; C, ® (C))a= 1,
nnn
(Bx, Br; C, ® (C)) = + 1.
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Ecnn 6bl

(B, B2 C d(Q)= + 1

To Touka C 6bifa 6bl HEMOABMXXHOW TOYKON MHBOAKOUUM O 1 coBMagana bbl nam ¢
TOYKO BX, nnm ¢ Toukoih Br. Tak kak C — npou3BO/MbHas TOYKa NpAMON b, TO
(Bj, Br\ C, & (C)) He paBHO +1 u noTomy

(Si, Br; CCdC)= —1

CnepoBaTenbHo, yeTBepka Toyek Bb Br, C, ¢ (C) rapmoHuyeckas.
Teopema [AoKasaHa.
M3 pokasaHHON Teopembl BbiTeKaeT, 4TO runep6oanuyeckas MHBONKOLMUA MON-
HOCTbIO OMpefiefifeTcqd CBOMMU HEMOABWXXHBLIMU TOYKaMU.
[MocKoNbKy BCAKOE MNpPOekK-
TMBHOEe Npeobpa3oBaHue MPAMOii
b nonHocTbLIO onpefenseTcs 3a-
faHvem 06pa3oB Tpex Toyek BX,
Br, B3, To runep6onnyeckoe npo-
eKTUBHOe npeobpa3oBaHune onpe-
fensetca 3afjjaHWeM [BYyX ero
HEMOABMKHbLIX ToYeK Bxu Brwu
OfHOW napbl COOTBETCTBEHHbIX
Touek B3 u B'3. AHanornyHo ru-
nepbonmyeckoe M napabonmyec-
KOe TMpPOeKTUBHbIE nNpeobpaso-
BaHU MOXHO OnpefennTb 3a-
[aHnem OAHOW  HEenoABWXXHOM
Toukn B w» fgByx nap cooTBeT-
CTBEHHbIX Toyek C, C'u D, D'.
MpounnocTpupyem reomet-
puYeckuii CMbIC ABYX MOCnea-
HWX YTBEPXAEHUIA C MOMOLLbHO
cnegytowero nocTpoeHus (puc.
111). MycTb Ha NpsMOiA b3agaHsbl
HenoABWMXXHaa Touyka B un gBe napbl coOTBeTCTBEHHbLIX Touek C, C uD ,D' npoek-
TUBHOTO npeobpasoBaHnsa @. Yepe3 Touky B nposegem npsamyto B0, oTAn4YHYyO OT
b, 1 ukcnpyem Ha Heii aBe nobble Toukn CO un £50, oTAnYHbIe 0T B. MycTb G —m
Touka nepeceyveHus npsmblx CCo n DD o un G'—Ttouka nepeceyeHus npsambix C'Co
n D'D o. PaccmoTpuM nepcrneKTUBHOE COOTBETCTBME X MeXay b n boc ueHtpom G
M NepcneKkTUBHOE COOTBETCTBME (pr Mexay bo u b ¢ ueHTpom G'. Mpeobpa3oBaHue
trpi nepeBoanT Toukn B, C, D uepe3 ux npomexyToyHoe nonoxeHue B, Co, DoB
Toukm B, C', D'. CnepoBaTenbHo, rii ABNSeTCA UCKOMbIM MPOEKTUBHBLIM Npeobpa-
30BaHMem (. O6pa3 H' = ¢ (H) npomsBonbHOin Toukm HE b nonyvaeTtca Tak:
CHayajsia HaxoamTca Touyka nepecedyeHns Ho npsambix bo u GH, nocne uvero H'
nonyyaeTcs Kak TOYKa nepeceuveHus npameix b m G'Ha
B ykKasaHHOM MOCTpoeHMM Touka VA b, oTnuuyHas oT B, BygeT HenoaBMXXHOW
TOrja 1 ToNbKo Torga, Korga npsmble GV u G'V nepecekatloT npsMyto bo B ogHOW
N TOW Xe To4YKe Vo. BTopoi HenoaBMXHOW TOukoi V 6yaeT, cnefoBaTesibHO, TOYka
nepeceveHna npsamblx GG' M b. fACHO, 4YTO paccmaTpuBaemoe MPOEKTUBHOE Mpe-
o6pasoBaHme 6yfeT napabonuueckum, ecnu npamas GG' NPoOXoAWT Yepe3 TOUKY
B; B NpoTMBHOM cfiydvae Halle npeobpasoBaHue runepbonuyeckoe. M3 Bcex pac-
CYX[EHWUI, NpOBeAEHHbIX BbIlle, BbITEKAET chefytoLas

Teopema 4. TunepGonmueckoe unu napa6onuueckoe npeobGpasosaHue npo-

eKTVBHO/ NPAMOV NpeACTaBUMO B BUAE NPOWU3BEAEHUS [BYX NEPCNEeKTMBHbLIX COOT-
BETCTBWIA.

OTHOCUTENLHO 3NNMNTUYECKUX MPOEKTUBHBLIX NpeobpasoBaHWii cnpaseanuBa
cneaytouas
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TeopeMma 5 3nmnTuyecKoe NPOEKTUBHOE NpeobpasosaHue npsmMoii b
MO>KEeT 6bITb NPeACTAaBNEeHO B BUAE NPOWU3BEAEHUS TPex nepcrneKkTUBHbIX COOTBET-
CTBUIA U He MOXKET OblTb MPeACTABNEHO MPOM3BEAEHMEM MEHbLUErO uncia Nepcnek-
TWBHbIX COOTBETCTBMIA.

JokaszaTenbCTBO 3TON TeopeMbl Mbl onyckaem. [lo aTomy nosogy
cM. KHury: I'. bysemaH u . Kennwu, T[IpoekTUBHasa reoMetpus u npo-
eKTuBHble MeTpukn (M., N34-BO MHOCTpaHHOW nutepatypbl, 1957), rn. |, 887 mn 8.

§ 9. MpoeKTUBHbIE Npeo6bpa3oBaHNA MAOCKOCTU

CBoiicTBa MpPOEKTUBHbIX Mpeobpa3oBaHUA NJOCKOCTU MpefCcTaBAsA-
0T coboii npsmoe 0606LieHME CBOWCTB MPOEKTUBHbIX Mpeo6pasoBaHuii
npaAMoi. BaXHyl pofb Npu 3TOM UrpatT O4HOPOAHbIE M HEOAHOPOA-
Hble KOOpAWHAaTbl TOYEK Ha MPOEKTUBHOM MNJOCKOCTU, KOTOPble TaKXe
ABNAIOTCA €CTECTBEHHbIMU 0606LEeHNAMU OLHOPOAHLIX U HEoAHOpOA-
HbIX KOOPAWHAT TOYEK MPOEKTUBHON MNPAMOIA.

1. OaHOpPOAHbIE N HEOAHOPOAHbIe MPOEKTUBHbIE KOOpAMHaTbl. B §3,
UCXOAA M3 WHTepnpeTauuu NPOEKTUBHOW MIOCKOCTU KaK CBS3KW MNps-
MbIX V (S) C LEHTpPOM B TOYKe S, ANA TOYeK NPOEKTUBHON MNOCKOCTU
6b110 BBEfEHO MOHATWE OAHOPOAHLIX KOOPAMHAT pu p2, p3- MocTpoe-
HWe O4HOPOAHBLIX KOOpAMHAT B § 3 onupanocb Ha TO, YTO Mbl PUKCU-
poBanyM B MPOCTPAHCTBE HEKOTOPYK [AeKapTOBY CUCTEMY KOOPAWMHAT C
Hayasom B Touke S. B n. 4 8§85 npu BBeAEHWN OAHOPOAHbLIX KOOPAWMHAT
Ha MPOEKTMBHOM NpsMOKA 6bINO NOKa3aHO, YTO MOXHO MNO/b30BaThCS
He TO/MbKO AeKapToBOM, HO BoOOWe Nt060M apPUHHON CUCTEMO Koop-
OWHAT Ha NJOCKOCTU. ITOT (DaKT eCTECTBEHHO MCMONb30BaTb NpW onpe-
[0EeNeHNN pasnNYHbIX CUCTEM OAHOPOAHBLIX MPOEKTUBHbLIX KOOpAMHAT
Ha MNPOEKTUBHOIW MAOCKOCTM.

NTak, nyctb V (5) — cBfi3Ka MNPsAMbIX C LEHTPOM S B TPEXMEPHOM
eBK/IMA0BOM npocTpaHcTBe. [lycTb, fanee,

= SEV er= SE2 e3= SEs
— TpW HEKOMMNNaHapHbIX BeKTOpa. byAemM roBopuTb, YTO TPONKa TaKUX
HeKOMMaHapHbIX BEKTOPOB 06pasyeT 6a3nc B TPEXMEPHOM eBKIUA0BOM
npocTpaHcTee. Ecnn Tenepb M —HekoTopas TOYKa MPOCTPaAHCTBA, TO
Ana paguyc-sektopa r — SM cnpaBeA/MBO pasnoXxeHue
r = *Bi+ *2a-|-x%e3
Uuncna Xi, X2, X3 Ha3biBalOT a@@UHHLIMU KOOpAMHATAaMU TOUKM M.
OHM >Ke OfHOBPEMEHHO Ha3blBAlOTCA KOOPAWHATAaMW pajnyc-sekTopa
r = SM oTHocuTenbHo 6asnca eit e2 ¢3 Ecam | — npamas  u3
cBsi3KM VAS), axi, X2, x3— KoopAuHaTbl Tekyweid Toykm M Ha |, TO
KaHOHMYecKne ypaBHEHMA MpPAMONA | OTHOCMTenbHO 6asuca eit e2 e3
6ynyT WMeTb BUA:
>l *2 X3

Pi Pr P3
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rae yncna pu p 2, p3 O4HOBPEMEHHO He paBHbl HyM0. OTMETUM, YTO ecnu
P1. Pr>P3 u P[> P'3>P3— nponopunoHanbHble TPONKW UUCeEN:

Pi :Pr :P3 = Pl :p; :Ps.

TO YpaBHEHMUS

Pi Pr P3

OnpefensoT 0gHY M Ty Xe npsamyt / ceasku V(S). Tak kak npsamas /
cBA3KM V(S) MOXeT OfHOBPEMEHHO paccMaTpuBaTbCA KakK TOYKa Mpoek-
TMBHOM  MIOCKOCTU,TOUUCAA PW P2, P3 NPUHMMAKOTCA 3aKOOPAMNHATLI
TOUYKWM MPOEKTUBHOMNNOCKOCTU. Tlpu 3TOM BBefAEHHble TONbKO 4YTO KO-
OpPAVHATBLI, KOTOPble HAa3blBAOTCA OLHOPOLHbLIMU MPOEKTWBHLIMU KOOP-
AVHaTamy TO4YKM, 06MafatoT PAAOM BaXHbIX 0cobeHHocTel (cm. n. 4
§ 5). MMeHHo:

1. Ka>kaas Touka NPOeKTUBHOW MNOCKOCTU MMeeT OfHOPOAHblE KOOP-
OUHATbI.

2. Ecnn pit p2 p3 — 0fHOPOAHbIE KOOPAMHATHLI TOYkM M, To ppt,
PPr, PP3, rge p® 0, — TakXke OLHOPOAHble KOOPAMHATbHI TO4YKM M.

3. Pa3HbIM TOYKaM NPOEKTMBHON MNOCKOCTU OTBeYaloT Bcerja pas-
Hble OTHOWweHna pt : p2:p3 X OLHOPOLHBLIX KOOPAUHAT.

4. Hu pna Kakoii TOYKM NPOEKTUBHOW MNOCKOCTU BCe TPW ee OAHO-
pOfHble KOOPAMHATbLI He 06palanTcd B HyNb OLHOBPEMEHHO.

5. Ecnm p\m)->p°, p<nU p*“, p<n)->p° un (pl)2+ (P 2092+ (P30 O,
TO nepeMeHHas Toyka Mn c 0gHOPOAHbIMKM KoopanHaTamu p[m  p&i), p (™

CTPEMUTCA K Touke MO ¢ OAHOPOAHLIMM KoopAauHaTamu p”, 2,  p°.

MosToMy Kaxfjasi TOYKa NMPOEKTUBHOW MIOCKOCTM MMeeT GecKoHeu-
HO MHOTO TPOEK OJHOPOAHbIX KOOPAMHAT, KOTOpble caMu Mo cebe He on-
pefensoTCca 3afjaHWeM TOUKWU: OMPeAensTca NMWb OTHOLWEHUS OfHO-
poAHbIX KoopauHat. COBOKYMHOCTb BCeX HabopoB OLHOPOAHbLIX KOOp-
OWHAT Toukn M ypo6Ho 3anwucbiBaTb B Buge (ppu pp2 ppd, rae
MHOXWUTENb P MOXET NMPMHUMATb N060e BELLECTBEHHOE 3HAYeHWe, KpoMme
P = 0.

Uucna qit g2, KoTopble NoAy4valTCH U3 OAHOPOAHBIX KOOPAMHAT
Pb Pr>P3 Toukn M no gopmynam

Ha3blBalOTCA HEOAHOPOAHLIMU MPOEKTUBHLIMU KOOPAMHATAMU TOUKU M.
OfHopoaHble pU P2, P3 M HEOAHOPOAHblE (U (2 NPOEKTUBHbLIE KOOP-
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OWHATbl AN TOYEK MNPOEKTUBHON MNOCKOCTW BBELEHbI HaMW C MOMO-
w0 6asuca ev= SEV e2—SEit e3= SE3 B eBKAMAOBOM Mpo-
cTpaHcTBe. M0O3TOMy ACHO, 4TO, Mcxoga w3 nwboro 6asmca e\ = SEJ,

e' = SZ:', e'b— SE'3B eBKINAOBOM NPOCTPAHCTBE, MOXHO MOCTPOUTH
COOTBETCTBYIOLLME CUCTEMbI OAHOPOAHBLIX P\, P2, p3 ¥ HEOLHOPOAHLIX

MPOEKTUBHbLIX KOOPAWHAT TOYEK MNPOEKTMBHOW MOCKOCTHU.
PaccmoTpum dQopmMynbl nepexofa OT MPOEKTUBHbIX KOOPAUHAT pu

P2, p3 TOUKM M NPOEKTUBHOW MNAOCKOCTU K €e HOBbIM MPOEKTUBHbLIM

koopanHatam p[, p2, p3. Ecnu pasnoxeHus BekTopoB elt eb &

o6pasytloumnx cTapblii 6asuc, Mo 3neMeHTaM HoOBOro 6asuca e[, €2
€ MMET BuUg
£ = alte, -{-M2i"2  «3i3»
~ «12®1~b «22® 2~b «32® 31

®3 — «13® 1"l- «23®2 “b «33®3»

an «12 «13
A= &a @& & ®0
«31 «P «33

TO MexXAay appuHHbIMKM KoopAauHaTamm Xt, X2, X3 Toykm M OTHOCU-
TenbHO 6Gasuca ey, er, €3 1 ahPUHHbIMA KoopAuHaTamu X[, Ac'.X3'Toi
K€ TOYKM OTHOCWUTEeNbHO HoBOro 6Gasuca e[, e\, e'3 UMewT MecTo co-
OTHOLIeHNS

"x1= ailXl + «12*2 + «13*3.
x%= arix[ + aZx'+ a2X'3

. X3 ~ «31*1 "b a3Ix2+ a3IXi‘

(J0Ka3aTeNbCTBO 3TOr0 (hakTa NPOBOAUTCA TOUHO TaK Xe, Kak 3To 6bi10
cgenaHo B 82 rn. Il gna a@duHHbLIX KOOPAMHAT TOYEK MIOCKOCTW.)
OTclofa NpoCTbIMU BbIYUCEHUAMMW NIETKO YCTaHOBUTL, 4TO npamas |,
MMeroLwan OTHOCUTENbHO 6asuca eit €2, e3 ypaBHeHUs

*1 X2 *3

Pi P2 P3

OTHOCUTENIbHO HOBOTO 6asuca GyaeT MMeTb YpaBHEHUs

X X 3

AP L+ &12P2-+  b13P3 bAiP-i -or &22P2 + braPs A3iPi+ 732p2"b "33P3
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rae matpuua

fou bn  his\
k, b4 bAI
W B W

ecTb 06paTHaa Ans MaTpuLipbl
(<kU «12 «i3\
A— 21«2 «3l

V«31 «32 «33/

[elicTBUTENbHO, MOMOXUM

X\ a2 3 }
Px Pi P P
Torpga
T = «n*+ «N -f a,3x'3
PA> = «2IX!+ @223+ «23*3.
PP3 — «31*; + «32*3 [ «33*3*
Tak Kak
an Q2 «13
2l "2 &3 v 0
G R IRB

TO, 0603Ha4ass uvepes
/~1 B%  bI3
7= j bi2
N3l B2 b3
mMatpuuy, 06paTHYK ANs MaTpuubl A, NOAYYUM:

*;=P ®nPi+ btzPi+ MNi3P3); *i = PdnPi+ b2Pr+ b2spsy,

*3 = P ®3iPi "l- "3rP2 ~b "33P3).
OTclofa ypaBHeHus

buPi + &P2 - b133 ~2iPi+ &2+ bi3p3

b3iPi + &32P2 + b33p3
CYTb YpaBHeHWst MNPAMORA /.

Mostomy Mmexay uucnamu pv p2 p3 u p[, p'iA, p'3 MMEOT MeCTo
cnefytowime COOTHOLUEHUS:

p'p'x = bupi+ biZp2+ !i3P3,
P'Pii — b2Pi + b2p2-j- b2Z3p3,
P'P3 = bsiri + bIP2+ b3sP, p'= P,
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KOTOpble W MpeAcTaBnstoT coboli hopmynbl mepexofa OT CTapbiX OA-
HOPOZAHBIX MPOEKTUBHLIX KOOPAWHAT TOUkM M (p,, P2 p3) K ee HOBbIM
OZHOPOAHLIM MPOEKTUBHBLIM KOOPAMHATAM; MpW 3TOM BaXXHO OTMETUTS,
yTo MaTpuua

'bn b2  bI3\
B =1bu b2 b23 |
b3l bx b3

onucblBatoLas 3TOT nepexof, HeocobeHHas, T. €. ee OnNpefenuTenb

bti b2 bi3
By b2 bz

31 b2 bR
OTNINYEH OT HynNA.

Ecnun

<7 = — YUr =
Ps3

A
P,
— HeoJHOPOAHbIE KOOPAMHATbI Ma MPOEKTUBHON MMOCKOCTW, MOCTPOEH-
Hble MO OAHOPOAHLIM MPOEKTMBHLIM KOOpPAMHATaM pu p2, P3 U p[, p2 phu
TO COOTBETCTBYIOLME (HOPMY/bl MEpexofa MMelT Buf:

Nia?a b
Mi XA+ "33
&<i  "aas3 b3
*31<?1 ~b 732?72 + 733
Takum 06pa3om, Mbl UMeeM 3fecb MOMHYH aHanornw ¢ qop-
MynaMu npeobpa3oBaHWii ANS OAHOPOAHBIX W HEOLHOPOAHbLIX MPOEK-
TUBHbIX KOOpAMHAT TOYEK NPOEKTUBHOM MpsSIMOA. VIMEHHO, ecnin Ha npo-
EKTMBHOIM MI0CKOCTW BBEAEHbl [Be MOOble CUCTEMbl OfHOPOAHBLIX MPO-
EeKTUBHbIX KoopauHaTt pu p2, p3 u p[, p2 p3, TO dopmynbl nepexoga
OT OfHUX KOOPAMHAT K ApYrvM WMEKT BUA:
p'p\ = bnPi + &aPr+ "i3P3.
p'pii= bnp{-f brrpr+ b23p3
P'Pi —b3iPi + b2P2+ b33
raoe p ¢ O — HEKOTOpbIi MHOXWUTENb, a
/by b2 bi3\

J33)

209



— Heoco6eHHas wmaTpuua. [ pH 23TOM nNepexoj OT HEOLHOPOAHBIX
NMPOEKTUBHLIX KoOpAUHAT

K HeofHOPOAHLIM MNPOEKTUBHbLIM KOOpAMHATaM

ocylecTBAseTcs No opmynam:
pe MR+ ., A4 'XPA-B
3191 4+ 122+ 33 B 4" P4
KOTOpble 3ajatoTca ToW e MaTpuuel

2. BBeaeHMe MPOEKTMBHbLIX KOOPAMHAT Ha MPOEKTUBHOM M/IOCKOCTH
C MOMOLLbIO C/IOXXHOI0 OTHOLIEHMA. MycTb Ha MPOEKTUBHON MAOCKOCTU
BBeJEHbl CMCTEMA OfHOPOAHbIX MPOEKTUBHLIX KOOPAUHAT pu p2, p3
MW COOTBETCTBYlOLlAs eii cucTeMa HEOAHOPOAHbLIX KOOpAMHAT

= — . = —.
P3 P3

Kak yxe oTmeyvanocb B N. 4 8§82, BcAKas NpoeKTMBHas npamasn / Ha npo-
E€KTMBHOIN MNOCKOCTU 3ajaeTcAd YypaBHEHUEM

«iPi + «rPr +n33=0,

rae ui, n2, n3— HeHynesas Tpolika yucen. Tam Xe OblNO NOKasaHo,
YTO KNlacC MPOMOpPLMOHANbHbIX HEHYNEBbIX TPOEK MU M2, N3 0AHO3HAY-
HO onpefenset npamyto / n o6paTHo. Yucna wu n2 u3 661N HasBa-
Hbl OJHOPOAHbIMM KOOpAMHATaMu npsMoii |

Kak Mbl 3HaeM, (UKCHpOBaHMEe Ha MPOEKTUBHOI MAOCKOCTU HEKOTO-
poii OAHOPOAHON WNW HEOAHOPOAHOW CMCTEMbl MPOEKTUBHBLIX KOOPAU-
HaT MO03BONSET YCNOBHO pasfeNnTb TOYKM U NpsiMble MNPOEKTUBHOMN
NNOCKOCTU Ha KOHEYHble M GECKOHEYHO YhaneHHble.

B TepMuHax BBEAEHHbIX HaMyW MNPOEKTUBHbLIX CUCTEM KOOPAMUHAT
Pb Pr. P3 n qj, g23to genaetca Tak. Touka M (qglt g2 ¢ HeogHOpPOAHbI-
MW MPOEKTUBHBLIMU KOOPAMHATAMWU (b (2 Ha3blBAETCA KOHEYHOW, ecnu
06a umcna qy u g2 KoHeyHbl. Touka M {qu Q2 Ha3biBaeTCa OECKOHEYHO
yAaneHHON, ecnn XoTa 6bl 0fHa M3 ee HEOLHOPOAHbLIX KOOPAMHAT paB-
Ha 00. [ina TOro ytobbl Touka M MPOEKTMBHOWM MNOCKOCTM Oblla KOHEeY-
HOli, Heo6XoAMMO M A0CTAaTOYHO, YTOGbI ee OA4HOPOAHas KoopAuWHaTa
p3¥=0\ ANA TOr0 4T06bI TOYKAa M Oblfa 6€CKOHEYHO yAaneHHOol, Heob-
XO4MMO W AO0CTAaTOYHO, 4YTOObI ee OA4HOPOAHAas MNPOEKTMBHas KOOPAW-
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Hata p3= 0. O6a nocnefHUX YTBEPX[EHUS eCTb OueBUAHbIE CMeACT-
BUSI COOTHOLLIEHW

OTcioga SCHO, 4TO COBOKYMHOCTb 6eCKOHeYHOo yjaneHHbIx Huek
N/I0CKOCTN WMEET YypaBHEHWNe

N npeacTaBnseT Co60M MNpPsAMY0, KOTOPYK Mbl YCOBUAUCL HasbiBaTb
6ECKOHEYHO yAaneHHoW. OAHOPOAHblE KOOpPAWHaTbl GECKOHEYHO YyfAa-
neHHoli npsamoit Takosbl (0, 0, 1). Bce npoyme npsiMble NOCKOCTU 6Yy-
[eM Ha3blBaTb 00bIKHOBEHHbIMW. Ecnu utpi + np2+ u3p3 — 0 —
00bIKHOBEHHas MpsMas Ha MPOEKTUBHOM MAOCKOCTM, TO MO KparHein
Mepe 0fHO 13 4ucen Unu N2 OTANYHO OT HyJA.

MpaAMyl0, MMeLWY ypaBHeHue

r=0Q
OyZemM HasblBaTb OCbI0 Pb a MPsSMYI, MMEKLLYI YpaBHEHMe

A= Q
OCbtO pn.

Touky E c opgHOpogHbIMW MpPOeKTUBHbIMK KoopauHatamu (1, 1, {)
6yaeM HasblBaTb eAMHMYHOM, a Touky O ¢ koopguHatamu (0, 0, 1) —Hy-
NeBOA.

TakMMm 06pa3oM, C MOMOLLbK (MKCUPOBAHHOW CUCTEMbI OAHOPOA-
HblX KOOpAMHAT pi, P2, P3 Mbl BBEIM HAa NPOEKTUBHOW MOCKOCTU MO-
HATUE KOHEeYHbIX U BGECKOHEeYHO yaaneHHbIX Toyek. O4YeBUAHO, 4TO AN
pas/inyHbIX CUCTEM OLHOPOAHbLIX KOOPAWHAT MOHATUA, O KOTOPbIX TOMb-
KO 4TO Wa pedyb, 6yayT peann3oBblBaTbCA Ha pas3fIMUHbIX CUCTEMax
TOYEK W MPAMbIX MPOEKTUBHOW MI0CKOCTMU.

Hawwn panbHeliline nocTpoeHms 6yayT HampasfieHbl Ha TO, 4TOObI
BCKPbITb FEOMETPUYECKUIA CMbIC/T HEOAHOPOAHbLIX MPOEKTUBHbBIX KOOpP-
OMHAT C MOMOLLBIO CMNOXHOI0 OTHOLUEHMA YeTbipeX TOYeK Ha MPOeKTUB-
HOW NPSIMOIA.

VTak, nycTb No-npexHemy pu p2, p3— BBefeHHasAs Bbllle cUCTEMA
OJHOPOAHbIX KOOPAMHAT Ha MPOEKTUBHOW MaocKocTW, a qu (2— no-
CTPOEHHAas MO Heli cMCTeMa HEOAHOPOAHbIX MPOEKTUBHbLIX KOOPAMHAT.

O603HauuM 4epes All, 6eCKOHEYHO yJaneHHYH TOYKY Ocu pu
a yepe3 YV 6eCKOHEYHO yAasieHHYH TOYKYy ocu p 2.

Uepes Ei u E2 0603Ha4yMm TOuKM C KoopguHatamu (i = 1, q2—
= 0wunqt= 0, g2— 1 Toukn E {1 E2nexaT cOOTBETCTBEHHO Ha 0CAX
PX¥W P2U NMEOT OAHOPOAHbIe KoopanHaThl (1, 0, 1) n (0, 1, 1). MpaAmMbie
EtE n EZ2E vmelOT COOTBETCTBEHHO YpPaBHEHUS

Pr= 1
Pi = 1.
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Tak kak Toukm M| un M| wumetoT koopguHatel (1, 0, 0) n (0, 1, 0),
T0o M| nexut Ha npamoii EEU a M | Ha npsmoii EE %(puc. 112).
OTctoga cnefyet, 4To Npu NPOEKTMPOBaHUW Toukn E 13 ueHTpa M Ha
OCb pi ee nNpoekums cosnagaet
CTOYKON EN aHanormyHo npoek-
LUna Toukn E un3 ueHTpa M ], Ha
0Cb p2CcOBMNajaeT ¢ TOUKON E 2.
BBegem Tenepb Ha ocax p,
N pr Heo4HOPOAHble MPOEKTMUB-
Hble KOOPAMHATbl TeKyLlux To-
yek Mp, u M

(MI, 0; i
(Mla 0; [l MFIr)'
Mo Teopeme 4 8§ 5 rn. Il 6y-

AeM UMETb , YTO

V= Q= P 2= T
MycTb Tenepb M — nt06asgs Touka MPOEKTUBHOW NAOCKOCTU, WMEHD-
Wwas HeOAHOPOAHble NMPOEKTUBHbIE KOOPAMHATLI gx U 2. O603HaYUM uye-
pe3 MP 1 Mp2npoekunn TO4YKM M Ha ocu pt v p2COOTBETCTBEHHO U3
ueHtpoe M1 wn M |. Torga, o4eBMAHO,

9= (M 1,0, Ex Mp),
Y—(MI, 0; E2Z Mp).

N3 npoBefeHHOro MOCTPOEHWs BbiTeKaeT clefytolias Teopema, Xa-
pakTepusytlol,as reoMeTPUUYecKUidA CMbICT HEOAHOPOAHbLIX KOopAMHaT
glt g2 TOYKM Ha MPOEKTMBHOIW MNMOCKOCTU.

Teopema 1 Ecnm Ha NPOeKTUBHOW NNOCKOCTW BBeAEHbl HEOHO-
POfAHblIe MPOEKT MBHbIe KOOPAMHATbI (it 21 C NOMOLWbI0 HUX BBEAEHbl NO-
HAT NS 6GECKOHEYHO YAaneHHbIX TOYeK, KOHEYHbIX TO4eK, oceii pu p2, ToO-
yek O, E, Eit E2 To gna nw6oin Touykm M c koopamHaTamum qt, q2
cnpasegnmebl  oOpMYybl

A= (M1, 0; £, Mpt,
Q= (MI, 0, Et, Mpy

BecbMa BaXHbIM (PAaKTOM fBAAETCA BO3MOXHOCTb 06palieHMs Ha-
CToAWEe TeopeMbl. HameTuMm npexje BCEro Heo6Xxoaumble ANs 3TOrO reo-
MEeTpUYeckme MOCTPOEHUS.

duKcupyem Ha NPOEKTUBHOW NAOCKOCTU MNPOU3BONLHYIO MPSAMYIO,
KOTOPYH Mbl 6yaem cumTaTb 6ECKOHEYHO YyAaneHHOW U 0603HayaTb Ye-
pes [aneedukcrpyem HEKOTOPYH MNPOM3BOMLHYI TOUYKY O, He fe-
Xawyt Ha npamoit /(cm. puc. 112).MNMycTb ganee yepe3 Touky O npo-
BefleHbl [1Be MPOU3BOJbHbIE MPAMbIE, OfHY M3 KOTOPbIX HAa30BEM OCbHO
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Pi, a gpyryto — ocbto p2. Uepea ML uM ,, 0603HaYnmM COOTBETCTBEH-
HO TOYKW MepecevyeHns ocel pi M p2Cc 6eCKOHEYHO yAaneHHOW MpsMoii
/«,. TycTb, HakoHel, E — npou3BOfibHas Touka MPOeKTUBHOM»NIOC-
KOCTW, He MpuUHagfnexawas HW OAHOW u3 npsmbiX /», OM%2, OML.
O603Haymm yepe3 E 4npoekumnto To4kn E Ha ocb pt u3 ueHtpa ML,
a yepe3 Er npoekumto Toi e TOYKM E Ha ocb p 213 UeHTpa ML
Torga vMMeeT MecTO Chefytolwias Teopema.

Teopema 2 TycTb M — npousBonbHas TOYKa MPOEKTMUBHON
naockocTu, a MPI, M,,2— cOOTBETCTBEHHO e€e MpoeKuuMnm Ha ocu pt
Mp2n3 ueHTpoBM » M ML. OTHecem Touykam M\x, O, Ey kak Tou-
KaM OAHOV MPOeKTWBHON npamMoi (ocu pi) uucna

Q=°° Q=0 FG=1
a Toukam ML, O, E2 kak Touykam [Jpyroil npoOeKTWBHON npsMOil
(ocu pr) uymucna
22— 2—0 @=1.
Mono>kum ana Touyek MM u M P cOOTBETCTBEHHO

= (JIn,, 0; Eit Mp),
(?2= (Mi,0; E2Mp). n

Torga cucTema uucen qu Q2 onpegensiemblx paseHcTBamu (*),
eCTb CUCTEMA HEOAHOPOAHbIX MPOEKTMBHbLIX KOOPAUHAT Ha NPOEKTUBHON
NAOCKOCTM.

OJokaszaTenbcTBO. [ycTb Ha NPOEKTUBHON MIOCKOCTM BBe-
[leHa cuMcTeMa HeOAHOPOAHbLIX MPOEKTUBHLIX KOOpPAMHAT q i, q2'. MycTb
npsMble Lo, ocb pt 1 OCb P2, 0 KOTOPbIX WAET peyb B YC/MOBWU Teope-
Mbl 2, WMEKT COOTBETCTBEHHO YpPaBHEHUA

a3ili 4~ a32<22 + «33 = 0,

«N<71 + al<i2 + «13 =

Clig\ + «22<?2 + «23 = 0;
nycTb, fanee, KOOpAMHaThbI e,qMHMHHOVI TOYkn E, He I'IE)KaU.LEﬁ HW Ha
O,EI|HO|7| N3 3TUX NpAmMbIX, CYTb di, d2. .ﬂ,OI’IyCTVIM, 4TO HaM ypganochb

NOCTPOUTb CUCTEMY OLHOPOAHbLIX MPOEKTUBHbIX KOOpAMHAT plt p2t pz
TakuMX, 4YTO B 3TMUX KoopAMHaTax npamas /*, umeeT ypaBHeHuWe

P3 = o,
0Cb pi — ypaBHeHue

Pr = 0,
0Cb p2— ypaBHEHMe

Pi = o,

W, HaKOHel, Toyka E — KOOpAWHATHI
Pi= 1, Pr= 1 P3= 1
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Ecnu ™Mbl BBeAgeM HeOLHOPOAHbIE MNPOEKTUBHbLIE KOOPAMUHATHI

ft»-2-.
P3 P3

To 6narogaps Teopeme 1 Mbl MOXeM YyTBepXAaTb, 4TO Teopema 2 cnpa-
BegnuBa. CnepfoBaTesbHO, HaM A0OCTaTOYHO YCTaHOBWUTb, YTO CYLLECTBY-
eT HeocobeHHas wmaTpuua

/ by, bla bh
B —I 2 "3,
W31 M2 33
C NOMOLLbK KOTOPO MOXHO NepeiTM OT HEeOAHOPOAHbIX KOOpAWUHAT
<?, g2 KHeoAHOpPOAHbIM KoopAuHaTam qlt g2 T. e.

+ M24,+ M3 4. b2g' B3
= . - . 0, -
A =E Rapog R + AW+ B

MaTpuyy B nerko mocTpouTb, ecnu* UCXOAWUTb M3 TpeboBaHWUi, KO-
TOpble ML, NpeAbsABAsieM CUCTEME HEOLHOPOAHbLIX MPOEKTUBHLIX KOOP-
anHat qlt g2 VIMEHHO B 3TUX KOOpAMHATax npsmas

asiyl + ai2q2 -f a8 = 0O
JONXHa 6bITb 6eCKOHEYHO YAaneHHON, ocb pi

auqi + ang2 + ai3 =0
LOMKHA WMETb ypaBHeHue

g2 = O,
ocb p2
&iqi' + a2292 + aB= 0
LOMKHA VMeTb YypaBHeHUe
<= O,
N, HakoHel, Touka E (di, d2) gomkHa MMeTb KOOPAWHATHI
<=1, <r= 1

Tak Kak npamble

«I><2; -J- a,

+ a2W

L+ o<h 6B
I'IOI'IapHO pa3}'II/ILIHbI, TO

an W2
aM a2 #23
a3l ax 33

2*4



Lanee, cpean koathuumneHtos a3l, a32, a3 xoTa Obl OAMH OT/AINYEH OT
Hyna. He Hapywas 06WHOCTWA, MOXHO CYUTaTb, YTO 3TO asnW U MoOo*
XUt a3l = 1
MycTb M A2 — aBa MPOU3BONbLHbIX BELECTBEHHbIX 4uCcna, Oor-
NMYHBIX OT Hyns. Matpuuy 3afjafjuMMm B Buje
[N M2 M
X = Mall K°12 K°I3
oA a2 a3

Matpuua B”™\2 HeocobeHHasa. PaccmoTpum npeobpasoBaHue HeOAHO-
POAHbIX MPOEKTUBHbLIX KOOPAWHAT qi, (2', MOPOXAEHHOEe MaTpuLel

0 — Kal[ + *Ma229j + ~i“23 i
9j + °3272+ R
KIONU\ + ~2ai2l! ~ "2“i3
@Rl

HeTpyaHo BMAeTb, 4TO B HEOAHOPOAHbIX MPOEKTUBHbLIX KOOPAMHA-
Tax qu Qg2 npamas /,,
gi + as2q2 + ax3 =0
b6yneT 6eCKOHeYHO YyJAaneHHONW, npsmMas
Ayl b 0i2q2 + aiz3 —O
6yaeT uMmeTb ypaBHeHwue

(h =

Ur= O
T. e. 6yfeT ocblo pu M npamasn
aZl<li + 02242 + °23 = O
6yneT MMeTb ypaBHeHUWe
A= 0
T. e. 6yger ocblop2
Tak Kak Touyka E (di, d2)He nexxuT HM HA OfLHON M3 MPAMbIX

angi + ai2q2’+ ai3= 0
a2igi + a22q2+ aB= 0,
gi + a32q2 + ax3 = 0,
TO HW OAHO W3 uumcen
hi = ctndi + a)Xd'-f-al3
h2 — a2idi + a2d2 (- a23,

h3 = di + a32d2 + a33

He paBHO Hyno. Bbibepem Tenepb Aj U X2 Tak, 4TO6bI
\ = 3 D,_ J'ta.
R
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Torga, nogctaenss B cOOTHoweHUA (%) KoopAauHaTbl Toukm E, nony-
Ymm:

=ML=1 Y=~ =1

W, cnefoBaTeflbHO, TOYKa £ B cucTeMe KoopauHat glt q2 nmeeT Koop-
AnHatbel 1, 1
Takum o06pa3om, HeocobeHHas MaTpuua
\a,j ~rep a3
|*= V u 12 3
3l a2 ax
npu % —— n = -- gBNAeTCA MCKOMOW. Teopema fJoKasaHa.
2 1
3. TpoekTuBHble Npeobpa3oBaHUa NMOCKOCTU. Tak Xe Kak v Ang
NpoeKTUBHON npsamoli (cm. 8 6, n. 1), hopmynbl
q' — + N2<2+ b
M i 4~ bSx2+ bss
M 1+ 72272 £~ 123
M | + 732224* "33

ine
&l b2 by
6, BR bR
6« B2 B

— HeKoTopas HeocoGeHHas MaTpuila, C OAHON CTOPOHbLI, OMUCLIBAIOT
Ha NPOEKTMBHOW M/IOCKOCTU MEPEXOA OT CUCTEMbl OAHUX HEOAHOPOAHbIX
KOOpAMHAT qu g2K Apyrum q * , g ac Apyron CTOPOHbI, B PUKCUPOBAHHOM
CMCTEME HEOA4HOPOAHbLIX KOOpPAWHAT g\,q2 ONMCLIBAlOT HEKOTOPOE TOYeY-
Hoe npeo6pa3oBaHMe MPOEKTMBHOW MAOCKOCTU. ITO TOYe4HOe npeobpa-
30BaHWE MPOEKTMBHON MJOCKOCTU W HasblBalOT MPOEKTMUBHbIM.

Ecnn Ha njockocTu BBefeHa CcuUCTeMa OJHOPOAHbIX MPOEKTUB-
HbIX KOOpAWHaT pu p2 Pp3, COOTBETCTBYHLU,AA HEOAHOPOAHbIM KO-
opauHatam <, Q2 T. e.

b= — |, Kk= —
P3 P3

TO MPOeKTUBHOE nNpeo6pa3oBaHWe MNOCKOCTM, 3ajaHHOe (GopmMynamu
(*), B OAHOPOAHbIX KOOpAMHATax 6yfeT 3anucbiBaTbCA rak:

| p'p\ = bilPi-)- bl2p2-j- bidps,
Ppl = fijiPi + b2n2-f bZp2,
(P ="3iPi-f- bi2p2-f- b3p&

Huxe Mbl chopmynmpyem 6e3 gokasaTenbCTBa PS4 CBOWCTB MpOek-
TUBHbIX nNpeobpa3oBaHUil MAOCKOCTW, KOTOPble SABAAKTCS MNPAMbIMM
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06006LEHNAMN COOTBETCTBYIOLMNX CBOWCTB MPOEKTUBHLIX Mpeobpaso-
BaHWIi NpAMOi-.

Teopema 3. TlpoekTusHOe npeobpasosaHue NPOEKTUBHOW MnOC-
KOCTW eCTb B3aMMHO OJHO3HA4YHOE OTO6pa>KeHue.

Teopema 4. [na Toro 4yTobbl NPOEKTMBHOE NpeobpasoBaHue @

_ 6U9i 4~ &1 4~ M3
3191 + bR+ 733
@ 62091 4- 6r292 + &3
319 4- 63r924- 633
66110 apPuHHbIM, Heob6X0AMMO U [JOCTATO4YHO, YTOO6bLI
"3l = 732 = 0.

Teopema 4a. [Ona Toro 4yTobbl NPOEKTUBHOE MNpeobpasoBaHue
NAOCKOCTW 6biN0 adyhMHHBLIM, HEO6XOLMMO U JOCTAaTO4YHO, YTO6LI 6ecko-
HEYHO ydaneHHas npamas nepesogunacb 3TUM npeobpa3oBaHuem cama
Ha cebsa. (3pecb 04HM OGECKOHEYHO YyAaneHHble TOYKU MOFyT NepexoanTb
B Apyrue; BaXHO, 4To 6ECKOHEYHO yjaneHHas TOoYKa He MepexofuT B KO-
HeYHYH ¥ HaobopoT.)

Teopema 5 TlycTb (P—NpoekTUBHOe nNpeobpasoBaHue NNOCKO-
CTW, 3ajjaHHOe B HEOLHOPOLHbIX KOOpAMHATAax opmynamu-.

bull 4- 6je<n2 4~ M3
baili + 73292 4" "33
62191 4~ 72292 4~ 123
63i9i4~ 63292 633

12 3
y21 3 o 0.

‘33

Torga < umeeT 06paTHOe Npeobpas3oBaHue (rl KOTOPOe ABNSAETCS Npo-
EeKTWBHbIM U KOTOPOE B TEeX >Xe KOOpAuHaTax 3ajaeTca hopMynamu:
duQ\ 4- di2gn 4- M3
dsi9j 4- 739" 4~"'3
anar 4722477
2z "3ig\ 4- d32q2 +

Mpu aTom, ecnn oTob6Gpa>keHWio ( cooTBeTCTBYeT MaTpuua
B =\b, "D 23

‘31 32 "33/

TO obpaTHOMY npeobpas3oBaHuo @1 oTBeyaeT maTpuua

folt 2
D 21 -r
w3l 32 33y

ABAAlOLWanca obpaTHON Ana maTpuubl B.
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Teopema 6. [IpoekTuUBHOE Npeobpa3oBaHMe NNOCKOCTMW nepe-
BOAUT MpsMble CHOBA B MpsIMbIE.

JTa TeopemMa He MMeeT aHanora ANns NPOEKTUBHLIX Npeo6pasoBaHuit
npsmoii. [okasaTeNbCTBO €e HenoCPefCTBEHHO BbITeKaeT W3 POPMY/:

fopl = buPt t bia)Z-.f bl3p3, bn B2 iz
 pp'l —bnPit b,22-|- bi3p3 ba b2 A + ¢,
[ Prp3 —bSiPi+ bXp24- b33 bsi bz bx

3ajallMx NpPoeKTUBHOe NpeobpasoBaHMe B OfHOPOAHBLIX KOOpAMHATaX.

Teopema 7. Tlpu NpoeKTUBHbIX NpeobpasoBaHUAX MNAOCKOCTHU
CNO>XKHOE OTHOLWIEHWEe YeThlpex TOueK He MeHseTcs. (B cuny Teopembl
6 Npu NPOEKTMBHbLIX MpeobpaszoBaHMAX MPsMble NEPEXOAAT B NpsMble.
Mpn 3ToM MeXxAy To4ykamu Nt060K NpsiMoii M ee ob6pasa B HEOAHOPOA-
HbIX MNPOEKTUBHbLIX KOOpAMHATax MPOeKTWBHOe npeobpasoBaHue noc-
KOCTW MNOpOXAaeT COOTBETCTBME, OMUCbIBAEMOE APOGHO-paLMOHaNbHON

(hyHKLMeENR.)
Teopema 8 T[lpoekTuBHoe npeobpasosaHne MOAHOCTLIO Onpe-

aendeTcsa, eCcqin U3BECTHbI o6pa3b| YEThIPEX pPa3NYHbIX TOYEK NJOCKOCTMH,
N3 KOTOPbIX HUKaKNE TpPU HE nexKaT Ha OAHOVI I'IpFIMOVI.

Teopema 9 T[lpoekTuBHoe npeobpasosaHue MNOCKOCTMU MO/HO-
CThIO ONPefenseTcs, ecin W3BECTHbLI 06pasbl TPEeX pasiuyHbIX MPAMbIX
W TOUKM, He NeXKallel HU Ha OAHON W3 3TUX NPAMBIX.

§ 10. Fpynna npoekTUBHbIX Npeo6pa3oBaHUii NPOEKTUBHONA
naocKocTH

®UKCMPYeM Ha MPOEKTWBHOM MNAOCKOCTU KaKyl-HUbYAb CuUcTeMy
HEOHOPOAHbIX MPOEKTUBHbIX KOOPAMHAT qu 2 Torja Kaxgomy npo-
eKTUBHOMY MNpeobpa3oBaHWIO NJOCKOCTU <p OTBEYAET B3aWMHO OfHO3HAY-
HO Knacc HEOCOBEHHbIX MPOMOPLMOHANbHBIX KBaApaTHbIX MaTpul
TpeTbero nopsaka:

t'bu Xb12 M 1\
Abu X622  Xb23 >
Xb3l AP kb3

roe
(bn bn  bis\
B= bu bn bR
\b3 B2 b33)
HEKOTOpada MaTpuula Wn3 Knacca a ﬂ—l‘lpOVISBOI'IbHOE BELECT

BeHHoe uucno. C nomoubio MaTpuly KB U3 knacca .£<p nNpoeKTUBHOe
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npeo6pasosaHne <p B koopauHaTtax (it (2 sagaetca ¢opmynamu:

*1igx U- MN2g2 + M3
ASI?L+ &R+ B
*2191 + *2272 4~ *23
*319i + *3292 + *33

<D=

Knacc S5¢ MOXHO oxapakTepu3oBaTb Takum o6pasom. Hanpuwmep,
echm b 0, To BbIGOpP MaTpuubl B MOXHO npoussecTu, nonaras b33
paBHbIM efuHMLE.

Kak 06bl4HO, nof npou3BefeHUMeM [ABYX MNPOEKTUBHbIX Mpeobpaso-
BaHW/A M @ Mbl NOHMMaeM pe3ynbTaT MX MOC/AeLOBATENbHOr0 BbIMOA-
HeHusi. Ecnu faHbl [Ba MNPOEKTUBHbIX nNpeobpasoBaHus

a' __ all9lY~a1<2+ a13
«n «12 «13
a3l91 Y~ asz2<22 + °8»
® an a2 ars o0
a2l91 Y~ g22<2 ~h 023
FH = a 3i a3 as3

a3i9i "4~a32722 “b a33

*/71 ~b *1292 ~t~ *13

*319] + *3202  *a3 o b13
: ~21 ~22 ~23 ° :
$: _ %2191 4~ %2292 + =23 _ =0 ()
~31 >3i b33

*3i9i "4- 73292 Y- *33

TO npowusBefeHne 3Tux npeo6pasoBaHM|7|

B KOoOpAuHaTax qit q2 3agaeTcsa (DOpMyJ'IaMVI
Cu9i ~f~cl222 Y~ c13
c3191 + 3292 + ¢33

c2191 ~4~¢2292 Y~ c23
c3191 H~¢3292 + ¢33

(***)

A

roe matpuua C ecTb npousBegeHue matpuy A un B:
C = B mA.

[enctBnTtenbHo, nyctb Touyka M (qu g2 npeob6bpa3oBaHuem @
nepesogutca B TOouky M (qlt qgj, a Touka JII npeobpasosaHuem @
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B Touky M' (q\, ¢li), Torga

n — *11?! Y~ *1292 4~ *13

(6”.”'”' .l‘*xZaZt "‘I"*l»ml)’?l4' (*11°12 "b*lZa 22 l+ *13a'32) ?2 L‘}“(*Xla 13 "‘I"*12°23 l‘}"*lSﬂSB)
®3i°11 *32a2i4- *33°31) QI 4- (*31al2 “b *32a22 Y- *33°32) ?2 Y- (*31al3 4~ *32°23 Y" *33a33)
AHanornyHas opmyna cnpaBeanmBa Ans KoopauHatel 2. OT-
Clofla W BbITeKaeT Halle YTBEpXAeHMe.
OTMEeTUM, 4TO TaK Kak

det C — det B mdet A ® O,

To mMaTpuua C — HeocoGeHHas, M MOTOMY T) eCTb MPOEKTUBHOE NpPeo6-
pasoBaHue. WTaK, cnpaBeanuea

Teopema 1 lpousseaeHne NPOeKTUBHbIX NPeo6pa3oBaHnil ecThb
CHOBA MpOEKTMBHOe npeobpa3oBaHue. Ecnu npoekTuBHble nMpeobpasoBa-
HUA @ W g3ajadbl popmynamu (*) u ( *), TO WX Npou3BefeHUe 3a4aH0
hopmynamu( * , Npu 3TOM MaTpuua npou3BedeHUs npeobpas3oBaHuii
<P v T8 paBHa NpousBeAeHU0 MaTpuL 3TUX NpeobpasoBaHmii:

C = B mA.

Teopema 2. COBOKYNHOCTb MPOEKTUBHbIX Npeo6pasoBaHuii
MNOCKOCTU OTHOCMTENLHO OMepaLny YMHOXKeHWs o6pasyeT rpynny.

LoKa3aTenbCTBO. W3 TeopeMbl 1 BbITEKAeT, UTO OTHOCU-
TeNbHO OMepauuy YMHOXEHUS MHOXECTBO NPOEKTUBHLIX Npeo6paso-
BaHWA 3aMKHYTO. M3 ToWi Xe Teopembl 1 cnefyeT, yTo onepayus yMHO-
XeHuUs accouuatuBHa. [lanee, posb eAMHULbLI OTHOCUTENIbHO YMHOXe-
HWS  UrpaeT TOXAECTBEHHOe npeobpazoBaHue

A\ =
. a = 4,
C maTpuuen
0 0'
N3 Teopembl 5 n. 3 89 rn. Il BbITEKAET, YTO ANA KaXAOro Npoek-

TUBHOTO Npeo6pa3oBaHnsa ¢ ecTb 06paTHOe @1 M MMeeT MEecTo COOTHO-
WweHne
o>l = gl = e

CnpaBeannBoCTb 3TOr0 COOTHOLIEHUS BbITEKAeT M3 TOro, YTO MaTPULLb
npeo6pasoBaHUini P U (-1 B3aMMHO 06paTHbI.



ViTak, COBOKYMHOCTb MPOEKTUBHbLIX Mpeobpa3oBaHUii NAOCKOCTU
obpasyeT rpynny OTHOCUTENLHO OMepauuun YMHOXeHUs. ITy rpynny
Mbl 6ygem o0603HayaTb u4epe3 £ 2

Teopema [oKasaHa.

Onpegenum Tenepb MOHATUE NPOEKTUBHOW reomeTpuun. CornacHo
KOoHUuenuun @®. KneliHa NpoeKTUBHAA reoMeTpusi ecTb TEOpWA MWHBA-
pUaHTOB Trpynnbl MNPOEKTUBHbIX MNpeobpa3oBaHMUii.

Tak kak aguHHbIE W, CnefoBaTeNbHO, OPTOroHanbHble Npecbpasosa-
HWA eCTb YacTHble CAyyan MPOEKTUBHbIX, TO C NMOMOLLbI0 MPOEKTUBHOW
reoMeTpUM MOXKHO BKAKUUTbL B €4UHYI0 CUCTEMY NPOEKTUBHYO, adduH-
HYI0 W €BKIUAOBY reomMeTpuu. ITO MOCTpPOeHUe OyAeT CAeNaHO HUXE,
B § 12 rn. Il

§ 11./lnHun BTOpOTO nopsgka. MNonspHble Npeo6pasoBaHuUs

1 JInHun BTOporo nopsaka. B ganbHeiem paccMOTPeHMe reo-
MeTpuUyecknx 06pa3oB Ha NPOEKTUBHOW MNOCKOCTM Mbl 6yaeM npo-
BOAWTb B O4HOPOAHbIX MPOEKTUBHbIX KOOpAMHATAX p 2, P3- 310 nos-

BOZINUT MpPU U3y4YeHUun NINHKIA BTOPOro nopsagka BECTW NnapannenbHO WUC-
cnegosaHue ,D'BOVICTBEHHbIX K HUM TeOoMeTpuyeckKmnx o6pa3OB—nyq-
KOB BTOpPOro Knacca.

I'IpMBe,qu onpeneneHnA NNHWIA nepeoro U BTOPOro nopAnkKos u ny4y-
KOB MepBOro W BTOPOro Knaccos.

JIuHueii nepsoro nopsgka Ha- MyykoM nepeoro knacca Hasbl-
3bIBA€TCA COBOKYMHOCTb TOYEK, BAaeTCcA COBOKYMHOCTb MPSAMbIX, NPo-
O[IHOPO/JHbIE MPOEKTUBHbIE KOOP- EKTUBHbIe OAHOPOAHblE KOOPAUHA-
[JNHaTbl KOTOPbIX Y[OBNETBOPAKT  Tbl KOTOPbIX YAOBNETBOPSIOT ypaB-

ypaBHEeHMIo HEHWIO
APi+ u°p2+ “3P3= 0. «iPi + NP2+ «3P° = 0,

T. €. IMHUS NepBOro nopsigka — T. €. My4YOoK MepBOro Knacca —

9TO COBOKYMHOCTb TOYeK, JieXa- 93TO COBOKYMHOCTb MPAMbIX, MpO-

WUX Ha OJHOW NPAMOWA. XOAAWMX Yepe3 OfHY TOUKY.
JNinHuein BTOporo nopsgka Ha- lMyykom BTOpPOro Knacca Hasbl-

3blBaeTCA COBOKYNHOCTb TOYeKk, BaeTcCs COBOKYNHOCTb npamMblX,
OJHOPOAHbIE MPOEKTUBHbIE KOOP- MPOEKTUBHbIE OLHOPOAHbIE KOOp-
AVHAThl KOTOPbIX YAOBMETBOPAIOT  AMHATbl KOTOPbIX YAOBNETBOPSOT

YpaBHEHUIO YpaBHEHUIO
3 3
ylo PP, — 0. at|t2” ) 0.
[, +>=1

AHaNorM4yHo onpefenseTca noHATue NVHUA n MYYKOB TPETbEro, 4eT-
BepTOro M T. 4. NOPAAKOB W KnaccoB. TakK KakK B O4HOPOAHbLIX KOOpAU-
HaTaxXx TMPOEKTUBHbLbIE npe06pasoBaH|/|ﬂ ONUCLIBAKOTCA NINHEHbIMU oa-

221



HOPOAHLIMU (YHKUUAMMK, TO MPU MPOEKTUBHbLIX Npeo6pa3oBaHUAX Co-
XpaHsAlTCa NopsAoK U OfHOPOAHOCTb anreGpanuyecknx opm

OTctopa cnefyeT, 4To NOpAfOK NUHUIA €CTb WHBAPUAHT MPOEKTMBHbIX
npeobpa3oBaHuii.

PaccMOTpMM, KakK OnucbiBaeTcs MpuM NPOEKTUBHbIX Npeo6pasoBa-
HUAX npeo6pasoBaHue NpsaMbIX. MycTb

UiPi + U22~r 3= 0
— ypaBHeHWe NpPOM3BONLHON NPAMON | B OAHOPOAHLIX KOOpAWHATAX.

MycTb

bl;p;+n'patn;p'=o0 0
— ypaBHeHMe obpasa npsmoil | — npamoi |I' npu NpPoeKTUBHOM npe-
06pasoBaHum

(P'P[ = cltp\+ cnpr+ cl13p3
| PP2~ CilPl  C2Pi"b C23P3i

( PPy = c3iPi c32P%~b c33P3%

OTctofa ypaBHeHWe npsimoin /' nMeeT BUA;

—7 1 1(cnPi+ ci2Pr+ ci3P3)"T bl2(c2iPi+ c2aPa“b craP3)+ u3 (c3iPi
P

'f~c3rPr "bcssps)] =0 (*)

Tak Kak ypaBHeHUsa (*) n (J ) ecTb ypaBHeHMUs OAHON W TON Xe npa-
MO, TO

KCllUl+ C2m'Tt C3wm3) Pi (ClUu1+ Cc2U24~ C321m "9) Pi “b (CI3U IH ~
+ cZl; + cm'Y p3 = LU{UIPi+ nrp2-f L3P3).
Monaras a — p'p, Hangem:.

mauj = cau[ + Cun'a+ cuul,
OMZ_AM«! “I:J QlUZ‘j' C%a '\)
a«3= Cu, -j- cu2-j-cBI3.

®opmMynbl (***) onucbiBalOT CBA3b MeXAY OAHOPOAHbIMU KOOpAUHATa-
MU NpsSMOI 1 ee o6pasa MpU MPOEKTUBHbLIX NPeoBpasoBaHUAX. M3 stux
(hOpMYyN BbITEKAET, UTO KNacc Myyka NPsMbIX €CTb WHBApPWAHT MNpOekK-
TUBHbIX NPeo6pa3oBaHuit.

Takum o6Gpasom, cnpaBegnuea

Teopema 1 MoOHATWUA NTMHUKM JAHHOTO MOPSAKA U Mydyka faHHO-
ro Knacca CyTb WHBApUMaHTbl MPOEKTUBHOW reomMeTpuun.
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B fanbHeiilueM OCHOBHOE Halle BHWMaHWe 6yAeT HamnpaBneHo Ha
NMPOEKTUBHYIO KNacCU(MKaLMio NUHWIA BTOpOro mnopsfgka. BaxHyto
po/ib B 3TOM MCC/el0BAHUMN UTpaeT Teopus Nonsp.

2. Monsipbl U WX OCHOBHbIE CBOWCTBA. [lycTb Ha MPOEKTUBHON
MA0CKOCTU BBeAeHbl O4HOPOLHbIE TMPOEKTWBHbIE KOOPAMHATbI puU p2
p 3. PaccMOTpUM HeKOTOpYK NMHWUIO L BTOpPOro nopsagka
3

U PPk = 0 (< = %),

YpaBHEHME KOTOPO B MOAPOGHOI 3anucu UMeeT BUA!
anP\ + 2QuPiPi + a®p\ + 2ai3Pip3+ 2a2»3+ a3Pp\ = 0.

bygem rosoputb, 4TO
Toukn P v QrapmoHuyec-
KW pacnono><eHbl 0THOCK-
TeNbHO NWHWUK BTOPOro
nopsgka L, ecnm TouKku
P, Q  Mun Mr obpasywT
rapMOHWYECKYID  YEeTBEp-
Ky. Uepes Mi uM 2 (puc.
113) 0603Ha4YeHbl TOYKU
nepeceyeHus nnHum L c
npsamoit  PQ. Adpyrumu
cnosamn, TOuYkM P u Q
rapMoOHWYecKyM pacnosno-
XE€Hbl OTHOCUTE/NIbHO JIN-
HUM L, ecim napa TOYek
P, Q rapmoHM4ecku conpsikeHa c napoit Touek Mun M 2-
MHO>@XeCTBO TOYEeK, FrapMOHWYECKM COMPSXKEHHbIX C (UKCUPOBAHHOM
TOYKON P OTHOCWTENbHO NMHUM BTOPOro nopsigka, HasbiBaeTCA MO A -
poii To4YkM P OTHOCUTENbHO 3TON NUHWK.
Huxe Ham 6yfyT MonesHbl crefyrouine NeMMbl.
Nemma 1 MNycTtb | — npamasn, 3agaHHas B O4HOPOAHbLIX KOOP-
AVHaTax ypaBHeHWEM
uiPi + wrpr + nsP3 = 0.

MycTb, ganee, A (an a2 a3 n B (bu b2 b3 — ase Touku npamoit .
Torga nmapameTpuyeckoe 3afaHue npamoii | B 0AHOPOAHbIX KOOPAMHAT ax
MMeeT BUL-

Pi= °i+ tbu Pi=az+ ib2, P3= fI3+ th3

rae (— co, -{- oo).
JokKkas3aTenbcTBO. TaK Kak
UiOj + «aar+ n&x3= 0, Ufbi + n2b2+ uds = 0,
223



TO Npu NO60M 3HaYeHUUM t £ (—O00, +00) UMEEM:
3 3 3 3
YiuiPi= 4 m ar+ ~n= y'n-fi*-t £ unibi =0.
r=1 1=1 (=1 i=i
CnepoBaTenbHo, Touka P (pX p2 p3 npuHagnexut npamoi /. MycTb
Tenepb Touka P [plt p2, P3) nexut Ha npamoli |. Torga M3 BbINOMHEHUS
COOTHOLLEHWUIA
ufii -f 222+ nm3= Q
“A CHEN + %303 = *)
\P\ 4* urPr+ wnspP3 —O
cnegyet, 4To

a, a2
*1 K bs o}
Pi Pr P3

Tak KakK CUCTeMa OAHOPOAHbLIX YypaBHEHWi (*) MMeeT HeHyneBoe peLle-
HUe blb U2, V3- T03TOMY CYLLECTBYIOT O[JHOBPEMEHHO He PaBHbIe HY/0
yucna a U p Takue, 4To

pi = aal -\-*bi (1=1,2,3).

Tak KakK TOUYKYy P MOXHO cuyMTaTb OTANYHOW OTTOYEK A 1 B, To o6a uuc-
na a u P OTAWYHBLI OT Hynd. [103TOMY MOXHO 3anucaTb, 4TO

Pi= « ( + - bi)= < («;+ fy),

rae t P OTctoaa cnefyeT, 4YTo Touka P MMeeT OfHOPOAHble KOOPAU-

Hatbl (at + a2+ N 2»«3 + "3).
Nlemma pokasaHa.
Nemma 2. MNycte Mt (p/, p2, p3) (| =1,2,3, yeThipe
TOUKW, Ne>kalme Ha OAHOW npsmoi. Torga
p\ p; P\ =Y
(Mu M2, M3 M4 H p P\ P3
p\ P\ P\ p\
P\ p3 P\ p\
p\ P
(MIt M2, M3 W= P§ p\ P4 Pp.
p\  p3 P2
p\ P3 R

Ecnn, Kpome ToOro,
[ Pa= P*+FP* (ft=1,2,3),
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— HeoAHOpPOAHbIe MNPOEKTUBHbLIE KOOPAWHATbLI, NMOCTPOEHHbLIE MO KOOpP-

AnHaTam pun p2, P3- Kak Mbl 3HaeM,
3 1
- | : - 3
(Af, M2 M, MJ TRy AR \— s\ ;fﬂé.
ar Al A~ Al a- A B

3aMeHss B TMocnegHUX (opMynax HeoAHOPOAHbIE KOOpAMHATHLI (),

Pi ) o
< Yyepes OTHOLWEHWE OAHOPOAHbLIX KOOpPAUHAT —, —Pjr ANa  KaXaon
P3 P3

Toukm M; (t = 1, 2, 3, 4), nocne NpPOCTbIX BbIYUCIEHUA MNONYUUM:

Pi P p? Pl
[Mj, MR M3 M4 = P3 P3 P3  P3 e
Pi  Pi p?  p\
Ps  P3 P3  P3
4 1
P2 P2 Pr Pr
(M, WR: M3 Al] = P3 P3 P3 P3 (2)
Pr P2 PrPr
P3  P3 Ps P3

Ecnn Tenepb Ana KoopauHat Toyek M 3 u JI14 cnpaBefnuBbl COOT-
HOLLeHunA

p\ P\"b "PK'
Pl = Pl + MPI, k=12 3)
IP*4~ Apj Pl Pl 4- MP? p!
(W M2 Ma M j 1P34- ~Pi P3 P?34 3/Pf P32
I'p\ p\+ xp\ p pl" 4- HpT
IP3  P3+ "P3 P3  p'4- UP3
q Pl pt p?  p!
Ps  Ps3 P3 P3 A
Pi p| Pl p!
Ps  P3 Ps  P3

b W. 4. BakenbmaH 225



3aMeTUM, 4YTO ecnu P\ P\ = 0, 10 Ham npuwnock 6bI MOb30-
Pl P\

BaTbCA opmynoi (2) U MCnonb3oBaTb OTANYME OT HYAS PI P\ 06a
P\ P\

onpepenutens P\ P\ PP\ e MOTyT OAHOBPEMEHHO ObITb
P\ P\ P\ P\

paBHbIMM Hyno, Tak Kak Torga p\\ p2:p\ = p\:p\:p\ uto
HEeBO3MOXHO, MOCKONbKY TOYKU n M2 6epyTcs HecoBnapgako-
LW MMN.

Nlemma [oKa3aHa.

CnpaBegnunBa cnegytouias Teopema.

Teopema 2 T[lonsipa Bcerga sBASeTCA MNPAMONA.

LokaszaTenbcTtBoO. [lycTb KoopauHatbl Todek P n Q cooT-
BETCTBEHHO paBHbl Pi, pb p3 u gb gz, B MycTb, ganee, M — ntobas
Touyka npamoii PQ u xu x2, x3— ee kKoopAuHatbl. Torga (nemma 1)
ONd KOOpAWHAT TOYkKM M cnpaBefdfivBbl QOPMYbl

X. = Pl+ XA

2 = Pr+ Yi,

x3 ~P3 + /%'
O6uwme TouykM nuHUM L u npamoli PQ Mbl HailieM, ecnM B KayecTBe K
BbIGEPEM KOPHU 7 KBafpaTHOr0 ypaBHEHWS

3

2 aik (Pi+ «4i) IPk+"[K) = o.

i. fe=i
KOTOpOe MOXXHO nMnepenmcatb Tak:
3 3 3 3

' aikPidk+ S aikPkQi)+ S aikPiPk = 0.
1. k=14=1

12
i. kel (k=1
Tak kak alh— abl, TO 370 ypaBHeHWe NPUHUMAET BUA:

A S aihsk+ 2A S aikPifk+ 2 “ikPiPk = 0.
. k=1 ikl i fed

M3 nemmbl 2 BbITEKaeT, 4TO
(P, Q;Mu MJ

n Tak Kak P, Q, M4 Mr rapmMoOHWYECKN COMPSXKEeHHble, TO
(P, Q; Aft, N)= - 1



BcnegctBme qopmyn Bueta vMeem:
3

2 aikPi<ik = o»
1.6=1

TakK Kak -j- K — 0* PaccmaTpumBan 3fecb KOOpAWMHATbl TOYKM P Kak
(DUMKCUPOBaHHbIE YKUCNa, @ KOOpAMHATbl TOUKM Q KakK KOOpAWHATbI Te-
KylWeid TOYKM, MoAyyvyaem ypaBHEHME MOonspbl TOYKM P OTHOCUTENbHO
MHUNM  L:

2 aikPiQk = O
it k—i Q

OTctoga cnefyeT, 4Tto monspa ecTb npsamas. Moapo6Has 3anucb ypas-
HEHMS TONsAPbl TakKoBa:

(«MPi + «2172 + a3iP3)<7i + (oupi + AZP2+ a3pIq2+ (aldpi +
-H4YaPa + a3%3q3 = 0.
Teopema [oKasaHa
Monoxum

3

® (Pi, Pr, F§= 2 aikPiPk-
1, k=1

Torpa YPaBHEHME NONAPbLI NPUMET BUA:

AD | no | a® A
dpi  pp2 ap3

JT0 ypaBHeHMe Mo hopme 3anucu npeAcTaBnseT co60li ypaBHeHMe
KacaTeflbHOW K NUHUN

¢ (Pi, Pr, P3) = 0

B Touke (pi, p, p3), KOTOPOe XOpOLIO M3BECTHO U3 Kypca aHanusa. OT-
Clofla BbITeKaeT crefytollas Teopema.

Teopema 3. Ecim Touka P Ne>KUT Ha NMHUMBTOPOro Nopsmka,
TO NONAPOi eesBAseTCA npamas, KacaTenbHas K [aHHOW NNHUKN B
Touke P.

Teopema 4. Ecnm nondpa Touyku P npoxoauT uyepe3 TOUKy Q,
TO nonspa TOYKM Q MPOXOAWT 4Yepe3 TOUKy P.

LJokaszaTenbcTBO. ECAu pit p2 P3— KoopAuHaTbl TOUKM
P, To nonapa TOouykn P uMeeT ypaBHeHWe

2 aikPixk = °
I, k
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necnm qu (g2, q3— KoopAuHaTbl Touku Q, To nongpa Toukn Q umeet
ypaBHeHune
3

2

1 k=1

Tak kKak alk = akl, T0
3 3

2 = 2 akiPk4r
L k=1 Nfed
|_|03TOMy COOTHOLIEHNE
3

2fe=| aikPi(tk ~ 0.

Bblpa)katoLee, YTo Touka Q NeXWUT Ha monspe Touku P, BneveT 3a co6oi
COOTHOLLEHNE

3

2 aivdiPk = 0,
nokasblBalllee, 4To Touka P nexuT Ha nonspe Toukm Q.

Teopema foKasaHa.

Teopema 5 Ecaum u3s Touku P K nMHUK BTOpOro nopagka L npo-
BefleHbl KacaTeflbHble, TO TOYKW KacaHua nexkaT Ha nonape TOukun P
(cm.  pHc. 113 Ha cTp. 223).

LokaszaTenbcTBO. [JelcTBUTEeNbHO, ecan qt — KacaTenb-
Has n Q] — ee TouKa KacaHusa K MHUKW BTOpOro nopsagka L, To no Teo-
peme 3 npamas <i aBnseTca nonspoi Toukm Qt. Slanee, Tak Kak nps-
mMas (i NpoxXoAuT yYepe3 TOUYKY P, TO K3 Teopembl 4 BbITEKAET, YTO Nosspa
TOYKM P npoxogut yepe3 Touky Qt. AHalOrMyHoO LOKa3biBAeTCH, 4TO
nonspa P npoxogut uepes Q2.

3. Montoc. TMonsipHoe npeobpasoBaHue. MycTb L — HekoTopas nu-
HWA BTOpOro nopsgka. Ecan npsamas p ecTb nonspa TOYKM P OTHO-
CUTENbHO NMHUK L, TO Touka P HasbiBaeTCA MONKOCOM NMPAMONA p.

MycTb

UM+ «2*2 + U3*3 = 01 *)

—npoun3BonbHasa npavas. Haligem ee nontoc. Ecnu
3

2 aikPiPk = 0

— YypaBHEHMWe NMHUM L, TO ypaBHeHUWe NONsApbl OTHOCUTENbHO L Ans
HeKOTOpPOA ToukM (PU pb pi) UMeeT BuUL:

1 3[eCb U HWXe OJHOPOAHbIE KOOPAWHATbI TeKylleli TOUKM NpAMoi 6ygem
0603HauaTbh xt, x2, x3.
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) %—I aikPixk = (<41R+ a2lpr 4 amp.) X, 4 (a1, 4- 4-
i, A=
+ @*ad- (H+ Pt @B*3=0

Ona Toro uto6bl Npamas (*) uMena nNontoc, Heo6XoLMMO, YTOObI OHA
6bina nonapoii. MoaTomy ecnu CywecTBYIOT Takue uucna pu p2, Ps,

yTo
+ UPU~<AP2+EIP3=.
«RP 4- ot @3 = <« (*)
AP+ ZFP2REFB= A3
To Touka P c KoopAuWHaTamMu pb p2 p3 U GyaeT NOMOCOM MpPSMOi p.

Cuctema (*) vMeeT pelleHns nNpu NObIX Hb M2, W3 B TOM U TOMbKO B
TOM Ccfnydvae, Korja onpeaenuTenb

a21 «222 23

o 3B

OTNMYEH OT Hyna Takum 06pas3om, MPUXOAUM K Teopeme.
Teopema 6. Ecnm nuHua BTOporo mnopsagka L:
3

aikplpit * © («1* - 0%i).
I, *=
YOO0BNETBOPAET YC/NOBUIO
«11 «12 «13
«21 «22 «23 d o.
«31 «32 «33

TO OTHOCUTENbHO L Kadkjas npsmas uMmeeT MonoC.
JiuHnmn BTOpPOro nopsgka, Ans KoTopbix /1 ¢ O, HasbiBalOTCA He-
BbIPOXK J€HHbBIM U, a NuUHUKM, AN KoTopblx A = O, HasblBalwTCH

BblPO>X JEHHbIMMW.
MycTb Tenmepb PW pPr, p3— KoopAuHaThl Toukn P. Ecnu cocTaBs-

NATbL ypaBHeHWe nonapbl ANA TOYKM P OTHOCUTENbHO NMHWW BTOPOro
nopagka L:
3

2. <PAR=0>
TO HE WCKNK4YeHa BO3MOXXHOCTb pPaBEHCTB:

1«¢H 4" @R+ 3= 0.
dA P2 @aB= (*%)
H4 HHbePB=0Q
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M3 3TMX COOTHOLLUEHWI/ BbITEKAET, YTO

£ =0

W, cnefoBaTeNbHO, ToYKa P npuHagnexuT nmumm L. Tak Kak COOTHO-
WweHnsa (***) He galT BO3MOXHOCTb OMpeaenuTb Nonspy Toduku P, To
Mbl MPUXOAUM K BbIBOLY: HeonpedeneHHyl nonspy MoryT WMeTb TOfb-
KO TOUYKM, PacrnofoXKeHHble Ha AAHHON AWHUKM BTOPOro MOPALKa.

Ecnn nuHna L HeBblpoXpaeHHasd, To A @ 0 u cuctema (***) Hecos-
mecTHa (peweHue Pi — Pz = p3 = O ucknuaetcd). Mo3aTtomy OTHO-
CUTENbHO HEBBLIPOXAEHHOW NMHUKM BTOPOr0 MNOpPAAKa BCE TOUKWM UMe-
0T onpefesieHHble MONApbI.

Myctb L — HekoTOpas HEeBbIPOXAEHHAA /IMHMA BTOPOro MNopsAAKa.
OTHeceM Tenepb KaxAoh TOUKE MIOCKOCTU ee MoNfpy OTHOCUTeNbHO |,
a KaXJoi npsMoi NiocKocTu ee nomoc. Tak Kak L — HeBbIpOXAeH-
Has NNHWA, TO KaXXAON To4yke P OTBeYaeT BMOJIHe OnpefeneHHas nps-
Mas, a KaXJoi npsamMoi — BMOMHe onpefefieHHas Touka. [pu 3TOM,
OYEBU[HO:

a) pasHbIM TOYKaM OTBeYyalT pasHble NPAMbIE;

6) pasHbIM MPAMbIM COOTBETCTBYIOT pasHble TOYKK;

B) TOYKE MepeceyeHus [BYX NPAMbIX COOTBETCTBYET npamMas, coeau-
HAloWaa WX MNOMChl;

r) NpsMOiA, COEAMHAIOWLEA [Be TO4YKM, COOTBETCTBYET TOuKa nepe-
ceyeHusa wux nonqp.

YTBEepXeHUA B) U I) CYyTb NpAMble CNeACTBUA Teopembl 4.

Takum o06pa3omM, npy YKa3aHHOM COOTBETCTBUM Kax oW durype
G, cocToflleil M3 TOYEK U MpPAMbIX, OTBeyaeT HekoTopasa ¢urypa G/,
KOTOpas HasbiBaeTcs NOAAPHbIM NpeobpasoBaHneM ¢urypsl G oTHOCHU-
TeNbHO [aHHON NuHUKM BTOpOro nopsgka L. Ecnu durypa G' ectb no-
napHoe npeo6pasoBaHue gurypbl G, To urypa G B CBOH oYepefb fAB-

nfeTca NonspHbIM NpeobpasoBaHuem u-
rypol G'. ToaTomy durypel Gu G' ec-
TEeCTBEHHO HasBaTb B3aWMMHO nNO-
napHblMu. durypa G, cosnagawowas
CO CBOMM MOAAPHBIM MNpeobpasoBaHuem
G', Ha3blBAETCA aBTONONAPHOW.
MpocTelilMM NpUMEpoM aBTOMONAP-
HOM urypbl sSiBNAETCA TaK Ha3blBaeMblil
aBTONONSAPHbIA TPEXBEPLMNHHNK. Y Ka-
Xem crnocob ero noctpoeHus. TlycTb
P — npoussonbHas To4yka, p — ee nmno-
napa, Q— npous3BoOnbHas TO4YKa Ha p,
g — nonspa Touknm Q, R — Touka ne-
P pecedeHuss nonap p H g W, HakoHew, I —
Puc. 114 nonspa Toukn R. o Teopeme 4 npamas
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q nporger uepes Touky P, a npamas r uepes Toukm P u Q.
OTcloja BMAHO, 4YTO reoMeTpuyeckas qurypa, coctosuwias u3 Toyek P,
Q, R v npsambIX p, q, I, aBtononspHas (puc. 114). 31a urypa v Hasbl-
BaeTCA aBTOMONAPHbIM TPEXBEPLUNHHUKOM.

4. MpoekTuBHaA Knaccuukaums NuHWA BTOporo nopsgka. C Kax-
[0 NMHWel BTOPOro nopsijka CBSXKEM CUCTeMY OAHOPOLHbLIX NMPOeKTUB-
HbIX KOOpPAMHAT TaK, 4YTOObl ypaBHeHWe 3TOW SIMHUWM MMeNo Hambonee
npocToii BuA,

MycTb L — npou3BonbHas AMHWA BTOpPOro nopsagka. Boibepem BHe
3TON NIMHUN HeKOTOpYH TOuKy J14. N3 pe3ynbTaToB MYHKTa 2 HacTos-
wero naparpada cnegyet, uto y Touku AfecTb BnonHe onpefeneHHas
nondapa at oTHOCUTENbHO NUHWUKM L. Cuctemy OAHOPOAHbLIX MPOEKTUB-
HbIX KOOpAMHAT XK X 2, X3 BBefeM Tak, 4Tobbl Touka J11 nmena Koopau-
HaTbl (1, 0, 0), a ABe MNPOM3BOAbHbIE TOYKK J12 1 J13 npsmoii nmenun
koopguHatel (0, 1, 0) n (0, 0, 1). EamHnunyto Touky E (1,1,1) Bbibepem
npoun3BofibHO. [lycTb

3

2 aik*id=o0

£ k=1
— ypaBHeHue NuHUKM L. Tak Kak npaMas J12/13 umeeT ypaBHeHUe
Xi = 0,

TO, UCMOAb3yAa TOT d)aKT, YTO OHa eCTb nonfdApa TOYKKU A'i oTHOCKTENb-
HO NuHMM L, noaydyum, uTto

«12 = 0, «13 = o.
[encteutensHo, ecnm pu Pr, P3 — KoopAnHaTbl Toukn P, To ypas-
HeHWe nonsApbl 3TOW TOYKM MWMeEEeT BUA:

(ap + a2ip2+ a3lps) xt-f (apg -f aZp2+ ap,) xz+

" («13P1 ~t* «23P2 ~\~ «33P3) X3 —
Tak Kak Touyka J14 nmeet koopguHatbl (1, 0, 0), To nonspa 3To TOUKK
UMeeT ypaBHeHue

auxi + alx2+ aux3= 0.
Oanee, npamaa A 213 nmeeT ypaBHeHue
Xx = 0.
OTtcropa

«l2~ «13 — 0.
Takum 06pa3oM, ypaBHeHWe NMHMM L TakoBoO:

«117M "l «22*? -j- 2ax X 3-)- a3 = 0. **%*

Ecnn a23 ¢ 0, TO Mbl MOXXEM YMNPOCTUTb ypaBHeHMe L 3a CYeT HeKoTo-
poii cneynannsauum B Bbibope Touek J12, /13, VimeHHO TouKy J12 Bblbe-
peM Ha npsamoi J12/13 npon3BO/abHO, HO TakK, 4To6Gbl OHa He MpuHaae-
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Xana nuHmm L. 3T0 MOXHO cgenatb, M60 npu a23¢ 0 Ha npsMo»
X\ — O
cywiecTBytOT Touku (0, p2, p3), 4N KOTOPbIX

a2p| + 2028+ «&@Bo o

B kayecTBe TOYKM J13 BO3bMEM TOYKY MepeceyeHus MpsiMoi =0
c nonspoi Touknm A 2- Takum obpa3om, npoussona B Bblbope Touku A3
yX€e HeT, NOCKO/bKY TOoYKa J12 He NeXUT Ha nMHuM L u, cnepgoBaTenb-
HO, WMeeT OnpefeneHHy Monspy.

TakuMm o06pa3om, MNOCTPOEHHas Hamu CUCTeMa O4HOPOAHbLIX MPOEK-
TUBHbIX KOOPAMHAT XU X2, X3 NOPOXAaeT aBTONONAPHbLIA TpexBepLUnH-
hhkv4j/42 A3 TMpamasa /1N 3, nvewowas ypaBHeHue

x2 — 0,
ecTb nonapa Touykum J12(0, 1, 0). [loactaBnsas KOOPAWHATbI  TOYKK
A2 (0, 1, 0) B ypaBHeHMe nonspbl (* * *), nonyuymm ans npamoin U 3
ypaBHeHue

a2ixXi + a2x2+ «23M3 = 0.
Tak Kak a2l = al2 — 0, To ypaBHeHue npsamoii J1M 3 NpUHUMaET BUJ
«22*2 + «23*3 = 0.

Tak KakK ypaBHeHUA
a2x2+ azx3=0

n
x2—0
onpenenslT O4HY W Ty Xe npamyw J1N3, TO
azs=0-

NTakK, BbiGMpas Hagsexawum o6pa3om CUCTEMY OAHOPOAHbIX MpO-
eKTUBHbIX KOOpPAWMHAT, Mbl BCErga MOXeM NpuBecTU ypaBEieHue nto6oii
NUHWK BTOpPOro nopsaaka L K Buay

aux] + a2x\ + a3x\ = 0. )
He Hapywas 06LHOCTA, MOXHO CYMTaTb, YTO B COOTHOLIEHMAX MEX-

Ay KoapgumumeHTamu ypaBHeHusa (I) MoryT npeacTtaBUTbCS TPU BO3MOX-
HOCTW :

a) a2 = ax3— 0. Torga ypaBHEHME WUMeeT BWA;
x\ = 0, (13
W ero ganbHeiwee ynpoweHne HEBO3MOXHO.

6) "33 = 0 mand¢ 0, a22¢ 0. Torga npu nomowmy npeobpaso-
BaHUS KoopAauHaT

x\'= V~VIxi, *3= Y Wi\ xr*3=x3
ypaBHeHue (I) npuBogmTCa K BUAY
tx[2ex™ = 0. (16)
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B) ny & O az22®d O axdd 0. Torga nocne npeobpasoBaHUs Koop-
AnHat

x\' = V JaH| xu x' = K |a,l *' = Klaszl *3
ypaBHeHue () npuBegeTcs K BUAY
+ x[ £ x2 + x3 =0. (1B)

YnpolweHns ypaBHeHWSl, KOTOpOe MPOU3BOAATCA B MYyHKTax 6) u
B), NPOBOASATCS MpU BbIGPAHHOM MOM0XeHuM Touek JSib Ar, A33a cuer
M3MEHEHNSA MOMOXEHUS eAUHUYHON Toukun E.

MpocTeiwmne ypaBHeHus | a), 6), B) AMHWM BTOPOro nopsgka Ha-
3bIBAlOTCA KAHOHWYeCKMMUW. Tpy MOMOLM HaANeXallero U3MeHeHUs Hy-
Mepauumnm KOOpAMHAT M YMHOXeHMs Ha (—1) 3TM ypaBHeEHUs MpUBO-
LATCH K chnegylowum:

xX* = 0; (@)
A Sl 0
2 ) ®)

YpaBHeHune (1) onpefenser AsaxAbl B3aTyto npsmyt xt — 0. lNep-
BOe U3 ypaBHeHWil (2) onpegensieT Touky (0, 0, 1), BTOpoe ypaBHeHUe
onpefenset napy npambix

Xi + x2—0, x, —x2=0.
Bce nuHum BTOporo nopagka (1) u (2) BbIpOXAEHHbIE, TaK Kak

100 100 1 00
A= 000 =0 A= 010 =0, A= 0—10 -0
000 000 0 00

YpaBHeHus (3) onpefenstoT HEBLIPOXKAEHHbIE NWHUKU BTOPOro Mo-
pPAAKa, MOCKONbKY

MepBoMy u3 ypaBHeHUI (3) O0TBeyaeT MyCTOe MHOXecTBO. BTopomy u3
ypaBHeHUn (3) oTBevaeT KpuBasi. OHa Ha3biBaeTCA OBa/lbHOW KPMWBOIA.
OBanbHaf Kpueas pa3bumBaeT MPOEKTWBHYI MIOCKOCTb Ha ABe 06na-
CTW, U3 KOTOPbIX MepBas XapakTepu3yeTca YC/0BUEM

* *
2+ *2 3< 0

M Ha3blBAETCA BHYTPEHHE, a BTOpas  YCMOBUEM
X\ + A2 0]
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M Ha3blBaeTCcA BHellHeil. MpaMas x3 — 0 He MnepecekaeT BHYTPEHHIOH
06nacTb, MOCKONMbKY Mpu x3= 0 HepaBeHCTBO

X*+ x2< O

HEBO3MOXHO. [103TOMYy ANs BCEX TOYEK BHYTpeHHei ob6nactm x3® O,
M Mbl MOXeM BBECTM N5 HUX HEOAHOPOAHble MPOEKTUBHbIE KOOPAMHATI

l_k X1 <72 X’e
Ty PTG

B HEoAHOPOAHbLIX KOOpAMHATax BHYTPEHHAS 06/1acTb XapakTepusyeTcs
COOTHOLLUEHMEM

N+ U< 1

W, CrefoBaTesibHO, TOMONOTUYECKW 3KBMUBANEHTHAl eBKAMAOBY Kpyry,
TaK KakK MOoCPeACTBOM HEOAHOPOAHbIX KOOpAMHAT gt W (2 BHYTPeHHAS
o6nacTb oToGpaXkaeTcsl Ha OTKPbITbIA KPYyr €eBKAUAOBOW MIOCKOCTM
B3aMMHO OZHO3HAYHO W B3aMMHO HeMpepbiBHO.

§ 12. TeopeTUKo-rpynnoBbie MPUHLUNBLI TEOMETPUKn

1 MpoeKkTUBHAA rpynna U ee OCHOBHble MOArpPynnbl. MycTb Ham
fJaHa eBKAMAOBa MNJOCKOCTb. BBeaem Ha Heil feKapTOBY CUCTEMY KOOp-
AWHAT XU X2. PaccMOTpMM Tenepb MPOEKTUBHble Npeobpa3oBaHUs eBK-
nnpoBoi nnockocTu. Kak Mbl 3HaeM, B AeKapTOBO/ CUCTEME KOOpAU-
HaT NPOEKTUBHbIe Npeobpa3oBaHna 3a4al0TCA 4POB6HO-TMHEWHbIMN (DYHK-
UMAMU  KOOPAMHAT:

°11*1 ~b al2x2 ~b a13
°31*1 -b °32/M2 + a3B

a2lx1~b a22x24 a23

X.
a3lx1l+ a32n2 + a3
npuyem
“n 12 * 13
«21 «22 «23
«31 «32 «33
B § 10 rn. Il 6bI10 yCTaHOBNEHO, YTO COBOKYMHOCTb MPOEKTUB-

HbIX Mpeo6pa3oBaHMii OTHOCMTENbHO OMNepaLuuM YMHOXeHus obpasyeT
rpynny. 9Ty rpynny Mbl 0603Havyanu 4depes £ 2

Mo3TOMYy MPOEKTUBHYK TFeOMETPUIO Mbl paccMaTpuBaem KakK Teoputo
WHBapUaHTOB rpynnbl 2.

1 [1Be Mrypbl HasbiBAOTCA TOMONOTMYECKM IKBUBANEHTHLIMU, €CAU MHOXe-
CTBO TOYEK OAHOMN U3 HUX [OMYCKaeT B3aMMHO OfHO3HAYHOE U B3aMMHO HeMpepbIB-
Hoe OTOGpaXKeHWe Ha MHOXECTBO Touyek Aapyroi. (bonee nogpo6bHo 06 3TOM CM.
B§1 rn
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PaccmoTpum 60nee nogpo6bHO BONPOC 06 MHBapuaHTax rpynnbl Npo-
eKTVWBHbIX npeobpa3oBaHuii. Ha3oBem WHBApUMaHTOM M NPOWN3BO/bHbLIX
TOYEeK OTHOCUTENbHO rpynnbl V © ckanspHyo dyHkyuio f(Mt, M2 =,

, Mn), He paBHYl0 TOXXAECTBEHHO MOCTOSHHOW, HO MPUHUMA L e
O[JMHAKOBble 3HAYeHWA Ha TakKux cucTemax N TOYeK, KOTOopble Nepeso-
AATCA ApYr B Apyra C NOMOLLbI0 NMPOEKTUBHOIO npeobpa3oBaHus.

MpoekTuBHaa rpynna (Tak Mbl OyLeM HMXe HasblBaTb rpynny~? 2
He UMeeT WMHBAPUMAHTOB OT TpPeX U MeHee Touek. [eACTBUTENbHO, €C/un
6bl TakoW WMHBapuaHT CYL,ecTBOBAN,TO OH ANA MIO6bIX TOYEK MPUHUMAnN
6bl BCerga OA4HO M TO XXe 3HauyeHue, MOCKO/bKY NPOEKTUBHbLIM Mpeobpa-
30BaHWeEM [Be Nt06Oble TPOMKM TOYeEK, HE nexallne Ha OgHON NpsAMON, Mo-
ryT 6bIrb COBMeLLeHbl. 0 TOM Xe NpuMUYUHe He CYLLecTBYeT MHBapuaHTa
YeTbIpeX TOYEK, M3 KOTOPbIX KaXble TPU He nexaT Ha OLHON MpsAMON.
OfHaKo LNA MNPOEKTUBHON Tpynnbl CYWEeCTBYeT WHBApMAHT YeThbipex
TOouek, Ne>Kalinx Ha OfHOW NPSIMOWA: UM SBNSETCA CNOXKHOE OTHOLUEHME.

Mpun /fr 5 cywWwecTBYOT WHBapUaHTbl MPOWU3BONLHOW CUCTEMBbI N
Toyek. BecbMa 3ameuvaTenbHbIM fABNAeTCA TO O6GCTOATENLCTBO, 4TO
BCE 3TW MHBAPMaHTbl MOTYT OblTb BblpaXeHbl C MOMOLLbID CNOXHbIX OT-
HoWweHUn. Ha pgokasaTenbCTBe 3TOro (hakta Mbl OCTaHaBNMBATbCA He
6ygem. OHO faHO B KHure H. B. EdbpnmoBa «Bbicwasa reomerpus»
(rn. VI, § 161). Cno>kHoe OTHOLIEHMe Ha3blBalOT MO3TOMY OCHOB-
HblM MHBapuaHT OM MNPOEKTUBHOW rpynnbl.

Myctb G — rpynna npeobpa3oBaHUii HEKOTOPOro MHOXecTBa R.
MpeobpasoBaHua rpynnel G, npeobpasytowme B camoe cebsd HeKoTopoe
TOYEYHOE MHOXecTBO V npocTpaHcTBa R, Ha3biBalOTCA aBTOMOP(HbLIMU
npeobpasoBaHnAMM UNUM  aBTOMOP(U3IMAMU OTHOCUTENBHO MHOXKECT-
Ba V; aBTOMOP(M3Mbl MOTYyT Mepemellatb TOYKM MHOXecTBa V, HO npu
3TOM KaXKjas TouykKa MHOXecTBa V MOXeT MepemMecTUTbCA NULWb B TOY-
Ky MHOXecTBa V.

Mpou3segeHne ABYyX aBTOMOPHU3IMOB OTHOCWUTENIbHO AAHHOr0 MHO-
XecTBa V ecTb CHOBa aBTOMOP(U3M OTHOCMTENbHO MHOXecTBa V. Mpe-
obpasoBaHue, o06paTHOe aBTOMOP(U3MY OTHOCUTE/IbHO . MHOXeCTBa
V, TakXe ecTb aBTOMOP(M3M OTHOCUTENbHO TOFO e MHOXecTsa V, oT-
clofja cnefyeT, UTO COBOKYMHOCTb BCex mpeobpasosaHwil rpynnbl G, as-
TOMOP(HbIX OTHOCUTENLHO MHOXKecTBa V, obpasyeT rpynny.

EBKAMAOBY NJOCKOCTb, KOTOPYIO Mbl paccMaTpuBaeM B 3TOM napar-
pade, NONOAHUM GECKOHEYHO YAaneHHbIMW TOYKaMW, U NycTb  — 6ec-
KOHeYHO YypaaneHHas npsamad. COBOKYMHOCTb MPOEKTUBHbLIX Mpeobpa-
30BaHWiA, aBTOMOPMHbLIX OTHOCMTENbLHO NpPsSIMOIA /o, 06pasyeT nmoArpyn-
ny 66 npoekTneHoi rpynnbl. Mogrpynna 06 Ha3biBaeTCcs ayPUHHOW rpyn-
noil, a Kaxpoe npeobpasoBaHue, NpuHagnexauwiee”, adPUHHBIM npe-
obpasoBaHmeMm. W3 dopmyn

cu*i ~bai2x24~°rs3 ¢

Xy= aa al a
a:tix|l "t" as2x2 + ass “op e

Al %

Qe a1+ 22 an , a0l a

°31x1+ a32x2+ as3
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onpegensownx oobuime NPOeKTUBHblIE Mpeobpa3oBaHWsA, bbITEKAET, 4TO
aBTOMOP(U3MbI MPOEKTUBHON Tpynnbl OTHOCUTENbHO /K XapakTepu-
3ytoTca Tem, 4yto 03, = a2 — 0, axBd 0, U ™Mbl nosyvyaem KOOpAM-
HaTHOe npejcTaBfieHWe Takoro npeo6pasoBaHus B cregytoweli gopme:

v LY \aRy 1A

o33 a3t ass «N «12 «13
w1 2 $23 PO.
X:= N X+ N O 0 a3
a33 a33 °33
HeTpyaHo BMAeTb, 4TO apduHHbIE Npecbpa3oBaHMsA, KOTOpble K3yya-
nuch B rnaee I, coBmagalT ¢ Npeobpa3oBaHUSMU MPOEKTUBHOW Fpyn-

Mbl, NEpPeBOAAMUMU B cebsi GECKOHEYHO yAaneHHYK npamyto. Moatomy
TO, YTO Mbl Ha3BanAu Trpynny aBTOMOP(U3MOB OTHOCUTENLHO MPSMOIA
/,ahp DM HHOW, MONHOCTLIO COrfacoBaHO C MaTepuanom rnasbl .

Takum o06pa3oMm, adduHHaa reomeTpus, KoTtopas Oblna M3y4vyeHa
nogpo6Ho B rnaee Il, npeacTasnseT coboii Teopuo MHBAPUMAHTOB ad-
(PMHHOW rpynnbl, WAWM, YTO TO >Ke camMoe, TEOpU0 WHBapUaHTOB MOA-
rpynnbl aBTOMOP(N3MOB MPOEKTUBHOW rpynnbl OTHOCKUN'.eNbHO 6ecKo-
HEYHO ypaneHHon npsmon /,,.

OcTaHoBMMCA Ha BOMpoce 06 MHBapuaHTax ad®UHHOR rpynnbl.
OueBMAHO, BCe MPOEKTUBHbIE WMHBAPWMaHTbl ABAAKOTCA M adQUHHbIMU
WHBapnaHTamu. [lanee OKa3blBaeTCs, YTO CyLeCcTBYHT a(UHHbIE WH-
BapuMaHThl, He SBAAOLWMECS NPOEKTUBHbIMWU. TakMM WHBapUaHTOM $B-
NAeTCcH MPOCTOe OTHOLEHWE TPEX TOYeK, NedKalinx Ha OCHOW Npamoil.
A ®DUHHBIX MHBAPWAHTOB TpPex TOYeK, He NedKaliux Ha OCHOW npsMOii,
He cyulecTByeT. JTO BbITEKAET U3 TOrO, YTO NIIOObIE TPW TOY <W, HE Nnexa-
WmMe Ha ofHol npamoi, apduHHbIM NpeobpasoBaHMeM MOryT 6biTb Me-
peBefieHbl B NIO6bIE TPWM Apyrue TOUKM, TaKXe He nexaliue Ha 0fHOMR
npamoid. Mpu n > 4 cywecTBYOT afpduHHbIe MHBAPUAHTbI NPOU3BO/b-
HOM cMcTeMbl N Touyek. Bce OHM MOryT 6bITb BblpaXKeHbl Yepe3 MpocTble
OTHOWweHuA. [lo3TOMy NpOoCTOe OTHOLWIEHME Ha3blBalOT OCHOBHbIM
MHBapuaHTOM apUHHOA rpynnbl.

AdduHHOoe npeobpasoBaHue

X\ = «1171"b auxr~r «is»
X, —a2x, -j- a2lx2-f- «23

Ha3blBae€TCA OPTOroHajJbHbIM, €CnnM €ero matpuua

/an alA
Q1 «2-
yA0BNEeTBOPSIET YCNOBUIO
an —  cosfp, 02l= sin o,
alk= —sin<g aZ2—cos<
nm
al= cos ¢, a2l= sin ¢,
an, - sind, a2= — cos &,
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Kak 6b110 ycTaHoBNeHO B rnaeax | v I, cCOBOKYMHOCTb OPTOroHasb-
HbIX Mpeobpa3oBaHMii 06pa3yeT rpynny. 3Ta rpynna HasbiBaeTca op-
TOoroHanbHoii. OpToroHanbHas rpynna ecTb nogrpynna ad@uHHON u
MPOEeKTUBHOA rpynn.

B oTnnunMe OT pacCMOTPEHHbIX Bbille TPYMM, OpTOroHanbHas rpyn-
na uMmeeT WHBApMaHT [ABYX TouyeK. TakoBbIM ABMAETCA, Hanpumep,
(hyHKUMA aByx Toyek M (xb x2), JV (yb y2:

p(m, N)= "~ (y .-+ o0b-g4%*.

VIHBapMaHTHOCTb 3TOW (YYHKLWUU NpoBepsieTcs MPOCTbIMW BbIKNaAKaMM,
KOTOpbIX Mbl MPOBOAWTL He 6yaem. BenuuuHa p (M, N) HasbiBaeTcCs
paccTofAHuMeM Mexxay pgAsyma Toukamm M wu N. PaccTosHue
npeacTasnseT co6oii OCHOBHOW  MHBApMaHT  reoMeTpuu op-
TOrOHanAbHOW rpynnbl, MOCKONbKY BCE APYruMe WHBapuMaHTbl MOryT 6blITb
BbIpa>KeHbl Yepe3 pacCcTOAHUSA.

Kak 6bl10 ycTaHOBMeHO B rnaee |l, reomeTpus OpTOroHaabHON
rpynnbl NpeAcTasnseT Co60M eBKAMAOBY T[eOMETPUI0.

Bbllle Mbl paccMOTpeny MNPOEKTUBHYK TPynny C OCHOBHbIMU ee
noagrpynnamm — a@uUHHOA ¥ OPTOrOHaNbHOW. 3STUM rpynnam CcooT-
BETCTBYIOT reOMETpUW: MpPOeKTUBHaA, apduHHas u eBknuposa. Oue-
BUAHO, YeMm LlWMpe rpynna npeobpa3oBaHWUil, fnexalias B OCHOBE TOI
WAN LpYroi reoMeTpuu, TeM YXe KJiacC reomMeTpnyeckux OO6GBEKTOB.
3T0 BNOMAHE MOHATHO, W60, Yem 6o0nblie MNpeobpa3oBaHWii COAEPXUT
rpynna, TeM MeHbluee KO/IMYeCTBO COOTHOLUEHWMIA W (YHKLMIA ocTaeTcs
MHBApMaHTHbLIMWU OTHOCUTENIbHO BCEX Mpeobpa3oBaHUil AaHHOW TpymMmbl.
[Mo3aToMy M3 NepeyncreHHbIX FeoMeTpuid camblii 6efHbI Knacc 06bEeKTOB
MMeeT MpOeKTUBHAs reomeTpus, a camblii 6oraTtblii — eBKIMAOBA.

2. Fpynna aBTOMOP(M3MOB OTHOCWUTENbHO HEBbLIPOXAEHHOW NMHUN
BTOporo nopsigka. Mycte k — HeBbIpOXAeHHas oBanbHas NuHuA.Pac-
CMOTPUM Fpynny aBTOMOP(U3MOB OTHOCWUTENbHO NMHUK K. IMeeT MecTo
cnepywuas Teopema.

Teopema 1 Ecam k — npousBonbHas oBanbHasi NuHUA, A 1
A '— [Be NPOM3BONbHbIE TOYKMW, PacnonO>KeHHble BO BHYTPEHHel obnac-
TW IUHUN K, TO CyWeCcTBYOT ABa U TONbKO ABa aBToMOpdu3Ma OTHO-
CUTEeNbHO K, nepesofsAlMe TOYKYy A B TOUYKY A' M MPOU3BONLHO [aHHOE
Hanpas/ieHne nNpu To4yke A — B NPOW3BONMLHO [aHHOe HanpasieHue npu
Touke A'. Ipn 3TOM BHYTPpPEHHASA 061acTb 0BaAbHON KPUBOW MepexoanT
B Cebs.

[loKa3aTenbCTBO 3TOW TeOpeMbl Mbl MPUBOAUTL He 6yaem. OHO faHo
B KHure 1. B. E ®h um o0 B a «Bbicwas reometpusa» (cm. ra. VI, § 168).

NinHnio Kk, OTHOCMTENbHO KOTOPOI paccmaTpuBalTCA aBTOMOPHU3-
Mbl, 6ygem HasbiBaTb abCconlTOM, a caMy aBTOMOP(M3Mbl — runep6o-
NIMYECKUMU [LBUDKEHUAMMU.
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WTak, nycTb UKcHpoBaH abconoT, UaKN, YTO TO Xe, OBalbHas Kpwu-
Bas BTOpoOro nopsagka. [Be gurypbl 6yfeM Ha3biBaTb KOHIPYSHTHbIMU B
rMnep6oanyecKoi reoMeTpun, WK, YTO TO XXe, TeOMETPUMN ae MXKEHUIA OTHO-
CUTeNbHO BbIGpPaHHOro abcosnoTa, ecNn 0fHa M3 HWUX npeobpasyeTca B
APYTYIO Mpy NOMOLLM HEKOTOPOro runep60o/iMyeckoro ABMXeHus. B ru-
nepbonny4ecKoil reoMeTpuy CyLecTBYIOT MHBapUaHTbl ABX Touyek. Ha-
npumep, UHBapMaHTOM ABYX NPOW3BOJbHLIX TOYeK P, Q AbnseTcsa cnox-
Hoe oTHoweHune (P, Q; U, V), rae U, V — Toukn nepeceneHns npsiMoi
PQ c abcntotom k, a Takxe no6as PyHKLMA 3TOT0 CIOXKHOT O OTHOLIEHUS.

Cpefn BCeX WHBapUMaHTOB runepboiMyeckoi reometTpuu Hambonee
BaXXHYI0 ponb urpaet uHeapmaHt c In (P, Q; U, V), rge c @ 0 — Heko-
Topas MOCTOSAHHas.

Touykn P u Q 6ygem 6paTb Tenepb BO BHYTpeHHeli o6nactu
abcontota k. Torga BeanumHa (P, Q; U, V) nonoxutenbHa,
n notomy In (P, Q; U, Y) aBnAeTcs BeWeECTBEHHbIM 4uciom. [anee,
ecin  Hanpas/fieHWe BekTopa PQ nNpOTMBOMOMIOXKHO  TanpasieHWUto
Bektopa UV, 170 (P, Q; U, V)> 1 u In (P, Q U, V)> 0; ec-
K Xe HanpasfeHua BekTopoB PQ u UVcosnagatoT, To (P, Q; U, V")<1
min (P, @ U, V)< 0

MpesnonoXum, 4TO MMeeT MecTo NnepBblii cnyyail. Bo3bmeM Ha oT-
peske PQ npou3BoMbHYH TO4YKy R. HenocpefcTBEHHOW NpoBepKoW
nerko yb6eauTtbca, 4TO

P, U, V)= (P, R- U, V) (R, @ U, V)
OTctoga
In(P, Q; U, V)= In(P, R; U, V)+ In(R, Q; U V) *

Mpyn paccMaTpMBAEMOM HaMu PacMofiOXXEHUU TOUYeK CMpasBef/nBbl He-
paBeHcTBa

(P, @ U, V)>1 (P, R; U V)> 1u R, Q U, V)> 1

MoaTomMy Bce cnaraeMble B paBeHCTBe (*) MOMNOXWUTeNbHbl EcCnu BekTo-

psl PQ n UV nMelOT 0AMHAKOBOE HamnpaBieHue, TO BCE Y/MEHbl PABEHCT-
Ba (*) oTpuuyaTenbHbl. B 060ux cayyasx WUMeeM:

[In (P, Q; U, VA= |In(P, R\ U, V\+ [In(R, Q; U V)|

Kaxpgomy oTpe3ky PQ, nexailemy BHYTpu oTpeska [JV, oTHeceMm
MOMOXUTENIbHOE YKCNO

p(PQ) = [cIn(P, Q; U, W)\
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HeTpyfLHO BWAeTb, uTO:

1) KOHrpyaHTHbIM OTpe3kam OyAyT CONOCTaBfeHbl paBHble 4KUCNa,
nockonbky p(PQ) — uHBapuMaHT aBTOMOP(M3MOB OTHOCUTENLHO ab-
conoTa k\

2) uncna, OTHeCeHHble 0Tpe3ky PQ u ero yacTtam PR u RQ, Takosbl,
uTo

P(PQ) = P(PR) + P(RQY,
3) ana nwb6oro oTpeska PQ
P(PQ)> 0.

3ameTum, 4TO Nto6oNA 0TpPe30K PQ MOXeT ObITb B3AT B Ka4ecTBe Mac-
wrabHoro. Ana 3TOro HyXHO MNO0N0XUTb

1
N1 Q u, v)

TOYHO TakKMMW >Xe CBOWCTBaMW XapakTepusyeTcsa A/JMHa OTpe3ka B
eBKANA0BON reoMeTpunm. Ha OCHOBaHWM YKa3aHHON aHanorum QyHk-
unmto otpeska p (PQ) HasoBem AnuHOWK oTpe3ka PQ B runepb6onmnyeckon
reomMeTpumn.

3. Mogens Kanu-KneitHa gna reometpum JlobauveBckoro. MycTb
k — oBanbHaf nuMHUA BTOpOro nopsigka. bygem cTpouTb runepbonu-
Yeckylo reomeTpuio BHYTpu abconoTa k. 3a runep6onmyeckne TOUKM
NPUMEM TOYKU BHYTpeHHell o6nactu oBanbHOW NuMHUM Kk, a 3a runep6o-
NMYeckKme NpsMble BCEBO3MOXHbIE XOPAbl IMHUK K. TOUKU caMOi NnMHUK
He NMpPUYUCAADTCA K 06bekTam runep6oamyeckoin reomMeTpum; NO3ITOMY
0Tpe3kun, un3obpaxawuime runepbonnyeckme npambie, He cofepxar
CBOUX KOHLOB.

HenocpeAcTBEHHON MNPOBEPKOW MOXHO YCTAHOBUTb, 4YTO ANA TU-
nep60/IMYECKO reoMeTpUM BLINOMHAKTCA AKCUOMbI CBA3M, Nopsafka u
npuHumn OepekuHaa. C nomowbio Teopembl 1 n. 1 § 11 MOXHO AoOKa-
3aTb, 4TO B runepboMNYecKO reoMeTpUuM BbIMOSHEHbI BCE aKCUOMBI
KOHTPY3HTHOCTU. CnefoBaTeNlbHO, BCEe aKCMOMbl abCOMOTHOW reoMeTpun
cnpaBeanuBbl  ANA  TUNepbONMYECKOW TFeOMEeTPUMN.

Tak Kak 4epe3 f06Yy0 TOUKy A, nexauyto

BO BHYTpeHHell o6nacTu abconoTa, MOXHO Mpo-
BECTM 6EeCKOHEe4YHO MHOro xoppg abcontTa, He ne-
pecekalLMXca C LaHHOW npamoin a, npu yc-
NOBWUK, UTO TOouKa A He MPUHAANEXUT NPSAMON
a, T0 B rmnepboanMyeckoil reomMeTpum BbINOJIHE-
Ha akcuoma napannefnbHocTu Jlo6avyeBCKOro
(cM. opMynMpoBKY 3TON akcuombl B 8§ 16 rn.
I11). Tpouie Bcero B nocnegHem akte yb6eanTb-
cA, B3AB B KauyecTBe abCconTa OKPYXHOCTb Ha
eBKNnaoBoin nnockoctn (puc. 115).
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Takum o06pa3om, Ha 06beKkTax €BKAMAOBOW reoMeTpuMu MOCTPOeHa
peann3auns reomeTpum Jlo6ayeBCcKOro. B COOTBETCTBMM C MONOXKEHM-
AMM, pa3BuTbiMn B § 20 ra. |, Mbl moayymm, 4To: 1) cucTema akCcuMom
reomMeTpun JTo6a4yeBCKOro HENPOTMBOPEUNBA B TOIN >Ke CTENeHN, YTO U CuUC-
Tema akcuom reomeTpun EBknnMaa-, 2) akcmoma napannenb HOCTU He 3a-
BUCMT OT aKCUOM CBSi3W, MOpsAAKA, KOHFPY3HTHOCTMW W HEMPEPbIBHOCTMN.

B 3TO KHUTE Mbl HAMETUAN MWL OCHOBHble KOHTYpPb peanu3ayunm
reomeTpun J106a4eBCKOro, KOTOPYH O06bIYHO Ha3blBalT peanu3auuei
Kann—KneitHa. Bonee nogpo6HOe M3N0XEHME 3TOF0 BOMPOCA, a TaKXe
npumepbl APYrnX peanu3aumnii cogepxatcs B KHurax B. @, KaraHa
«OcHoBaHuA reometpuu», 4. I, M., TUTTA, 1956, (rn. XIIl) n
H. B. EbnmoBa «Bbicwasa reometpus» (rn. VI, § 168, 170, 171),
K KOTOPbIM Mbl M OTCblNaem 4yuTaTens.



rf*TABA V. OCHOBbl TEOPUN KPUMBbIX

§ 1 BekTopHble (PYHKLUM CKaNspHOro aprymeHTta

B atom naparpathe coobliatoTca BCMOMOrartesibHble CBEAEHUS, OTHO-
cAalMecs K BEKTOPHbIM (DYHKLMAM CKansipHOro aprymeHTta. ocKonb-
Ky (pakTbl, 0 KOTOpbIX 6yAeT uaTU peyb, SBAAKOTCS NPOCTbIMKU 0606LLe-
HUAMWU OCHOBHbIX MOHATWUIA Kypca MaTemMaTM4eckoro aHanusa, TO Mbl
no 60nblueli YacTh OrpaHUYMMCs AUlWb WU3N0XEHUEM (POPMYNUPOBOK
COOTBETCTBYHOLWMX MOHATUA U TEOpEM.

duKcupyem B NpOCTpPaHCTBE [eKapTOBY CUCTEMY KOOPAMHAT C Ha-
yanom B Touyke O (cm. puc. 116).

MycTb, fanee, ka>kgomy uucny t £ [a, b] nocTasneH B COOTBETCTBUE
N0 HEKOTOPOMY npaBuay BeKTOp

r=r(0

c Havanom B Touke O. B Takom cnyvyae Mbl 6yfemM roBOpUTb, YTO Ha
cermeHTe [a, b\ onpegeneHa BeKTOp - PyHKUMKA

r=r(0-
Ecnm i, j, k — opTbl KOOPAUHATHbLIX OCeli X, Yy, I, TO CNpaBeasMBo
pasnoxeHue
F(t) = X(t)i + y(t)j + 7(0 Kk,

rge ckanspHblie yHkumm x(t), y(t),
z(t) cyTb NpPOEKLUUMN BEKTOP-(PYHKLUN
r (t) Ha yKasaHHYK KOOpAMHATHYIO
ocb. DyHKUmMmM x (t), y (t), r (t)
6ygemM  HasblBaTb COCTaBASAKOLWMUMMU
BEKTOP-PYHKUUM T (t).

MycTb Ha npomexyTke \a, b] 3a-
faHa BekTop-thyHkuus r ((). TloBo-
pPAT, 4TO BEKTOp a ecTb npejen
3TOW (pyHKumMm B Touke 1 (- [a, b\
ecnm

lim [ (/) —a\ —0.

AHaNornyHo onpeagenaeTca npegen nocneaoBaTtesibHOCTU BEKTOPOB.
MNMeHHO nocneaoBaTe/lbHOCTb BEKTOPOB N UMMeEET TMpeaenom BEKTOP
a, ecnu

lim jr.—a\=o.
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Teopema 1 [na Toro 4yrobbl BekTOp a = ai + pj -f- yfc
6bin npegenoMm yHkumm r (t) B Touke /Ounm npegenom nocnefoBaTefb-
HOCTU BEKTOPOB TN, HEOGXO4MMO M AOCTATOUYHO, YTOObl COCTaBAsOLWMe
BeKTOpa a ObliM npefenamu cocTasnAlWMX BeKTOpoB I (t) wuau rn.

Mcnonb3ysa HepaBeHCTBa

FO—“I<\ O—a\; yh—p<\r@t)—a[
KO —y|<|r(0 —a\

Nerko ycTaHOBMM Heo6XOAMMOCTb YC/NOBUA TEOPEMbI.

M3 HepaBeHCTBa

Ir @ —a\= v(x (0 —a)2-(- (y (0 —p)2-+(2(0 —'rt1-<
<\x(t)~al+ |y() —PL+ |r(/) —v

BblTeKaeT [OCTaTOYHOCTb YCNOBUA TEOPEMBI.

Ona npepgena nocnefoBaTe/IbHOCTM BEKTOPOB TN 0Ka3aTe/lbCTBO

BMO/SIHE aHaNOrn4HoO.
B panbHeliwem 6ygem MCNonb30BaTb 0603HAYEHUS

a= limr (t)
t-to

a = limrn
M+ »

Teopema 2. Eciu
= limr, (/), b= lim r2(t
2 t “mo ) t -+to ®
(a< t< 6),
mo:
) A¢0a + u(/QW= limfc (Or, (0+ n(0 »**)

0.() k U(/) —HekoToOpble HenpepbiBHble PyHKuuu t £ [a, b\).
2) (a, W)= i (r1(0- /*(1));
3 [a, & = lim[ri(/)), r2(0J.

MycThb, Kpome TOro,

Torga
4) (a, b, ¢) = tliﬂ[]o(r’ (), r2(0, r3().

[0CNOBHO TakXe (OPMyNnMpyeTcs Teopema 0 npefenax pasnuyHbIX
onepauuii Ans nocreAoBaTeNbHOCTE BEKTOPOB.

[loKa3aTenbCTBO TEOpPeMbl 2 C MOMOLLbIO TeOpeMbl 1 nepko CBOAUT-
cA K TeopemMam O npegenax apu@MeTUUecKMX onepaunii Hag CKansipHbl-
MU  (YHKLUMSMMK, KOTOpble MNPOXOAATCA B KypCe MaTeMaTUYecKoro
aHanusa.

242



BekTop-thyHKumsa T (t) Has3biBaeTCA HeNpepbiBHOW B ToOuke

tO£ [a, b], ecrm
r ifo) —tl_llin”r(t).

Ecnn BekTOop-yHKUMA © (t) HenpepbiBHa BO BCEX TO4YKax npome-
XyTKa [a, b], To roBopaT, 4TO OHa HenpepbiBHa Ha [a, b]. B fganbHeii-
WeMm AN8 npupalieHns BeKTop-QYHKLWUKM OyfemM MPUMEHSATb cregytollee
0603HauveHue:

Or = [*(/-)- At) — 1 ().

Teopema 3. [Ana Toro 4yTobbl BeKTOp-hyHKuua r (t) Obina
HenpepbiBHa B Touke 10 (Ha npome>kyTke [a, b]), HeobxoanmMo u focTa-
TOYHO, 4YTO6bl OblM HenpepbiBHbI B Touke tO (Ha npome>XkyTke [a, b))
ee cocTasnsmwLyue.

[loka3aTenbCcTBO 3TOW TeopeMbl €CTb MPOCTOE CMeACTBME TeOpeMbl 1.

Teopema 4. nMyctb r™t), r2(t), r3(t)— HenpepbiBHbIE
pyHKLMM Ha npome>kyTke [a, b]. Torga Ha [a, b] HenpepbiBHbI Cnegyto-
wue dyHKunn:

Drif) —?21(Onif)+ K (Ori(0+  (0r3if)

(3gecb, X (0, \ (t), >3(/) — HenpepbiBHblE (yHKUMM Ha [a, b]);

2 (1) = (r1(0, r.(0);

3) 17(1) = [r, (0, ra(0L;

4) h(t) = (r4q), r2(/), r3(0).

OpyrumMu cnosamu, BMECTe C UCXOAHbIMU (DYHKLUAMU HENpepbiBHbI
UX NUHeliHas KOMOWHaUWA, CKansdpHoe, BEKTOPHOE U CMeLIaHHOe Mpowus-
BeJEHNS.

OTmeTum, yto I (t) M R (t)— BekTop-thyHkuun, a f(t) u h(t)—
CKanspHble GYHKLUK.

OJokaszaTenbCcTBO Teopembl 4 NpoBefeM AN BeKTOP-PYHK-
umm R (t). Wmeem: £ *

i i k
rRify [Fi () ra@)]= xt( 30 Zi0 =\,
_ [ONRZ{C 2.60
=0 O—a0y2a*4-[M(020—20d@L +

+ [*i(0 (0 —*2(0VYi(01 k.
M3 3TOro COOTHOLUEHUS U Teopembl 3 BbITEKaeT HEMPepPbIBHOCTb COCTAB-
nawwmnx BekTop-OyHKUuMM R (t), a cnegoBaTeNnbHO, W camoli  3TOM

DYHKLMN. ]

MycTb Ha cermeHTe [a, b] 3agaHa BekTOp-(yHKUMA r(t). T[oBo-
pAT, YTo OHa AU ¢ epeHumpyema B Touke t0E£ [a, b), ecim
npu M “m0 cyulecTByeT npefen OTHOLIEHMUS

r(, + At) - 1 (tu)



JTOT npeden HasblBalT MPOM3BOAHON BEKTOP-pyHKUMM T (/° B Touke f,
n obosHavatoT ' (/0), wm —
At i=ta

Ecnn BekTOp-yHKUMA AuddepeHunpyema B HEKOTOPOM TOUKe,
TO, OYEBWAHO, OHA W HemnpepbiBHA B 3TOW TOUKe.

Ecnn BekTop-PpyHKUMS T (() MMeeT NPOM3BOAHYIO B KaXAOW TOYKe
npomexyTka [a, b], TO roBopsit, 4To OHa AudepeHUnpyema Ha BCEM
npome>xkyTke [a, b]

Teopema b5 [ycTb BeKTOp-PyHKuma r (i) audpdepeHumnpyema
B Touke t0 £ [a, b], Torga cocTasnstowme aTON PyHKUUM ivaK>Ke And-
(hepeHumpyembl B Touke /0, 1 UMeeT MeCTO PaBeHCTBO

r' o =x"¢)i-{-y (9j -j-2" (/0 k.
O6paTHOe yTBepXK/JeHue TakXKe MMeeT MecTo.
LJokasaTenbcTBO. JloKaXeM npexae BCEro, 4Yto COCTaB-

nawwme BekKTOp-PyHKUun 1 (t) anddepeHynpyembl B Tolke /0. [oc-
TaTOMHO 3TO NPOBEPUTL .A4NA  GyHKUuum Xx(t). Vimeem:

= (r (), 1. ?

OTcloga —

0)_ 1 (m(0-j-At) r (/0,/) =
At At

r(t0-f At) — r(t,,)
-(m At
Tak Kak

n (" pr - () 1~ =(r i’

TO OYHKUMA X (t) gnddepeHunpyema B Touke tOM MMeeT MECTO PaBEHCTBO

(a = (" (o) N *)

AHaNIOTMYHO MMeeM:
Y'(*0) = (' (ta), ¥); (* *)
r (/g = (r (t0), k). (***)

M3  dopmyn (*), (**) (***) BbiTekaeT, uTO
r'(torx"' (/,)/+y' (to)j NN-2Z'(to) k.

MpoBoAs paccyxfeHus B 06paTHOM MOpAfKe, fOKaXeMm o6paTHoe yT-
BEpPX/eHMe.

Teopema jJoKa3aHa.

Ecnn r (t) puddepeHympyema Ha BCeM npomexyTke \a, b], To
cocTaBnflwWwmeatTon yHkuum x(t), y(t), z (t)TakxeanddepeHuym-
pyembl BCtofy Ha \a, b] n npu Bcex t cnpaseA/IMBOPaBEHCTBO

r'g) = x"@)i+ y Oy + r' (k.
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3TO yTBEpPX/AeHWe ecTb HenoCpeACTBEHHOE CNeAcTBMe TeopeMbl 5.

MpuBegem 6e3 foKa3aTeNbCTBa OCHOBHble Jopmynbl Ana auddepeH-
LMpoBaHMAa onepauuii Haf BeKTOP-YHKUUAMMK:

L - (4, + Krn)= g4 A
n ¢ =AY 1 2y
(X, n $P—HeKoTOpble MNOCTOAHHbLIE YMCNA).
yd - N .
fl ‘ ’\odl ) \ dt
n d dr?.
3-n rj = + r+* n
MycTb Ha npomexyTke [a, 6] 3agaHa BekTop-yHkuus r(t). Pa-
306beM MNPOMEXYTOK [a, b] Toukamm
a=to<tl< ...<t,, =D
U NycTb
A= max (hk — /).
O<|<n4
CoCTaBMM WHTErpanbHYH CymMMmy
n-1
= YImar.,
1=0

roe

jo=0#81—0 un € 10. O+il-

bygem roBopuTb, 4TO BeKTOp-pyHKums r(t) wumHTerpupye-

Ma Ha [a b\, ecnu cywecTByeT npefen UHTErpabHbIX CyMM a, nNpw

X -> 0. 3710T npegen 6yaem HasbiBaTb oOnpeAefleHHbIM WHTer-

panom 0T BeKTOp-yHKumm r (t) M ob603HaYaTb Tak:
b

Jr (/) rfl.
a

Teopema 6. Bcsikas HenpepbiBHAs BEKTOP-PYHKLUMSA MHTErpu-
pyema. Bonee Toro, crnpaBeganea gopmyna

b b b b

Ir (D)dt = ij* (0dt-fj I Y(0dt4-kJ2(D)dt

a a

Teopema 7. MycTb pyHkyms r (t) umMeeT HEMNpPepbIBHYK Mpo-
M3BOAHYlO, ToOrga cnpaseannsa copmyna HbioToHa — JleiibHuua

b
r(b) —/ 1 (a) = | T (Odt
a
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[oKa3aTenbCTBO TeopeM 6 M 7 Mbl MpeAocCTaBfisgeM 4yuTaTento B Ka-
4ecTBe YMpPaKHeHUS.

Mbl 6yfeM roBOpUTb, YTO BEKTOpP-(pyHKuma r (t), 3agaH yasa Ha npo-
mMeXKyTKe [a, bl k pa3 HenpepblBHO aud depeHynpyema (k>\),
ecnn BeKTOop-yHKumMA 1 (t) umeeT Ha [a, b] HenpepbiBHbIE NPOWN3BOAHBIE
Jo nopsgka kK BKAOUMTENbHO.

CoBoKynHOCTb k pa3 HenmpepbiBHO AuddepeHUnpyeMbIX BEKTOP-
(yHKUWIA Ha npomexyTke [a, b] mMbl 6ygem o6o3HayaTb C(Ka, b\, a co-
BOKYMNHOCTb Kk pa3 HenpepbiBHO AuddepeHUNpYyeMbIX CKaNsApHbIX (YH-
Kumii 6ygem o6o3Havate C{{[a, b]. WHorga, ecnum ykasaHue npome-
XyTKa [a, b\ He HyxpaeTcs B 0CO60M noguyepkuBaHuu, 6>gem npume-
HATb 60nee KpaTkue 0603HayeHus: OKk), C(t>

Teopema 8. [Ana BekTop-hyHkuuii r(t) £ Cw cnpasegnnsa
cnegywowas dopmyna Teinopa:

Ar=r1 (L)At+ 1 1 (9 @N2+ ... + 1 >(,) (@ +

+ e(/0, 4A/7)(At)n,
rae

Ar=r1(,-f AO—r (/0, /0, lo+ At*la, b),
lim [e (/0,At) | = 0.
\t-o

CnpaBefNMBOCTbL TeopeMbl 8 HEMOCPeACTBEHHO BbiTekaeT U3 ¢op-
myn Teiinopa gna ckanapHbiX QyHKumin x (t), y (t), z (t), sasnsio-
WMUXCA COCTaBNAWUMN BeKTOP-PyHKUUM r(t).

AHanornyHolM 06pa3oM A1 BEKTOPHbIX (YHKUWA OT HECKONbKUX
CKanApHbIX aprymMeHTOB BBOAATCS MNOHATMA npejena, HenpepbiBHO-
CTW, YaCTHbIX MPOU3BOAHbLIX W T. 4. Mbl He 6yAeM OCTaHaBIMBATLCA Ha
3ToM 60nee NoApo6OHO, TaK Kak MPUHUMNMaNbHLIX OTAIMYUIA MO cpaBHe-
HUKO C PYHKUMSMW OAHOrO NEepemMeHHOro 34ecb HeT.

§ 2. MyTb

1 MycTb Ha cermeHTe [a, b] 3agaHa HempepbiBHas BEKTOP-PYHKLNA
r (t). C nomowbio BeKrop-gpyHKumMmM r(t) nopoxpaeTcsa HeKOTopoe
oTobpaxeHne oTpeska [a, b\ B NMpoOCTpaHCTBO, eCM KaXAoMy uucny
t £ [a, bl oTHOoCUTL B MpocTpaHcTBe TOYKY M (/) — KOHeL, BekTOpa
r (O-

Mbl 6yfem roBopuTb, 4YTO 3TO OTO6GpaeHue, NOpPOXAeHHOE YHK-
umeir r (t), onpegenseT B NPOCTPaHCTBE HEKOTOPbIA MyTb |. D YHK-
umio 1 (t) yacTo HasbiBalOT NapamMeTpUUYECKUM NpeAcTaBNeHUEM
nt/mu 1.
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MyTb | Byaem HasbiBaTb perynsapHbIM, €CAN OnpeAensoLlias ero

BEKTOpP-ChyHKLMSA
r (/) 6 C<«la, b] k> 1
n Bcrogy Ha [a, 6]:
Do O

Ecnn k = 1, To nyTb / TakXe Ha3blBalOT rNajgkuM.

COBOKYMHOCTb PErynspHbIX MyTeil, MOPOXAEHHbIX Kk pa3 Henpe-
PbIBHO AuddepeHUnpYyeMbIMA  BEKTOP-PYHKUMAMKU, OyaeM 0603Ha-
yatb P[K.

[Ba perynspHbix nyTu | m T 6yaemM HasblBaTb SKBUBANEHT -
HbIMW, ecnu onpegensowne ux BekTop-GyHkumm r(t)*C{k)fa, B\ un
g (1) £ C(®[a, p] yaoBneTBOpPAT CneaylwWwmmM yCnoBUAM:

1. CyuwecTByeT (yHKUNA

t= /(1)
Takasi, 4yTo.
a) / (m £ C{[a, p], T. e. K pa3 HenpepbiBHO guhepeHLmpyema;
6) /(a) = a,
/(P) = b;
6) npu nwbom T £ [a, P
rMoo.

2. [7pn mo6om T £ [a, P] cnpaBesnnBo COOTHOLUEHME

rif (m) = g (M.
3amevyaHue. B npuBefeHHOM Bbllle ONpPefeNieHUN 3KBUBANEHT-
HOCTU nyTel yAOBGHO cyMTaTb, 4YTO He 06M3aTeNbHO a< b ma <;p.
Moatomy ycnoeue 1 03HauyaeT AULbL, 4YTO MeXAy nNpomexyTkamu [a, b\
n [a, P] ecTb K pa3 HenpepbiBHO guddepeHuMpyemoe B3aMMHO OAHO3Hau-
HOe coOoTBeTCTBME. M3 ycnoBua Is) cnegyet, uTo BCogy Ha [a, P] umeewm:
/'(t) > 0 wvam /' (1) < O.
MpuBeseM nNpocTble MPUMEPLI 3KBUBANIEHTHbLIX W HE 3KBUBANEHTHbIX
nyTei.
Mpumep 1 TMyTb | onpegenseTcs BeKTOP-PyHKUMeNR
() = (cos/y/-j-(sinf)j, 0< t< 4n.
MyTb m onpegenseTca BeKTOpP-PYyHKLMeR
g @@= (cos2x)/ fAsin2v)j, 2n< ¢ < 4.
O6a nytm | 1 m (cm. puc. 117) npeactaBnsatoT coboil gBaxkabl NPOXOAN-
MYI0 NPOTUB 4acOBOM CTPENIKM OKPYXHOCTb C LeHTPOM B Hayane Koop-

AMHAT paguyca eguHuua.
O6a nyTu perynspHbl. CBs3b MeXgy npomexyTtkamu [0, 45] u

[2n, 45] ycTaHaBAMBaeTCA C NOMOLWbIO PYHKLUN
t=f(1)= 21 — 4n,
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npu 3Tom

/(2n) =0,
/ (4n) = 4n,
r (= 2>0.

dhyHKkumna / (T) nmeeT NpomM3BofHbIe BCeX NOpsAAKOB. [anee, npu nobom
x (1[2n, 4] wumeewm:

r ()= r@2r—4n) = cos 2t — 4n) / -f-sin 21— 4n)j =
= (cos 2ty i -{-(sin21)j =g (1.
MTak, nyTn | 1 T 3KBUBANEHTHHbI.

Mpumep 2. TycTb /— NyTb, PacCMOTPEHHbI B npumepe 1,
an — NyTb, 3afaHHbI BEKTOP-PYHKLMeEN

h (1) = [cos (arccosT)] i -j- [sin (arccosn)]y, —1< 7< 1

Torpa npu nsameHeHun 10T —1g0+1
arccos T  W3MeHseTca  npefenax
oT 4 40 0 U nyTb N npefcTa 3n8eT coboli
BEPXHIOIO MOMOBUHY OKPYXXHOCTMU, WU30-
6paxeHHON Ha puc. 118, NPOXOAUMYID
B HanpaBleHWM 4acoBOW cTpenku. Oue-
BMAHO, YTO NYTW Inn He 3KBUBANEHTHbI.

2. Jokaxem, uTto
MOHATWE 3KBMBANEHTHOCTU NyTel ypAo-
BNETBOPAET TPEM YCNOBUAM: pedNeKCus-
HOCTW, CHAMMEeTPUYHOCTU U TPaH3UT UB-

Puc. 118 HOCTW.
Bcakuin perynsipHblii  rytb [/, ode-
BUAHO, 3KBMBaNieHTeH caM cebe. [N 3TOro AOCTaTOYHO MCMNOJb30BaTh
DyHKLNIO
I (M= T

[ OoKaXeM Tenepb CUMMeTPUUYHOCTb 3TOT0 OTHOWEHUs. [ycTb NyTw
/ U T 3KBMBANEHTHbI. Torga, COrnacHo onpeaeneHnto, BeKTIP-QyHKLUN
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r (oecwfa, b\ n ~(t) £ C{d[a, P], 3agatowime 3T NyTWU, TaKOBbI, YTO
CylecTByeT PyHKLMA

t=/ (ME CMNa, P],
ANS KOTOPOiA:

a) / (a) = a,

6) / (P)= 6;

B) nmpu nwobom T £ [a, P) : /" (T) 0;

r) npu no6om [a, P] cnpaBegnnBO COOTHOLLEHME:

r (0= r (/(r)= g(T).
M3 ycnosuin a), 6), B) BbiTeKaeT, YTO Ha NpomexyTke [a, b] cyuwiecTtByeT
(DYHKLMA
T= ¢ (0.
aBnalowanca obpatHon gna t—f (1), npuyem npm Bcex [E£[a, b]

nmeem: @' (t) ¢ O.
Tak Kak T = @ (0 — dyHKuKsA, obpaTtHas gna t = f (1), T0

® @ = o

¢ (b) = P,
n ana nwoboro tE[a, b\ umeem:

t= 1 (b),

ecam T = ¢ (t). MoaToMy ©3 ycnoBuA ) NOyYaem:
gM=9 @O =T (@

N3 Hawwux MOCTPOEHMIA BbITEKAET, UTO MyTb T IKBUBANEHTEH MyTH
I, N CUMMETPUYHOCTb OTHOLIEHWUS 3KBWBANEHTHOCTW MyTell yCTaHOBMEHa.

MpoBepKa BbIMOSHEHWUS CBOWCTBA TPAH3UTUBHOCTMW TaKXe He CO-
cTaBnsAeT TpyAa. [eicTBUTENbHO, NYCTb NyTb / 3KBMBANEHTEH MyTU T,
MyTb T B CBO o4epefb 3KBMBANEHTEH MyTW N U NyCTb, fanee,

ro(() 8 C<*> [a,

g () £ C=>a, P
JI(E) 6 C»>[1, (ii

— nopoxpatouue nx BeKTOp-yHKLUN.
Ecnn dyHKyum

/ = I(T)€C<*(a, P

T=0(0) 11]
OCYLECTB/AKT CBA3b MeXAy COOTBETCTBYHOW MMM 3HAYEHUAMN NapaMeT-
POB, TO /IErKO NPOBEPUTL, YTO C/TIOXKHasdA (byHKLI'I/IFI

*= FO.= [(Pa)KC<*>[X, it]
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yCTaHaBAMBAET CBfi3b MEXAY COOTBETCTBYKOLIMMU 3HAYEHUSIMU t U c,
B CU/Ty KOTOPOWA NyTW / Y N 3KBUBANEHTHBI.

OTHOLWEeHNe 3KBMBANEHTHOCTM pa3buBaeT BCe MYyTM Ha Kiacchbl 3K-
BUBANEHTHbLIX MeXAy co60i nyTeil; Npy 3TOM KaXAblA NyTb BXOAWUT
B OIVH U TONbKO B OfAMH Knacc.

§ 3. KpuBas

bynem roBopuTb, 4TO fBa perynsapHoix nyTu lEPK® n TE£ PiK on-
pefensloT OAHY U TY >Ke PEeTrynApHY KPUBYK L, ecim aTu nyTwu
3KBMBANEHTHbl. Takum 06pa3oM, KaXAOMY KfacCy 3KBMBANEHTHbIX
MeXay co60i perynspHbiX MNyTel COOTBETCTBYET HeKoTopasa perynsp-
Has KpuBas; TMpu 3TOM pa3HbIM  KnaccaM COOTBETCTBYKT pasHble
KpuUBbIE.

MOXHO TakXe ckasaTb, UTO perynsipHas Kpusas ecTb Knacc
3KBMBANEHTHbIX MEXXAy CO60l perynapHbix nyTen.

Bcsakaa perynapHas kKpusas L BnonHe onpejeneHa, ecnim ykasaH
XOT; 6bl OAWMH NyTb / M3 Knacca 3KBMBANIEHTHbIX MyTeid, XapakTepusyto-
wux L. Bektop-thyHKumMa r = r (t), nopoxgawowas nyTs !, Ha3biBaeTCH
napameTpuUYecKUM npeacTaBneHneM Kpueoi L, nam npocTtoesB napameT -
pusaymei.

Takum 006pa3om, KaXAyl perynspHyl KpuBYK MOXHO 3ajaTb
yKaszaHueM Kakol-nnbo OfHON ee KOHKpeTHOW mapameTpu3ayuu. Mepe-
X04y OT OfHOW napameTpu3auuMm KpuBOon L K Apyroin cOOTBETCTBYeT
nepexoj OT OAHOrO MyTW K APYromy BHYTPWM OAHOrO iaacca 3KBMBA-
NEHTHbIX NyTei.

MosicHum Ha npumepe 1 8 2 rn. IV HarnsagHblii cMmbicn onpegene-
Hua kpusoi. Ob6a Nyt | n T, KOTOpble TaM paccMaTpuBanucb, onpeje-
nann Ha nnockoctn xOy ABaXAbl MOBTOPEHHYK OKPYXHO:Tb. MyTn / n
T OblAn 3KBUBaNEeHTHbl. CnefgoBaTenbHO, 3TO ABE pas3finyHble napameT-
pu3auum ogHOM U TOl XXe KPUBOW— ABaXAbl MOBTOPEHHOW OKPYXHOCTHU.
Pasznunuune mexay aTuMM napameTpusaumamum B TOM, 4TO Npu BTOpPOW
napameTpu3aluy ToYKa ABUXKETCS MO KpPMBOM B ABa pasa ObICTpee.

MOXHO 6bI10 Obl B3ATb TakKXe W APYryl napameTpu3auuio Haluei
KPMBOW Tak, 4TOObl TOYKa Ha Heli gBMranacb B Tpu pasa ObicTpee #
npuTOM B 06pPaTHOM HamnpasAeHUW.

MpuBeaeHHblE COO6PaXKEHNA PACKPbLIBAKOT CMbIC] ONpejeneHns Kpu-
BOW. Ecnu paccmaTpuBatb MNyTW, NOPOXAEHHblEe PasnnU4ibiMU BeKTOpP-
MYHKUMAMKU, TO WX MOXHO TPaKTOBaTb KaK TPaeKTOPFU [ABMXKeHMUA
MaTepuanbHbIX TOYEK, Y4YMTbiBas MNpM 3TOM CKOPOCTb W HampaBfeHue
OBWXEHMA No TpaekTopuu. Ecnyu oTBNeYbLCA OT CKOPOCTU W Hanpasne-
HUA ABVDOKEHUS M U3yyaTb /MWL YACTO FEOMETPMYECKNE CBOWCTBA TPaeK-
TOpWUW, TO Mbl W MPULEM K MOHATUIO KPUBOI. Beblle 3T0 6610 CAeNaHo
C MOMOLLbIO  MOHATUSA 3KBUBANEHTHbLIX PerynspHbiX nyTei. VImMeHHO,
OTOXJAECTBMAA MeXAy COOOA 3KBUBANEHTHble peryaspHbe MyTU, Mbl
NCK/OYaeM M3 PacCMOTPEHMS «MexaHW4ecKue» CBOWCTBA MNyTed M uU3y-
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yaem ux 06LMe reoMeTpuyeckue CBOMCTBA, KOTOPble KaK pas u ABAAKTCA
CBOCTBaMU KPWUBOIA.

MycTb | 1 T —pfBa PerynspHbiX, 3KBUBANEHTHbLIX NYTW, NMOPOXAae-
Mble COOTBETCTBEHHO BEKTOP-(YHKLUAMMU

r (0O€ C*[a,b)

g-(t)€C<*>la, p].
Csasb Mexay napaMeTpamy tux:
t= 1/ (1),
conocTasngeT mexgy coboii Toukm M (t) u N (1) nyteit 1 1 T. Touku
M (t) n N (1) 6yfem HasbiBaTb COOTBeTCTBYyWMMU. V3 onpegeneHns
9KBUBANEHTHbLIX NyTel clefyeT, 4YTO COOTBETCTBYIOUIME TOYKWU B Mpo-
CTpaHCTBe coBMafaroT.

B knacce 3KBMBANEHTHbIX PEryfiApHbIX NYTeA TOYKW, Nexawme Ha
pasHbIX NyTAX, eCTeCTBEHHO 0OBLEAUHAIOTCA B COBOKYMHOCTU COOTBETCT-
BYIOLUMX TOYEK, NPUYEM KaXK[ON Takoli COBOKYMHOCTW B MPOCTPAHCTBE
0TBeYaeT eAMHCTBEHHasA TOYKa. OTa TOUKa W MPUHMMAeTCAa 3a TOUKY
KpuBOIA L, AN KOTOPOU pacCMOTPeHHbIe Bbllle 3KBUBANEHTHbIE perynap-
Hble NMYTW ABAAKOTCA BCEBO3MOXHbLIMU NapameTpusaLnamu.

8§ 4. KacartenbHas

MycTb | — perynsapHbiii NyTb, MOPOXAEHHbLIA BEKTOP-(YHKLMEN
r—r (NECTIa bl

HanomHum, uto r'(t)-c O BcClo-
Ay Ha [a B.
Myctb X (t0) n X (0 — TOU-
Ku /, oTBevalolMe 3HAYEHUAM
napametpa t0 u t. Ha npamoi,
npoxogsulen  4yepes  TOUKM
X(t0) n X (#), BbibepeM Hanpa-
B/IeHWe, coBMajatollee ¢ Hamnpa-
BneHnem BekTopa X((,,) X (),
ecnn /0< t, u cosnagawouiee
C HanpasneHuem X(t),X(t0),
ecnn t0> t. TlonyyeHHyw B
pe3ynbTate OCb Ha30BEM Ha-
npaBneHHoi cekywei nyTwu |8 Touke X (/,,).
HanpaBneHHoll KacaTenbHoii K nytu / B Touke X (t0 HasbiBaeTcH
npegen HanpasneHHbIX cekywux (puc. 119).
Teopema 1 B KaXKAOW TOYKe PErynsipHOro nNyTwu cyulecTByeT
HanpasneHHas KacaTenbHas.
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JokaszaTenbcTtBO. [Myctb X (/) — NPOU3BONBHO (DUKCK-
poBaHHas Touyka perynspHoro nytum I, a X (t) — nepemeHHas Touka
TOFO Xe MyTW. PaccMoTpuMM BEKTOP

g(t) = r«)-r(t0
t—L

Jlerko BMAeTb, YTO BeKTOp g(t) NeXMUT Ha HanpasfeHHON cekyllel, npo-
xogawen vepes Toukn X (t,,) u X (/), N UMeeT ¢ Heil ofMHAKOBOe Ha-
npasneHue.

[anee,

Hmg () UM EO /W g oo
(-to -t
OTciofa cregyet, 4yto B TOYKe
X(t0) cyuwecTByeT ranpaB/ieHHas
KacatenbHas t K |, koTopas onpe-
fLenseTcs B MPOCTPAHCTBE BEKTO-
pom r' (/0) (cm. puc. 120).
Teopema pgokasa ia.
Ecnn uvepes X, Y, Z obosHa-
UMM TeKylime KOOPAMHATbl TOUKM
Ha HanpaB/IeHHOl KacaTeNnbHOW K
rnagkomy nytu /B Touke X (10),
TO KAHOHMYecKuWe ypaBHeHUA Ka-

Puc. 120 caTenbHOW 6yAyT MMeTb BUA;
X - x (t0) *V ,
X' () Y (/) 2' ()

3pgecb X (0, ¥ (0. 2 (0 — cocTaBnsitolime BeKTOP-GyHKUMK 1 (t).

Teopema 2 Y gByx 3KBUBANEHTHbIX PErYNspHbIX NyTell B COOT-
BETCTBYIOWMX TOYKax HanmpaBneHHble KacaTesbHble COBMAfalT UM
MMEIT NPOTWBOMNONOXKHbIE HAnpaBieHUs.

Loka3aTenbCTBO. [lycTb AaHbl 9KBUBANEHTHbLIE PErynsp-
Hble  NyTu

i:r = r(/)60*>[a, b,

T mg =£(*)€ [a, P],
M NycTb QyHKUMA
t—f(ME€ [a, P]

OCyLLeCTBAAET CBA3b MeXAY COOTBETCTBYHLLIMMU TOUYKAMU 3TUX MyTeN.
Torga npu Bcex TE (a, P) nmeem:

I"(0 &0
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r(fk)) = g (*
OTcloga

rv(t))r(T)=gr'(t),
N 4Ng COOTBETCTBYHOLWMX TOYEK MyTen / U m UMeeM:

Tak Kak /' (T) Ha [a, |3] coxpaHAeT MOCTOSAHHbIA 3HaK, TO O4HOBPEMEHHO
BO BCexX Napax COOTBETCTBYWOLWMX To4yeK / U T HanpaBfeHHble Kaca-
TeNbHble NM60 coBNajalwT, NM60 HanpaBfieHbl B MNPOTUBOMONOXHbIE
CTOPOHBbI.

Teopema foKasaHa.

Mpsamas, KoTopas noay4vaeTcs M3 HanpaBfeHHON KacaTe/lbHON B TOY-
ke X (/) kK nyTu | oTbpacbiBaHMEM HamnpaBfeHUs, Ha3blBaeTCA Kaca-
TenbHOW K nyTn / B Touke X (t0).

M3 TeopeMbl 2 BbITEKAET Ba)KHOE 3aK/lOYeHUe: y 3KBUBaNEHTHbIX pe-
rYyNApHbIX NyTeil B COOTBETCTBYHLWMUX TOUYKAX KacaTebHble COBNajanT.

Myctb L — peryndpHas KpuBas u A — HeKOTOpas TOuKa 3TOi
KpuBoil. MycTb, Aanee, perynspHbiin nyTb

[:T=1r (OCP
ecTb napametpusaums L u / = 10— 3HayeHWe napameTpa, COOTBETCT-
Bytoulee Touke A kpuBoli L. KacaTenbHoi K L B Touyke A Ha3sbiBaeTcs
KacatenbHasa K nyt / B Touke X (t0). TakK Kak Yy 3KBUBaNEHTHbIX pe-

rYnsipHbIX NyTell KacaTefbHble B COOTBETCTBYIOLIMX TOUYKAX COBMafaioT,
TO AaHHOe onpejeneHne KOPPeKTHO.

8 5. [invHa nytu

PaccMOTpMM B MpocTpaHCcTBe MyTb /, KOTOPbLIA NOPOXAaeTca Henpe-
PbIBHOI BEKTOP-GYHKLMEN

r=r(), a< t< b
Pazobbem npomexyTok \a, b\ Touykamm
a—tq tj ... <tn= 6.
Yucno

X= max (/,H1—tt)
Okl<n—
Ha30BeM paHrom pasbueHus.
O603Hauum uyepes X (/,) Touky nyTu /, ABNAIOWYIOCS KOHLOM BEK-
Topa r(t,) (puc. 121). MycTb Ln— nomaHas, nocnegoBaTenbHble Bep-
WKHblI KOTOpoW nexaT B Toukax X (/,), X {tj, ... ,X(tn). Takyw
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nomaHyto 6ygem HasbiBaTb BnucaHHoi B nyTb K Yepe3 s(Ln) 0603Ha-
UMM OAMHY NoMaHol Ln.

OnvuHoit s (I) nyTw | 6ygaem HasbiBaTb Npegen AAWMH, BMUCAHHbLIX B
3TOT NyTb /IOMaHbIX, MPWU YCNOBWUW, 4YTO paHr pa3bueE na cTtpemuTcs
K Hyno.

Opyruvmu  cnosamu,

Xit,| s() = 1ms(Ln).
A-0
Teopema 1 Bcakuii
perynspHbiii nyTb | umMeeT
onpedeneHHy0 AnuHy. Bonee

TOro, ecnn perynsapHbii nyTh
| 3ajgaH BeKTOp-(hyHKUMEN

Fr=r e [a, b],
TO cnpaBeanusa opmyna
Puc. 121 b
s(o=51 {t)\dt-
JokaszaTenbcTBO. [lponssesem pasbueHue cermeHTa [a, b]
«—" t\ < eee "Ctn= b,

M nycTb | — paHr atoro pas6bueHus. CTpoMM nomaHyo Lnno ykasaH-
HOMYy pas3bueHunto. Torga
i JFi

* * r(tH) - r oty
10 W) X <) r:SO

Myctb x(t), y(t), r () — coctaBnstouwme BekTOp-hyHKUMnM r(t)1
Torpa
M
s(Lnl= V K[x({f+)- x(™]2-)-Iy (/H) - y+ [z(tH)~z (QY.
t-o. 3
MpUMeHNM K KaXAoW W3 pasHOCTel, CToAWMX B CKOOGKax nof 3Ha-
KOM pagukana, qopmyny JlarpaHxa:
x(tm) — x(tl) =<' (£]).4*,,
Y(*i+) — YPi) = y' (n)a "™
2WH) —z(t)=rr (@4
yepes TJr, £r 0603HauyeHbl TOYKM cermeHTa [tt, ti+i], a yepes [
pa3HOCTb — tt.

1 Tak Kak nyTb / perynapHbiid, 70 QyHKuumn x(t), y(t), z(t)EC (>, u npu Bcex
1( \a, b] umeem: x'2(t) + y'2(t) + r'1(t) > o.
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OTcropa

s(L,,) =2 ¥ x2(I,)+ y2(0InN+ z2'2(Y -U -
£0

Monoxum
/= ¥|r"©Oln.
a
Torga
b 1 (H+1 -
/= j K *2+ y2+ r'2dt=2 f/~ X2+ y'2+ r'2df=
a 1=0]lv

—2 V x1W "-Y2 “b 2,2 (Ti)
r=o
rge rt — HekoTopasi Touka cermeHTa [/;, ti+i\
Nmeewm;
is(l,,)- /1= 12(K *2(it) + /80 + 22(w -
i=0
_1ixr2@0+ y'2 (1) + 2'2(TY) C 4/(] <

NN IxX'2(li) — x"*(xt\ +1 y'2(M9 — y'2(Tf) 1+ 1z,2(") — z2'ATH)l
M2 (?1)-HY'2 (i) + r'2($r) + K*'2(mn)+ y2(10+ r'2(tn)

OueHUM npexfe BCEro CHW3Yy 3HameHaTeflb B KaXAOM cfiaraemMom
npaBoﬁ 4acT\ nocnefHero HepaseHcTBa. [lns 3TOro 3ameTumMm, 4TO He-

npepbiBHas (yHKLMA
\[* (01= J/V* 0+ / 2(0+ r'200

npu Bcex t \a, b] OTAWYHA OT nynsd. Mo3ToMy M3 Teopembl Beiiepw-
Tpacca BbITEKaeT, 4To

ro—[;ng]|r‘(/)| =\r" (/0|> 0.

Otcroga npun Bcex | = 0, 1, 2....... n — 1 nveewm:
V x2(Si)+y'2bl + 22(W + 1/*'2(x,)+ y'2(t;)+ r'2(t,) > r,.

[Oanee, QyHkuun x'~ (1), y'2 (/), 2'2 (/) HenpepbiBHbl Ha [a, b\
noaToMy no Teopeme KaHTopa OHW paBHOMEpPHO HenpepbiBHbI Ha [a, b\
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3afjafuM Tenepb NMpPoOM3BONbLHO e > 0, Torfa cyuiectsyet Takoe 6> 0.
yto Ans nobbix I', t" £ [a, b\ 1 ya0BNeTBOPAOLUMNX COOTHOLLIEHUIO

K —n < 6>
crnpaBefnBbl HepaBeHCTBa:

*R(@M - X2(Mi< - "

3(b—a)
|/ (N —y'2(N\< .

3(6 — a)
Ir2(/") —r2@) |< re

3(6 — a)

Bo3bmem Temepb  JOCTATOMHO MejKoe pa3bueHne npomexyTka
[a, b]. MeHHO, NnoguMHUM paHT pa3bueHus ycnosuio k < I

Torga ANnA BCeX BNUCAHHbIX B NyTb | fiIoMaHbiX Ln, MOCTPOEHHbIX
No TakuM pa3bueHusM, NoAy4YuUM:

\s(Ln-1\< e.
OTcropa
1= lims(Ln.
n o
CnepoBatensHo,
b b

s(0O=S\rf)ldt = JY xd @+ y2@® + r2¢) dt

Teopema [JoKasaHa.

§ 6. AnuHa kpusoiWi

Teopema 1 [nuHbl BCeX 3KBMBANEHTHbIX MeXXay co60i perynsap-
HbIX NyTeN pasHbl.

OJokasaTtenbcTBO. TlycTb / U T — aBa 3KBUBANEHTHbIX
perynspHbiX MyTW, KOTOPble COOTBETCTBEHHO 3aJal0TCA BeKTOP-(YHK-
LUMaMm

[: 1T =71 () £C»)Ja bl

Tmg —S VEG>[a pl, (a< 1< 5
MycTb, fanee, QyHKLUA
t= 17 (1
OCYLLeCTB/IAET CBA3b MeXAy napametrpamu t u T, mpuyem
/(@ = afd)= bf ()P O

r¢m = g().
256



Pasbepem cHauana cnydaii, korga a</<6. Torga, O4Y4eEBMAHO, BCioay
Ha [a, p] vmeem:

/" (T)> 0.
N3 CooTHoLLEHNSA
r¢m)=g9@

nocne gudhepeHLMpoBaHUS UMeEM:

o 7 di
OTcroga
: _ dg
A W= di
N TaK Kak
/'« >0,
TO
dg dr
dx d M
Ha ocHoBaHuu Teopembl 18 5 rn. IV nmeem:
dr dr
\dil 3 d g dt—s

MycTb Tenepb a> t > b. Torga dyHkuma f'[i) cTporo oTpuua-
TenbHa Ha [a, p]. B atom cnydyae

S = j\r'(t)\dt.
b

JundbchbepeHuypya TOXOeCTBO

r(ft*)) = gw,
MMeeMm:
rvm - ds
dt dx
Tak kak Y (1) < 0, TO
P dr
o di=—1 — * = = .
del ! Jldt/W _Jd/dt s?

Teopema [okazaHa MOTHOCTBH.

Jaaym Tenepb onpeaeneHe AsiMHbl KPUBOIA.

LNnuHoW perynsipHoii KpuBoli L HasblBaeTcs AavMHA No6Goro
PErynsipHOro NyTwW, XapakTepusyLero 3Ty KpPWBYio.
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§ 7. EcTecTBeHHbIl napameTp KpuUBOI

Kak Mbl 3HaeMm, OAHY W Ty Xe KPWUBYK MOXHO 3a4aTb C MOMOLLbHO
6eCKOHEYHOr0 MHOXecTBa Pa3/IMUYHbIX NapaMmeTpusauunii, npuyem napa-
MeTp, KakK npaBuio, He UMeeT NPAMOro reoMeTpUyeckoro cmbicna. B
3Tom naparpade 415 KaX40oW rnagkoii Kpusoi 6yaeT BBefeHa crneyunanb-
Haa napameTpu3auus, TeCHO CBA3aHHAA C reOMeTPUYECKUMU CBOWCTBA-
MW KpnBOW. B kauyecTBe Takoro mapameTtpa 6yneT BblbpaHa AnuMHa nepe-
MeHHOW AYyryv Ha KpWUBOWA.

Myctb L — peryndpHaa Kpusas. PaccmMOoTpuM ee MNpOou3BOJbHYIO
napameTpusaLuio, KoTopas 3afaeTcs BeKTOp-(yHKLUein

r=r (0O€C[a, b).

HanomHum, uto r' (t) @ 0 npu Bcex tE£ [a, b]

MycTb /— perynspHblii NyTb, NOPOXAEHHbIA BEKTOP-PYHKLUMER T (t).
O603HauMm uyepe3 It perynsipHblii NyTb, 3afaHHbIA TOW XXe& BEKTOp-
tyHKumnen r (/), Ho Ha cermeHTe [a, t]\ It 6ygem HasbiBaTb pfyroii
nyTun /. O6o3Haumm uepe3 s(t) gnumHy pyru /,. Torga no teopeme 1
§ 5 6yAeM MUMETh:

s(t)=$\r'(t)\dt. *

a
Teopemai. dDyHkyms s (t) obnagaeT cnegyowmmy cBOCTBaAMU:

1 s(0€ C« [a, b]
2. s'(t) > 0 Ha [a, b], Tem cambim s(t)— cTporo BoO3pacTato-
wasa qyHkuus tE€ [a b].

JokaszaTenbcTtBo. W3 cdhopmynbl
s(t) = jv'(O1l dt
a

BbITEKAET HemnocpeacTBeHHO, YTO
S'(0 = 1r' (01

s(06C<*>[a, b].
Tak Kak |— perynspHblii nyTb, To npu Bcex t£ [a, b]
s'(0>0.
Teopema fokasaHa.

O6nacTb 3HayeHuid gpyHkuumn s (0 ectb cermeHt [0,5], "eS=s(L).
M3 Teopembl 1 BbiTeKaeT, 4TO (yHKUMa s = s(O MMmeeT ob6paTHYIO

t=t(s),
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KoTopasi 3agaHa Ha cermeHte [0, S], k pa3 HenpepbiBHO guddepeHyn-
pyema, CTpOro BO3pacTaeT u

L — L — i
ds ds_ Ir' (01
dt

Teopema 2. Ha npomexyTke [0, S] paccMoTpum BeKTOp-
yHKLMIO
R(s) =r
Torpa aTa BeKTOP-(hYHKLWUA NOPOXKAAET PEerynspHbii NyThb Yy, 9KBM-

BaNeHTHbIA nyTwu I
LokaszaTenbcTBO. [eAcTBUTENbHO, DYHKLUA

t= 1 (9
TakoBa, uTO:

a)'/(s)'€C«>[0,Sj; -
6) /() =a, t(S)= b;
B) npn Bcex s£ [0, 5]:

dt |

>

ds 1r’ (t) |
[anee,

dR__ dr dt 0.

ds dt ds
Moatomy R (s) 3agaeT perynspHblidi nyTb y. Tak Kak

r(@)=R (),
TO perynsipHble NyTW / Uy 3KBUBANEHTHbI.
Teopema foKasaHa.

Teopema3d. WMMmeeT MeCTO COOTHOLIEHUE
dR_ = j
ds

JokaszaTenbcTBO. [leliCTBUTENbHO,
dR dr dt dt
— =\r\t) | !
ds ) ds Ir* <]

ds dt r' 1l

MapameTp S MMeeT NpsSMONA FeOMeTPUYECKUIA CMbICA; OH SIBASeTCA
ANVHON nepemeHHOW ayrn nyTtw /. Mepelijem Tenepb K pPacCMOTPEHUIO
MCXOAHON KpuBOWA L. Tak KakK OTHOLUEHWE 3KBUBANEHTHOCTW perynsp-
HbIX NyTel CUMMETPUYHO W TPaH3UTUBHO, TO NYTb Y 3KBMBANEHTEH
no6oi napameTrpusauun Kpusolk L. OTHbIHE C KaXAOW perynsipHoii
KpuBoil L cBfizaHa BNOMHe OnpejeneHHas napameTpusayus

R = R (),
W napameTp S, yyacTBYWOLWMIA B Held, ecTb AAMHA MEPEMEHHON AYyru Ha
L; OAMH M3 KOHLOB AYr1 ()MKCMPOBAH U COBMajaeT C Ha4anbHON TOYKOIA

o 259



KpuBoii. Bo BCeM fanbHellleM W3NOXEHUU Mbl OYfEM MO/b30BATLCA
3TOW cneumanbHoin napameTpusauueit. MapameTp S HasblBalOT eCTECT-
BEHHbIM NapameTpoM KpUBOW, a BekTop-yHKUMIO R = R (s) ecTecT-
BEHHO napameTpwusauuneir Kpusoii L.

§ 8. KacaTenbHasi kak npsAmas Hauaydwero I0KalibHOTO
NpUGANXKEHUS KPUBOIA

Myctb L — perynapHasa kpuBad. Kak yxe Obll0 CKa3aHO Bbllle
Takyl0 KpuUBYK OyAeM OTOXAECTBNATb C €e eCTeCTBEHHOW MapameTpu-
3auuei

R =R (s);

napamMeTp S M3MeHsieTcs B npegenax oT 0 go S, rge S — anuHa L.
Toukn KpnBOA L — 3TO KOHUbI paguyc-BekTopa R (s). Ix 6yaem 060-
3HayaTb yepe3 X (s). OUeBMAHO, YTO AUHA AYyrU KpuBOl L ¢ KOHUamMu
B Toukax X (0) m X (s) paBHa s.

OTKpbITOW Aayroi ¢ koHyamm X (s n X (s2 6ygem HasbiBaTb MHO-
XKeCcTBO Toyek X (s), 4na Kotopbix s £ (sb s2. MycTb SO — BHYTpeHHAA
Touka cermeHTa [0, S]. OkpecTHOCTb Touku X (sO Ha Kpusoi L
bygem HasbiBaTb 0Oy OTKPbITY Ayry L, cofep>kallyt 3Ty TOUKy.

HecKoNbKO MHa4vye ONpeaensitoTcs OKPecTHOCTU KOHLOB KpuBol L —
Touek X (0) u X (S). IMeHHO, OKpPeCTHOCTSIMW 3TUX TOYeK 06bABNAOT-
CA MHOXEeCTBa TOYEK KpMBOW L, ANs KOTOpbIX NapaMeTp S COOTBETCT-
BEHHO MpuHagnexut nonycermeHtam [0, Si) wan (s2, 5]. Mbl 6ygem ro-
BOPUTb, YTO ANS KPUBOIA L HEKOTOPOE CBOCTBO BLINOMHAETCA N O K @ N1 b-
H O, €CniM 3TO CBOWCTBO BbINONHEHO B HEKOTOPOA OKPECTHOCTM NGO
‘TOYKN KPMWBOIA.

Mycte X (s0) — npounsBob-

Hasi TOYKa perynsipHoin KpueoW

L. MpoBegem 4epe3 Touky X (sO

noby npamy a (cm. puc. 122).

N3 Toukm X (sO+ As), nexa-

wen Ha L, omycTuM neprneHAUKY-

nap Ha a u nycte A (5, + AYs)

— OCHOBaHMe 3TOro neprneHau-

Kynapa. Onuny oTpeska

X (so+As) A (so 1 As) 0603Ha4uM

ha(A.s) n 6yaem HasbiBaTb OTK/IOHe-

Puc. 122 HMeM NpsMOoi a 0T KpuBoi L B Tou-
ke X (so). Haligem copmyny ans

ha(As). MycTb T — eAWHWYHbLIA BEKTOP, NeXalluih Ha a. Torga ecnm

AR = R (s, -f- As) — R (s0),
TO
ha(As) = I[m, OR] |
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Ons AR HanuweMm pasnoXeHue no gopmyne Teinopa A0 YNeHOB nep-
BOr0 NMopsfKa BKIHOYUTENbHO

AR = R"' (s0) As -j- e (s0, As) As,
3geckb le (s, As)| ctpemutcs K Hynto npu As “m0.
OTcropa
ha(As) = I[m, R' (sO JAs -f-\m, e (s0, As)]As]
W, cnepfoBaTeNlbHO, FNaBHOW 4YacTblo OTKNOHeHMA h (As) sBnfeTca Bbl-
paxKxeHune

NT, R'{sO ]l I1As|

MycTb Tenepb a0 — kacaTenbHad K L B Touke X (sO) n t — eawm-
HWYHbIA BEKTOP 3TOW KacaTenbHOW (cm. puc. 123). Tak kak R (sO) ne-
XWT Ha npamolt a0 un cornacHo Teopeme 38 7 rn. IV

[*'(®0)l = 1
TO MOXHO CYMTaTb, YTO
t =R (s0.

Ho Ttorga
hao (As) = I\t, i1As+ As\t, e(s0, As)]| =|Asll[e (sO, As), t]].

Tak Kak TOMbKO AN KacaTenbHOW  BbIpaXKeHue
[T, R" (O] =0,

TO OTKNOHeHne ha (As) umeeT
HambonbWMNA NOpPSAOK  ManocTu
TOorga W TOMbKO ToOrga, Korga
npsaMas a ecTb KacaTe/bHas.

OTctofa fICHO, 4TO B fjocTaTou-
HO Manoii OKPeCTHOCTM  TOYKU
X (sO npsMoit Hamnyywero npuéan-
>XeHus K L aBnfeTcAa KacaTeb-
Haa K L B Touke X (sO. bBonee
noapo6HO 3TO 03Ha4aeT, UYTO ecnu
oyra Xt X2 kpusoit L, B3aTas
B KayeCTBE OKPECTHOCTU TOYKMK
X(s0) (cm. puc. 124), nmeet gocTa-
TOYHO Manyw ANMHY, TO cpeau
BCex 0Tpe3koB AB Hauny4dwum
obpaszom npubnuxaer gyryJsi~Xr,
0Tpe3oK KacaTenbHol JIOBO. Ye-
pes A, n B, 3pecb 0603HayeHbl
npoekunn Touek X{ W X2 Ha
npsamyto o, ayepes AOu Bnnpoek-
UMM Tex >Ke TOYeK Ha Kaca-
TenbHyto  a0.
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B cooTBeTCTBUM C BBEAEHHOW TEPMMWHONOIMENA MOXHO CKasaTb, 4TO
KacaTeNbHas ecTb NpAMas HawWNyuyllero NOKanbHOro NpuGAU>KeHus pe-
rynsspHoO KpWBOM B 1060 ee ToukKe.

§ 9. KpuBusHa v rnasHasa Hopmanb

1 OnpegeneHne KpWBKM3HBI U FNaBHOW Hopmanu. [ ns TOro 4to6bl
0XapaKTepu3oBaTb CTEMeHb OTAMYUS KPUBOW OT NpAMOWA AMHUM, YAO06-
HO BBECTU B paCCMOTPEHME CKOPOCTb BpalleHMs KacaTenbHOW npu nepe-
MelleHU BAOMb KPUBOMW. *

MpaAMas BO BCEX TOYKAX UMEET OAHY M Ty XXe KacaTelbHY, cOBMa-
Aoyt C Heit camoii. Mo3TOMy MpW NepeMeLwleHun BAOAb NPSIMON CKO-
poOCTb BpalleHWs KacaTelbHOW paBHa Hynw. OTCAa SICHO, 4TO Yem
6onblle CKOpPOCTb BpaleHWs KacaTeNbHOW Mpu NepemelleHun BAOJb
KpWBOWM,' TEM'60/bLIE KpUBas MO CBOe/ MPOCTPAHCTBEHHON hopme OTau-
YyaeTcs OT MPSMON.

Myctb L — perynapHaa KpuBas u

R = R (s)

napameTtpmsauusa. Ha-

YnMHas C 3TOro napa-

rpaga, 6ygem cuymTaThb,

4YTo  BEKTOp-(PyHKLMA

R (s) no kpaiiHei mepe

LBaXAbl  HENpPEPLIBHO

anddepeHympyema. Bo-

worsl 3bMeM Ha L npoun3Bonb-

Puc. 125 Hyl  Touky X (so) u

3admkcmpyem ee. MycTtb

X (so + As) — nepemeHHas Touka L (cm. puc. 125).
BekTop-pyHKLMA

t(s) = R'(s)

Mo KpaliHeih Mepe OAWMH pa3 HenmpepbiBHO AuddepeHLMpyemMa 1 COrnacHo
Teopeme 3 8 7 rn. IV npu Bcex s

Y(s)l= 1
T. e t (S) ecTb eANHUYHBIN KacaTeNbHbliA BEKTOP K L B Touke X (S).
O603Ha4YMM Yepe3 P yroa mexpgy Bektopamm t (so) mt (so + As).

OTmeTuM, 4To yron < b6epetca B npegenax ot 0 go n.
Ywncno

X = lim —,
s-0 s
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rae s — As — gnunHa gyrm L ¢ koHyamm X (sQ m X (sO + As), Ha3bl-
BaeTCA KPUBM3HOMN Kpueol L B Touke X (SO).
Tak KakK CKOpPOCTb BpalleHUs KacaTenbHOW Mpu nepemelleHun BAOMb

KpuBO L paeTca ANMHOW BekTOopa o TO Hawen 6nvxaiwen 3agaven
S

ABNAETCA yCTaHOB/NIEHMNE paBeHCTBa

B Nt06GOM TOuKe KpuBOW L.
JonycTtum, 4To cooTHOWeEHMe (*) yXXe YCTaHOBMEeHO U B Touke X (sO)
KPUBM3HA X OT/IMYHA OT Hyns. Torga

ds

O603Ha4yMM 4Yepe3 M OpPT BekTopa dtdl . Hwuxe 6yaeT pokasaHo, 4To
S

BEKTOp N nepneHAnMKynspeH kacatenbHol t (sO). OH Ha3biBaeTcsi rna.-
HOWi Hopmanbl L B Touke X (s0).

OTMeTMM, 4YTO rnaBHas HopManb OnpedeneHa NWWb B Tex Touykax
KpWBOW, rae KpuBM3HA OT/NMYHA OT Hynda. Mo onpegeneHuto, KpuBU3HA
eCTb HeoTpuuaTenbHas PYHKLUS TOYKU KPUBOWA.

Ccopmynupyem 1 fOKaXeM OCHOBHYIO TEOpPEMY O KpWUBM3HE W rnas-
HOVi HOpManu perynsipHoin KpuBOIA.

Teopema 1 [nda noboin perynsipHolii Kpueol L B Ka>KAoi Touke
CYLEeCTBYeT KPWUBU3HA X W MMEET MeCcTO pPaBeHCTBO

dt d2 R
ds ds2

B Tex Toukax L, rge x ¢ 0, onpeaeneHa rnaBHas Hopmarsnb 1 CnpaBeanm-
Ba (hopmyna

fo=»m ()
npu 3TOM BEKTOPbl tu n nepneHANKYNAPHbI.
dopmyna (*)HasbiBaeTcd nNepBON GopMynoin dpeHe.
3aMeTum, 4TO ecnu
R =R (s)
— ecTeCTBEHHas napameTpu3aums L, TOo, Kak OblI0 yKa3aHO BblllUe,
BEKTOP-PYHKUMA R (S) No KpaiiHeil Mepe ABaxkabl HenpepbiBHO Andide-
peHuupyema.
[oka3aTenbCTBO TEOPEMbl ONUPAETCA Ha ABE JIEMMbI.
Nemma 1 TlycTb BeKTOP-GYyHKLMA
h = h(t)
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HenpepbIBHO AudepeHumpyema u
Ih(0| = const.

Torga BekTopbl h (t) u h'(t) opToOroHanbHbI.
JokasaTenbcTtBO. Wmeem:

(AWM, b)) = |h(t) |2=const.

OvnddepeHumnpys aTo TOXAECTBO, NOAYUYUM:

2(h(t), h*(t)) =0.
OTctofia n cnegyeTt yTBEPXAEHUE NEMMbI.

Nemma 2. Myctb h (() — BEKTOP-PYHKUNA €AUHWNYHOW A/UHbI.
Torga yron me>kgy BekTopamun h (t + At) u h (t) skBuBaneHTeH ANUHE
BekTopa Ah —h [t H- A" — h (/).

JokKka3aTenbcTBO. TpeyronbHuk OAB (puc. 126) paBHO-
6enpeHHblli. Mo3aTomy

\AB | 2 OA Isin-
Tak Kak
|[OA1= | h (1) 1, \AB\ an
OrTciopa

AN = 2sin-],

W, MOCKOMbKY 2Sin-~ 3KBUBANEHTEH O WMeeM:

IAh 1 -O.

JlemMma foKa3aHa.
Mpuctynum K foKasaTeNbCTBY Teopembl. [pexae BCero fLOKaxem
CyLL,ecTBOBAHNE KPUBMU3HbI X W YCTAHOBUM pPaBEHCTBO

L
" ds
Nmeem:
dt . At
— lim -
ds Ps-0 As

Tak kak no nemme 2 yron ¢ mexay sektopamu t (s + As) nt (s) akBu-
Ba/leHTEH A/MHe npupaweHus |4*| efMHUYHOrO BeKTOpa KacaTesbHOW

t (s), To
®. Aty U(s+ As)-f(s) |.
Oanee,

dt . At .
= lim = Zlim — = k.
ds A ~O As As -»0 IAs]
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MycTb Tenepb B Touke X (SO) X ¢ 0. O603HauUMM 4epe3 N OPT BeKTopa

L. Torpa
ds
dt_ dt_

n = xn,
ds ds

dt
M no nemMme 1 BeKTop —  nepneHAukynspeH t. CrenoBaTenbHo,

rnaBHass HopManb N MepneHUKynspHa KacaTe/ibHOM.

Teopema foKa3aHa.

2. dopmyna AnA KPYBWU3HBbI B Cnydae, KOrga perynispHas Kpusas
3aflaHa Npou3BO/SIbHOM napameTpusaumeii. Ecam L 3afaHa ¢ MNOMOLLbIO
€CTECTBEHHON MapaMeTpu3aLuu

R = R (s),
TO

dA

ds-

B aToM nyHKTe GyfeT BbiBefeHa (opMmyna AN KPUBU3HLI B Cryuae,
Korga L 3afaHa C NMoOMOLLbl0 NMPOU3BOMLHOW MapameTpusalum

r=r(06C<Ja b] (k > 2).
Teopema 2. MycTb
r=r(0gG*>|[a, 6] k> 2)

— napameTpusauus perynsapHoit Kpmeoih L. Torga Ans  KpMBU3HbI
KpuBoii L cnpaseanvnBa copmyna
“d*r drt
dt2 * dt
dr

I dt
JokaszaTtenbcTBO. [lycTb

t=t{s)£ G0, SI

— (hYHKUMA, Bblpaxalowas CBA3b MexXJy napameTpoM t U ecTecTBeH-
HbIM MapameTpom s Kpusoi L. Torpga

R =r ().

OTcroga
dr dt
ds ~ dt ds
d2R rfor dr d4
dsl ~ dt2[ds ) ds ds2
MoaTtomy

FdR dR1 [dr dri1 1dt\*



dR dIR
MOCKONbKY BEKTOPbl — W — OPTOrOHaNbHbLI U
ds ds2
dR
drR_ L o
ds T odsl
(cm. Teopemy 1 n. 1 HacTosiwero naparpada), TO
" \d*R_ dR |[rdv  dr1l dt_
[ds2’ ds  “ I[dt2" dt]J ds
Ho
dr
dt.
S(0 | it
n dt 1
osToMy dr W, cnefoBaTenbHo,
dt
X dr  dr_ dr I3
Codee ot ]I dT
Teopema [oKasaHa.
3. Mnockne Kpueble. 3TOT NYHKT MOCBALLEH TMOHATUIO  KPUBMU3HbI

ANs NNOCKUX KpMBbLIX. He Hapywas 06WHOCTU, MOXHO CUMTaTb, 4TO
MNOCKOCTb, B KOTOPOW fieXaT KpuBble, COBMajaeT C MNOCKOCTbl XOy.
Takum o6pasom, ecim L — njockas perynspHas Kpusas U

r=r1 (0€ &>[a b {k>2)
— HeKoTopas ee napameTpusauus, TO
r(0= X0 /7+ y ().
OTctofa AN KPpUBM3HBLI Npamoil L vmeeM copmyny:
W)y (1) -y (1) x ()N
[xr (o+y'Noi7*.
Monb3ysicb 3TON (HOPMYJION, HaWgeM KPUBU3HY OKPYXHOCTU pagmny-

ca R. Ygo6bHo BOCMONMb30BaThCA CMeAylOWMM NapameTpuyeckum npeg-
CTaBNeHNEM OKPYXHOCTH:

X — R cos t,
O< t< 2n.
y = Rsint,
Torpa

XY —y"'x'N _ R2 _ 1

(*'2+ y'214, - RZ ~ R
MTaK, KpMBM3HA OKPY>XXHOCTM BO BCEX TOYKAX OAWHAKOBA M paBHa R
roe R pagnyc OKpPY>XHOCTMW.
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B cnyuae, ecnu napaMeTp t coBmagaeT ¢ OfHOW W3 KOOPAWUHAT, Ha-
npumep t = X, n KpuBas L 3afaetcs sBHbIM ypaBHEHWEM
Y=Y (x),
0N KPUBU3HbI K MMEET MecTo (opmyna

Ona KpuBbIX L, KOTOpPble MOTYT BbITh 3afaHbl C MOMOLLbIO NapamerT-
pusaLmm
rex=xi+yxj x0< x< xu

rae y (X) £ Cw, k>2, nonesHo BBECTU MOHATUE KPUBU3HbI CO 3HAKOM.
(OtmeTtum, uto ycnosue r' (x) @ O ana TakuxX KPWUBLIX BCerga BbIMOS-
HEHO, MOCKO/bKY

Ir'(x) | =1/ 1+y'2 > 1> 0)

Puc. 127

MycTb t u t'— KacaTenbHble K KpuBo L B Toukax X u X' M NycTb
Mexgay abcuuccamm X U X' 3TUX TOYeK CNpaBeA/IMBO HepaBeHCTBO
(puc. 127)

X < X'
O603Haunm uepe3 k n k' yrnoeble KoahpuLUMeHTbl KacaTenbHbIX t K t'.
Torpa
n=y@r), k’=y" ().
MycTb a Mma' — yrnabl, KoTopble 06pa3yloT KacaTe/nbHble t U £ ¢ nono-
XUTefnbHbIM HanpasneHunem ocu Ox. Torpga
a = arctgy’(x), a'= arctgy' (x").
OpveHTUPOBAHHBIM Yr10M MeXJy KacaTeflbHbIMW K L B TOukKax
X n X’ Ha3oBem yronl
d=a" —a.
1 B paccmaTpuMBaeMOM cfiyyae BaXKHO, 4to X < X'. Ecnm Xe x > x', 10
nonaraem p= a —a'. Hwxke paccmaTpuBatoTcs 06a cnyyas.
267



FAcHO, uTo yron ¢ Mexay KacaTeflbHbIMU tu t’, KOTOpbIA paccmaTpu-
Banca B M. 189 rn. IV 6e3s yuyeTa HanpaBfeHWs, eCTb abCOMOTHas

BeNYUHA O:
o= ||

OnpepeneHne. KpuBusHoih L co 3HaKoM B Touke X
HasblBaeTCA 4uMCno

X = lim 5-,
X' -X S

rge s — pnvuHa gyrun X X’. OyeBufHO, 4TO
X —|x|.
Jokaxem, 4uTo
v
@+ yqre -
[encteutenbHo, nonaras x' — X -)- AX, VMeeMm:

¢ =a’—a —[a,
JiAX
s— ) 1/71+y'2 dx.

MosTomy
x = Iim -
XA xHfxor
l( V1 +y,2dx
Oa da d (arctg y")
AX dx dx
=0T
OTcoga
(l+y T
4. Bbinyknble M BOTHyTble KpuBble. [lycTb L — perynapHas Kpu-
Baf, 3afaHHaf napameTpusauuei
<X — X,
v=/@
roe
f(x) £ O* [a, b\ (k > 2).
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Kpusasa L Ha3blBaeTCA
BbINYKNOMN, ecnu oHa Lenun-
KOM pacnosno>keHa Haf KaxK-
[0 CcBOeil KacaTenbHON (CMm.

puc. 128, a)).
Kpusasa L HasbiBaeTca
BOTHYT O, ecnu OHa

LLeMKOM  pacnonodkeHa nog
Ka>k/fon CBOeil KacaTenbHON
(cm. puc. 128, 6)).

Teopema3d [Ond To-
ro 4Tobbl kpueas L 6bina
BbINYKNOW,  HeobxoguMMo 1
[OCTaTO4YHO, YTOObl BO BCEX
ee TOYKax KpWMBU3HA CO 3HA-
KOM K 6blna HeoTpuuaTeNb-
Ha.

Teopema 4. [naTo-
ro y4yrtobbl Kkpusasa L 6Obina
BOFHYTOW, Heobxogumo
JOCTaTO4YHO, YTO0ObI BO BCeEX
ee TOYKax KpUBM3HA CO 3Ha-
KOM X 6blfia HEMnoNO>KUTEeNb-
Ha.

Mbl orpaHnyYMmca gokasaTenbCTBOM Teopembl 3. Teopema 4 [0Ka3bl-
BaeTCs BMOJIHE aHaNornyHo.
JoKa3aTenbCcTBO Teopemb 3. ANa KPUBU3HbI CO 3HA-

KOM K MMeeT MecTo (opmyna

Te- M«)
1+ f2w)3//

MosaTomy Heo6XxoAuMMOe W [0CTaTOYHOE YC/0BME BbIMYKNOCTU KPUBOI
CBOAMUTCA K TOMY, YTO BClOZy Ha cermeHTe [a, b]
r x)> 0.

a) MpoBepka Heob6xopgumocTwu ycnosmusa. T[lycTb
L — Bbinyknaa Kpusasd. Bo3bMeM MNpouM3BOJIbHYK TOUYKY XO Ha L wu
npoBedeM B Heil KacaTenbHyt t (cm. puc. 129). MycTb X0 — abcuucca
TOYKM X0 U X — ntobas Touka npomexyTka [a, b]. O603Haunm uyepes

X N X TOUKW, Nexaline COOTBETCTBEHHO Ha KPWUBOM L W KacaTefNbHON t,
nMeroLLmne X cBoei abeumccoin. Ecnm y n y—opanHaTbl Touek X u X, TO
Y= fix),
Y=1"K) x—x0+ /(x0.
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Pasnoxum f (x) no cop-
myne Telinopa [LO YNEHOB
BTOPOro nopsaka:

1(*)-=1 (o) + ' (Xo) (X —
-xj+ £rm * - *02
yepes 1 0603HayYeHa TOuYKa,

nexaujas mexay x0 mx. Tak

Kak X nexut nog X (kpwu-
Bas L Bbinyknas), TO

>= w7
WNn. H pasBepHyToOM BUAE

[ (*0) + f' (x0) (X — *o0) + f" (E) (x XX >/ (<0 + /' (x0) (x — Xx0).
OTcropa
r (> 0. f {% )

YcTtpemnasa x K x0>nonyumm, 4to £ ctpemutcs K X0, n Tak Kak f" (x) —
HenpepbiBHaA QyHKLKUSA, TO

f"(x0)= lim/"© > 0.
£*s0
Tak Kak Touyka xo £ [a, b] B3sTa nponsBonbHO, TO BCloAy Ha [a, bl
1Meem
r (x) > a
6) MpoBepka pJocTaToyHoe TM ycnosusda. T[ycTb
Ha KpuBOi L Bcrogy
r®>0

Bo3bmem Ha L npowus-
BO/IbHYK TO4YKy X0 ¥ npo-
BeZleM B Hell KacaTenbHyH t.

MycTb, panee, X n X— T04-
Kn Ha L unt, nmerowme 06-
wyto abeuymeecy x (cMm. puc.
130). Ham Hago pfokasaTb,

yTo ANA OpAMHAT YL Yy 3TuX
TOYeK BbLINMOMHEHO HepaBeH-
CTBO

y=y.
B 0603HaueHMAX, KOTOPble 6bIIM MCMONb30BaHbI Bbille, MMEEM:
Y=10)+ T (o) (x *)+ jf" ® (x— x0)3

Y =/ +7/ (X — xO
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Orcroga

Y—Y=j I (5 (x—xar> O

W Mbl MOfly4yaeM, 4To npu Bcex x*[a, b] 1y >~y.
CnepoBaTeNnbHO, KpuBas L BbiMyknas.

§ 10. Conpukacatuiasca naocKocTb

B § 8 6bIN10 yCTaHOBNEHO, YTO ANA KPUBOIM KacaTenbHas NOKanbHO
eCTb npAmas Hawuaydlwero npubanmxkeHusa. Tenepb Mbl XOTUM HalTu
MIOCKOCTb HAaWAy4llero N0KanbHOro NpuUeAMXKeHUs K LaHHOW KpUBOIA.

Besegem Heobxogumblie noHaTuda. MycTtb L — perynspHas kpusas
n

R=R (6 CMI[0, S] K> 2)

— ee ecTeCTBEeHHas napameTpm3auma. 3apukcmpyem Ha L npousBosb-
Hyto Touky X(so) (cm. puc. 131). TMyctb X (so + As) — nepemeHHas
Touka L un Q — HekoTopas
MA0CKOCTb, npoxogauas
yepes Touky X(s0). 0O603-
Haunm 4vepes p (Q, As) pac-
CTosiHME ToukM X (S0 + As)
[o nnockoctn Q.
MnockocTb P Ha3biBaeT-
Cs conpukacatouieica naocko-
CTblo K L B Touke X (s0), ec-
an gna 6ol nnockoctn Q,
OTAUYHON OT P, cnpaBeain-
BO COOTHOLUEHUe

ljm j>(P. As) = 0_
f6-0 p (Q, As)
ﬂCHO, YTO eC/1n B ,Cl.aHHOVI TOUKe KpI/IBOI7I €CTb COnpukacarwuwaaca nnoc-

KOCTb, TO OHa $BAAETCA M/IOCKOCTbI HaWAyylWwero NpubnanxeHus K
KpUBOA B N06OA [OCTAaTOYHO Manoi OKPECTHOCTU paccMaTpuBaemoi

TOYKMU.

Ecnn L — npsamas nuHusA, To nobas NAOCKOCTb, npoxogswas ue-
pe3 L, MoxeT 6bITb B3Ta B KayecTBe conpukacawleincs. Y npsMmoil Bo
BCEX TOYKaxX KpUBM3HA paBHa Hyn. [103TOMYy yCNOBUS CyLLECTBOBaHMA
€4MHCTBEHHOIM compuKacaroLencs MnA0CKOCTM B AaHHOW TOYKE KPMBOWA
CBA3aHbl C OT/IMYMEM OT HYNSi KPUBU3HbI B ITOW TOUke. ITO BUAHO M3
crnepytoLleid Teopemsl.

Teopema 1 nMycTb L — perynApHasa kpueasi u
R =R (s) £ Cw [0, S\ k> 2
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— ee eCTeCTBeHHas napameTpusauus. MycTb, ganee, X (s — npowus-
BONbHAas ToYKa L, B KOTOPO/ KPpMBM3HA OTAMYHA OT Hyns. Torga B TOu-
Ke X (sO cyllecTByeT efMHCTBEHHAs COMpUKacaloLlascs nnockocTh. ITa
MNOCKOCTb NPOXOAMT uepe3 KacaTeNbHYl W FNaBHyl0 HOpManb B TOuke

X (S,
JokaszaTenbcTBO. Jlerko Bugeto (cm. puc. 131), uto
pP(Q As) = [(oT, AR)\,

roe T — efMHMYHas Hopmanb K naockoctn Q, a
AR=R (s0-j-As) — ff (s0).
MpumeHsas ¢opmyny Telinopa, uMmeeMm:

AR = — + As2+ e (s 0,As)As2
ds ss0 2 ds2 |s=s0 ( )

HanoMHum, 41O
lim le (sO, As)|= 0.
As- 0

BekTop

"= s

ecTb efWHWYHbI BEKTOp KacaTenbHOW. J[lanee, MCNONb3ys MePBYHO
thopmyny ®peHe, UMeeM:

Takum o06pasom,
AR = t (SO As+ j x(Sgn (s0) As2-f 8 (sO, As) As2,

n dopmyna ans p (Q, As) NnpuHMMaeT BUA
p@Q As)= (o1, t(s0)As-f j x () (m, n (s0)) As2-f-

-f (o1, t (50, As)) As21

W3 atoii hopMynbl BUAHO, YTO BenmuuHa p (Q, As) MMeeT NopsafoOK OTHO-
CUTeNbHO AS He Bbille BTOPOro, ecay NioCKoCcTb Q He NPOXOAUT XOTH Obl
yepe3 oauH u3 BektopoB t (sO uam n (sO. Ana nnockoctn P, npoxops-
Wen yepes HekonnmMHeapHble BekTOpbl t (SO u n (s, M TONbKO ANsA Hee,
BennumHa p (P, As) oTHocuTenbHO AS MMeeT NOPSAOK Bbllle BTOPOrO,
TaK Kak B 3TOM Cnyu4ae

(or, t(sQ) =

(o1, n (s0) =

oo

A Torpga
lim P1~AM
As-0 p (Q, As)

1
R

Teopema foKa3aHa.
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Hanvwem Tenmepb ypaBHeHUe
conpukacatouielica nnockoctn PO
B Touke X (s0). W3 Teopembl 1
cnepyet, 4to B nnockoctu PO ne-
xat Bektopel U — R (s,), t (s0),
n (s, raem = Xi +Yj+ Zk—
TEeKyL WA BekTop mnaockocTn Po
(cm. puc. 132). MosTomy ypaBHe-
HVe compurKacalLeincs MaoCKoCTu

MMeeT BUA: Puc. 132

X — x(s0) Y (s0) w0 (S,)
O

g

Ecnu
r{) £ECc™m (k>2)
— HeKoTOopas napameTpu3aumsa KpuBoin L, To B NyHKTe 2 § 9 6bIIO
[0Ka3aHo, 4TO BEKTOPbI
" dr
dt
KONNMHEeapHbl, a rfaBHasg HOpManb KOM/IMHeapHa BEKTOpY

t

** o Adr+ BN
ds2 d 1 d*

CrnepoBaTenbHO, BEKTOPHI m N nexar B conpukacawolelica nno-

CcKOCTU. 3TH BEKTOPblI HE KOJU/IMHEApPHbl, TaK Kak

fdxr dr 1
[dt3” dt J| 50,
dr |3
dt
Mo3ToMy ypaBHeHMe compuKacawLeiics NA0CKOCTU MMeeT BUS;
rdr (to) d (.. _
U =
( [ d ° o 0.
Ecnu
x = *(/),
y= ygo,
=10
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— cocTaBnswWwmne BeKTop-pyHKUMn r (/), TO ypaBHeHMe conpukacaro-
Wwekca NNOCKOCTM MOXHO 3anucaTb B CAeAYHOLWeM BuUie:

X-*(,) Y=y 2-r(/0
x'(ta) y' (t0) z'(t0) =0.

X" (to) Y (to) z" (/0)

§11. KpyueHue

Mpu nepemelieHNN TOYKM BAONb PerynspHoi kpueoli L B Hanpas-
NEeHWN BO3pacTaHMa ecTecTBEHHOro napameTpa BMeCTe C TOYKOMW mnepe-
MELLaTCA KacaTe/ibHad W conpukacaroLlwasaca naockocTb. [M1OCKOMbKY
B KaXJON TOuYKe KpuBOW L conpukacarouwascs NA0CKOCTb MPOXOAUT
Yyepes KacaTe/nbHYl0, TO ABUXEHUWE conpukacalLwelics NaoCKOCTU MOX-
HO paccMaTpuBaTb KakK BpalleHuWe BOKPYr KacaTenbHOW. Takoe Bpalle-
HWe MOXET 6bITb NpaBbiM WKW NEBLIM. Y CNOBMMCA Yro/ NoBopoTa Conpu-
Kacaloleics nnockocTn 6paTb CO 3HAKOM «+», eCiM YKasaHHOe Bpa-
LeHMe npaBoe, U CO 3HAKOM «—» — B MPOTUBHOM ciy4vae. BBefeHHbIN
yron Mexgy conpukacarwwmmuca nAoCKOCTAMU Ha30BeM OpUEeHTUpPO-
BaHHbIM.

MycTb L — perynapHasa Kpusasa u

R =R (5 £ &>[0, ] (K >3)

— ee ecTecTBeHHas napameTpusaums. MNycTb, Kpome Toro, L umeeT B
KaXK0li TOYKe eAWHCTBEHHYIO coMpuKacalwlycs MnAockocTb. O603Ha-
yum yepes > (S,, AS) OPUEHTUPOBAHHLIN Yron MeXAy ConpuKacarwnumm-
cA nnockocTamm B Toukax X (sO m X (sO + As). (BaXHO MOAYEPKHYTb,
4yTO HanpaBfieHMe BpalleHus, CBA3aHHOE C BbIGOPOM 3Haka yrna, 6e-
peTcs OT conpukacaroweica nnockoctn B Touke X (sO), ecnm As > 0,
N 0T conpukacarwencs nnockoctn B Touke X (sO+ As), ecnnm As< 0.)

KpyuyeHunem KpuBoit L B Touke X (sO) HasbiBaeTCS 4yncno

T= Hm
As-0  |As\
LOna onucaHus CBOWCTB Kpy4yeHWUs yA0OHO BBECTU BeKTOp
b= [t, n).

JTOT BEKTOpP MepneHAMKYNSPeH COMpUKacalolleiics MAOCKOCTA M Ha-
3blBaeTca GuHopmanbio. Tak Kak / M N — efWHWUYHbIE OPTOrOHaNbHble
Mexay coboit BekTopbl, TO |&]| = 1. OueBMAHO, B Ka>KA0ON TOYKe L Bek-
Topbl t, N, b 06pasyldT npasyl TPONKY B3aWUMHO MeprneHANKYASPHbIX
e4MHNYHBbIX BEKTOPOB.

Teopema 1 TlycTb L — peryndapHasa kpueasa u
R=R((G)E£C»[0S] (k>3
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— ee eCTeCTBeHHas napameTpusauus. [lycTb, KpoOMe TOro, BO BCEX
Toukax L KpuMBM3HA CTPOro Mono>kKuTenbHa. Torga cnpaBednvBa yopmy-
na

db
— = —7rn,
ds
roe T — KpyyeHue.
JokaszaTtenbcTBO. [lo onpegeneHnto 6MHOPMANM WMeeEM:
b= [/, n]. *)

CooTHowWeHMe (*) MMeeT MecTO B KaXOl TOYKe KPWBOW, TaK KakK Wu3
YC/TIOBUI Teopembl BbITEKAET, YTO B KaXKA0M TOUYKe L ecTb KacaTenbHas u
rnaBHas Hopmanb. OuddepeHunpys no s TOXAECTBO (*), vMeeM:

db dn , dh ; dn

— [xTt, th\ -j-
ds ds ds " ds

(3mecb Mbl MoOnb3yemcs TpexKpaTHON AndhepeHLUpyemMOoCTbH0 BEKTOp-
yHKUMN R(S)).
N3 CcOOTHOLEHNSA
db dn

t,
ds ds

db
BbITEKAET, YTO BEKTOP N opToroHaneH BeKTopy t. TakK Kak BekTop &

S
NMeeT eAUHNYHYIO ANWHY, TO U3 nemMmbl 1 § 9 rna. IV BbiTekaeT, 4To
BEKTOpbl b 1 x OpTOroHanbHbl. Tak Kak BeKTOopbl t, M M b nonapHo

S
db .
OPTOrOHasbHbI, TO & KO/IIMHEeapeH rfaBHOW HopMannM N U WUMeeT
S

MecTo dopmyna

.
ds H
Jokaxem, 4To

=
Mpexpae BCero yctaHOBUM, 4TO
OueBunaHo,

IP 1=

Mcnonb3ysa onpeaeneHne npousBogHoli u nemmy 2 8 9 ra. IV, umeem:

® L jim A i -\l
ds 1 As*0 As  [F- OLAs|

= lim
As ) 1As]
NTakK,
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PaccmoTpumM BONpoOC O cornacoBaHum 3HakoB fi u t,

Ecam (N> 0 (puc. 133), TO BpalleHWe conpuKacarwLLeincs naocko-
CTU neBoe W, cnefoBaTenbHo, T < 0. Mostomy U = — T.

Ecnnm u < 0 (puc. 134), To BpalieHMe conpukacawLielica MnaocKo-
CTU MpaBoe u, cnefosatensHo, T > 0.

b b
n
Puc. 133 Puc. 134
Moatomy
Il= —r
NTak, fi = — T, 1 Mbl umeem opmyny:
db
— — Xn.
ds
Teopema foKa3aHa.
dopmyna
db = —TM
ds

HasblBaeTcs TpeTbeih (GopmMynoit dpeHe.

HeTpygHO BUAETb, YTO KPy4eHMe XapaKTepu3yeT CTeneHb OTK/OHe-
HWUA TMPOCTPAHCTBEHHOM KPWUBOW OT N/IOCKON. ITOT (hakT MoAuepKuBaeTt
cnepytolas Teopema.

Teopema 2 TlycTb L — perynapHas Kpusasa wu

R =R(s) <C<*>[0,S) k 3

— ee eCTeCTBeHHad napameTpusauua. Torga ecnu KpydvyeHue BO BCex
Toukax L paBHO Hynw, TO KpuBas nnockas.

JokaszaTenbcTBO. Tak Kak T = 0, TO u3 TpeTbeil hopmy-
nbl dpeHe cnefyeT, YTO BO BCeX Toukax L GuHOpmann paBHbl. Cnepo-
BaTeNlbHO, BO BCeX Touykax L compukacawoluecs MA0CKOCTM napan-
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fenbHbl. Onga TOro YTOO6bI AOKa3aTb, YTO BCE conpukacakwuineca nnoc-
KOCTM coBnagakdT, AOCTAaTOYHO YCTaHOBWUTb, 4YTO BCE OHW Yypaa/eHbl OT
Ha4yana KoopauHaT Ha OAWHAKOBOE€ pacCTosAHUE.

MycTb
h= (R (s), b(s))

(cm. puc. 135), Torga |1 v ecTb
paccTtosiHue conpukacatoueics
naockoctn K L B Touke X (S) oT
Hayana KoopamHar.

Nmeem:

No= (f, + (/?, y-\ —0.
ds U \( XSJ

CnepoBatenbHo, h = const u Tem 6onee | h| = const. Takum o6pasom,
BCe conpukacawLlmecs NAOCKOCTM K L coBnajalT C OA4HON W TOW e
niockocTelo P,, a TOrga Bce TOouku L nexat B nnockoctn PO u 3Ta
KpuBas — niockas.

§ 12. dopmynbl dOpeHe

Mycteb L — perynapHaa kKpueas wu
/7= R(s) £ C<*>[0, S] k=>3)

— ee ecTecTBeHHas napameTpusauus. [pegnonoXumM, YTo B KaXAoii
TOYKe L KpMBM3HA CTPOro nonoxuTenbHa. Torga B Kaxpaol Touke L
onpefesneHa npaBas TPOWKa W3 eAUHNUYHbBIX NMONAPHO OPTOTOHANbHbIX BEK-
TOPOB: KacaTe/lbHOro BekTopa t, rnaBHOW HopMmanu n u 6UHOpMann &
3Ty TPOWKy BEKTOPOB Ha3biBalOT TPEXBEKTOPHUKOM ®PpeHe.

B KaXpgoil Touke L BeKTOpbI < T 3o MOXHO  pasnoxuTb  no
S S S

aNeMeHTaM TPexBeKTOpHMKa ®peHe. [onyuyeHHble MpU 3TOM pasnoxe-
HUS HasblBaldT hopmynamu dpeHe. [,Be W3 HUX Mbl YXKE BbIBEN:



dfl
BbiBefieM Tenepb hOPMYyy pasfioXeHus 5 0 2NeMeHTam TpexseKTop-
S

HMKa dpeHe. Vimeem:

n = [b, t).
OTcroga
dn dt
- - = —x[n, t\-f-x[b,n\ —— v.t-\-xb.
ds [£ | | '] + b, ds [ [
WTaK, copmynbl ®PpeHe MMeT BUA:
dt
= Kn,
ds
ds
@ = —xtl.
ds

§ 13. HaTtypanbHble ypaBHeHUA

M3 opmyn ®PpeHe BUAHO, YTO MPW ABUXEHUN BAONb KPUBOW 3aKOH
M3MEHEHUS TPEeXBEKTOPHUKa dpeHe OMuCbIBaeTCA Yepe3 CBOMCTBa Kpwu-
BM3Hbl U KPYYeHUA, KOTOpble CYyTb PYHKLMWM eCTECTBEHHOI0 napaMmeTpa s.
Paccmatpusas opmynbl ®PpeHe KakK HOPManbHYK CUCTEMY OO6bIKHO-
BEHHbIX AuUdepeHLManbHbIX YpPaBHEHW NepBOro MOpAAKa, MOXHO
[loKasaTb Cnegytolime OCHOBHble TEOPEMbI TEOPUU KPUBBIX.

Teop ema 1. TlycTtb Lt n b2— fBe perynspHble Kpusble, UMEIO-
e OLMHAKOBYH ANNHY S, K

Ri= /?,(5) £ >0 S]; R2= R2() £ G>[0, S] n> 3
— UX €CTECTBEHHbIE NMapamMeTpusaunn. Tor,u,a ecnn npu BCeX SE [O,S]Z
Xi(s) = x2(s)> 0,
Tis) = ()

TO KpuBble Li n L 2paBHbl, m.e. Li n L2MoryT 6bITb COBMELLEHbI ABM>KE-
HMeM B NMPOCTpPAaHCTBe.

Teopema 2. MycTb X (5) ux (s) — ABe MPOM3BONbHbIE Henpe-
pbiBHble (PYHKLMU Ha npome>kyTke [0, S ] M NnycTb, KpOMe TOro, PyHK-
uMa K (S) cTporo nono>kuTenbHa. Torga cylwecTsyeT kpuBas L, umeto-
wasa ANMHY S, AN KOTOpPoin PYHKLMM X (S) M X (S) SBNAOTCA COOTBETCT-
BEHHO KPWUBU3HOW U KPy4YeHUEM KaK (QDYHKLUU LAMHBI AYTU.

Joka3aTenbCTBO 3TUX TeopeM Mbl NPUBOAUTL He 6yfem. WHTepe-
CYHOLMXCA Mbl OTCbilaeM K KHure . K. PawesBckoro «Kypc audde-
peHuuanbHoi reometpuu» (M., TUTTN, 1956).
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KpuBaa L, 3afaHHaa napameTpusauumei

r () = (Rcoswul)i-f- (R sin co/)./-f- (at) k,

t £ [0, -f- 00),

Ha3blBaeTCS BUHTOBOA AMHMEN. JIerko BMAETb, YTO 3Ta JIMHUSA pacnono-
XeHa Ha umnuHgpe x2+ y2 — R2(cm. puc. 136) v npegcTaBnseT coboi
TPaEKTOPUI0 [BMXKEHUA TOYKM MO LWAWMHAPY C MNOCTOAHHOW YrnoBoi

CKOPOCTbIO (0 BOKPYT OCW Z M NOCTOSH-
HOM CKOpPOCTbH a BAOMb ocu r. OkKa-
3bIBAETCSA, YTO Y BWHTOBOM NUHWK
KPMBM3HA U KpyuyeHMe BO BCEX TOu-
Kax OAMHAKOBbl U PaBHbI:

e
R2(2+ a 72v2

M3 Teopembl 1 BbITEKAET, UTO eAWH-
CTBEHHbIMWU KPUBLIMU C NOCTOAHHLIMU
KPUBM3HOW U KPYYEHMEM SBAAKOTCA
BUHTOBbIE IMHUMN.

KpuBusHa n KpyyeHune, 3ajaHHble
KaK QYHKUAW OAWHBI AYTW:

X= X(s),
T= T(),

Ha3blBalOTCA HaTypadbHbIMW ypas-
HEHUAMUW KPUBOIA.

SAO0AUN N YMPAXXHEHNA H ITNABE IV

J. [aHbl nyTn

X —acosl,
y = ftsin /,
O« t « 2n

YCTaHOBUTb, 3KBUBAMEHTHbI OHU WM HET.

2. TOT Xe BOMPOC PelNTL ANS nap nyTei:

X =CO0S t,
D /< | y=sint, oO<=/<=24a
r= 11
o= cos/a,
12: J y=sin /2, 0</ <21;
r= 21,

Puc.

X = acos
y = ftsin
—1< x

136

(T3+ 1),
13+ 1),
2n~ 1-
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g Cem(
y = sin 2/,

3. HaliTn napameTpuyeckoe npefcTaBieHWe NyTW, OMUCHIBAEMOro TOYKOW M B
NpPOCTPaHCTBE, MPU YCMOBUM, YTO MNPOeKuus Toukm M Ha ’nnockocTe XOy  paBHO-
MEpHO ABWMXETCA MO OKPYXHOCTU X2+ y2= R2 CO CKOPOCTbIO @0, a MPOeKuus Ha
0Cb T ABWXXETCA PaBHOMEPHO CO CKOPOCTbH a 3a HavalbHOe MOMOXKeHWe Touku M
NPUHATL TOYKY C KoopgauHatamu (R, 0, 0).

OTBeT. [yTb, onucbiBaembliAi TOYKOM M, HasbiBaeTcC!i BUHTOBOW N K-
uneii; ero npeAcTaBfeHWe WMEET BUA!

= R cos ca/,
y R sin co,
r= at
4. OKpYy>XHOCTb paguyca R 6e3 CKOMbXeHus KaTuTcs BAOMb Ocu X. Haiitu

napameTpuyeckoe npefctasfeHne Myt /, KOTOPbIA OnMcbiBaeT Touka M, Henog-
BWXXHO 3aKpenfieHHas Ha 3TON OKPYXHOCTW, €CNM B HayaslbHbIi MOMEHT Touka M
coBNajana C Haya/loM KOOpAWHaT.
OTBeT. [MyTb, onucbiBaemblli TOukoM M, HasbiBaeTCA LUKNOUAOMA; €ro
npejcTasfieHne UMeeT BUL:
X = R(t —sint),
y=R —Rcost,
rge t— yron noBopoTa OKPYXHOCTU.
5. LN BWHTOBOW NMHUM

cost,
sin t,
t

y
r

B Touke (1, 0, 0) cocTaBWTb ypaBHeHWsi KacaTe/lbHOW, conpukacarolleiics MNNOCKo-
CTW, TNaBHOW HOpMann n GUHOpManu.

x—1 y z
OreeT. —= V¥V = v y—==Q y—=—r=—Q
X—1 )4 r
0 | -1

C. HaiiTn ypaBHeHWe KacaTe/fbHOW K KpWBOW, 3afaHHON YypaBHEHUAMM
D2+ y2-f-r= 1
\X2+ y2= x,

B Touke (0, 0. 1.

Breer. AO: y '—

1 0
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7. [okas3aTb, 4TO ecNi KacaTeNlbHble PEeryfspHoil KpuBOiA NpoxoasT uepe/l
OfiHYy TOUKY, TO KpuBas ecTb /MGO HekoTopas npsamas, /mMb6o nonynpsmas,

NMB0 HEeKOTOPbIA NPSMOSIMHENHBIA OTPE30K.
8. ILI,OK&BE\TI:, YTO KacaTe/lbHbleé BUHTOEON NUHUN

X = R cos ait,
y = R sin oo,
zZ= at

HaKMOHEHbI MOf MOCTOSHHLIM YFNOM K MAOCKOCTM xOy, a BCe ee [/aBHble HOpMa-
NN MepecekarT ochb .

9. [loKa3aTb, UTO €CAM KacaTeflbHble HEKOTOPO/ KPWUBOA napannenbHbl OAHO
W TO e MNOCKOCTW, TO KpuBas MNocKas.

10. [lokasaTb, 4YTO YCMOBME, HEOGXOAMMOE W [0CTATOYHOE [N TOro, uTOGbI

KpvBas
X = Xx(t),

Y= ¥(0.
m—2(0
Oblna MI0CKOW, COCTOMT B TOM, 4TO
Xy r
X Yoy &y 70

11. HaiAitn gnuHy nytu

mexgy Toukamu /= 0 m t= 1
OTBeT. s= al/~2sh 1

12. HaiiT gnuHY OAHOW apkn LMKnouabl

OTBeT, s= 8R.
13. HaiiT KpuBWM3HY KpUBOIA

X = t—sint,
y = 1— OBt
r= 4sin 5 *
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14. HaliTu BblpaXKeHWe [15 KPUBU3HbI MIOCKOW KPWBOW, 3a4aHHON YypaBHeHU-
eMm p= p(B) B nonspHbIX KoopAMHaTax.

OTBET. i

15. lNMoka3aTb, 4TO KPWMBM3HA U Kpy4yeHue BWHTOBO/ NMHWKN MOCTOSHHBbI.

16. [lokas3aTb, YTO €CNN KPUBW3HA W Kpy4YeHMe KPMBOM MOCTOSHHbI U OT/INYHBI
OT Hyns, TO KpuBas €CTb BWMHTOBAA /IHHMA.

17. MycTb KpuBas L% nonyyaeTcsd MNPOEKTUBHLIM MpPeo6pa3oBaHUM M3  KPUBOI
Lj. [oka3aTb, 4TO ecnu B Touke P KpuBoii KpuBM3Ha (Kpy4eHue) paBHa Hynio,

TO B COOTBETCTBYHOL|E/ TOuke KpuBOK L2 KpuBM3HAa (Kpy4eHue) Takxke pasBHa
Hyto.



rMABA V. OCHOBbl TEOPUMA TMOBEPXHOCTEW

§ 1. MoHATME NOBEPXHOCTH

Mycte M u N — gBa TOYeYHbIX MHOXecTBa. HuXe Mbl no 6onbLeit
YyacTu OyfemM cuMTaTb, YTO MHOXECTBO M fIeXXUT B €BKAMAO0BOI NNOCKO-
cTu, a N — B eBKAMAOBOM npocTpaHcTBe. Cnyyait, korga M nexuTt B
€BKINLOBOM NpocTpaHCcTBe, OyAeT orosapuBaTbCA chneuunanbHo. Ans
fJanbHelwero Ham 6yfeT CyLleCTBEHHO NNWb, YTO MexXAy ntoboin napol
Toyek X it X 2£ M n no6oin napoin Touek Y It Y2 £ N onpefeneHbl eB-
KNMOOBCKWE pacCTOAHWA, paBHble COOTBETCTBEHHO [AJINHAM OTpPe3KOoB

XiX2n YtYy*

bynem roBopuTb, 4YTO MNOCNEAOBATENbHOCTb Toyek X it X 2
v X0, ... £ M cxoanTcsa K Touke X0, ecnu gnvHbl 0Tpeskos X n X 0 cTpe-
MATCH K HYNO.

Touka X0 MOXeT Kak npuHagfiexarb MHOXeCcTBy M, TaK u He
npuHagnexats emy. B ob6oux cnyyaax touka X0 npuHagnexuT eBKIu-
[0BOI mnockocTn (eBKAUAOBOMY MPOCTPAaHCTBY), B KOTOPOW pacnoso-
XXeHO MHOXecTBo M.

COBOKYMHOCTb BCEX TOYeK X eBKIMAOBOW MAOCKOCTU (MPOCTPaHCT-
Ba), AN KOTOPbIX MOXHO yKa3aTb MOC/Mef0BaTe/lbHOCTb CXOAAWNXCH K
HUM ToYek X N M (BbITb MOXET, U cOBNajaroLwnx Npnm BCcex HoMepax n),

Ha3blBaeTCA 3aMblKaHMeM MHoOXecTBa M u 0603HavaeTca M.
CoBepLUIEHHO aHaNorMyHoO BBOAUTCA MOHATUE CXOAALLelics nocnego-
BaTeNbHOCTN Touek Yn@EZN ¥ noHATMEe 3amblkaHWa MHO>KecTBa N B
TOM €BK/IMOBOM MPOCTPAHCTBE, rAe nexut N
ToT ¢akTt, yto X0 unn Y0 ecTb npefen NocnefoBaTe/isHOCTU TOYeK
Xn wan Yn, 6ygemMm 3anucbiBaTb Tak:
X0= limXn, YO= limYn.

n - o n-m

MycTb Tenepb AaHO OToGpaxKeHue
Y = f(X)

MHO>KecTBa M B MHOXKecTBO N, T. e. OonpeaeneHo OAHO3HA4YHOE COOT-
BETCTBME, KOTOpOe Mo OonpejesieHHOMY MpaBu/y Touke X MHOXecTBa M
conocTaB/seT ToukKy Y MHoxecTBa N. OTo6parkeHue f HasbiBaeTCs He-
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npepbiBHbIM B Touke JTo £M, echu gna nwoboil nocnefoBaTenbHO-
CTu Touek Xy £ M, cxofawmxcs K Touke X 0 nmeem:

dim /(%) = 1 (x0.

OTobpa>keHne / Ha3blBaeTCA HeNpPepbliBHbIM 0T O6pa> eHUeMm
MHO> ecTBa M BO MHO>» ecTBO N, ecnM OHO HermpepbIBHO B Ka>K-
Lol TOUKe MHO>KecTBa M.

4 Tononornyeckum, Unn roMeoMoOpgHbIM, OTo6pa K eHnem
MHO>» ecTBa M BO MHO> ecTBO N HasbliBaT OTOoOpa>keHne <
KOTOpOe B3aMMHO OfHO3HAYHO M B3aMMHO HenpepbiBHO. Ecnn h(M)= N,
TO roBopAT oTbnonornyeckom otobpaxeHnn' XX Ha N. OTo6paxeHue B
4acTo Ha3blBAKOT TakXXe roMeoMopdu3Mom.

MHOXeCTBO TOUEK Ha NMIOCKOCTM OyAeM Ha3blBaTb MPOCTOR 061acThio,

€C/NMN OHO ABNAeTCA o6pa30M OTKPbLITOTO Kpyra npm HEKOTOPOM TroOMeo-

mMopguame.

MHo)xecTBo @ TO4YeK MpocTpaHCcTBa OyAeM HasbiBaTb MPOCTOM Mo-
MBEPXHOCTbH, €C/IN OHO fIBASieTCA 06pa3oM NpocToii 06nacTv Npu Heko-
TOPOM TOMONOrMYECKOM OTOOPaXKeHWU ee B MPOCTPAHCTBO.

MycTb @ — npoctas NOBEPXHOCTb, MoNyyaemas B pe3ynbTaTe To-
NoNornyeckoro oTtobpaxeHus / npocToli ob6nactm G B MPOCTPaHCTBO.
BBefeM Ha NJOCKOCTU CUCTEMY [eKapTOBbIX KOOPAMHAT M, C, a B Npo-
CTpaHCTBE CUCTEMY [€KApTOBbIX KOOPAWHAT X, Yy, I. MycTb, ganee, u, v—
KOOpAMHAaTbl NPOW3BOMBLHON TOYKM 06nactn G, a X, y, I — KOOpAMHATbI
COOTBETCTBYIOLLE/ TOYKM npocTpaHcTBa. KoopaumHatbl X, Yy, T TOYKK
NMOBEPXHOCTU OyAyT TOrAa HenpepbiBHbIMU (QYHKLUMSMU KOOpAMHAT
TOYKM obnactn G:

x="fi(u, v), y=1/12un, v), r = /3, v). @

Cuctemy paseHcTB (1), 3agatouyto otobpaxeHue /o6nactn GB npo-
CTPaHCTBO, HasbiBalOT MnapamMeTpUYEeCKUMM YypaBHEHUAMW  MOBEPX-
HocTU .

Y n06HO paccmaTpuBaTbh TakXe BEKTOPHOE 3ajaHue NpoCcTOoil MoBepX-
HocTn @, KoTopoe nopoxpaetca cuctemon (1):

rm V=10 oy+r (< V)j+ f3(uv)k.

OuyeBMAHO, 4YTO 3agaHue oTobpaxeHusa / ob6nactu G B MPOCTPAHCTBO C
MOMOLLbI HenpepbIBHON BeKTOP-MYHKUMK T (M, V) paBHOCUNbLHO 3afja-
HWIO 3TOr0 OTOGpaXKeHns cucTeMoi paseHCTB (1).

lMoHATME NPOCTOl NOBEPXHOCTM eCTb eCTECTBEHHOe 0606LLeHe MOHSA-
TMS MNyTW, KOTOPOe paccMaTpuBanoch B Mpefblayllieid rnaBe M KOTOpoe
66110 NCNOMb30BAHO HAMUW A1 NOCTPOEHUSA OonpefeneHns KpPUBOW.

lMoHATME NOBEPXHOCTU fBNAeTCA 60/ee CAOXKHLIM NO CPaBHEHMUIO C
MOHATUEM KPUBON. [nA ero NOCTPOEHMS HaM MOHaAo6uTca elle OfHO
Ba)XXHOe MOHATME MapameTPUyecKO MOBEPXHOCTU.
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MHo>kecTBO @ TOuek npocTpaHcTBa OyaemM HasblBaTbNapamMeT pu-
YeCKOI NOBEPXHOCT b, €CIM 3TO MHOXKECTBO CBA3HO1M Ka>Kas Tou-
Ka X 3TOro MHO>XeCTBa MMeeT B NPOCTpPaHCTBE Takyk OKpecTHOCTb2 U,
yTo yacTb P, ne>kauwaa B U, ABAsSeTCSA NPOCTON NOBEPXHOCTbHO.

BcsAkas npoctas MOBEPXHOCTb $sBAsSeETCA nNapameTpuyeckoin. O6-
paTHOe He BepHO, MPOCTbIMU MOBEPXHOCTAMM [ANIEKO HE UCYepnblBalOTCA
Ece mapaMeTpuyeckne noBepxHOCTU. Hanpumep, ctepa ecTb napamer-
puyeckas MOBEPXHOCTb, HO OHa He SIBASETCA MNPOCTOW MOBEPXHOCTbLHO.
[Opyrve npumepbl napameTpUYecKUX, HO HE MNPOCTbIX MNOBEPXHOCTEW
n3obpaxeHsl Ha puc. 137, 138, 139.

Anauncoung
Puc. 137

MpuBeaemM  BaXHbI  npumep
npocToin noBepxHocTU. MycTb G—
npoctas 06nacTb Ha MNJOCKOCTU
xOy (B 4acTHOM cnyyae G MOXeT
OblITb W BCeli NNOCKOCTbIO XOYy) M
nyctb z = / (X, y)— HenpepbiBHas

yHKUMA, 3agaHHas B G. Torga KpeHgenb
B MPOCTPaHCTBe rpauk QyHKUUK
f (x, y) npeactaBnser coboit npo- Puc. 139
CTYI0 NOBEPXHOCTb. [encTBuTeNb-
HO, oTob6paxeHne obnactm G

B NPOCTPaHCTBO C MOMOLLbIO HenpepblsHon BEKTOD-prHKLI'VIVI

r X y) = xi+ yj-\-f(x, y)«k

eCTb HEKOTOpas npocTas MOBEpPXHOCTb @. OueBugHo, uto @ coBnagaet
¢ rpadmkom hyHkumm f (x, y) (cm. puc. 140). OTctoga, B HaCTHOCTU, Bbl-
TEKaeT, YTo Nb6oin chepuyeckmnii cermeHT 6e3 Kpas, He 6oNblWIKA nony-
cepbl, ecTb NpocTas MOBEPXHOCTb. [ns foKasaTenbCTBa 3TOr0 AOCTa-
TOYHO B KauyecTBe nmnockoctu xOy B3ATb NAOCKOCTb Kpas (cMm. puc. 141).
M3 nocnegHero yTBepXAeHUSA U CBA3HOCTM Ccepbl HEMOCPEeACTBEHHO Bbl-
TEKaeT, 4To cepa ecTb NnapameTpuyeckas NOBEPXHOCTb.

1 MHoXecTBO M Ha3blBaeTCa CBA3HbIM, €Cin 414 N06bIX ABYX Tovek X, Y £ M
cyliecTByeT nyTb |, nexawnin uenukom B M, ¢ KoHuamm B Toukax X un K.

2 IMof OKPeCTHOCTLIO TOYKM X B NPOCTPAHCTBE NMOHMMAETCA N060A OTKPbITbIN
lwap C LUeHTpOM B TOuke X.
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Puc. 140 Puc. 141

Touka X0 NpoCTpaHCTBa HasblBaeTCANpPeAeNbHO AN napameTpu-
ueckoin nosepxHocTW @, ecnan cyuwlecTBYeT MOCNELOBATENbHOCTb TOYEK
XnG @, cxopauwasca K Xo. lMpeaenbHas Touka MapaMeTpMyeckoil no-
BEPXHOCTN MOXET He NpUHaAnexaTb MOBEPXHOCTU. [MapameTpuyeckas
MOBEPXHOCTb Ha3blBaeTCs MOMHOW, €CAU OHa COAepXMWT BCe CBOM Mpe-
fenbHble ToukW. Hanpumep, cdepa, snnuncoua, napabonoug cyTb non-
Hble MOBEPXHOCTY, a CHEPUYECKMIA CETMEHT He IBNSIETCA MOAHON NOBEpX-
HOCTbIO (pasymeeTcs, pedyb MAET O CHepuyYeckKoMm cermeHTe 6e3 orpaHu-
yMBaloLLEli ero OKPYXXHOCTH).

Ecnu nonHas napameTpuyeckas MNOBEPXHOCTb NpeAcTaBnsieT CO6OW
OrpaHnyYeHHOe MHO>KECTBO TOYEeK B NPOCTpPaHCTBe, TO OHA Ha3blBaeTCH
3aMKHYTOW. Kpome cepbl, 3aMKHYTEIMU MOBEPXHOCTAMU SBAAKTCA,
HanpuMmep, TOp W «KpeHAenn» C pasMyHbIM 4YWUC/OM OTBEPCTUIA (CM.
puc. 138, 139, 142). bonee noapo6HO Teopus 3aMKHYTbIX MOBEPXHO-
cTeli 6ygeT pasobpaHa B rnase VII.

Echm & — napameT-

prnyeckastHenonHas noBepx-

HOCTb, TO COBOKYMHOCTb

npegenbHbiXx Touvek ®, el

He MpuHagne>kallynx, Hasbl-

BaeTCA KpaeM MNOBepXx-

HOCTHU, a cama MoBepx-

Puc. 142 HOCTb ® HasbiBaeTCHd No-
BEPXHOCT b0 CKpaem.

OueBMAHO, 3aMKHYyTasi MOBEPXHOCTb Kpasi He umeeT. Hanpwumep,
BCSAKas MpocTasd MNOBEPXHOCTb, /fexalas B OrpaHWYeHHOR vacTu npo-
CTpaHCTBa, MMeeT Kpaih. OTcloga cnefyeT, 4TO chepa He ecTb npocTas
MOBEPXHOCTb, MO0 OHA, KakK 3aMKHYTas MOBEPXHOCTb, HE UMeeT Kpas.

OKpecTHOCTbI0 TOYKM X Ha napamMeTpUYecKOn noBepxHocTW @
Ha3blBaeTcA o6Liaf 4YacTb MoBepxHOCTM @ M HEKOTOPOW MpOCTpaHCT-
BEHHOM OKpecTHOCTM Toukum X. COrnacHo OonpeaeneHuio, y KaxAaol
TOYKM napameTpuyeckoli NOBEPXHOCTWM eCTb OKPECTHOCTb, KoTopas AB-
NfeTca MNpPOCTO MOBEPXHOCTbI. B panbHeilwiem, roBops 06 OKpPeCTHO-
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CTU TOYKM HA MOBEPXHOCTU, Mbl OyfeM WMeTb B BUAY WMEHHO TaKylo
OKPEeCTHOCTb.

OTob6pa>keHne / mapaMeTpUUYECKON NOBepXHOCTW @ B nMpocTpaH-
CTBO 6yAeM HasbiBaTb JIOKANbHO TOMEOMOP(HbIM, wuam N0-
KanbHbIM TOMEOMOP(MU3IMOM, ecnmy Kaxkioid Toukn X £ ® ecTb
OKPeCTHOCTb, ANd KOTOpol oTobparkeHune f saBnseTcs romeomop-
thnsmom.

MpvBesem npumep NOKanbHO FOMeOMOP(HOro, HO He roMeoMOp{HO-

ro OoTobGpaxeHUs napameTpUyecKoi
noBepxHocTh. B KayecTBe unCXon- r
HON MOBEPXHOCTM BO3bMEM MPSMONA
KpPYroBo uunuHAap Z, Hanpasnsio-
LLeid KOTOPOro fABNAETCA OKPYXHOCTb
efiIMHUYHOr0 pajmnyca C LLeHTPOM B Ha-
Yyane KOOpAuMHaT, nexauwas B nnoc-
KocT xOy, n obpasyolime KOTOpoO-
ro napannensHsl ocu Or. Uunnuugp Z
ABNAETCA, OYEBUAHO, nNapameTpu-
YyeckoW nosepxHocTblo. Ecnn  Ha
nnockoctn xOy BBeECTU NONAPHYIO CU-
CTeMy KoopAuHaTt p, 6, TO LeKapToBbl
KOOpAWHATHI X, Yy, T Noboli Toukn M
unnuHapa ypnobHo 3afjaTb Tak:

X = cos §
y = sin § (0< 0<24)
2=,

rae 6—nonspHbIA yron NpoekLmm Tou-
Kn M Ha nnockocTb xOy(cm. puc. 143).

PaccMoTpuM oToGpaxkeHune / LUAMHAPA Z, KOTOPOE KaXAYH TOYKY
M (cos ©, sin © z) nepeBogMT B TOUKY M' ¢ KoOpguHaTamu

\x' — cos 26,
bl = sin 26,
| r—z.

HeTpyaHo BuaeTb, 4yto Touka JIIT nNpuHagnexuT uunuHapy Z u, cne-
foBaTenbHO, oTo6paXkeHWe / nepeBoAUT LUNMHAP Z B cebsa. Bonee Toro,
o6pas Z npu otobpaxeHun f NokpbiBaeT Becb LWUAWHAP Z, W NPU 3TOM
npoo6bpa3 Kaxfol TOYKWM COCTOUT W3 ABYX ToueK. [elCTBUTEeNbHO, B
Touky JII ¢ KoopguHatamm cos a, Sin a, z oTobpaxeHue / nepeBoauT

Toukn M (cos —, sin —, z) u Mi (cos (it + y), sin (8 + -*), z). OT-

ciofa BUAHO, 4TO / He siBNseTca romeomopmamMom. C Apyroil CTOPOHbI,
OYEBUAHO, UYTO Yy KaXgoi Toukm M £ Z eCTb OKPECTHOCTb, A8 KOTOPOi

287



oTo6paxeHue / ecTb romeomopusm. CnegoBaTenbHo, 0To6GpaxeHue /
€CTb JIOKaNbHbI rOMeoMopgusM ununnHapa Z Ha cebs.

PaccmaTtpuBas oTobpaxeHune Fn, koTopoe Kaxpoih Touke M (cos 6,
sin ©, z) £ Z oTHOCUT TouKy JII C AeKapTOBbIMW KOOpPAUHATaMW

Ix' = (1 -f- z2) cos N6,
ly' (1 -j-z2) sin M0, (n — HeKOTOpPOe HaTypanbHOE YMC/IO)

nosyyaeM noKanbHO FOMEOMOP(HOe OToGpaxeHWe UUAMHAPA Z Ha no-
BEPXHOCTb BpalieHuss @, KoTopas o6pasoBaHa BpalieHWEM KPUBOI
Iy= 1-f22
[x=0

BOKpyr ocu Oz.

Echm n — 1, To oTo6paxeHne Fn ecTb NPOCTO FrOMeOMOP(n3M.

Myctb Tenepb P! n ®2— aBe napameTpuUyecKue MOBEPXHOCTU U
/, n [2— nokanbHble romeomopusmbl, 0TO6paxarLwme COOTBETCTBEH-
HO n & 2B NpoCTPaHCTBO.

Byfem rosopuTb, YTO 00pasbl napaMeTpuUyecKux nosepxHocTend Di
n ® 20THOCUTENLHO OTO6pPa>XKeHWii /i 1 /2onpeaensoT B NPOCTPAHCTBE
OLHY U TY XX e MNOBEepPXHOCTb S, ecan cyuwecTByeT Takoi romeomop-
husm @ mMexkay ® 11 ® 2 npu KOTOPOM 06pasbl COOTBETCTBYIOLNX TO-
ek ®) NP 2 0THOCUTENLHO 0TOOpa>keHuit /41 /2 coBnagaloT, T. e. 4As
n6oi Toukn M @i u cooTBeTCTBYIOWER eii Toukn N112=¢p (M )£ D2
cnpase4nnBO paBeHCTBO

U (MI) = /a (M 2.

Takum 06pa3oM, BBEAEHO OTHOLIEHMEe 3KBMBANEHTHOCTU MexXgy no-
KaNbHO TOMEOMOP(HLIMU OTOBpPaXKeHUAMMU MapaMeTPUYeCcKnX MoBepX-
HOCTe/Ai B NPOCTPAHCTBO. TakK e KaK W B TEOPMM KPUBbIX, MOXHO ycTa-
HOBUTb, YTO 3TO OTHOLWEHNE pPedpNeKCHBHO, CAMMETPUYHO W TPaH3NTUB-
HO. T103TOMY KNnacc 3KBMBANEHTHbIX MeXAY CO60i NoKanbHO roMeomMopd-
HbIX OTOOPaXXeHWn MapaMeTPUYECKMX MOBEPXHOCTEN B MPOCTPAHCTBO
onpeaenseT B MPCCTPAHCTBe OAHY W Ty XXe MOBepXHOCTb. CneaoBaTenb-
HO, MOBEPXHOCT b MOXKHO Ha3BaTh KNAcC 3KBUBANEHTHbIX ME>XJy CO-
60/ NoKanbHbIX rTOMEOMOP3MOB NapameTPUYeCKNX NOBEPXHOCTENA B Npo-
CTpaHCcTBO. Kaxpaas NoBepXHOCTb S B MPOCTpPaHCTBe OMNpejesneHa, ecnu
yKa3aHO HEKOTOpOe /1I0KanbHO FOMEeoOMOp(HOe oTob6pakeHue |/ KaKoii-
nnMbo napameTpuyeckoir nosepxHocTu . lMapa 06bLEKTOB — MnapameT-
prvyeckas NoBepxHOCTb @ U ee NoKanbHbI romeomopdusm f B mpocTpaH-
CTBO — HasblBaeTCA MapamMeTpUUYEeCKUM npeacTasB/ieHUEM Mo-
BepxHocTMu S

CornacHo onpefeneHnto, Bce NMapameTpuyeckne MOBEPXHOCTU, KOTO-
pble y4acTBYIOT B ONUCAHWMN OfHOW W TOI Xe MOBEPXHOCTU, TOMEOMOPXHbI
Mexay Co60M.
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B onpegeneHun KpuBO ponb napame-
TPUYECKUX TMOBEPXHOCTEA Mrpann cermeH-
Thbl YMC/IOBOW NpPSAIMOWA, KOTOpbIE TPUBMUANb-
HbIM 06pa3oM FOMeOMOpP(HbI Mexay coboil.
Mepexod OT KPMBbIX K MOBEPXHOPTAM CBA-
3aH C MosBAeHMeM 60MbLIOr0 KO/MMYecTBa
napameTpMyecknx MNOBEPXHOCTEl, UMeto-
WMX Ppa3/IMYHY0 TOMONOTMYECKYH CTPYK-
Typy. HekoTopoe npefcTaB/ieHMe O pa3Ho-
06pas3ny mapaMeTpuyeckmx MOBEPXHOCTEN
faeT cnefyowee noctpoeHne. Ecnum  u3 puc. 144
MPON3BONbHON napameTpuyecKoli no-
BEPXHOCTM YAaNnUTb Nt060e 3aMKHYTOe MHOXECTBO TOYeK TaK, 4TOObl
He HapyWwuTb CBA3HOCTb MOBEPXHOCTU, TO OCTaBLIAACA 4acTb . Oyaer
TakXe MapamMeTpMyeckoil NOBepxHOCTbi (cM. puc. 144, rpe nocTtpoe-
HWe NpoBefeHO Ansa cdepbl).

MycTb S — HekOTOpas MOBEPXHOCTb B mpocTpaHcTBe. O603HaYUMM yepes A
Knacc napameTpuyeckmnx noBepxHocTeid ® n uyepe3 £ MHOXECTBO /IOKaNbHbIX ro-
Meomopn3aMoB [ Takux, 4To napa ®, / ecTb mapameTpuyeckoe NpefCTaBeHue
nosepxHocTn S. Bbibepem B knacce A noepxHocTb ®o u nyctb /y, £ F — cooT-
BETCTBYHOLWMIA eli noKanbHbli romeomopgusm. O603Ha4YMm yepe3 H COBOKYMHOCTb
romeomopduamos h, nepesogawmx ®o B @, 1 Taknx, 4to ANA N060IN Toukn Mo$do
nveem: £p0 M) = fib (h (MWo)).

Kaxgoin Touke Mo£ 0o COOTBETCTBYHOT Ha MOBEPXHOCTAX D £ A TOUkM M=>
= h(Mo). CornacHo onpefeneHuto, obpasbl Bcex Todek M npu oTobpaxeHusx ft
COBMaJatoT ¥ ONMpefenstoT B NPOCTPAHCTBE HEKOTOPYH TOouky X. Touka X Hasbl-
BAETCH TOYKOA MOBEPXHOCTM S. Touka X MOXET 0Kas3aTbCs 06pasom AByX u 60-
Nnee pasfMYHbIX COBOKYMHOCTEN COOTBETCTBYIOLWMX Mexay cobon Touek ME£® un
M'£ ® npu oTob6paxeHnsax b, Torga oHa paccmaTpuBaeTcs Ha MOBEPXHOCTU S B
ABYX 1 6onee ak3emnaspax. Tak 06CTOANO AeN0 C NOBEPXHOCTbIO, KOTOpas WMe-
Nna CBOMM MmapameTpU4ecKuM MpeAcTaBleHWeM napy: UWAWHAP Z U NOKafbHbIl ro-
meomopduam Fn (cTp. 286).

Tak Kak/,, ecTb NI0KanbHbIA roMeomMoptu3m, TO y ToUkM Wb Ha napameTpu-
4yeckoi noBepxHocT Do ecTb OKpecTHOCTb Vo, rae"d0 ecTb NPOCTO FOMEOMOP(U3M.
Ecnn mbl 0603HauMM yepe3 V OKpPeCcTHOCTH Touek M £ ®d, KoTopble romeomMopgusma-
mn hrl nepesogatca B Ko, T. e.

Y., =A-Un

To Ha V oTo6paxeHus fi 6yayT, oueBnaHo, romeomopgusmamu. Kpome Toro, Ans

Bcex Toyek Nof Vo nmeem:
N:h(NQ (=VV|chO(N()): (N)

Mo3TOMy TOYKM MOBEPXHOCTU S, COOTBETCTBYHOLLME CUCTEME OKpPecTHOCTeR V
Toyek ME£®, BbIAENAOT Ha S HEKOTOpoe MHOXecTBO U, Ana KoToporo X ecTb
BHYTPEHHAS TouKa. MHO>KecTBO U Has3blBaeTCH OKPECTHOCTbIO Touyka X Ha
nosepxHocTu S. Ans nwoboi Toukn Y £ U B0 MHOXecTBe VO CyLLeCTBYeT TO/bKO
ofHa Touka No, umerowas Y csouM 06pa3oM npu oTobpaxeHun [d,

N3 onpepeneHns napameTpuMyeckoil MOBEPXHOCTW CleAyeT, 4YTO OKPeCTHOCTb
Vo MOXHO B3ATb TaKOW, 4TOObl OHa 6blna MPOCTOM MNOBEPXHOCTbIO, T. €.
4TOObl OHa Oblna roMeoMOopgHbLIM 06pa30M HEKOTOPOI npocToit obnactn. Ho Torga
n Bce okpectHoctn V = h (Vo) aBnstoTca romeomopdHbiMM o6pasamm Vo, n no-
ToMy BCe V CyTb MpOCTble MOBEPXHOCTU. HO Tak kak Ha V oTobpaxeHus [¢ sB-
nalTCca romeomopdusmamu, To okpecTHoCcTb U Toukum XES ecTb Takxe npocTas
NOBEPXHOCTb.

IO W 9 BakensmaH 289



MTaK, ecnm Kaxgyt Touky X MOBepXHOCTU S paccmaTpmBaTb B e4WHCTBEH-
HOM 3K3emnnaspe, T. €. pa3nuyaTb Mexay coboil coBnaslivMe 06pasbl PasINUHbIX
TOYEK napameTpuyeckol nNoBepxXHOCTM PO Npu NOKanbHOM romeomopdumsme /d,
TO Y N060i Toukn XE£S eCTb OKPECTHOCTb, ABAAKOLWAACA NPOCTON NOBEPXHOCTbIO.
Mpu 3TOM ecnu ofHOW U Toi e Touke X MPOCTPaHCTBA Ha MOBEPXHOCTU S oOTBe-
YaeT HECKONbKO 3K3eMMNAAPOB TOUEK X-, TO Yy KaXKAOro 3K3emnaspa MOXHO yKa-
3aTb CBOW OKpecTHOCTb Ui, npeacTaBnsioWyio coboli NPOCTyd MOBEPXHOCTb W
Takyto, 4to ecnm Ui nopoxgaetcs C MOMOLLbO HEKOTOpPOi ob6nactm Yo<'>(;do,
TO MHOXeCTBa VO<>He MMEeT 06LMX TOUYEK U B KaXAOM W3 HUX HaXo4uTca Nullb
oAHa Toyka M o, gnsa KoTopoii

I (K) =
Bce npoBedeHHble Bbille PacCMOTPEHMS MOKa3bliBalOT, UYTO MPU U3YUYeHWU Mo-
BEPXHOCTU B ManoMm, T. €. B HEKOTOPOM [OCTAaTOYHO Manoil OKPecTHOCTW, No6oii
ee TOUKM, LenecoobpasHo OrpaHWYMTLCA MapameTpUUecKUM MpecTaBneHuemM, Ko-
TOpoe MOPOXAaeTcs B Npeaenax 1o OKPECTHOCTM MPOCTOW MOBEPXHOCTbIO @, 1
roMeomMop(n3MoM MOBEPXHOCTU /o0 B NPOCTPAHCTBO.
PaccMOTpeHUs, KOTopble 6biiY MpOBeAeHbl ANs MOBEPXHOCTM B LeNoM, MoHa-
[06ATCA Ham B rnase V11 NpU U3yUYeHWU 3aMKHYTbIX MOBEPXHOCTEN.

§ 2. [nafkue u perynsipHble NOBEPXHOCTU

Myctb G — npocTas 06nacTb Ha NJOCKOCTU C J€KapTOBbIMM KOOP-
avnHatamu u, v. B obnactm G paccmMoTpum BeKTOP-(YHKLMIO

rmw=xm v)i-f-ym v)j -j-r v)k,

3Ha4YeHUs KOTOPOli CyTb pajguyc-BeKTOPbl NPOCTPaHCTBA; NPW 3TOM Mpea-
nonaraeTcd, 4TO B MNPOCTPAHCTBe (UKCUpOBaHa [eKapToBa cucTeMa
KoopauHat Oxyz.

BekTop-yHKUMo T (1, V) Gyaem HasbiBaTb PErynsipHoii, ecam s G
r (u, v), uan, 4TO TO >Ke, (PyHKumn x (U, v), y (n, v), z (u, v)
k pa3 HenpepbiBHO auchpepeHumpyembl (k > 1) n Bclogy B G

[, r.] & 0.

Mpu k — 1 BeKTOP-(YHKUMIO T (4, V) TaKXKe HasbiBalOT FNajKom.

Ecnn npoctyto obnacte G paccMaTtpuBaTh KaK MPOCTYH MOBEPX-
HOCTb, TO perynspHas BekTop-yHKuus © (U, un), 3agaHHas B G, onpe-
fenseT HeKoTopoe oTobpaxeHne G B MPOCTPaHCTBO. EcTecTBeHHO, BO3-
HWKaeT BOMPOC, onpefenseTcs AU NpU 3TOM OTOOPaXeHUM HekoTopas
noBepxHocTb. OTBET AaeTcs crefytoleil Teopemoil.

Teopema 1 MMyctb G— npocTas obnacTb Ha NAOCKOCTHU C fe-
KapToBbIMW KOOpAMHATaMu U,-v U NycTb B G onpefeneHa perynspHas
BEKTOpP-(pyHKumMa r (1, v). Torga aTa BeKTOpP-DYHKUMNA onpefenseT He-
KOTOpPYI0 MNOBEPXHOCTb S B MPOCTpPaHCTBeE.

Apyrumu cnoBamu, NOBepXHOCTb S ecTb 06pa3 npocToil obnacTw
G B nNpocTpaHcTBE MpKM NOKaAbHOM TOMeOMOpU3Me,  KOTOpbIii
Touyke (M, V) £ G OTHOCMT TOUYKY NPOCTPAHCTBA C [eKapTOBbIMYU
KoopauHaTamu x (n, n), y (u, v), z (n, v).
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JokaszaTenbCcTBO. [lOKaxXem npexge Bcero, 4Yto otobpa-
XeHune o6nacTn G B NPOCTPAHCTBO /IOKANbHO B3aWMHO OJHO3Ha4yHO. [0-
MycTWMM, 4YTO 3TO He Tak, Torga B o6nactm G HaligeTtcs Touka (M0, v0O, B
CKONb Yro4HO Masioil OKPecTHOCTN V KOTOPOI CYLLEeCTBYIOT [iBE pasnuny-
Hble TOYKM (Mb Dj) n (U2, 02 Takue, 4TO

X (Ui, vl — x (n4y, 02 = 0Ob
Y un Vi) —y (n2 v = O
2 (Ui, vi) — 2 (M2 v2) = o.
Mcnonb3ys GOopMyny KOHEYHbIX MpupalieHunin, nony4vaem:
"*(u*o,)—x(n2 v = (ot —vjxv(ult 0j) + (Ml— unIxunu@Gi, v — O,

YEivi)~y K v) = (W—f) W« @+ (w—«)yudi o) = 0, (¥
2 («J, Oj) 2 («2,12) = (Oj — 02) 2., (uu 0g) -f (Mj— Ojj)2U(0', oj) = 0,

Mpy 3TOM BO BCEX TPeX PaBEHCTBAaX MEepPBbie NMPOW3BOAHLIE BbIUNC/EHDI
B TOUYKAaX OKPEecTHOCTH V.

Tak Kak  — M2, Vt — 02 He paBHbl HYMO O4HOBPEMEHHO, TO W3
paBeHCTB (*) cneayeT, UTO BCe OMpeAenuTeNM BTOPOro nopsaka, nopox-
JeHHble MaTpuuel

(xv (Ui, 0,), yv(ut, 82, 2v (Ui, 03 \
U,,(e',- »a). yl/l(ez*l/lr). 2,, (e,, V2) I'
paBHbl Hynt. TakK Kak V — CKOMb YrogHO Manas OKPeCTHOCTb TOYKM

(0, 00, To 1 B camoli 3TON TOUKE BCe OMpefenuTenn BTOPOro Nopsgka,
NOPOX[EHHbIe MaTpuLieit

paBHbl HYNAK, MOCKOMbKY MepBble NPOU3BOAHbIE PYHKUMA X (4, V),
y (n, 0), 2 (n, v) HenpepbIBHbI B (10, 00).
C ApYroi CTOPOHbI, W3 PerynspHocTU BeKTOP-PyHKUuUKM T (U, W)
cnefyet, 4to
[Fa («0- O0), rv («0, O0)] ¢ O.

Ho

Mo3aToMy XoTs Gbl OAUH W3 OMpefennTeneit, NMOPOXAEHHbIX MaTpuLel

B Touke (M0, vO) OTAINYEH OT HY/NA, YTO HEBO3MOXHO.
MTaK, noKanbHas B3aMMHasi 0HO3HAYHOCTb 0TOOGPaXeHUs AOKa3aHa.
HenpepbiBHOCTb 0TOGpaxeHUs o6nactu G B NPOCTPaHCTBO BbITEKaeT
N3 HEMPEepPbIBHOCTN BEKTOP-PyHKUMN 1 (1, V).
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MycTb (U, V) — npousBo/bHas Touka o6nactn G, Torga cywecTsyeTt
OKPECTHOCTb V 3TOW TOYKKM, B KOTOPOW OTOOparkeHue

fix =xWmv),y=yWmv),r=rM v

B3aMMHO O4HO3Ha4yHO. B Touke (M, v) XOTA Obl OAMH M3 OnpeaennTenei
BTOPOro MopsjKa, MOPOXAEHHbIX MaTpuuel

U
r,y

oT/INYeH OT Hyna. lycTb A4nsS onpefeneHHOCTH

X Yn ¢ O
*V Yy
Torpa cywecTByeT OKpecTHOCTb Vi ¢V Touku (U, V), B KOTOPOWA

n oTobpaxeHue
X —Xx (n, n,

y=ym V)

obpaTumo, npuyem o6paTHOe 0TOGpaXeHWe HempepbiBHO. MycTb W, —

06pa3 okpecTHocTn Vt npu otobpaxeHun (*) m U{— obpa3 okpecT-

HocTM Vit npu oTo6paxeHun x = x (M, v),y —y [u, v), r = 1 (un, n.
O603Haunum yvepes

obpaTHoe oTo6paxkeHne ana otobpaxeHus (£). Torga gns (x, y, 2 £ U{
[ n—unXYy), n—yvXYy).
Mostomy B okpecTHocTn K, oTobpaxeHue
f:x=xWM V), y=ym, v, z=12MWv),

NOpPOXAaeMoe pPerynsapHoin QyHKuuidi r (1, y), B3aUMHO HEMPEPbIBHO.

NTak, oTo6paxeHne npocToil o6nactn G B MPOCTPAHCTBO MOCPEACT-
BOM PerynsipHoi BeKTOpP-(yHKUUWU [ (U, V) eCTb SIOKaNbHbIA roMeomMop-
tn3m. CneposaTefibHO,BEKTOP-PYHKUMA T (4, V) onpedenseT B MpPOCT-
paHCTBE HEKOTOPYI MOBEPXHOCTbL S.

Teopema [oKasaHa.

Beefem cnegytoliee 0CHOBHOE onpejeneHue.

MoBepxHOCTb 6yfeM Ha3biBATb PETYAAPHOI, eCnn y Ka>KAol ee Tou-
KW eCTb OKPeCTHOCTb, ABNSOLWAACS NPOCTON MOBEPXHOCTbI, KOToOpas
3ajaHa perynspHoil BeKTOp-(hyHKLneN.

To e camoe 6yaem 60nee KpaTKo popmMynnpoBaTh Tak.

MoBepXxHOCT b perynsapHa, ecnu KaXkjas ee TOuka MMeeT OK-
PECTHOCTb, [OMYCKaloWy PerynspHyl napameTpu3auuio.
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B panbHeileM paccMaTpuBAKOTCA NUWb PerynspHble MOBEPXHOCTH.
Tak KakK B 3TOl rnaBe Hac 6yayT MHTepecoBaTb CBOCTBA MOBEPXHOCTU
B JOCTaTOYHO Masioli OKPECTHOCTU TOYKM, TO Mbl ByAeM CUMTaTb, YTO Ha
BCE NMOBEPXHOCTU BBefeHA eAMHas perynspHas napamerpusauus. 31o
03HayaeT, YTO. NOBEPXHOCTb ONpefensieTcs B MPOCTPAHCTBE PErynsapHoi
BEKTOP-PYHKUMEN I (1 ,y), onpefeneHHON B HEKOTOPOW npocToil obna-
cTn G, n 0To6paKeHne B NPOCTPAHCTBO, KOTOPOE OCYLLECTBASAET BEKTOp-
DYHKUMA T (1, V), eCTb FOMEOMOP(U3M.

§ 3. BHyTpeHHME KOOpAMHATbI HA MOBEPXHOCTU

MycTb S — perynsapHas MOBEPXHOCTb U T (U, V) — ee perynspHas
napametpusauusa. Torga mMexay Toukamum obnactm G M To4ykamu no-
BEPXHOCTM S YCTAaHOBJEHO B3aMMHO OJHO3HAa4YyHOe COOTBETCTBME, TakK
KaK BeKTOp-hyHKuusa r (1, v) onpegenseT romeomopHoe oTobparkeHme
obnactm G B npocTpaHcTBO. CnefoBaTeNlbHO, Mapy YMCen U, V MOXHO
paccmaTpuBaTb KakK KOOpPAMHATbl TOYKM Ha moBepxHocTu S. Yucna u, v
CBfi3aHbl TO/MIbKO C TEMW TOYKaMW MPOCTpPaHCTBA, KOTOpble fexaT Ha
MoBepPXHOCTM 5, ¥ MOTOMY OMWCHLIBAKOT CBONCTBA FeOMETPUYECKMX 06pa-
30B NNWb BHYTPU NOBEPXHOCTU S. B CBA3W C 3TUM OHM Ha3blBatOTCH
BHYTPEHHUMU KOOPAMHATAMU TOUYKM HA MOBEPXHOCTMU.

WTak, Kaxkjas perynspHas napameTpu3auus MNOBEPXHOCTU S no-
pO>KAaeT Ha Heii BMOMAHE OMpefeNeHHYI CUCTEMY BHYTPEHHUX KOOPAW-
HaT.

PerynspHas noBepXHOCTb B HEKOTOPOW OKPEeCTHOCTU KaXK[ol cBOel
TOYKM [0MycKaeT 6ECKOHeYHOEe MHOXECTBO peryfispHbiX napameTpu-
3aumnii. TeM caMbiM B YKa3aHHOW OKPeCTHOCTM MOXHO BBECTU 6ecKo-
HEYHOe MHOXECTBO PasfinYHbIX CUCTEM BHYTPEHHMX KOOPAMHAT.

[LelicTBuTeNbHO, NyCTb

XxX=xW v),y=y{n v),r—rMm v

— Kakasi-HMbyab perynsipHas napameTpu3alus MOBEPXHOCTU B HEKO-
TOpoli okpecTHoCcTM Touknm X (bi0, y0). MycTb k — HaTypanbHOE 4ucno,
yKasblBatollee MNOPSAOK HEeNpepbiBHOW AnddepeHUUPYeMOCTU (YHK-
umin x (M, m), y (u, n), r (n, v). Ecnm ¢ (a, P) n t)) (a, P) — nobbie k
pa3 HenpepbiBHO AuddepeHLynpyeMble QYHKLMWKW, YAOBMETBOPSIOUIME B
Touke (a0, po) ycnoBuam

bi0 = (h(ao! PO)! (<p. % ) Q
"N («a, Po). % ‘'dp
TO ypaBHeHUS
x = x(, p)
y = y(a, P)
r=rf(a, P),
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rne
x(a, P=x(d(a, P, t>@’ P).
y(a P =y P, ot p)
r(a p = r(d(a, P. o(, P)

TaKXe [JaloT peryaspHylo napameTpu3auuio NoBEpXHOCTM S B OKPecCT-
HOCTU TOYKM X. DTO HermocpefCTBEHHO BbITEKAET M3 TOrO, YTO POPMYibl

m=o(@ p)v= ¢ P

3ajal0T k pa3 HenpepbiBHO AugdepeHLMpyeMblii FoMeoMoptu3M focTa-
TOYHO Manoil OKPeCTHOCTM TO4YKM (ao, PO) NMAOCKOCTM a, P Ha HEKOTOPYIO
OKpecTHOCTb Touku (M0, y0) naocKocTn u, V.

PaccmMoTpuM O0fHy cneuuanbHy — napameTpu3auuio perynsipHoit
MOBEPXHOCTU, KOTopas B fanbHeiweM OyAeT urpatb CyLECTBEHHYHO
ponb. MycTb k pa3 HenpepbiBHO AuddepeHLMpyeMble (YHKLUN

X—X W Vv),y=yWmv),z=r1WU V)

onpeaensioT PerynspHyl0 napaMeTpusaluio MNOBEPXHOCTM S B OKPECT-
HOCTW Touku X (M0, v0). Torga BClOAY paHI MaTpuLbl

paBeH ABYM W, He orpaHuumBas O6LHOCTU, MOXHO CUMTaTb, YTO B TOY
Ke (M0, vO) OTAMYEH OT Hyns OnpeaenuTenb

M W
Xy Y
Mo Teopeme O HeABHbIX (YHKLUMAX CYLWeECTBYHOT K pa3 HenpepbiBHO
AnddepeHympyemble QYHKUUM
m="~f(xy), v=g (V)
ABnfA0LWMecs obpalleHnemM CUCTEMbI
X—Xx M V), y—yMmyv

B HEKOTOpPOW okpecTHocTWM Touku (M0, v0). ®yHkuum f (x, y) ng (x, y)
onpefenieHbl B [JOCTAaTOMHO Manoil OKPeCTHOCTM TOUKM (xo, YO), TFfae
x0= x («0, v0), yo = y (M0, v0); OHM TOXAECTBEHHO YAOB/NETBOPAIOT CU-
CTEME YpaBHEHWI

x=x{Fxy,gxy)y—yifXxy)gXy)

« = f (x0, Yo), v0 = g (x0, vo),
OTcloga cnefyeT, 4TO WMCKOMas MOBEPXHOCTb B OCTATOYHO Masoi
OKPECTHOCTU TOYKM X [onycKaeT perynspHyt napameTpusalmio

X=X YTy, 2= 2(f(X vy, g (X Y,) = 2 (X Y)
294



Wan. 4to TO >Ke CcaMoe,

z=z(x Y).
T. €. JOCTATOYHO Manas OKPecTHOCTb TOYKM X [OMyCKaeT perynspHot
napameTpuyeckoe npeAcTaBleHNe C NMOMOLbID SBHOFO ypaBHEHUS

z=1 (X, ).
8§ 4. KpuBble Ha perynspHoii NOBEPXHOCTU

MycTb S — perynspHas NoBepXHOCTb K

r=rwv
— ee perynspHas napametpusayms. He Hapywas 06WHOCTM, MOXHO
cumTatb, 4TOo k pa3 HenpepbiBHO AugdepeHumpyemas QpyHkuusa r (1, w)
3afjaHa B MPAMOYro/ibHUKe

qg.a<u<b,

c<v<d
MycTb
l:u=u@, v=v(

— perynsipHbii nyTe B G. MyTu | Ha MOBEPXHOCTU S COOTBETCTBYET
nyTb |, KOTOPbI B NPOCTPAHCTBE 3afaeTcsi BEKTOP-PYHKLMeN

R(@®)=r@m@, v©)
(pVIC' 145)_ -

MyTb / B MPOCTpaHCTBE ONpefenseT HeKOTOPYl Kpusytlo L. Huxe
Mbl YCTaHaBNMBaeM PEerynspHocTb NyTu | n Kpusoii L.

Teopema 1 TMycTb QyHKyun
n=u (0, v—v (G

3agaowmne nyTtb |, k
pa3 HenpepbiBHO And-
thepeHumpyembl. Torga
nyTo | n kpusaa L pe-
rynsipHbl, Npuyem yH-
kuma R (O k pa3 He-
npepbiBHO AndepeHun-
pyema.
Jokas3aTensb-
cTtBO. [lpexnae Bce-
ro OTMeTUM, 4YTO BEK-
TOp-PyHKUMA
R()=TWM0, &)
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K pas HenpepbiBHO AudidepeHLUpyemMa KaK CNoXHas (QYHKUUSA ABYX k
pa3 HenpepbiBHO AN(GHepeHLMPYEMbIX (YHKLWIA.
[anee nmeeT MecTO PaBEHCTBO:

To npu Bcex t u npm Bcex (U, v) £ G umeeMm:

n, cnegoBaTesibHO,
- ®0
dt

BO Ecex Toukax nytu /.

N3 npoBefeHHbIX pacCy>AeHWi BblTekaeT, u4To MyTb I, fexaluin Ha
MOBEPXHOCTW S, ABNSETCH PerynspHbiM MNyTeM B MpOCTpaHCTBe. Tak
Kak / ecTb perynspHas napameTpusauus Kpueoih L, To Kpueas L,
COT/MIaCHO onpefeneHnto; ABAsSeTCs perynspHoi.

Teopema fAoOKasaHa.

MapameTpuyeckne ypasHenus nyTu Is G:

m=mu(), v— v(@{

HasblBaldT BHYTPEHHUMMW YpaBHEHUAMU NYTU | Ha S; Ty >ke
napy ypaBHeHMWiA

m=mu (), v= v (O

HasblBalOT PEryNApPHONW BHYTPEHHEN napameTpusayunei
Kpusoi L.

Teopema 2 TlycTb [faHbl [Be perynspHble napameTpusauuu
OfLHOW W TOW >Xe perynsapHoi nosepxHocTw S. [ycTb, fanee, nepsas
napaMmeTpu3auna OCYWECTBAAETCA C MNOMOLbI0 BEKTOP-(hYHKLUN
r, (u, n), 3agaHHoli B npocTon obnacTtm 6'b a BTOpPasi— BEKTOP-PYHK-
uven 12 (n, V), 3agaHHON B npocToi obnacTm G2 T[lycTb, fanee,
mMeXay G, u G2 ycTaHOBNeH Kpa3 HenpepbiBHO AuddepeHuupyemblii ro-
MeomopusmM ¢, Npum KOTOPOM

r,o(u, V)= r2(@Mm, y)).

Torpa ecnu perynspHbie nyTwu £ Gt n /2£ G2 coBmewatwTCsa ro-
MeoMOp(U3MOM (b ¥ NPU 3TOM OHU OKa3blBAOTCS IKBUMBANEHTHbLIMU, TO
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OHW Ha MNOBEPXHOCTW S ONpefensT 3KBMBANEHTHbIE PErynspHbie NyTw
N un/2un cTano 6bITb, YypaBHeHNs NyTeil /41 /2 9BNAOTCA PerynsipHbl-
MW BHYTPEHHUMU napameTpu3aunmaMu ofHOA U TOil >Ke Kpusoil L Ha S.

Jloka3aTenbCTBO 3TON TeopeMbl BeCbMa MPOCTO, M OHO MNpefnaraeTcs
yutaTenamM Kak Mofe3Hoe YnpaxHeHwue.

MycTb, NO-NpexHeMy, S—perynapHas noBepxHocTb UT = T [u, v)—
ee perynspHas napameTtpusauusa, nNpuyeMm BeKTOP-PYHKUMA T (U, V)
3afilaHa B MPAMOYro/ibHUKE

G. a<u<b,
c<v < d

Kpusble Ha S, onpegenseMbie NyTAMK
n=1/,
V=V, const,

n = b= const,
V=t
(pnc. 146), 6ynem Ha3biBaTb KOOPAMHATHbLIMUW nUHUAM K. Koopan-

HaTHble TMHUM 06Pa3ytoT iBa CEMEINCTBA PerynsapHbliX Kpuebix.CemelicTBo,
nopoxjeHHoe MNyTaMM /, 6yfeM HasbiBaTb AWHUSAMKU V — const U 060-

3HayaTb 1B a cemeiicTBO, MOPOXJAEHHOe NYTAMU T — AUHUAMM U =

0 N0
Puc. 146
=const n 0603Ha4yaTb Tu,(puc. 147). B nponssonbHoit Touke X{u0, o0
noeepxHocTn S BekTopbl ru(ud, vO u rv (M0, vO) cyTb, O4YEBUAHO, Kaca-
TeNbHble BEKTOPbl K KOOPAMHATHbIM AUHMAM &< ©n T U, B Touyke X.
Tak Kak r = 1 (W, v) — perynsapHas napameTpusauusa S, T0
[r1(«o, v0), rv(uo, o0l ® 0.
370 3HAuuUT, 4to B Touke X (M0, v0) KacaTesbHble BEKTOPbl OT/UYHbI OT

HYNs U KoopAWHaTHble NMHUKM WULLKM TW< nepecekaloTcs B 9TOW Touke
no4 Yrnom, OTAWYHbLIM OT Hyns u 8 (puc. 148).
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NTak, ycnosue, 4To BCclogy Ha no-
BEPXHOCTMU

[, rWo Q

PaBHOCUILHO CrefylolieMy: KacaTeNb-
Hble BEKTOPbl K KOOPAWHATHLIM NUHN-
SIM BCerga OT/AMYHbI OT HYyns, a Nobble
[Be KOOPAWHATHbIE NWUHUW, B3ATble U3

pasHblx CEMeIicTB, nepecekato Tcs
Puc. 148 Mnog  Yrnom, OTAUYHBIM  OT  HYAS
n.

V § 5. KacaTtenbHas Na0OCKOCTb

MycTb S — perynsgpHas NOBEPXHOCTb U X — MPOU3BOJSIbHAA TOYKaA
Ha Heil. KOHTWHreHunen noBepxXxHocTMN S B TOYKE X HasbiBaeT-
CA MHO>XECTBO TOYeK, nexkalux Ha KacaTeNbHblX B TOYKe X KO BCEM
perynsapHbIM KpuUBbIM, fNedKawmm Ha S 1 npoxoasawum yepes X.

Ecnn KOHTUHIeHUMs K NOBEPXHOCTM S B TOUKe X nNpefCcTaB/isieT CO-
60 MNIOCKOCTb, TO 3Ta MJIOCKOCTb Ha3blBAeTCA KacaTenbHoih K S B
TOouke X.

Teopema 1 Y perynsipHoii NOBEPXHOCTM S B Ka>KAol Touke
KOHTUWHIEeHUMA ecTb NNOCKOCTb. Takum 06pa3oMm, B Ka>KAon TO4Ke pery-
NAPHON MOBEPXHOCTW CYLleCTBYeT KacaTenbHas MNNOCKOCTb.

Oanee, ecnu

r=r1T{n v
— perynapHaa napameTpusauma S u X (0 v0 — npou3BoabHas TOu-
KaS, TO KacaTe/bHasa NI0CKOCTb B 3TO TOYKE COBNAafaeT C NIOCKOCThIO,
npoxopsaueii yepes sekTopbl ru(n0 ud u rv (u0 vo.
JokaszaTtenbcTtBo. [Tlycte r =T (U V) — perynapHasa
napameTpu3aLms MNOBEPXHOCTM S, O KOTOPOA roBOPUTCA B YC/NOBUM
Teopembl. MycTb L — npou3BonbHas perynspHas KpuBas, nexatyas
Ha S u npoxogawas yepes Touky X M0, uQ, uun —u (t), v= v () —
ee BHYTPeHHAS perynspHas napameTrpusauma. Torga BeKTOP-MYHKLMA
R(D) = r(u(t), v(v)
onpefensieT B NPOCTPAHCTBE CcOrnacHo Teopeme 1 § 3 perynspHblii
nyTs /. KacaTenbHblii BeKTOp K | B Touke X HaxoguTcs Mo opmyne:

=ru@o, vou' (,)+ rv(H, Q@ (o)

34ecb Touke X (40, vO) oTBeuyaeT 3HauyeHWe mapameTpa t;= /0 un

no=wu (4,
vo= v (/)
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(cm. puc. 149). OTcioga cnepyer,
yTo KacaTenbHas K L nexut B
NNocKocTn P, npoxopasuwieid uyepes
BekTopbl ra (M0, v0) n rv (10, vO).
Takum 06pa3oM, KOHTWMHIEHLMS K
S B TOuke X COAepXMWTCA B MOC-
KocTu P.
[ns 3aBeplleHns gokasaTenb-
CTBa TEOpPeMbl [0CTATOYHO [OKa-
3aTb 0O6paTHOe BK/OYeHUE, T. e. Puc.
ybeanTbcs B TOM, YTO MIOCKOCTb
P BX0OAUT B COCTaB KOHTUMHIEHLMUN K S B TOYKe X.
MycTb g — Mpon3BOnbHas npamMas Ha naockoctm P. O603HaunM
yepes a KakoW-HMbyab BEKTOpP, nexawmnin Hag. Tak Kak a pacnosioxeH
B NJ0CKOCTM P, TO a ecTb NMNUHeHaA KoOMOuHayns BekTopos ru (10, v0) un

rv (Uo> vo)-

149

a = arnmo, yo+ f>rv (60, y0);

34ecb yepes au p 0603HAYEHbl HEKOTOPbIE YuCha.
B npsimoyronbHuke G paccMoTpUM NyTb

raoe e > 0 BbIGpaHO Tak, 4TobObI Npy Bcex t Touka
0+ at, vO+ p/) £ G.

BekTop-hyHKUMA
R () = r («0-f at, va+ p/)

onpeAensieT perynspHbii nyTb |, nexawmii Ha S M NPOXOAAWMIA Yepes
Touky X («0, y0), npuyem Touke X (M0, y0) COOTBETCTBYET 3HaueHue

napameTtpa t = 0. KacaTenbHas Kk kpuBoil L, gns kotopoi nyThb |
ABNSETCA PerynsapHoii mapameTpusayueir, B Touke X (10, y0) coBnagaet

C BEKTOPOM

MosToMy npsmas g coBnafaeT C KacaTefbHOW K KpuBOW L B Touke X W,
CTano 6biTb, BXOAUT B COCTaB KOHTMHIEHUMW K MOBEPXHOCTW S B TOYKe
X. Tak Kak g 6blna BbibpaHa MpOM3BOMALHO Ha njockocTv P, To nnoc-

KOCTb P CcOAEep>XUTCA B KOHTUHTEHLMW MOBEPXHOCTM S B TOUKe X.
JOTUM, KaK YyXe 0TMeyasiocb Bbllle, W 3aBepllaeTca [0Ka3aTenbCTBO

TEOpeMbI.
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MonoxeHune KacaTeNbHO MNOCKOCTM
B NpOCTpaHCTBe YA06HO XapaKTepu3o-
BaTb C MOMOLLbIO €AMHUYHOTO BeKTopa
N, MepneHAMKYNspHOro K 9Toil nnoc-
KOCTW. BeKTOp N HasbiBAlOT HOPManb o
NMOBEPXHOCT 1. A5 TOFO YTOGbI OfHO
3HaYHO (YMKCMpOBaTb HanpaBfieHUe BeK-
TOpa N, ero onpeaenstoT POPMYnoii:

Puc. 150

®dopmyna (*) 3afaeT Hopmanb MOBEPXHOCTU S KaK BEKTOP-(YHKLUIO
BHYTPEHHUX KOOPAWMHAT U, VvV moBepxHocTn (puc. 150).

C KacaTenbHON MNIOCKOCTbIO YAO6HO CBA3aTh HEKOTOPYH Cheuunasib-
HYl0 napameTpu3aLuio OKpPecTHOCTU MNPOWU3BOMLHOW TOUKM perynap-
HO MOBEPXHOCTMW. '

VIMEHHO MMeeT MecTo cnegytoLlas Teopema.

Teopema 2. TlycTb S — perynspHas MOBEPXHOCTb M X —
npon3sBoNbHad Toyka S. Bo3bMeM CUCTEMY LeKapTOBbIX KOOPAWHAT Tak,
4TOObI ee Hayano coBMajano ¢ TOYKOW X, OCU X W Yy neXKanu B KacaTenb-
HO nnockocTW kS B Touke X W OCcb Z 6blna HanpasneHa Nno Hopmanu K
MOBEPXHOCTY B ToYKe X. Torgay TOYKM X CYyWeCTBYET OKPECTHOCTb,
KOTOPYH B [EKapTOBbIX KOOPAMHATAX X, Y, I MOXXHO 3a4aTb fBHbIM
ypaBHEHNEM

r - f{x, y).

Bonee Toro, ecnim r= r (U, v) — perynspHas napameTpusauuna no-
BEPXHOCTMU S M BEKTOP-DYHKUMAT K pa3 HenpepbIiBHO AnddepeHympyema,
To hyHKuyma f (x, y) B 4OCTATOYHO Manoit okpecTHocTH Touku (0, 0)
Ha MNOCKOCTW X, Y Tak>kKe k pa3 HenpepbiBHO AnddepeHunpyema, a B
Touke (0, 0) MMET MeCTO COOTHOLIEHUS:

f(0,00=wu0,0)= /y0, 0) = 0.

JokaszaTenbcTBO. TlycTb S — perynspHas MOBEPXHOCTb
mr = r (un, v) — ee perynspHas napameTpusauusa, o KOTOpPOi roOBO-
putca B ycnosum Teopembl 2. MycTb X (M0, y0) — npousBofibHas Touka
NMOBEPXHOCTM S ¥ P — KacatenbHasa MNAOCKOCTb K S B Touke X (cM.
puc. 151).

MycTb, fanee, X, y, Z— cUCTeMa AeKapTOBbIX KOOpPAMUHAT, MOCTPOEH-
Haf TakK, KakK yKa3aHO B YCNnoBuM Teopembl 2. Torga

r(mv)=xm vVi+ymwvj + z@wu vfc,

rae x (n, v),y n, V), r (n, v) — k pa3 HenpepbIBHO AupepeHynpyemMble
(YHKLUN MEepPeMEHHbIX W, V, NpUYem

[Mw, TY\ O.
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CornacHo paccMOTpeHnAM,
npoBefeHHbIM B § 3, ANd ycTa-
HOBMEHNA TOro (akTa, 4TO AO-
CTaTO4YHasa Manas OKpPEeCTHOCTb
V Toukm X (Mn, vQ Ha nosepx-
HOCTM S MOXeT 6biTb 3afjaHa
ABHbIM YpaBHEHWEM

r=1(y),
rae / (X, y)—K pa3 HenpepbiB-
HO AuddepeHumpyemas QyH-
KUMSA B HEKOTOPO OKPECTHOCTU
Toukn (0, 0) Ha mnocKoCcTK X, Y,
[0CTaTOYHO NPOBEPUTH CpaBes-
NVUBOCTb HepaBeHCTBA

M yn O
X Yo

B Touyke («o, YO).

Mpexpae Bcero otmeTum, 4to B Touke X (MO, v0) BekTOpbI I u(«,. Qo) n
r™(n0, v0) nexat B KacaTenbHOMN MAOCKOCTM K S B TOYKe X, WM, 4TO
TO Xe, B nnockoctu P. lo3aTomy

ru(«o- v0O) - x u(ua, o)/ + yB (M0, v0O)j,
v («o, LB = Xv(«o, £)1 + yB( O, vo)J.
[anee,
I
Mn(«o. vo), rv(u0, v0] = xuwu 0 =
Xv YV O

' XU («0. VO) Yu(«0. yo) k
. *[«o» vo) yv (Mo>vo)

M TaK Kak B N0060I TOYKE MOBEPXHOCTM
Iru, rvio 0,
TO
*«(mo, %) yu(HO Q) ¢ g
xv (uo, vO yv (o, v,,)
Tak KaK MOBEPXHOCTb S MPOX0OAMT 4yepe3 TO4YKy X, ABAANOLLYHOCA
HayasioM [eKapTOBOW CUCTEMbl KOOpPAMHAT, TO
f (0, 0) = 0.
Lanee, KacaTeNnbHble K CEYEHUSM MOBEPXHOCTU MAOCKOCTAMM XTI U YT
B TOUKe X JieXXaT B MAOCKOCTU XYy, NO3TOMY
n 0,0) = fy(0,0) = 0.
Teopema NONMHOCTbIO fOKa3aHa.
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§ 6. MepBas kBagpaTuuHash hopma NOBEpPXHOCTU. W3MepeHue pgauH
KPMBBIX W YIJIOB MeXAY HVWMMW Ha MOBEPXHOCTU

MycTb S — perynspHas NOBEPXHOCTb U T — I (N, V) — ee perynsp-
Has napameTpu3auus.

MepBOiA KBagpaTWUUHOI (GOPMON NMOBEPXHOCTMU S Hasbl-
BaeTCs KBajpaT MONHOrO AuddhepeHunana BeKTOp-QyHKuuM r (U, V):

= dr2
Tak Kak
dr = rudu + rvdy,

TO ANS MepBOW KBaApaTUUHOW GOpMbl UMEEM CleAytoLlee BbipaXeHMe:

I=dr2= (rudu+ rvdvf =

= (rl) du2+ 2(r,,, rv)dudv+ (rl)dv2
LAna KoathuumeHTOB nNepBoii KBagpaTUUHON (hOpMbl BBEAEHbI crieynanb-
Hble 0603Ha4YeHuns:
E=rl, F=(mrv), G=rl.

Takum o06pasom,

I = Edu2-(- 2Fdudv -j- Gdv2

MepBas KBagpaTuyHasa ¢opma MNOBEPXHOCTU SIBNSETCA MONOXKWUTENbHO
onpefeneHHon opmoii, T. e. Npu BCeX 3Ha4YeHMAX du m dv oHa MPUHU-
MaeT HeoTpuLaTENbHble 3HAYEHNS W 0bpallaeTCsa B HyNb, TONbKO Mpw
du = dv = 0. feiticTtBuTenbHo, ecnn dr2= 0, 1O

dr = radu rvdv = 0.

A Tak Kak [ru, rv] ® 0, To 3TO BO3MOXHO /ML MPW YCNOBUWU, UTO
du = dv = 0.

Mpu nepexofe OT OAHOW NMapamMeTpu3aLuMu MOBEPXHOCTU S K APYroi,
WK, 4YTO TO Xe, MpWU Nepexofe OT OAHUX BHYTPEHHUX KOOpAWHAT U, V
Ha noBepxHOCTW K APYTMM BHYTPEHHWM KOOpAMHATaM M', Vv’, Koapdu-
LUMeHTbl MepBOM KBaApaTUYHOM (HOPMbl MOFYT U3MEHATHCH, HO 3Haue-
HUS BCe KBaApaTUYHOW (hOPMbl B LLEIOM HE M3MEHSKTCS.

[eicTBUTENbHO, ecin ypaBHeHU:

(n=mnM@, v,
Yv= v, Vv
onpefensioT PerynsapHbiii romeoMoppusm Mexgy npocTbiMu obnacTs-
MUW, B KOTOPbIX 3afaHbl BEKTOP-DYHKUMM r (n, v) n i (n', v’), T0
ra(n', v) = r (n(«', V), v(u', v)),
W, MONb3ySiCb WHBAPMAHTHOCTbLK MepBOro AuddepeHynana, NOAYUNM:

dr\ = dr2
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MTak, nepsas KBagpaTuuHas Qopma He 3aBUCUT OT Bblbopa KOH-
KPeTHON perynsipHolii napameTpu3auum MOBEPXHOCTU S.

PaccMoTpuM BOMPOC O A/IMHE KPUBOM Ha moBepxHOCTM S. MycTb L —
KpvBag Ha 5 mnu= n (t), y= v (/), a< t< b— ee perynapHas
napameTtpusaums. Mapy ypaBHeHuii u = un (t) uy = o (/) bygem TaKKe
HasblBaTb BHY TPEHHUMMW YpaBHEHUSAMM KPUBOWA L.

Mycte R () = 1 (n (t), y(/)) — BekTop-thyHKLUA, onpedensowas B
npocTpaHcTBe KpuByto L. Torga u3 pesynbtatoB 8§ 5 rn. IV gna gnm-
Hbl S (L) kpuBoii L cnpaBegnusa copmyna

s(L) R gt

dt

u

- d du

u ! dt du r,,Ey\zd't’

J -1 Vi'- dt
du dv dy\2_ .
dt dt dt = (%)

KpaTko copmyny (*) 3anucbiBaloT MHOrga Tak:
0
(L) = j dr(uft), v(0)1l=j VI-

WTaK, [Ons U3MepeHus OMH KPUBbIX Ha MOBEPXHOCTW AOCTATOYHO
3HaTb MEPBY0 KBagpaTuuHyo opmy. Mo3TOMY roBopsaT, YTO nepsas
KBagpaTuuHasa opma 3aaeT MeTPUKY MNOBEPXHOCTU.

Haiijem nepByt KBagpaTU4Hyk (OpMYy 415 HEKOTOPbIX MOBEPXHO-
CTel.

Mpumep 1 TMycte S — cihepa pa-
gunyca R ¢ UeHTpoM B Hayane KoopauHarT.

B KauyecTBe BHYTPEHHWUX KOOpPAMHAT Bbl-
6epem reorpauyeckne KoopauHaTbl (gon-
roty v wupoTty) ¢ n © (cm. puc. 152). Torga

0< p< 24 m— - < < —
T 2 2
YpaBHeHUs cgepbl B 3TUX KoopAMHaTax
TaKOBbI:
X~ R cos (pcos &
y = Rsin ¢ cos 0,
r= Rsin0.
Puc. 152
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BekTop-dyHkuns 1 (@ ©) = x (h §i+ y @ Q)I+z (d, Qk npea-
cTaBnstowWwas coboii mapameTpusaumto cgepbl, BCIOAY perynspHa, Kpome
No/HCOB.
[Mocne NpoCTbIX BbIYUCAEHWUIA HAXOA4UM:
E = /b= R2co0s26
F=0
G=rg = R2
W, cnefoBaTeNbHO, MepBas KBagpatuuHas opma chepbl MMeeT BUA:
| = tf2c0s20<*p2+ R2dQ2

Ecnu L — HekoTopas KpuBas Ha S, WMelollass BHYTpeHHWe ypas-
HeHus
b= =1 @< d< @)
TO ee ANIMHA HAXOAWUTCA MO (hopMyne
P

s(Ly=Rj Y cos2(/ (@) + /,3( dfp.
]

Mpumep 2. TlycTb perynspHas
NOBEPXHOCTb S 3afjaHa fABHbIM YypaBHe-
Hnem

r=z(xy),

roe z (x, y) — k pa3 HenpepblBHO Audgde-
peHuunpyemas (yHKUMA B NPOCTOA o6nacTu
G Ha nnockoctn xOy (cm. puc. 153). Torga
BEKTOP-PYHKLMA, SBAAOLLAACS perynsap-
HO mapameTpu3auuein S, umeeT Buf:

Fx, y)=xi+ yj+ 2 y)k
OTcroga

rx=i+ zxk, ry=j + zyk, *)

“ noTomy
E rl= 1+ 1zl
Foax oy =y,
G rl=1+ 4-
CnepoBaTenbHO, MnepBas KBagpaTuyHas opmMa MOBEPXHOCTU WMMEET BUf
I= 1+ zl)dx2-j- 2zxzydx dy -)- (@ -f- zl) dy2
OTMEeTUM, 4TO MPOCTbIMW BbIUMCAEHMAMU K3  dopmyn (*) ana rx

N ry nerko Haxoamm ypaBHEHWE KacaTtenbHOn nnockoctm k S nm HOp-
Manb T



r_r(Xl y) _ZX(X7 Y)(X'X)'\'ZY(Xy y)(Y_Y):

{for, ry]l __ 2x .o Zy tA

= lex, ry]l  Ji+*i+% *+ VT+ 4+ 43+
I

V i+ i+ %

HanpasneHmem (du :dv) B paHHOW Touyke X (M, V) Ha
noBepxHocTwu S bygem Has3biBaTb HanpasneHume BekTopa dr =
=rldu + rvdv. Camo cob6oli pasymeeTcs, YTO paccMaTpMBaeTCa pery-
napHas napameTpu3auus S ¢ NOMOLLbI0 BEKTOP-PYHKLMK T (U, V).

Yrnom Me>nay HanpasneHuamu (du :dv) wun (bu:bv)
Ha3blBAETCA Yron Me>KAy BeKTopamu

dr —radu+ rvdv wun 6r = rabu -f-rvbv.

Ecnn ©— yron mexpgy HanpaeneHuamu (du :dv) u (6y : bv), T0
(dr, 6r) = |dr 1lbr jcosO.

Tak Kak
dr2= E du2+ 2Fdudv+ Gdv2
dr2= E 6u2+ 2F6ubv+ Gbv2
(dr, fir) = Edubu -j- F (dubv -f- dvbu) -f- G dvbv,
TO
» E duba + F (dubv 4- dvbu) + Gdubv
COS0 = . e

Byaem rosopuTb, YTO KpuBas L Ha NOBEPXHOCTM, 3afaHHON perynsp-
HON BeKTOpP-(PyHKUMehd r —r(u, v), B Touke (M, V) MMeeT Hanpas-
neHune (du :dv), ecnm BekTop dr—ru du-\- rvdv ecTb KacaTeNbHbli
BEKTOP KPMBON B 3TON TOUKe.

Ecnu kpuBas 3afjaHa Ha MOBEPXHOCTU BHYTPEHHUMW YPaBHEHUAMU

n— U (o, V— V(1)

T0 B Touke (M ((), v (1) oOHa, o0YeBMAHO, MMeeTHanpasfieHue
() = v'(1)).

MycTb Kpusble L\ 1 b2 Ha NOBEPXHOCTUS MMeIOT 06LYI0 TOYKY X.
Yrnom me>pay 3TWUMKU KPUBbIMUW B Touke X 6yfeMHa3blBaTb Yron
Me>XKJy HanpasB/leHUAMMN 3TUX KPUBbLIX B TOYKe X. JIErKOo  BUAETb, 4TO
Yron Mexnay KpuBbIMY Na MOBEPXHOCTM — 3TO YrON MeXAy KacaTesb-
HbIMW K KPMBbIM B TOYKE MepeceyeHus, U NMoToMy OH He 3aBUCWUT HU OT
cnocoba napameTpu3auuy MOBEPXHOCTU, HWU OT cnocoba napameTpusa-
LN KPUBbLIX.

BbIiICHUM, 4YeMy paBeH Yroji MexAy KOOPAWHATHbIMW JINHUAMMU.
NInHum v = const umetoT HanpaBfieHusa (du : 0), a AUHUKM U = const—
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HanpasneHusa (0 : dv). Otcioga Ana yrna © Mmexay KOOpAMHATHLIMM
NUHUAMU TIONyYaem QopMyny:
o F dubv F
€08 Y Edu2 / Gat2 V EG

OTclofa cnefyet, YTO KOOpAMHATHASA CETb HA MOBEPXHOCTMW OyAeT opTo-
roHanbHa (KOOpAUHATHblE NWHUM MepecekalnTcsa Mo4 NPAMbIM  YI0M)
B TOM M TO/NbLKO B TOM cnyyae, korga F = 0.

§ 7. Nnowafb NOBEPXHOCTH

MogpobHo  BOMpOC
0 niowagnm MoBEpPXHOC-
™M  paccmaTpuBaeTcs
B KypCce MmaTemaTuuec-
KOro aHanusa. 3pecb
Mbl OFpaHU4MMCH  Bbl-
BOAOM  (hOpMynbl Ans
nnowagm obnactu Ha
MOBEPXHOCTW B Clyyae,
Korga rmoBepxXHOCTb 3a-
flaHa C MOMOLLbO pery-
NAPHOK napameTpun3a-
um r —r (un, v).
HanomHum onpege-
neHwe nnouwiagu obnac-
TU Ha MOBEPXHOCTH,
KOTOpoe wucnosb3yetcs
B KypCce Martemarmyec-
Koro aHanmsa. [lycTb
S — perynspHas noBepxHOCTb D —o061acTb Ha 3TOW MOBEPXHOCTU, OF-
paHW4YeHHas KOHEYHbIM YWCIIOM PErynsipHbIX KpWBbIX (CM. puc. 154).
Pa3o6bem D Ha Manble 061acTU perynspHbiMU KpUBbIMK, U NycTb D;—
0fiHa 13 Takux obnacteii. B obnactn Dt 6epem NPoOM3BONbHYIO TOUKY Xt
MCNpoeKTMpyem 3Ty 06/1aCTb Ha KacaTefllbHYK M70CKOCTb B Touke X/.
Ecnn pgnameTp obnactm Dt pocrtatoyHo man, To M3 Teopembl 2 § 5
BbITEKAeT, 4YTO NpoekTMpoBaHuMe Dt Ha KacaTeNbHYK MNAOCKOCTb €CTb
B3aMMHO OAHO3Ha4yHOe OTo6GpaxeHue. Pe3ynbTaT npoekTupoBaHua Di

Ha KacaTe/lbHYl M/J0CKOCTb ecTb HekoTopas o6nacTb Dit mpuuem rpa-
HMLUA  COCTOMT M3 KOHEYHOrO0 YMcna perynsapHbiX Kpuebix. Yepes a(D,)

0603Hauum nnowagb obnactm D,.
Moa nnowaabio o6nacTwm D nosepxHocTU S Gyaem NOHUMAThb

lim £<7(4),
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roe cymmupoBaHue MpoBOAMTCS Mo BCeM obnacTsm Dt, Ha koToOpble pas-
6uTaD, a npeAenbHbIl Nepexof OcyLleCTBASETCA NPKU YCAOBUM, YTO Hau-
60nblWKNIA U3 anameTpoB obnacTeil D, cTpeMUTCA K HYNIO.

Ecnn perynspHas MOBEPXHOCTb AOMNycKaeT napameTpusayuio ¢
MOMOLLbI0 SBHOTO YPaBHEHMUS

z= 2 (Y),

rae 2 (X, y) — k pa3 HenpepbIBHO andhepeHumpyemas pyHkumns (fr > 1),
3aflaHHas B MpocToii 06nacTm Gu TO, Kak W3BECTHO U3 aHanu3a, Ans
nnowaan ntoboin obnactu D noBepxHocTM 5 cnpasegnmea opmyna:

aD) =jjVv\+ zlI+ zldxdy,

Di

34ecb uepes 0603HayeHa Mpoekuus D Ha MAOCKOCTb X, Y-
MycTb faHa gpyras perynspHas napameTpusayus rnoBepxHocTu S:

r=r V),

roe r (U, v)— k pa3 HenpepbIBHO guddepeHunpyemas QyHKUMA, 3aaH-
Has B MpocToi 061acTM G Ha naockocTu W, V. MycTb, ganee,

X = x(n, v),
Y —Y¥Y(w, v)

— PerynsipHblii romeomoptmnam Mexay G U Git Npu KOTOPOM

Xityj+ Txm V), yw v))fc=r(u, V. *)
Torga, Mcnonb3ys (OPMYNy 3aMeHbl MepeMeHHbIX MOof 3HaKOM
ABOIHOT0 MHTErpana, nonfyvum:

D)= jj V 1+ zl+ zldxdy = jj Y\ + zI-\-z1 *® " qudvt

£4 D
roe Z),— o6pas obnactm D npu romeomopdusme /.

M3 cooTHoweHua (*), KoTopoe cnpaBeAnnBo BO Bceli ob6nactm C,
nMeeM:

[rn, r\=\xui + yJ +(2A + 1yy,) b, xvl+ yyj rywy) *1 =
Mo(—rxi —zyj] + K).
Yo
OTcrloga
I [ru, rv]l= 111+ 25+2° .
*V oYy

C Apyroit CTOPOHBI,
Ilr,, rv]\*=rlrl-(ra, rf=EG ®mF2
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MosTomy
o(D) = SJ IFEG—P dudv.

D

WTak, agns nnowapgmn noboin obnactu D ¢S cnpasegnnsa hopmyna

a(D) = | j J/EG — F2dudv. (*)
D

®opmyna ( $) BbiBedeHa B NPEANONO>KEHUM, UYTO MOBEPXHOCTL S
JonyckaeT napameTpu3aLnio

X—X, ¥y—Yy, T—r (X, ¥).

Oka3blBaeTcs, 4TO 3TO MpeAnosoXeHUue He CYLWECTBEHHO, W dopmyna
( £) cnpaBegnuBa ANna N060OA perynapHoil MOBEPXHOCTM, [OMYyCKalo-
Weid eAuHYI NapameTpmsauumio r = r (4, y). [okasaTenbCTBO 3TOro
(hakTa MOXHO MpPOBECTUM HEMOCPeACTBEHHO, OMMpascb Ha onpejeneHue
nnowasmn, Kak 3To genaetca B Kypce aHanu3a. Ha 3TOM Mbl OCTaHaBAMW-
BaTbCA He Byfdem.

B 3ak/nt04eHMe 0TMETUM, YTO NAoLiadb 064acTy Ha NOBEPXHOCTU eCTh
afanTuBHas (yHkumsa. LelicTBUTeNbHO, NyCcTb 061acTe D perynsapHbiMuy
KpuBbiMM pa3buTa Ha fABe o6nacth D, n D2 6e3 06WMUX BHYTPEHHUX
Toyek. MycTb, ganee, obnactam D, Dit D2 B npocToii o6nactn G, rge
onpegeneHa perynspHas napameTrpmsauums r = r (W, v), COOTBETCTBYIOT

obnactu D, DIt D2 Torga
a() =JJ VEG—P dudv=jjV EG—Ffrdudv+

b Di
+ JJ VEG— Fldudv = o (DJ+ a(DJ.
Df

Ecnm noBepxHOCTb AOMYCKAaeT PeryasipHylo napameTpusaluio B [0-
CTAaTOYHO Masoii OKPECTHOCTM KaXK[OW CBOeli TOYKW, TO BbIYMC/IEHWE
naowaanm ManbiX 4YacTeil MOBEPXHOCTW MOXHO MPOBOAUTL, MWCMOMb3ys
aaAMTUBHOCTbL M/OWAAN, C MOMOLWLbID CheunanbHbiX napaMeTpusauunii
3TUX YacTen.

8§ 8. BTtopas kBagpaTnmuHas dpopmMa MOBEpPXHOCTU

MycTb S — perynspHas MoBepPXHOCTb U T = T (U, V) — ee perynsp-
Has napameTpu3ayus. Yepes n (1, V), Kak U paHblie, 6ygem 0603Ha-
yaTb HOpMasib MOBEPXHOCTM S B Touke X (M, V). HanomHum, uTo

n= 1w
\[Tn rvif
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BTopoii kKBagpaTWUYHON (OPMOI MOBEPXHOCT M HasblBa-
eTca opma

n = (—dr, dn) =(—/m, nudu2+((—ru,nv)+(—rv, n) dudv-\~
+ (—rv, nv)dv2
Ons koaphumumeHTOB 3TOW (hopMbl BBOAATCA CreuuanbHble 0603HaYeHUs
( Tw 9») = ( Ttwy-)-( rv, nn 21,
(—rv, nv)= N,
B KOTOPbIX BTOpas KBajpaTuyHas (opma NpUHUMAeT BUA;
Il = Ldu2-j- 2Mdudyv -j- Ndv2
Tak kak (dr, n) = 0 u, cnegoBaTeNbLHO,
d(dr, n) = (d&, n)-f- (dr, dn) = 0,
TO

] = (d2, n) = (rup ») du2+ 2 (rvo, a) dudv+ (rw, a)dw
CneposatesibHO,

£ = (ruy, n),
M =(rllv, n),
N = (rw, n).

B 4acTHOCTM, eCnn NOBEPXHOCTb 3ajaHa SBHbIM ypaBHEHWEM
z=z(x, y), TO

L =
V\ + zl + 2>
M=mn roy-—--
Vi1+4 +m»
N=— ZM
|/ 1+ £+ Z*

§ 9. KpuBM3Ha KpUBOW Ha MOBEPXHOCTU

MycTb S — perynspHas MNOBEPXHOCTb M L — perynsipHas kpueas
Ha Hei. MycTb, panee, T = r («, W) — perynspHas napameTpusauuns
noBepxHocTu S. B kauecTBe mapameTpa BO BHYTPEHHUX ypaBHEHUAX L

n= n(s), v = v(s), 0 < s< s (L),

BO3bMEM €CTECTBEHHbI MapaMeTp S Ha L, T. e. AAMHY MepeMeHHON Ayru
L c ogHUM uKcupoBaHHbIM KOHUOM (cm. ra. 1V, § 6).

Ha L BO3bMeM MpOW3BOAbHYK TOYKYy X (4, V) u nycTb (du: dv) —
HanpaBneHue L B 3TOl TOuKe.

O603Ha4YMM yepes

R{s) = r{u(s), v(s))



eCTECTBEHHYI0 NapameTpusauuio KpuBoii L. Begem cneaytolime 0603-
HauyeHus:

t — eAMHUYHBI/ KacaTeNbHbIi BeKTOp K L B Touke X;

T — rnaBHas HopManb K L B TOW e Touke;

K — KpuBM3Ha Kpueoih L B
Touke X;
N — HopMa/Jb MOBEPXHOCTU S
B Touke X\

if — yron mexgy BekTtopamu N
n T (cm. puc. 155).

M3 nepeoii opmynbl  PpeHe
cnegyet, uTo

R
ds2
Torpa
:szr ,Nj =k (T, N)=y\T Inlcos = Kcosu).
C [Apyroi CTOpPOHbI,
dzr .. du\2
» ") = (e«
r )
+r" v ds2
(Muy, n)du2+ 2(ruv, n) dudv + (rp0, 51) do8
ds2
L du2-f- 2Mdudv 4 Nefo2
£ du2-f 2F dudu4 Gdv2
OTcropa

Ldu24 2Mdudv4 Ndv2
*
£d«2+ 2Fdudv  Gdo2 *)

BennuuHbel L, M, N, E, F, G B Touke A'{u, V) NOBepxHOCTW S onpegene-
Hbl OfHO3HA4HO, a

Y. COS\|) =

L9 g
Ldu2 -f- 2Mdudv -f- Ndo* > o

£da2+ 2Fdudv4- Gdw2
7 (s)'+tfs +0
Mo3ToOMy MnpaBas 4acTb paBeHCTBa (*) 3aBMCUT TO/MbKO OT Hanpa.fe-
Hus KpmBolh L B Touke X (u, v). Takum ob6pasom,
x cos = x0= const
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B Touke X (U, V) gna BCex KpuBbIX L, mpoxogawmx yepe3 Touky X
N UMEKLWNX B Heli OAHO W TO XK€ HanpaBneHWe, UK, YTO TO XKe, OfHY M
Ty Xe KacaTeNbHYI0.

PaBeHCTBO

x cosr) = x0

COCTaBNsieT cofepXaHue TeopeMbl MeHbe.

BenuMunHa x0 HasblBaeTcs HOPMasbHOM KPUBWU3HOW MOBEpX-
HOCTW B JaHHOM HanpaBieHUW (duldv) B Touke X.

MOXHO Ao0Ka3aTb, YTO €C/M Mepecevb MOBEPXHOCTb S MIOCKOCTHIO,
npoxoasLlei yepes Hopmanb NOBEPXHOCTU B TOUYKe X, TO B [OCTaTOYHO
Manoil OKPeCTHOCTW TO4YkM X nepeceyeHue 6yaeT NNOCKONA perynspHoii
KpMBOW. IOTY perynsapHyl0 KpuBYK HasblBaldT HOPMas/ibHbIM Ceye-
HWEM MOBEPXHOCTMW. HopmanbHOe CeuyeHue MOBEPXHOCTU B TOuke X
onpefensieTcAs Of4HO3HA4YHO Tem HanpasneHnem (dw.dv), KOTOpoe OHO
COEPXKNT.

N3 Teopembl MeHbe BbITEKAET, UYTO BeANYMHA XO €CTb C TOYHOCTHIO
[0 3HaKa KpMBM3HA HOPMaNbHOro CeuvyeHWs MOBEPXHOCTU B Touke X
MMEIOLLLEro B 3TOW TOYKe TO >Xe HanpasfeHue, 4TO u Kpusas L.

[OeiicTButensHo, ecim T{ — rnaBHas HopMarb K HOPManbHOMY
ceyeHunto B Touke X , TO T, = + . To3tomy yron mexay T{u
M paBeH HYMO WAN N, U eCNN XH— KPUBM3HA HOPManbHOro CeYeHus, TO

§ 10. Knaccudumkauma ToYek MOBEPXHOCTU. [NaBHble HanpaB/eHus.
ACpefHasa un rayccoBa KpWBU3HbLI

OAns un3yyeHWs NOBEPXHOCTWM B Masioli OKPECTHOCTU [aHHOM TOYKM
MOBEPXHOCTU YAOOBHO MepenTn K napameTpusauun
X=X y=vy, z= z( YY),
rae gekapToBa cucTemMa KOOpAuHaT X, Yy, I BblGupaeTcs Tak: ocu 1; y
nexaT B KacaTenbHOW MIOCKOCTM K MOBEPXHOCTU B AaHHOW Touke, a
OCb z HanpaBneHa MO HOpManuM NOBEPXHOCTM B AaHHOW TOYKe.

Kak fokasaHo B § 5, B Takoil cucTemMe KOOPAWHAT Manas OKpecT-
HOCTb TOYKM 3aflaeTCsd YpPaBHEHWEM

npuyem
z (0, 00= 2z, (0, 00= zy (0, 0) = 0. &)

o}
WTak, nycTb faHa perynapHas noBepxHocTb S. Bo3bmeM Ha Heli
MPOM3BONbLHYIO TOYKY X W MOCTPOMM CUCTEMY [AEKApPTOBbIX KOOpAWHAT
X, ¥, Z YKa3aHHbIM Bbille cnocobom (cM. puc. 156).
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Torfga Havyano cCUCTeMbl KOOpPAWHAT cOBMa-
faeT ¢ Toukoi X, M B Manoi OKpPecTHOCTK
V Toukm (0, 0) Ha nnockoctu x, y pJoc-
TaTOYHO MaNyr OKPECTHOCTb ToukuM X Ha
MOBEPXHOCTM S MOXHO 3ajaTb SABHbIM
YpaBHEHUEM

r=r (x, y).

Kak yxe oTmedvanocb, I (x, y) — Kk
pa3 HenpepbiBHO guddepeHunpyemas ¢yH-
KuMs, y[OBNeTBOpPAOW AN B Hayane Ko-
opauHaTt ycnosusim  (*). 3gecb UM HMXKe
Mbl 6ygem npegnonaratb, 4to k > 2.

Pasnaras qyHkuuw r (x, y) no dop-
myne Teinopa B Touke (0, 0), 6ygem
NMETb:

z(*. ¥Y)=1 (r,x(0, 0)x2-)- 2rxy (0, 0)xy + ryy{0, 0)/) +

+ . Y)(*2+ Y
roe
lime (x, y) = 0=

FNaBHOM 4YacTbl0 HaMWCAHHOTO pasfioXeHWUs OyaeT KBafpaTU4YHas
thopma

20= j(zxx(0, 0)x2-f 2r,y (0, O)xy-{- ryy (0, 0)y2.

Ipatmk" pyHkuun Z0 (x, y) npenctaenset coboil napa6onoung. 3T0T

napa6onoug HasblBaeTcs CONpMKacalwLwmMmMmcsa napabonongom no-
BEpXHOCTMWN S B Touke X.
' OueBWUAHO, YTO BCE reoOMeTpUYeCKMe XapaKTEPUCTUKU MOBEPXHOCTU
B Touke X, 3aBUCALLME OT MEPBbIX U BTOPbIX MPOU3BOAHbIX PYHKLMUK
r (x, y) B Touke X, coBnafatoT C COOTBETCTBYIOLWUMN BeNUYMHAMU NS
conpukacatolerocs napabononga. TakMMu BenMYMHAMM, Hanpumep,
ABNAOTCA KO3MMULMEHTbI MNEPBbIX W BTOPbIX KBaAPaTUYHbIX (OPM,
HOpMaNbHble KPUBM3HbI B TOYKe X, KacaTeflbHble MNJOCKOCTU B 3TON
TOUKe.

OTctofa cnefyeT, UTO NOBEPXHOCTb S B Manoll OKPECTHOCTU TOYKM
X oTauuyaeTcs OT compukacatoleroca napabonouga Ha BeauuuHbl bonee
BTOPOro nNopsakKa ManocTu Mo OTHOLWEHNIO K V X2-(- y2. Takum o6pa3om,
KauyecTBEHHOe W3y4eHue MOBEPXHOCTWM B Mas0il OKPECTHOCTM TOukM X
CBOAMTCA K W3YYEHWI0 MPOCTPaHCTBEHHON (hOpMbl COMPUKAacarLerocs
napa6onomnga.
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[0 cUX nop HampaBfieHUs oceil X Uy B KacaTeNbHOW MAOCKOCTU 6bl-
N NPOU3BOMLHBLIMU. M3 aHaNUTUUYECKON FeOMeTpUM WM3BECTHO, UTO Haj-
nexXxalium NoBOPOTOM OCei X U y B KacaTeNbHOM MNMOCKOCTW ypaBHEHUe
conpuKacarolerocs napa6onouga MoxeT 6biTb NPUBEAEHO K BULY

zo=j (kix*+ kif)-

Mpu aTom, ecnn ki > K2, TO HanpaBneHWs OCel X Wy, B KOTOPbIX
conpukacawowmiica napa6osons WMeeT YypaBHeHUe

zo=j (M2+ /r¥h

onpeaensoTcs OfHO3HAYHO. ATO yTBepXAeHWe 6GyaeT A0Ka3aHO HUXe,
B § 11

Hanpasnenuss B TO4YKe X, COOTBETCTBYWLME KOOPAUHATHBLIM OCAM
X WY, B KOTOPbIX CONPUKAcaloLniAica napabonons UMeeT ypaBHeHUe

z»=] (M2+ ~y2>

HasblBalOTCA FM1aBHbIMU HanpaB/leHWAMMU B Touke X.

HopManbHble CEYEHNs MOBEPXHOCTMW B TOUKe X,NpPOBEAeHHble B [NaB-
HbIX HanmpaBNeHWaX, HasblBalOTCS FNaBHbIMW HOPMa/sibHbIMK ceye-
HUSAMMUW, a HOpManbHble KPUBU3HbI MOBEPXHOCTU, COOTBETCTBYHOLMNE
rNaBHbIM HanpaBAeHWsIM, Ha3blBALTCA F/lACHbI MU HOPMasbHbl MU
KPpUBU3HaMMU.

[naBHble HOPMa/bHbIE CEYEHMS CcoMpuKacalLllerocs napa6ononaa
npeacTaBnAT coboit napabonbl

Zg= 9-kx2
n
20=J Kf-
KpuBM3HbI 3TUX ceyeHUit B Toyke X OYAYT COOTBETCTBEHHO paBHbI
« 12!
, = = N
(1+1 z0X\yu y_o 171
L, — 172 1«
Ecnm ki > 0, To rnaBHas Hopmanb K napabone
Z0= 1

coBnajaeT C HOpManbk comnpukacawlerocsd napabonomaa; ecnm xe
ki C 0, To yron mexgy 3Tumu HopManamu paseH n. W3 onpegeneHus
HOPManbHON KPUBWU3HbI MOBEPXHOCTW B AaHHOM HanpasaeHuwn (cMm. §9)
BblITEKaeT Torfa, YTo B FJ1aBHOM HampaBAeHUM COMpUKacaroLleroca na-
pabonounga, OTBeYalLWEero HanpaBneHUKO OCKM X, yucno ki 6ypet rna.-
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HO HOPManbHOW KpMBU3HON. HO, Tak Kak y NOBEPXHOCTUS Hee compu-
Kacalowerocs napabonouja B obweid Touke X OfMHAKOBble HOpPMasb-
Hble KpWMBW3HbI, TO Ki 6yaeT TakXe rnaBHOM HOPManbHON KPUBWU3HOM
MOBEPXHOCTU S B TOYKe X B HamnpaBieHUU Ocu X.

AHanormyHo k2 ectb HoOpManbHaf KpuBM3HA MOBEPXHOCTUM S B
Touke X B HanpasneHWW, OMNPeLeNseMOM OCbl Y.

BennuunHebl

K= k2

Ha3blBalOTCA COOTBETCTBEHHO CPefHE U rayccoBO KPpMBWU3HOI No-
BEPXHOCTMU S B Touke X. CpeaHsis M rayccoBa KpUBU3HbI €eCTb
(YHKUMM TOYKM MOBEpPXHOCTU S.

PaccmMoTpuMm KnacCcMUKauuio TOYeK MOBEPXHOCTWM B 3aBUCUMMOCTU
OT 3HaKa raycCcoBOi KPUBU3HbI.

1. MycTb B TOYKe X perynspHoOi MOBEpPXHOCTW S rayccoBa KpuBM3HA
K > 0. Torga B 3TOl TOYKe OfIHOBPEMEHHO FN1aBHble HOpPMaNbHble Kpu-
BMU3HbI Ki 1 k2 nnm obe nonoxntenbHbl, nan obe oTpuuatensHbl. B 060-
X cnyvaax conpukacawuwumiica napabonounp

Zo= y (M 2+ )

3ANNNTUYECKUA. B nepBoM cny4vae OH, KacasfCb M/OCKOCTU Xy B CBOeW
BEPLUMHE, NEXUT Haj 3TOM MAOCKOCTbIO, a BO BTOPOM, Kacasicb TON e
NAOCKOCTU B CBOEl BepllMHe, IEXUT Nof Heil. [locTaTOMHO Manas OK-
pPecTHOCTb TOYKM X Ha MOBEPXHOCTM 5 YCTPOEHa B MPOCTPAHCTBE TakK
Xe, Kak conpukacawlwuinca napabonouj, no3TtoMy B Manoil OKpecTHO-
CTU TOYKM X MOBEPXHOCTb S MMeeT BWf, U300paXKeHHbIli Ha puc. 157.
Touku, B KOTOpbLIX rayccosa KpususHa K > 0, HasbiBaoTCA 3N/IUM-

T NYECKNMU T OUYKaMM NOBEPXHOCT N. OTMeTUM ellle pas, 4To foc-
TATOYHO Masias OKPeCTHOCTb A/IMNTUYECKON TOUKMN MOBEPXHOCTU NEXKUT
N0 Of4HY CTOPOHY OT KacaTeNbHOW MNOCKOCTMW B 3TON TOYKe W, Kpome
TOUKM KacaHus, He UMeeT C KacaTe/lbHOW NAOCKOCTbI 00LMX TOuYek.
2. MycTb B Touke X perynspHoil MOBEPXHOCTMW S rayccoBa KpuBU3-

Ha K < 0. Torga B 3TOi TOYKe rnaBHble HOpMajbHble KPUBU3HLI Ki ©
K2 OTAWYHBI OT HYNS N UMEKT pasHble 3HAKW.

B aTom cnyvae conpukacatouwuiics napabo-

nowa — runepbonnyecknin, ©n KacaTenbHas

NIOCKOCTbL MepeceKaeT ero no nape npsambiX,

Yrofl MeXAy KOTOPbIMW OT/AINYEH OT HY”S.

lMoaTomy Manas OKPeCTHOCTb TOuYkM X Ha

MOBEpPXHOCTU S umeeT BuA cegna. Kacartenb-

Haa NNOCKOCTb B TOYKe X nepecekaeT 3Ty

Puc. 157 OKPECTHOCTb MO Mape KPWBbIX, MepeceKkar-
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mnxeca B Touke X U coc-
TaBNAWNUX LPYTr C ApY-
roM HeHyneBon yron (cm.
puc. 158). OKpecTHOCTb
pacnonoxeHa no  o6e
CTOPOHbI OT KacaTenbHOi
nnockoctm B Touke X.
TOYKM NOBEPXHOCTM S,
roe K <0, HasbiBaloTCH
rmnepbonMyecKumm.

3. MycTb BTOUKEX pe-

rynsipHoOil MmoBepxHoCcTU S
rayccoea kpususHa K = 0.
Touku S, rge K =0, Hasbl-
BalOT NapaboNMyeckm-
Mu. B napabonnueckon
TOYKE WAN OfHA W3 rNaB-
HbIX HOPManbHbIX KpK-
BM3H, CKaxxeM kit paBHa
Hynto, nnbéo obe rnaBHble
HOpMasnbHble  KPUBMU3HbI
paBHbl Hynt: kl=ka=0.

B nepsom cnyvae ma-
nas OKPEeCTHOCTb TOYKMU
X nMeeT BUA Kycka napa-
6onuMyeckoro  LMANHAPA

zo=\ M 2

(cm. puc. 159).

Bo BTOpOM cnyyae Tou-
Ka X Ha3blBaeTCs TOYKOMN
ynaou,eHna, u B Manow
ee OKpecTHOCTM MoBepXx-
HOCTb MOXET WMMETb BECb-
Ma CNOXHOe CTpPOEHMe.
Ha puc. 160 wn3obpaxe-
Ha OKPEecTHOCTb  TOYKM
YNAOLWEeHNs, NMetoLLas BUA
TakK Ha3blBaemMoro «o06e3sb-
AHbero cegna». Wccnego-
BaHWEe CTPOEHUS MOBEpPX-
HOCTM B Manol OKpecT-
HOCTU TOYKWM YMJIOLLEHNS
CBSI3aHO C PacCMOTPeHUEM
NPON3BOAHLIX  (YHKLMWK
2 (X, y) TpeTbero u 6o-
nee BbICOKMX MOPSAKOB.

Puc.

158
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8§11. Teopema Jilnepa. IKCTpeManbHble CBOWCTBA rNaBHbIX
HanpaBneHun

MycTb S — perynspHas MOBePXHOCTb M X — MPOM3BOMbHAsA TOYKa
Ha Heil. MycTb, ganee, X, Yy, I — CUCTEMA AEKApTOBbIX KOOPAWHAT B
NpoCTpaHCTBe, A1 KOTOpOW Hauyano coBmagaeT C TOUKOW X, OCUM X H Y
pacnofioXXeHbl B KacaTe/lbHON MNOCKOCTWM K 5 B Touke X U uayT B rnae-
HbIX HanpaB/AeHWsSX B 3TON TOYKe, W, HaKOHel, OCb I HampaBfeHa Mo
HopManu M B Touke X.

Torga A0CTaTOYHO Manas OKPecTHOCTb TOYKM X Ha S npejcTaBUMa
SBHBIM  ypaBHeHMeM

r=r( y)=1j (r*2+ k¥2+ e(* y) (x2-f y2,

npuyem
lim e (x, = 0.
1§ x,y)

B Touke X y noBepxHOCTU S 1 compukacatowerocs napa6onounga
COBMajaloT MNepBble U BTOPble KBajpaTUUYHbIE (OPMbI.
Monb3ysch ypaBHeHMEM compuKacarollerocs napabonouja

zo =\ (M2+ k%2,

Haxo4uMM KO3((puULUeHTbl NepBoi WM BTOPOW KBagpaTU4HOW Gopm  no-
BEPXHOCTM S B TOuke X:

E=1 F=0 (7=1,

L=kv M=0 N=k2

OTctofla B TOUKe X KBaApaTUUHbIe (HOPMbl UMEKOT BUA:
| = dx2+ dy2
Il = kldx2-{- kay2
MpoBeaem Tenepb HOpPMaNnbHOE ceyeHue S, COCTaBMsOLLEE B TOUKe X C

nepBbIM rNaBHbIM HanpaBneHnem yron <p Ecnm (dx : dy) — HanpaBsne-
HWe 3TOro cevyeHus, 1o (cM. puc. 161)
dx . dv

cos ® = — +T-T ; SM ¢ =
\ (dy)2 ~’ }rdx2+ dy2

Vicnonb3ys GOpMyny ANS HOPManbHOi KPUBWU3HbI B HanpaBAeHWM
(dx : dy), umeewm:

K= T = .= kicos2dh + *2sin2 ¢h*
CooTHoOLEeHNe
k = cos2( -j- k2sin2d
n

HasblBaeTCs (hopmMynoii Jiinepa. OHO U cOCTaBNSET COAEpXKaHue Te-

opembl diinepa.
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Teopema 1 (Teopema
diinepa). HopmanbHas Kpusn3Ha
k B Touke X nNOBEPXHOCTU S B Ha-
npasneHnn, COCTABMANLEM Yron g C
MepBbIM  TNABHbIM HanpaBs/ieHneM,
pasHa

k — ki cos2m-j- k2sin2d,

roe k{wn k2 — rnaBHble HOpMa/bHble
KPWUBU3HbI S B TOYKe X.

Teopema 2. [naBHble HampaBneHWs B [JaHHOW Touke X pery-
NAPHOW MOBEPXHOCTM S— 3TO Te HanpaBieHWs, B KOTOPbIX HOPMajb-
Hble KPUWBM3HbI LOCTWUralT 3KCTPEMYMOB.

LJokaszaTenbcTBO. PaccmoTpum fBa cnyvas:

1L k{d k2wu nycte gna onpegeneHHoctn k{> k2 Torga gns Ha-
npaBfeHUs, COCTaBAAKOLWEr0 yron ¢ ¢ MNepBbiM [/laBHbIM Hanpasne-
HVEM, WMeEeM:

k = ki cos2p-f- fejsin2¢p = ki (1 — sin2d) -j- k2sin2d.

OTcroga
k = ki — (ki — k2 sin2d.

FAcHO, YTo Hambonbluee 3HayeHue k gocTuraetcs npu @ = 0, A, a Hau-
MeHbllee — npu & = ~ ” «CnefoBaTeNbHO, 3KCTPEMYMbl HOpPMaslb-

HbIX KPWBW3H AOCTUralOTCA B FNaBHbIX HamnpaBAeHUAX, WU OHU pPaBHbI
cooTBeTCTBEHHO kt m k2.

2. ftj = k2 Torga agns nwo6oro HanpasneHMs
k = ki (cos2®+ sin2dy) = kv

B 3Tom cnyuvae Bce HanpaBfeHUs Mexay co60i paBHOMPaBHbI, U MNO-
aToMy Nn06oe HanpaB/ieHWe cumTaeTcs rnaBHbIM. B Touke, rge ki = k2
MMeeM HEeCTPOruil 3KCTPEMYM HOPMasbHbIX KPUBU3H.

Teopema [oKa3aHa.

MTak, TOUKM perynspHoii NOBEpPXHOCTU MOrYyT ObiTb TOSbKO [ABYX
TUNOB:

1. B Touke CyLWeCTBYWT [JBa pas3/WyHbIX [NaBHbIX HanpaBieHWs.
B Takoii Touke rnasHble HOpMasbHble KPUBU3HbI He paBHbl Me>KAy CO6OM.

2. Bce HanpaBneHus B TOUKe rMaBHble. B Takoil TOYKe rnaBHble HOp-
Ma/bHble KPUBU3HbI paBHbl Me>Xay cob6oi

§ 12. HaxoxX[eHue rnaBHbIX HanpaBneHuit. ®opMynbl 4N rayccoBol
N cpeaHeill KpUBU3H

MycTb, NO-MPeXHeMy, S—perynapHas MNOBEPXHOCTb W T=T (U, 1)
— ee perynspHas napameTpusauus. Bo3bMeM Ha 5 NpOW3BO/bHYHO
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Touky X (4, v). MycTb (du : dv)— nNpou3BofbHOE HanpaB/ieHWe B TOY-
Ke X. Torja HopmanbHas KpuBM3HA B TOUYKe X, COOTBeTCTBYlOLWas
3TOMY HanpaB/feHU, Bblipaxaetca (OpMYynoi:
_ Ldu2+ 2Mdudyv -t- Ndv2,
| Edu2-]- IFdudv -f- Gdv2
HaxoXxjeHue rnaBHbIX HampasfeHUA CBOAMTCA K TOMY, 4YTOObl HaiTw
OoTHOWweHns (du : dv), B KOTOPbIX HOpManbHas KPWBWU3HA, WAM, 4TO
TO XKe, OTHOLIEHNe BTOPOM KBagpaTU4HOW (POPMbl K MepBOM, AOCTUraeT
3KCTPEMYMOB.
Lna ypo6cTBa NpoBefeHMs BbIKMAOK MOM0XUM
£= £% 1] = dv.
Torfa HanpaB/ieHMWe B TOuKe X XxapakTepusyeTcs OTHoOWeHueM (| : rj),
npuyem !2)-Ti2=£0. dopmyna 419 HOPMa/IbHOW KPUBU3HbI MPUHUMAET BUA!
h__ LI*+ 2MI4 + Nrf.
££2-[- 2F£r + Grf

Tak Kak B rnaBHbIX HamnpaBneHUAX HOpMa/ibHas KPUBU3HA MPUHU-
MaeT J3KCTpeMasibHble 3HadYeHud, TO

dk = 2(L1+ Mr) «1- 2(EI+FrDll = 0
ai ~ g
dk= 2(VE+ ATIA—2  + <L _ g (1)

Cuctemy cooTHOWeHW (1) yaobHO 3anucaTb Tak:

U+MT) = ii(EE + Fr]),

2
MI-\-bM = A(FI + LLI. @

o Tl
Vickntoyas U3 3TUX COOTHOLUEHUW I_' nonyy4nm:

O + Mr) £E+ Fr]
MI+ Ji] fi+Grj

PaCKprBaﬂ onpepennTensb, nMeem:
(LF- ME%2+ (LG- NE)1ly+ (MG- NF)n2= 0. ®)

HanucaHHOe paBeHCTBO MpeAcTaBnseT cobOM ypaBHEHWe BTOPOro mno-
pAgKa OTHOCUTENbHO OTHOLWeEHMA (| : r}), KOPHW 3TOr0 ypaBHEHUS Kak
pa3 u onpefensilT rnaBHble HanpaB/leHUs MOBEPXHOCTM S B Touke X.
YpaBHeHue (3) yA0OHO TakXXe 3anucbiBaTb B BUAE OMPefennTens TpeTb-
ero nopsapaka:

= 0.

I—n2 |1] —£2
E F G 0.
L M N
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Ecnm BmecTo £ 1 1j NOACTaBUTb MX BbipaxeHus du u dv, To ypaBHe-
HVe AN HAaXOXAEHWS TNaBHbIX HanpaBfeHWi GyaeT UMeTb BuA:

- dv2 dudv —du2
4= E F G 0. 4
L M N
MoryT npefctaBuTbCsA fBa Ccny4vas:
1.B Touke X (4, V) nMMeeM:
G- = —= - o
L ~ M~~ N
Torga onpefennTeNlb TOXAECTBEHHO paBeH HyNO Ans Nboro Ha-

npasneHua (du :dv), T. e. BCe HamnpaB/ieHUs T[/aBHbIE.
2. Ecnu 370 ycnoBue He BbINONHEHO, TO B YpPaBHEHUMU

(LF — ME) du2+ (LG — NE) dudv+ (MG — NF)dv2= 0 ()

X0TA 6bl OAUH U3 KO3(PULMEHTOB He paBeH Hynt. ycTb, Hanpumep,
MG — NF ¢ 0.
Torpa, 3anucbiBasd ypaBHeHue (5) B BuAae
(LF — ME) -f (LG —NE) —-{-(MG —NF)I- f=0
du \duj

M pellas 3TO KBafpaTHOE ypaBHeHMe, Haxo4uWM [Ba rNaBHbIX Hanpas-
nenus B To4ke X. Ecnum xe BypaBHeHuUn (5) KoathuumeHTsl npu du2 un
dv2o06a paBHbl Hynto, 70 LG — NE ¢ 0 wu ypaBHeHue (5) cBoguTCcs K

(LG — NE) dudv =0.

OTctofa rnaeBHble HanpasfieHna cyTb (du : 0) m (0 : dv).
MTaK, ykKasaH cnocob Hax0XAeHWs TNaBHbIX HamnpaBAeHWA.
MycTtb Tenepb (du : dv) onpefenset rnaBHoe HanpasfieHue. Hanom-

HUM, 4T0 k = —. T103TOMY ANS TFNaBHOW HOPManbHOW KPUBMU3HbLI, OT-
Bevalolleid 9TOMy HanpaBfeHMI0, CchpaBeAnuBa (opmyna

w Ldu2+ 2Mdudv + Ndv*
| Eduz 2Fdudv + Gdv%

npuyem
du2-j- dv2o 0.
Cuctemy ypaBHeHUl (2) MOXHO 3anucatb B BUAE:
jLdu -f- Mdv — k (Edu -f- Fdv) = 0,
\Mdu -f- Ndv — k (Fdu -j- Gdv) = 0.
MpuBoAa B NeBbIX YacTAX MOAOGHbIE YNEHbl, ByaeM WMETb:
(L — KE) du-\- (M — kF) dv = 0,
{M — kF) du-\- (N —kG) dv = 0. w
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CucTeMa ypaBHEHMi (6) eCTb CUCTEMa /IMHENHbIX OJHOPOAHBLIX ypaBHe-
HUi OTHOCMTENbHO du M du, MMeloLas HeHyneBoe pelieHue (B Kaxaoi
TOUKEe TMOBEPXHOCTM eCTb [MaBHble HanpaeneHus). MosTomy

L—kE M—kF _Q

M —kF N — kG ¢
OTcloga nonyvyaem KBafgpaTHOe ypaBHeHWe ANS ONpeaenieHus rnaBHbIX
HOPMa/bHbIX KPUBW3H MOBEPXHOCTW B [AaHHOW TOUKe:

(EG — F2k2-f 2ZMP —EN — LG)k~\- (LN — M2 = 0.
Monb3yscb (opmynamu BueTa, nonayyaem BbIpaXKEHWS FayccoBoOil U

cpefHeii KpMBU3H Yepe3 KO3(MLUEHTbI MEPBOI 1 BTOPOI KBaApaTUYHbIX
(hopmM MOBEPXHOCTH:

K=kt mgr= CN—AR
EG- F-
2H = kj-\-k2= —- —2—m+ |G
EG—F2

8 13. /InHum KpuBu3Hbl. Teopema Pogpura

I Heob6xofMMble W [OCTATOYHbIE YCMOBUS TOF0O, UYTO KOOPAM-
HaTHble /IMHWN B [AaHHO TOUKe MOBEPXHOCTW HamnpaBneHbl MO  rna.-
HbIM HanpaBfeHusM. [ycTb B AaHHOW TOUYKe X perynsipHoii moBepxHOcC-

TM S KOOPAMHATHble NIMHWM HanpaBfieHbl N0 rMaBHbIM HanpaBieHUAM,
TOorfja B 3TOli TOuKe

LeAcTBUTENLHO,

TaK KakK rfiaBHble HanpaBneHWa OpTOroHanbHbl. 3 ypaBHeHUa Ana Ha-
XO0XAEeHNA TNnaBHbIX Hal'lpanIEHI/IVI

(LF — ME)du2 + (LG — NE)dudv + (MG — NF)dvl = 0
NnMeem:

LF — ME = 0, *)
TaK Kak Ha NnepBoM FnaBHOM HanpasneHuu du @ O mdv = 0, u
MG — NF = O, Q

TaK KakK HaBTOpoM rnaBHoMm HanpasneHuu du =0,dv ¢ 0. Tak Kak
EG — F2> 0 u F =0, To u3 cooTHoweHunit (*) wu l*jcnepyer, yTo
M = 0.
lMycTb Tenepb B ToYke X UMeEeM
F=M=0
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[OKa>KeM, 4YTO B 3TO TOYKe KOOPAWHATHLIE NWHUM HanpasneHbl MO
rNaBHbIM HanpasfeHUsM.

[JelicTBMTeNbHO, B ypaBHEHWUM AN HaxXOXAEeHWS [NaBHbIX Hanpas-
NeHnin koathmupeHTbl Npy du2 1 dv2 paBHbl HYMO, W 3TO ypaBHeHUe
CBOAUTCA K CnegytoLLemy:

(LG — NE)dudv = 0.
OTctoga fAACHO, 4TO ecnu
LG — NE ¢ O,

TO KOOPAMHATHbIE JIMHUWM HarpaefieHbl MO [/1aBHbIM Harnpas/eHUsIM.
Ecrm ke LG — NE — 0, TO BMECTE C YC/IOBUAMM

F=M=0
nosiydaem, 4to B ,Cl.aHHOI7I TOYKE OrpeaenTesb

— dv2 dudv — du2
E F G
L M N

paBeH Hy/o ANA N06oro HanpasneHWs. CnegoBaTesibHO, NHOGOe HanpaBs-
NEHVie T/IaBHOE, W, CTaso 6bITb, KOOPAVHATHBIE IMHUM B TOUKe X Hanpas-
NeHbl MO T/IaBHLIM HAMpaB/eHUSIM.

B TOuKe, rge KOOpAWHATHbIE IMHUM HarpaBfieHbl MO FMaBHbIM Ha-
npaBnieHysM, MepBasi M BTopas KBagpaTuuHble (OpMbl MMEHOT BUL;

| = ds2= Edu2+ Gdv2
Il = Ldu2+ Ndv2

2. NvHun KpuBK3Hbl. Kpusas L Ha perynsapHoil noBepxHOCTM S Ha-
3blBaeTCH NTMHUEN KPWUBM3HbI, €CNM OHA B KaXK/AOM TOYKE HanpasneHa
Mo KakoMy-HWOyfb rNaBHOMY Hanpas/ieHUIo.

Jpyrumu cnoBamu, B /060 TOUKe SIMHUM KPYBU3HbI KacaTeslb-
Has Hanpas/feHa Mo KakoMy-HWOyAb NaBHOMY Harpas/ieHUIo MoBepX-
HOCTM B 3TOW TOYKE.

Touka, B KOTOpPO/ Bce HanpaBneHWs rNasHble, Ha3biBaeTCcA OMOUNIN-
YeCKOW T OYKON NoBepXHOCT U. Hrxe Mbl Byaem paccmaTpvsartb Mo-
BEPXHOCTb 6e3 OMOWIMYecKuX Toyek. OTMeTMM 6e3 [oKa3aTe/bCTBa,
YTO CUCTEMY BHYTPEHHMX KOOPAWHAT Ha Takoli MOBEPXHOCTU MOXHO
BbIOpaTb TakK, YTOObl KOOPAUHATHBLIMWA JIMHUAMU BbUIN JIMHUN KPUBU3HbI.

B Takoii KOOpAMHATHOW CETU Ha MOBEPXHOCTM

F=M=0

W, cnefoBaTeslbHO, Ha BCE MOBEPXHOCTW MepBasi M BTOpas KBagpaTuu-
Hble (HOPMbl VIMEHOT BUA!

| =Edu2-\- Gdv2
Il =Ldu2+ Ndv2
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LN TnaBHbIX HOPMaNbHbIX KPWBW3H, FayccoBOM M cpefHell KPpWUBU3H
cnpaBeAnnBbl GOPMY/bI:

k -« k ——
E G'
K= — 2H = LG+ EN
EG’ EG )
3. Teopema Pogpura. Ecnm B TOuke X perynspHoil moBepxHOCTH S

KOOPAMHATHbIE NWHWUW HanpaBneHbl N0 TrNaBHbIM HanpaBneHWAM, TO

»«=-V a. fly= —ka2v.

JokaszaTenbCTBO. Tak Kak HOpMaib MOBEPXHOCTW N
eCcTb BEKTOP-(PYHKLUWUS €ANHWYHON ANWHLI, TO BEKTOPbl MU UM NV nep-
MeHAUKYNApHbI N. M03TOMy B Touke X BEeKTOpbl MWy tiv nexart B Kaca-
TeNbHOW MNOCKOCTM K S B 3TOl Touke. OTcloga

K« = ar, + pr",
nv=yru+ brv.

Jokaxem, uTo
a = — ki n p= 0.

Tak KaK rnaBHble HanpaBieHUs OpTOrOHabHbI, TO
F=0,
U Mbl UMEEM:
(m, «,) = ali-j-P(ru, rv)= aE + PF = aE,
(ra, nu)= a(rv, r,)+ Prl = aF + pG= pG.

Tak Kak
(ruy n) =0, (rv, n)=0,

TO

(rm. nwW= — (rmw, n),

(rv, «,)= — (ruv, n),
n, cnepgosatenbHo, (cm. 8 8 rn. V)

Mg, «J = - /N1

rvi ny= —M = 0,
OTcloga

e be i 9o M

AHaNorMyHo [oKasblBaeTcs, 4To
Y= o0, 6= — k2
Teopema [oka3aHa.
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§ 14. Chepuyeckoe M3006paxeHne NOBEPXHOCTYU

MycTe S — perynapHaa nosepxHocTb M 50—cdepa paguyca egu-
HULa C LEHTPOM B Hauyane kKoopAaumHaT. OToGpa>keHue MOBEPXHOCTU S
B chepy SO, ocyuwecTBisemMoe BEKTOpP-(PYyHKUMel

n—nmw V- Ir' bl
Wa, v

HasblBaeTCACHepnUecKnUM n3obpark eHnem noBepxHocTun S. Mpu
chepnyueckom M306paxeHUM Kaxpgasa Touka X £ S uMeeT cBouM obpa-
30M Ha cthepe SOTOUKY X, B KOTOpOI KacaTenbHasi niaockocTb K SO na-
pannenbHa KacaTesbHON NAOCKOCTM K S B TOYke X. Touka X HasblBa-
eTca chepuyeckum m3obpaK eHmem TOUYKKM X.

Ha ctepuueckoe n3obpaxeHre MOXHO TakK e CMOTpeTb, Kak Ha no-
BEPXHOCTb, 3afaHHYI0 BeKTOpP-(YHKLMel

A, v) =
( ) I>w, rull I
Bce Touku 3TOW MOBepXHOCTWM fiexaT Ha cdepe SO (cm. puc. 162).
Myctb X — HekoTOopas TOYKa MNOBEPXHOCTM S M U — ee OKpecT-
HOCTb, TOorfja Ha ctepe SO okpecTHOCTU U COOTBETCTBYET HEKOTOpOe
MHOXecTBO U. MMnowadb MHOXKecTBa U Ha cdepe HasbiBaeTCs nno-

waab chepnyeckoro msobpark eHna U. Ee 6ygem 0603Ha4aTb
yepes (0 (V).
ViMeeT MecTo cnegyrouias

Teopema [aycca. Ecam gnameTp d obnactu U cTpemnTcs
K Hyno, TO

H‘.OJ(L?) = |*(m)l

rae a(U) — nnowapb obnactm U, a K(X) — rayccoBa KpuBm3Ha S B
Touke X.
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Odokas3aTenbcTBO. byfeM cuuTaTb, UTO B OKpecTHocTM U
TOUKM X B KAuyeCTBE KOOPAUHATHBLIX JUHWUIA B3ATbl NUHUU KPUBU3HBI.

Torga

KOV) = Iﬂ nv dudv-
Mo Teopeme Pogpura UMeeMm:
nn= —Kru,
tiv*=
MoaTomy
[[nn, nv]l = %W, I[r,, rJ = Q[T T.]l
CnepoBaTtencHoO,

AiKI 1T« rdldudy U|[r«, r,]\dudo
M = e = JCAN)| - =
a(U) a(V) o(U)
= \K(X")\°-A- = AK (X%
(X5 = K

roe X' — HekoTopas TouKa, fexaliad B oKpecTHoctn U. Ecnu gua-
meTp d okpecTHOCTM U CTPEMMTCA K HY/O, TO TOYKa X' CTpemMuTCcs K
Touke X W, MNOMb3yACb HENPEPbIBHOCTbIO [ayCCOBOW KPUBU3HbI Kak
(DYHKUMM TOYKM MNOBEPXHOCTWU S, nofydvaem:

oy RGOk

Teopema [OKasaHa.

SAJAUYN N YNPAXHEHWA H IMABE V

1. HaliTn ypaBHeHUs KacaTeflbHbIX MMOCKOCTE K MOBEPXHOCTAM BTOPOro Mo-
pajka: 2
=1 (annunncong),

X- | 2 22 .

R TR [ — J— O/AiHOMOJIOCTHOW runep6onoung),

al on c3 (oA P A

/\2 A y2 NN

G R —| (aBYynonocTHoli runep6onons)

al of c’

B Touke (0, yO, rO0).
OTBeT. Ona annuncounga

X0 | vy0 | rrO



2. CocTaBUTb ypaBHeHMWEe KacaTe/llbHOW MI0CKOCTM K ciepe
X = acosvsinu,
y = acosV CcosWw,
z= asin«

B I'IpOI/lSBOI'IbHOVI TOYKe.
3. [loka3aTb, YTO BCe KacaTe/lbHble M/IOCKOCTU MOBEPXHOCTU

MPOXOAAT Yepe3 Hauano KoopauHar.
4, [lokasaTb, YTO BCE HOPMaN MOBEPXHOCTU

X = (n) cos u,
y = Pp(u)sin n,
z= 4 (n)
nepecekarT OCb T.
5. HainTu nepByto KBafpaTuUuHyo GOpMYy NOBEPXHOCTYU

X= ¢ (n) CBY,
Y= ¢(«) sinV,
r=mp(m

OTBeT, ds2<=(¢p'2+ 1B2) du2-f q2dv2.
6. [lokasaTb, YTO NOBEPXHOCTb BPALLEHUA [OMYyCKaeT mapameTpusauuio u, v,
npy KOTOpOI ee nepBas KBagpaTuyHas (opma UMeeT BUA:
ds2= du2+ G(u) dv2
7. HaiiTn yron, moj KOTOpbIM MepeceKalTcsi KOOPAWHATHbIE NMHWKM X = X0,
y = y0 Ha NoBepxXHOCTU = axy.
OTBeT.

cos p = - i A
y 1+ ax2 |/-14-aly-
8. oBepxHOCTb
X = au cos v,
y —au sin v,
r= bv
Ha3blBaeTCA FreNNKONJOM.

1) [lokasaTb, UTO KOOPAMHATHasA CeTb W, V Ha reNuKouae OpTOroHasbHa.
2) HaitTu nnouwafb 4YeTbipexyronbHUKa, OrpaHUYeHHOTo KpUBbIMM

k
n=0 wun= —,
a
0= 0, = 1.
OTBeT. a= In(l + ¥"2)).

325



9. HaiiTu cemeiicTBO KpWBbIX, MEPECEKaloLUX MOL NPAMbIM YIIOM NPAMONU-
HellHble obpasylolme x = const runep6ononga r= axy.

OTtBeT. (1+ *r¥) Y= const.
10. [okasaTb, 4TO mnouwagn obnactein Ha napabonongax

r= (2+%
r= axy,

VMEIOLWNX OAHY W Ty K€ MPOEKLUMIO Ha MIIOCKOCTb X, Y, PaBHbI.
11. Haiirn BTOpYHO KBagpaTU4yHyt (hOpMYy MOBEPXHOCTU

X = n COSV,
y= musinV,
r=V.

12. HainTv HopmManbHy0 KpuMBU3HY napabonoupa
r=j (axr+ hy3

B Touke (0, 0) B HanpaBneHumn (dx-.dy).

adx2-f- bdy2
(0] . | ——
Teet dx2-j- dym *

13. HaliTn ypaBHeHuWe conpuKacatolierocs napa6onouga K annuncoupy
X1 y2 2
qa TT77T +77=1

B Touke (0, 0, ¢

]
Oorser. r=c¢ 1—1 VX . ¥2
\ 2\a2 br

14. [lokasaTb, 4YTO Npy MPOeKTMBHOM (B YacTHOCTW, npu ahhMHHOM) npeobpa-
30BaHMN CBONCTBO TOYKM ObiTb 3NAMMATUYECKOR, TUMNEPOOINYECKOA WM TOUKON
YN/OLWEHUS COXPaHSEeTCS.

15. [loKasaTb, UYTO €CAM Kpaihi MOBEPXHOCTU LENMKOM NEeXWUT B HEKOTOPOi
NN0CKOCTW, TO NNM6G0O 3Ta MOBEPXHOCTb €CTb 06/1aCTb Ha MAOCKOCTU, NMMB0 Ha Hei
€CTb 3NNUNTUYECKUE TOUKN.

16. [lokas3aTb, 4YTO Ha 3aMKHYTOW MOBEPXHOCTU BCerfja ecTb 3NNMNTUYECKUE
TOYKN.

17. [lokasaTb, YTO €C/M BCE HOPMann MOBEPXHOCTU MePeceKkaloT HEKOTOpYH

NpsIMY10, TO NOBEPXHOCTb ABMIAETCSA MOBEPXHOCTHIO BpaLLeHUs.
18. Ha renukownge

X = U COS v,
y= usiny,
r=cv
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onpefennTb NVHUN KPUBU3HLI. [loKas3aTb, UTO CPefHAs KpuBM3HA 3TOM MOBEPXHOCTU
BO BCEX TOYKaxX paBHa HYI/HO.

Otget. 1n (bl-(- y*u2-f-c-)—v = const,
In («4- Y u2+ u2) + v = const.
19. HaiiTu nnHUM KprBM3HBLI runepbononja
r= axy,
M B TOYKe X = y = 0 ONpeAennTb ero CPefHIO W rayccoBy KPUBM3HbI.

OtBeT. 1ln(ayx VI+ aV) + In(a*4;V 1+ ax2)= const,
=—a2 d=0

20. MoBepxHOCTb @ HasbiBaeTCA NnapanfieNnbHON MOBEPXHOCTM F,
€C/IN OHa ABNSETCA reoMeTPUYECKUM MECTOM KOHLLOB OTPE3KOB MOCTOSAHHOM A/INHbI,
OT/IOXEHHbIX Ha HopMansax noeepxHocTM F. COOTBETCTBYHWWMUMMN TOY-
KaMmy  noeepxHocTei @ UM F Ha3biBaeEM KOHLbI OTPE3KOB, O KOTOPbIX Lufia peyb
B onpefeneHnn. [lokasaTb, YyTo:

1) KacaTe/lbHble MOCKOCTM B COOTBETCTBYIOWMX Toukax & u F napan-
NeNbHbI;

2) CBOICTBO MapannenbHocTu B3aMMHO (T. e. ecrm & napannenbHa F, 10 u
F napannenbHa ®);

3) NWHWAM KPUBWM3HBI HA F COOTBETCTBYIOT /IMHUM KPUBU3HLI Ha .

21. BbiBecTn hopmynbl A8 CPefHe W raycCoBOW KpPWBWM3H MmapanfiefibHoi mo-
BEPXHOCTY 4Yepe3 CPefHIo W raycCoBY KPMBW3HbI AaHHON MOBEPXHOCTU W paccTos-
HWe MeXay MOBepXHOCTAMU.

22. HaliTu B KBagpaTypax BCe MOBEPXHOCTM BpalleHMsi C MOCTOSHHOIW rayc-
COBOVi KPUBU3HOIA.

23. OnpefenuTb BENMUYUHY

®
roe K — rayccoBa KpuBM3Ha noeepxHocTM @&, da —anemeHT nnowaan @, B npes-
MONOXKEHWUN, YTO
1) ® —annuncong,

2) ® — aanunTuyecknini napabonoug,

3) ® —Top.

OTBeT. 41, 24, 43t

YKa3zaHue. Bocnonb3yintech Teopemoin Maycca, § 14.



rMTABA VI. BHYTPEHHAA TEOMETPUA MOBEPXHOCTU

§ 1. M'3oMeTpuUUHble MOBEPXHOCTU. MN3rnbaHne MoBepXHOCTU

[iBe perynapHble MOBEPXHOCTM St M S 2 HasbiBAOTCA U3SOMETPUY-
HbIM W, ecnn MeXKAy MX TOo4YKaMu MOXKET 6blTb YCTAHOBNEHO B3aUMHO
O[IHO3HAYHOe COOTBETCTBME, NMPU KOTOPOM COOTBETCTBYIOLLNE MEXKAY CO-
60ii KpuBble WMEWT OAWNHAKOBbIE [/UHBI.

Mpegnonoxunm Tenepb, 4To 06e MOBEpPXHOCTU Si U S 2 gonyckawT
perynapHoie napametpusauuu r{{u, v) n r2{u, v), Nnpuyem BeKTOp-
yHKUMKM 1,(bl, V) U T 2(n, V) 3agaHbl B OAHO 1 Tol Xe obnactn G nno-
CKOCTW U, V, U TOYKMW, COOTBETCTBYIOLME MPU M3OMETPUYECKOM OTO0O-
paxeHun Mexnay Si n S2, uMeloT OAUHAKOBbIE BHYTPEHHWE KOOpAMHa-
Tbl. Torga B COOTBETCTBYHOLLMX MeXAY COO0A TouyKax MNOBEPXHOCTEMN
Si nS 2nepBble KBagpaTn4Hblie (HOpMblI coBnagatoT. ApyrumMu crnosamu,
npu Bcex (M, )£ G MMeOT MecTO paBeHCTBa:

£,(«, W= E2(n, v),
Fi(n, v) = Fa(bl, V),
Gl(n, v) = G, (u, v).

[eiictButensHo, nyctb («0, y0) — npomu3BonbHas Touyka obnactu G.
PaccmoTpum Tpu nytn

/' f-«o> I". (u= uo,
E * % S}) T

D.

30ecb B > 0 — HEKOTOpPOE NOJI0OXKWNTENIbHOE 4ucno, no,q06paHHoe Tak,

yTob6bl BCe nyTwn I, /' nexanu B obnactn G. Ha Bcex Tpex ny-

TAX Touke («0, Vv0) OTBeyaeT 3HauyeHWe MapameTpa, pPaBHOE HYNHO.
O603Hauum yepes L[, L\, L[' wn Lv L" z" KpMBble  Ha

MOBEPXHOCTAX Si M S2, ANA KOTOPbIX NyTU r, /' ABNAOTCA

X BHYTPEHHUMWU perynspHbeiMyu napametpusaymamu. Kpusble 1/ un
L2, L\ w LY LT u L2 cooTBeTCTBYIOT APYr APYry Mpu n30oMeTpuyec-

KOM COO0TBeTCTBMWU. [lo3ToMy npu no6om [poCcTaTo4yHO Masiom e > O
NMEEM:
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t c

JVE(t+ «0. Vogdx =s(L[) = s(L') = jV X (t+ «0,L)dt,
—e -
6 8
jVG~Uo, T-fwQrft=s(L*=s(L")=: jV "a («QT+ V0) dx,
—6 “S
E 8
JVEI+ 2FI+G1ldx = s(L[”)=s(L'")= |[KKT2K+Cr*.
—e —a
OTcroga

e *

ANV fio + v dx = A j Y Er(«,-j- x,v0 dx,

—6 -8
s jw )
—B —8
8 S
I jJl/eE,+ 27+0,n=1 J]/£E2+2F 2+ Ga.
—£ -6

YcTpeMnss B 3TUX PaBeHCTBAaxX € K HYM0 U Nepexoas K npegeny, no-
nyyaem:

Ei («0- ") = E2(«0. v0), FI(«0> vi) = Fr («0, t6),
Gj W0, y0) = G2(ua, 00).
Tak kak Touyka (MO, a0 6blna B3ATa NPOM3BONBHO B 06MacTW G, TO
BCIOQY B G UWMeeM:
£l (n, v) = £1(«, y), F, (x, f) = F2(a, B),
Gj(«, y) = G2(«, u).

HenocpefCcTBEHHO U3 onpedeneHUs W30MeTPUUHbLIX MNOBEPXHOCTEN
BbITEKAET, YTO €CNM B OAHOM U TOW Xe npocToi obnactu G 3agaHbl f4Be
BEKTOP-(OYHKUUN Tr{n, W) ur 2 (n, y), aBnaoWwmneca perynsapHbiMm na-
pameTpusaumamMu nosepxHocTeid StnS2 u npu Bcex (U, V)EG Koap-
(hMUMEHTBI NepBbIX KBafpaTWUHbIX GopM S, 1 S 2 coBnagawT:

Etm, v) = E2(n, n),
Fy {n, vy = F2(u, v,
G, (u, u)==G2(u, v),

To oToGpaxkeHue Si HaS2 nmepeBogsllee ToUKy Xt B TOUKy X 2 C Temu

e BHYTPEHHUMM KOOpAMHATaAMW U, V, SBASAETCS WU30METPUUYECKUM.
C nNOHATMEM W30METPUUHBLIX TOBEPXHOCTE TeCHO CBSi3aH BOMPOC

06 u3rnbaHum noBepxHocTell. [OBOPAT, YTO perynspHas MNOBEPXHOCTb
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S inonyyeHa n3rubaHuem perynsapHoii noepxHocTu SO, eciu cyulecTBy-
€T CEeMeiCTBO perynsapHbliX NOBepXHOCTENR S,, 3aBUCALMUX OT napameTpa
t £ 10,1] perynspHo, u Takux, 4To npu Bcex t £ [0, 1] noBepxHoCcTH
St un3oMeTpuuHbl ApYyr Apyry, W, HakoHeuy, npum t= 0 St coBnagaeT cC
50, a npu t — 1 St cosBnagaeT c Si.

AHanuTnyeckn npouecc nirmbaHus ypobHo onucbiBath Tak. MycTb
G — HekoTopas npocTas 06nacTb Ha NAOCKOCTU U, V U NYCTb pery-
napHble BeKTOP-OyHKUuum 10 (n, v) nr,(u, v), 3agaHHblie B G, ABnstTCA
napametpusaymamm SO u Si. Torga ecnum cyw,ectsyeT BEKTOP-(DYHKLMA
r (u, v, I), 3agaHHas npu Bcex (M, v) £ Gut £ [0, 1] un k pa3 Henpe-
pPbIBHO AndepeHunpyemas Mo BCeM MepeMeHHbIM W, v, t, Takas, 4To:

1) Mpu Kaxpom ¢ukcmpoaHHoM to £ [0, 1] BekTOp-yHKLMSA

rm@>v)=r (n, V, to

ABNAETCA MapameTpu3aumneid HeKOTOPOl PerynspHoil nmoBepxHocTu St,,]
2) oTobpaxeHue noBepxHocTu Stt Ha S/,, nepesofsuiee TOUKY
XASti, B Touky X2£ Stz c TemMum e BHYTPEHHMMW KOOpAMHATaMu,
ABNAETCA W30METPUYECKUM;
3) moBepxHOoCTb S*/<=0 coBnagaet c SO, a S</*=i coBnagaetT ¢
51, 1. e.

rom, vy=r W Vv, 0), r, (u, v) = r(u, v, 1),

TO noBepxHocTb SO nepeBoguTca B Si usrmbaHvem.

Puc. 163

B kauyecTBe npuMMepa MOXHO MPUBECTU WU3rnbaHue NPAMOYronbHOro
nnucTta 6ymarun B GOKOBYKO MOBEPXHOCTb MPSMOro KpyroBoro LuAMHApa
(cM. puc. 163, npu 3TOM MPOUCXOAUT OTOXAECTBAEHME TOUEK OTpes-
KoB AB un AiBi). HarnagHo usrnbaHue nerko cebe npefcrtaBuTb Kak
npouecc, Npum KOTOPOM (hOpMa MOBEPXHOCTU B MPOCTPAHCTBE MEHSEeTCH,
HO NPV 3TOM HEe MPOUCXOAUT HU PACTSXKEHWUA, HU CXKaTuii maTepuana,
M3 KOTOPOro W3roToBAeHa NOBepPXHOCTb. C MoMOLWblo npouecca n3rmba-
HUS Nerko CTpouTCA 60/blIOe KOMYECTBO Pa3HOOBpa3HbIX M30METPUY-
HbIX, HO HE PaBHbIX MeXAy CO060i perynsipHbiX MOBEPXHOCTEN.
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§ 2. BHYTpeHHsIs reomMeTpus MOBEPXHOCTU

PaccMoTpeHUe W30METPUUYHbIX MNOBEPXHOCTel YyKa3biBaeT Ha Uene-
€006pa3HOCTb U3YYEHWs CBOWCTB MOBEPXHOCTU W Uryp Ha Hel, KoTo-
pble 3aBUCAT TONIbKO OT A/IMH KPWUBBLIX Ha NoBepxHocTW. OTnAen reomeT-
pun, B KOTOPOM W3y4aloTCs 3TW CBOCTBA, Ha3blBaeTCH BHY T PEHHEel
reomeTpueil NoBepPXHOCTU. Kak 6bif0 BbiicHeHO B8 1ra. VI, no-
HATWE W30METPUUHbLIX MOBEPXHOCTEN yA0OHO (hOpMYynMpoBaTb B TepMU-
Hax MepBOi KBaApaTW4HOW (GOpMbl MOBEPXHOCTU. [03TOMY BHYTPEHHIOO
reoMeTpul0 PerynsipHbIX MOBEPXHOCTE MOXHO TakKXe paccMaTpuBaTb
KakK OTfieNn reoMeTpuu, B KOTOPOM M3y4yalTCs CBONCTBA MOBEPXHOCTEN
n uryp Ha Heil, onpegensieMble NepBOi KBaAapaTWUYHOW (OPMOIA.

N3 pesynbTaToB 88 6, 7 rn. V BblTEKaeT, YTO K BHYTPEHHEl reo-
MeTpUU OTHOCATCH ANIMHbI KPUBbLIX HA MOBEPXHOCTU, YI/bl MEXAY Kpu-
BbIMW, MaowagM obnactei.

Hwxe 6yayT uccnefjoBaHbl HOBble BaXKHble MOHATUA, CBA3AHHbIE ¢
nepBoi KBaApaTU4HON (POPMOI MOBEPXHOCTU. Tem cambiM 6YyAyT yKa-
3aHbl HOBble OOGBLEKTbI BHYTPEHHEN reoMeTpun MOBEPXHOCTU.

B 3aknioyeHue OTMETWM, 4TO B rpouecce U3rmbaHns NOBEPXHOCTU
ee BHYTPEHHAS reoMeTpus OCTaeTcs HeW3MEHHOMN.

§ 3. ®opmyna gna rayccoBoii KpUBU3HBbI

Fayccom 6blna nonyyeHa 3ameyvaTenbHas (QopmMyna, Bbipaxarow,as
rayccoBy KpWBW3HY MOBEPXHOCTW TONIbKO 4Yepe3 KO3IP(pMLUMEHTbI NepBoi
KBagpaTU4YHON (hopMbl U WX NMPOM3BOAHble. TakMM 06pa3oM, rayccosa
KpUBM3HA €CTb 0ObEeKT BHYTPEHHEN TreoMeTpUU MOBEPXHOCTU.

Mpuctynum K BbiBOAY Gopmynbl [aycca.

B §12rn. V gna rayccoBoil KpuBu3Hbl BGblna monyyeHa gopmyna

K- LN~ An
EG—F2

Tak Kak
£=(Tws")>M= (ru>»). N = (fw> tt),

\Mu< fyl _ Iru< fy]
~ 1w, r'A\V EG -F* °

TO AN KO3(P(PULMEHTOB BTOpOM KBaApaTUYHON (opMbl CrpaBeA/MBbI
cnegyouime Gopmysbl:
(Tvn. T, M_ W ITw Ty



OTcroga

K = (EG—lFry {(ra ro(rw, I, ) - (ruv, ru, rvf).

JanbHeilluee 0CHOBaHO Ha cnefylolleii nemMme.
Nemma. CnpaseaimBo TOXECTBO

(#, oj (By &) (fitj, c9

( a bv Ci)(@a2 br,c*= (bj, 2 (bltb2 (bit c2

(> 72 M>72) (> M2)

OokaszaTenbctBO. [Myctb /rl /i2 /r3— npoekynn BekTopa J1
Ha ocu x, y, r. Torga

a} af af a\ M Q@
@>  fl)— * B« > > Anr)— on 2
ci ¢ o ax b Ci

Moatomy

(alt  (a, fr)(a, c?
(&, «E)&, &)(&1 <D
(> ci2) (ci, bj (c]j, cI

JleMma [oKasaHa.
Mcnonb3yda nemMmy, nosyyaem crnefyloliee BblpaXeHue fAnd rayc-

COBOA KPNBWU3HBLI:

1 o> fw) (MWL Pw) (fwm, Tr)
K (g0- g2 (o 1 £ F
(r.,, r,J F G
riv Yw’ ru) (ruv, rv)
(f,, 1 j E F =
(rv, rj F G J
o (G« *\J — T20 (FuB,pl,,) (rHHr j
) (N,- Tor) £ f
(>, o1 t G
0 (fuv’ ra) (t‘tv, tv) 1
(ru, rw) E F
(rv, rw) F G j

OunddepeHunpys cooTHOLIEHUS

Mi=£,(re, rr)= F, %
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no m n u, 6yAem MMeTb:
fwr=| En
(fv’ Tw) ~ TTEC> 1)
W V)

™~ui> ™) = 'Guk

[anee

(o« 1,)) = (s« r*)«—\ (I’|)V: Fu—~ Ev

(rw,ry=F —CGu @
HakoHel,
(r U Avv) Fuv niit A v)v uv' Avyue
OTcrloga
(rm rw)—rla= — -G w+ Fu 3

Monb3ysicb cooTHoweHuamu (1), (2), (3), nonyumm wnckomyr ¢op-
Myny [ANf raycCOBOW KPWUBW3HbI:

-\gw+ fuv- 1 E, ™ BEuFu—~
1

K F.~\G, E F
(EG — F2)2
—G,, F G
0 Ef ©
_2 Ev E F
F G

OTMeTUM psAL BaXHbIX CAeACTBMWA, BbiTeKawWMX U3  (QOpPMYySb
["aycca.

1. M30MeTpuyHble MOBEPXHOCTU B COOTBETCTBYHOLMX MO WU30METPUU
TOYKax WMelT OAWHAKOBbIE TrayCcCOBbl KPWUBWU3HbLI. B yacTHOCTW, npu
n3rmbaHuy rayccoBsa KpusBuM3Ha He MeHseTca. Kak 6bln10 YCTaHOB/EHO,
rayccosa KpuWBW3HA MOJIHOCTbIO OMpejenser TUM TOYKW Ha MOBEPXHO-
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cTu. lMoatomy wu3rmbaHuem Henb3fd, HanpuMmep, 3NAUNTUYECKYID TOUKY
nepeBecTM B napabonnMyeckyto uaM runepboanyeckyio.

2. X0oTa npu n3rnbaHMy NOBEPXHOCTU €e MPOCTPaHCTBEHHas (opma
MOXEeT M3MeHUTbCA, 4TO MoBfeYeT 3a COOOW M3MeHeHue ChepuyecKmnx
N3006paXeHU QGuUryp Ha NOBEPXHOCTM, NAOWadb CHepuyecknx wu3ob-
paXeHWin uryp npu M3rmbaHUM MeHATbCS He Oyaer.

JTO BbITEKaeT M3 TOro, 4To AN nnowagum cdepuyeckoro msobpa-
XeHusa cnpasegnusa opmyna (cMm. 8 14 rn. V).

@) = f[ 1Y EG — Fldudv.
'i

3. MepBasa v BTOpas KBagpaTu4Hble (GOPMbl He He3aBUCUMbI. IMEHHO
ONCKPUMUHAHT LN — M 2 BTOpoil KBagpaTU4YHON (POpPMbI BbipaxkaeTcs
yepes KoapPULMEHTbI MEPBOA KBaApPaTUYHON (HOPMbI U UX MPOU3BOAHBIE.

4. Ecnu nepBas KsajpaTuyHas- (hopmMa MOBEPXHOCTU MMeeT BUA

I = du2-f- Gdv2, *)

TO, NONb3yAacb (hopmMynoi laycca, B 3TOM 4YaCTHOM cfyyae Ans rayc-
COBO KPUBU3HbI OyaeM uUMeTb Gopmyny

K - - v H m |

B panbHeiieM napameTpu3alus MNOBEPXHOCTW, B KOTOPO nepBas
KBagpaTuuHas (opma umeeT BUA (*), CYLlECTBEHHO MCMONb3yeTCs Npw
nccnefoBaHWM BHYTPEHHUX CBOCTB MOBEPXHOCTMU.

§ 4. lepuBaLMOHHbIE POPMYbI

Myctb 5 — perynapHas MOBEPXHOCTb UT (U, V)— ee perynsapHas
napameTpusauus. B Kaxhoil Touke MOBEpXHOCTM S onpejeneHa npa-
Bas TPOiKa BEKTOPOB:

M, Ir, n.
MoaTomy NGO BEKTOP B NMPOCTPAHCTBE MOXET ObITb OAHO3HAYHO pas3-
NOXEH MO BeKkTopam rW, [, M.
PaccMOTpuMM pa3fioXeHWe BEKTOPOB ruu,ruv,rw no ru, rv, f:

rm— N ru+ Birv+ Q A,
rovw—\ ru+ Brrv+ (*)
rvv= A u-\-B3rv-\-C3.
Mpexae Bcero Hangem kKoapguumeHtol C4, C2, C.. YMHOXasa 06e
yacTn Kaxgoro u3 paBeHCTB (*) CKanapHo Ha N , NOAy4YuMm:

(rw A) = Cv
(rw, a9) = C
¢rvw, 4) = C3
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(rtd ) = Airu+ Bi(rv r,,),
(ruu, rv) = Ay(ruy, +

[danee, TakK Kak
E=rl, F=(ry rv), G=r\,

TO, monb3ysacb dopmynamu (1) u (2) § 3, nmonyuum:

(o rvy — Fu i Ev.

NTakK, AN HaxXxOoXAeHus n Sj nmeem cuctemy

AIE+ BIF = £ E u,

A*F+ 5,0= Fu- { K ,

AHaNoOrnYyHbIM MNPUEMOM HaxogaTca KoapguumeHTol /12, B2, A3
Bn. BaXHO OTMeTUTb, 4TO BCe BennuuHbl Au Ar, A3, Bu B2 B33asu-
CAT TONMbKO OT KO3(h(MLMEHTOB NepBoli KBafpaTUUYHOW DOPMbI U UX mep-
BbIX MPOW3BOAHbLIX. 3TN BENNUYMHBI UTPalOT BaXKHYK PO/b B TEOPUU MO-
BepxHocTeil. OHM HasbiBalTCA KoaduuneHTamu Kpuctodena u o6o-

3HavalTCca Tak:

Kak y>e oTMeyanoch, koaduumeHThl KpucTodens M- 3aBucaT TONb-
KO 0T KO3(P(ULUMEHT OB NepBOA KBafpaTWUYHOW POPMbl M MOTOMY ABAAKT -
ca 00beKTamu BHYTpPEHHEN reoMeTpun MNOBEPXHOCTW.

NTak, opmynbl ANa BTOPbIX NPOU3BOAHbLIX paguyc-BekTopa r (1, V)
Tenepb MOXHO 3anucatb Tak:

®opmynbl M Ha3blBAlOTCA [EpPUBALMOHHLIMU (hOpPMYynaMu.
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Ecnu nepas KBagpaTuuHas (opma MMeeT Buf

| =
TO

du2+ Gdv\

=0 TL=@ k= —=6

rz _ n r2 —o9n rz

n* v 2

G’ 2~ 26

§ 5. leoaesnyeckasi KpMBU3HA KPMBOK Ha MOBEPXHOCTU

MycTb 5 — perynapHas NoOBepxXHOCTb U L — perynsapHas Kpueas
Ha S. B npon3BONbHON TOYKe X KpuBOW L npoBefdem KacaTenbHY Moc-
KOCTb P K MOBEPXHOCTM S W CNPOeKTUpPyeM Ha P BEKTOp KPWUBU3HLI
y.T K L B Touke X (3gecb K — KpuBu3Ha L B Touke X, a T — rnas-
Has HopManb KL BTouke X). [ANnHY NpOeKLUn BeKTOpa KPUBU3HbI HA30-
BeM reofie3nyeckoil kKpuBu3aHoi xIkpusoii L B Touke X (cMm. puc. 164).

Puc. 164

Kak Mbl [JoKaxemM HWXe, reo-
fesnyeckas KpMBM3HA eCTb 0O0beKT
BHYTPEHHER reoMeTpun MOBEPXHOCTMU.
leofjesnyeckass KpUBU3HA eCcTb aHa-
NOT KPUBM3HbI MIOCKOW KpWUBOWA And
obwero cnyyas perynspHoil noBepx-
HOCTW.

Haiigem ¢opmyny ans  Bblyucie-
HUA Teofe3nyeckor KPUBU3HBI.

Lnsa aToro Hailgem AnuHy npo-
eKLuMM BeKTopa Yy.T Ha KacaTe/b-
Hyl0 nnockoctb P. Tak Kak

rAe S — eCTeCTBEeHHbI/i napamMeTp Ha KPMBOW L, TO HaM HYXHO HaiiTu

x o
COCTaBSIOWYI0 BEKTOpa d—, nexallyo B KacaTeslbHOW MNOCKOCTW K 8

B TOYKke X.

KpnBas L B npocTpaHCTBe 3ajaeTcs BeKTOP-(PyHKLUMeN

r =
OTcloga
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Monb3yscb [AepUBaLMOHHLIMU (HOPMYNamu, MONyYaeM:

dor du\2
& - (M,r,+ 1>, + Ln)Qu +2(C N+ r;n +

+ SS+ “V.+ + » > (ri/+"'.2 +r72 "'
Beegem 0603HayveHUs:
. du\2 dv\z,
ds/m+2r« s f + r- ds)l;
du
B rLLd" + 2< I + r1* ¢s
Torga Ana g — MpPOeKUMM BeKTOopa Xm Ha NA0CKOCTb P 6ygem nMeTb
hopmyny:
da d2u
dsl ds2
BekTop
du | dv

=N =
ds -7,+ r-u,

eCTb eIMHWNYHbIA BEKTOp, Nexalnit Ha KacaTenbHOi K L B Touke X, mno-
3TOMY OH MepneHAWKYNspeH BEKTOpPY ¢ W, CnefoBaTesibHO,

KrHtflH filM sinp, £)=|[/.£]]=

1% -0 - |-==-h
e, vl dis2 yds Ids2 1 ds
OTcroga
«r VEG—F2 ¥ du
ds2 ds \dsl ) ds
d2y d«
=VEG—P .
d®e - fiszd)/+ n . (S +(*ib-rw@sSa+

dtA3
+ (PB-2r1y *(0 I ds)

M3 HanucaHHON (opMmynbl A8 reofe3nyeckoii KpUBM3HbLI BbiTEKaeT
cnefywollas BaXHas TeopeMa.

Teopema. [eoaesnueckas KpuBU3HA €CTb 06BLEKT BHYTPEHHel
reoMeTpuu MNOBEPXHOCTMN.

3 37O Teopembl, B YAaCTHOCTMW, BbITEKAET, YTO NMpU M3rnbaHum mno-
BEPXHOCTU reofesnyeckass KpuBU3Ha Nt0O0OW KPWBOW Ha Hell He MEeHS-
eTcs.

Ecnn kpuBas L umeeT napameTpusauuio

n = n,
\v = f(u),
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TO ANS Teofe3NYecKoil KpuBM3HbI MMeeM dopmyny:

*r= - gG- 4 [F+TC 2+ (2M2_T })./'+
y (E+ 2F/'-f G/'2)3
+ (r2-2r;2rl-ry "3

37a (hopmyna NOAy4yaeTcas W3 BbIPAXEHUA ANA ., €CAN YUYECTb, YTO

ds = V Edu.2-f 2Fdudv+ Gdv2 = Ke + 2Ff -fGf'du,
d2v du d?u du
.. Oy dy du gy ds2ds  ds2ds

d« ds ds du .3

Ecnn nepsad kBagpaTu4yHaa ¢opma uMeeT BUA
I = du2-f- Gefo2,
TO, Kak nokasaHo B § 4 rn. VI,

[N=0v,TR2=04, k2= _ -Guwuy,
_n r ___5*“ 12 (D)
I1*- ’ 2G”’ 2 2G”’
n notomy
Kr = Yo (y'V—u"v) + "Guv'3+
'3+ GyaI’
j1~ uvtnr s —utdf
2G 1G

Ecnn L — kpuBas Ha €BKAMAOBOW MMOCKOCTM C [AeKapTOBbIMU KO-
opaguHatamn u, V, TO

| = du2+ dv <3=1, Ga= GVe 0,
n opmyna AnA reofe3nyeckoi KPUBM3HbI KPWUBOW MPUHUMAET BUA:
Y —uy
r (n'2 wn2y=*
T. €. Ha N/IOCKOCTU reoje3nyeckas KpUBM3Ha KpPUBOW COoBMajaeT ¢ 06bIy-
HON KPWUBU3HOIA.

§ 6. Ml'eogesnyeckne MHUA

Feofe3nyeckoil NMHMEN Ha MOBEPXHOCTU HasblBaeTCA Kpusas,
Yy KOTOPOW B KadKfO Touke reojesnuyeckas KpuBM3HA paBHA HYyNIo.

leofe3anueckne NUHUM ABNAIOTCA, OYEBUAHO, OOBLEKTOM BHYTPEH-
Hell reoMeTpuM MOBEPXHOCTU. TaK KaK Ha eBKAWAOBOI MNOCKOCTU reo-
[e3NUYecKUMK ABNSAIOTCS MpAMble, TO Ha reoAesnyeckue NIMHUKM MPOU3-
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BO/IbHOM MOBEPXHOCTW MOXHO CMOTPETb KaK Ha eCTeCTBEHHble aHano-
M npsiMbIX.

OTMeTUM psAf CBONCTB reofe3nyeckux.

1 Ecnu [Be NOBEpPXHOCTM KacalTcCA APyr Apyra BAOAb HEKOTOpOi
KpuBOi L, KoTopas fBNSieTCA reodesnyeckoil Ha OAHOW W3 HUX, TO
OHa 6yfeT reofesvyeckoir U Ha gpyroi. [encTBUTENbHO, B paccMaTpu-
BaemMoOil cuTyauum reogesmueckas KpuBM3HA KpuBOA L OypeT ogHa wu
Ta )K€ He3aBMCUMO OT TOrO, Ha KakoW MOBEPXHOCTW NeXUT KpuBas L.

2. Lns Toro yTo6bLl KpuBas L, ne>kawas Ha noeepxHocTwW S, 6bina
reofje3nyeckoil, HeO6X0ANMO M [OCTATO4YHO, YTOObI B Ka>KAOA Touke L,
roe y. ¢ 0, rnaBHas Hopmanb K L 6blna KonnMHeapHa HOpManu MOBEPX-
HOCTW.

[elcTBUTENbHO, ecAM T — rfaBHas Hopmanb K KpuBoil L, n —
HOpManb K MOBEPXHOCTM S M g — MPOEKUUs X/a Ha KacaTeflbHYIO
NA0CcKOCTb, TO

g\ —x n xm = g -f-in. *)
Tak Kak fna reogesuyveckoit xr = 0, TO U3 COOTHOLWEHUAN*) BblTeKa-
€T HenocpeiCcTBEHHO CHOPMYNUPOBaHHOE Bbille YTBEPXAEHME.

S Teopema. Uepes KadKaylw TOUYKY PEryispHOil MOBEPXHOCTMU B
No60M HanpaBNeHUW MOXKHO MPOBECTU W NPUTOM eAUHCTBEHHYH Treo-

[le314eckyo.

Joka3zaTenbcTBO. Mycte 1 = r (W, V) — perynspHas
napaMeTpu3alusa MOBEPXHOCTW. Bo3bMeM Ha MOBEPXHOCTU MPOU3BO/b-
Hyto Touky X («0, v0) u npousBofbHOe HanpaBneHue (U0:V0) B 3TON

Touke. PaccMOTpuUM cUCTEMY AUD(HEPEHUMNaNbHbIX YPaBHEHUI:

B [l0CTATOYHO Manoii OKpecTHocTW Touknm X (n0, n0. CornacHo Teopeme
0 CYL,eCTBOBAHUM peLleHWs 3Ta CUCTeMA WMeeT peLieHue

u—n(s), V= v(s),

Y[,0BNETBOPSOLLLEE HayafbHLIM YCIOBUAM

KpvBas, onpefeneHHas BHYTPEHHUMU YpaBHEHUSMY
n=n(s), V= v(s),

6yfeT reofe3nyeckoi, TaK Kak
[[—v{u"+ A+ un' (v'+ B)]| = 0.
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OuyeBMAHO, 4YTO 3Ta reofesnyeckas nNpPoxoAnT uepe3 Touky X (u0, vO
N MMeeT B 3TOM TO4YKe HanpaBnieHue (U0: wY).

JokaxeM, 4yTo uyepe3 Touky X (40, t0) B yKasaHHOM HanpaBfieHUU
NPOXOAUT eAUHCTBEHHAA reofe3nyeckas.

MycTb yepe3 Touky (HO, v0) HA MOBEPXHOCTM MPOXOAAT [fBe reofe-
3nyeckue L\ n L2, umerowue B Touke (M0, v0) OAMHAKOBOE HanpaBfieHune
10 : vO. Oonyctum, yto KO 0, TOorga B Masiol OKPECTHOCTM TOUKM
(MO, vO) aTM KpuBble MOTyT ObITb 3afaHbl YpPaBHEHUAMMU:

Ll: m=mn, v= (n);

b2: n=wun, v=y2(w).
(3TOT (hakT ecTb NpOCTOe CleAcCTBME TeOpeMbl aHanm3a 06 obpaleHun
(YHKUMM U = KU (S) B OKpPecTHoCTU Touku, rge m ¢ 0.)

Tak kKak h un L2— reogesnyeckne, 10 GyHKUun vt W) n v2{n)
eCTb peLleHns OfHOr0 W TOro e AudepeHLWansHOro ypaBHEHUS:

—Av[+ B = 0,
— Av2+ B=0

npn OAHNX W TeEX XE HaydallbHblX AaHHbIX:

(«0)=X  (Mg=

q
LW«o) = VO, v2 («o0) =
OTclofa cnefyet, 4to
n2(n),
T. e. reogesnyeckme h H L2 cosna-

AatoT.

Teopema foOKa3aHa.

BbiicCHUM, 4TO npeacTaBnsatoT coboil
reofesnyeckue  AIVHUM Ha  NPAMOM
KPYroBom UuuAvHApe u cdepe.

MycTb Z — nNpsMON Kpyroson uu-
nvHap. He Hapywas 06WHOCTM, MOXHO
cumTaTb, 4YTO HanpaBAswOWeER ULWUAWHA-
pa fIBNSieTCA OKPYXHOCTb

Fe+ yr= 2,
a o6pasylolwme napannenbHbl OCU T.

PerynspHyto napameTpusayuto Z
MOXHO 3agaTb (opMynamu:

n

X — R cos
. "n
= R sin
y R
r=v,
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rae
nu=op# (0< P< 2n);
reoMeTpMYecKuin cmbIiCn MapamMeTpoB U, ¢ M306paxeH Ha puc. 165.
Torga nepBas KBafgpaTuuyHas ¢opma Z uMeeT BUA:

| = du2+ dv2
W ypaBHEHWe Treofesnyecknx
v'u' —u"v' = 0.

PeweHnamn 3Toro ypaBHeHUA Ha NJAOCKOCTU W, V ABAAKOTCA NpA-
Mbl€

iu = at-\-b,
[y —ct 4,
KOTOpble OnpeaenstoT Ha Z reofde3nyeckue:
/5( = R cos ﬂ+-t3
R .
y — sfni_li—b ,
R
z —ct-j-d,
ABNAOWMECS B MPOCTPAHCTBE BWHTOBLIMU NUHUAMU.

Uepes KaxAyt TOYKY UMAuHApa Z B NHOOGOM HanpaBNEHUU MOXHO
NMPOBECTW BUHTOBYH NIMHWIO, nexawy Ha Z. Mo3Tomy B CUny Teope-
Mbl O €AUHCTBEHHOCTU reoAe3nYecKoi, NPOXoasilLeit Yepes faHHYH TOY-
Ky B AaHHOM HanpaBfeHWW, Ha LUWUAMHAPE Z BWHTOBbIMW JIMHUAMMW WUC-
YyepnbiBalOTCA BCe reofe3nmyeckue.

Ha cdepe reogesnyeckumn siBNAOTCA 60MblIMe KPYyru, Tak Kak
rnaBHas HopManb K 60MbLWIOMY KPYry wuaeT no paguycy chepbl u, cne-
[O0BaTeNbHO, KONNMHeapHa HopManu K cdepe. Yepe3 Kaxayl TOYKy
chepbl MOXHO MNPOBECTW 6ONbLIOK Kpyr B NO60OM HanpasneHun. [lo-

3TOMY CeMelicTBOM 60MbIMX KPYroB Ha cepe McuepnbiBaeTcs MHO-
)KECTBO Teofe3nyYeckux fMHWIA 3TOW MOBEPXHOCTMW.

§ 7. Monyreoge3nyeckas cucTtemMa KoopauHaT Ha MOBEPXHOCTW.
JKcTpemanbHOe CBOICTBO reofe3nyeckoi

CucTema BHYTPEHHUX KOOpPAMHAT W, V Ha PerynsipHoii noBepxHo-
CTU S HasbiBaeTCcA MOSYreofe3nyecKoin, ecnuB Heii nepeasi Keagpa-
Tu4yHas opma uMeeT BUA:

| = du2+ Gdv2

Tak Kak F — 0, TO ceTb KOOpPAMHATHbIX NIMHWUIA B MONYreoe3nyecKoH

CUCTEME KOOpAMHAT OPTOroHanbHa.
PaccMoTpM Ha NOBEPXHOCTWU JIMHWUKW, BAOMb KOTOPbIX V = const.

Torga Ha 3TUX NNHUAX dv = 0, 1 Mbl UMeeMm;
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I/ = const dsl— du2

OTctopga ds = -Ldu Ha nob6oi
NMHWKM v = const, u, cnego-
BaTeflbHO, U eCTb C TOYHOCTbIO
[0 3HaKa ANWHA LyrWM Koopaum-
HaTHOW NMHUM, OAWH KOHeL,
KOTOPO HaxoAMTCA Ha KOOp-
AWHATHOW nuHUM un = 0  (cwm.

puc. 166).
HeTtpygHo Bugets, uTto
Puc. 166 ONnHbI BCEX Ayr KoOopAuHaT-

HbIX JNIMHWIA Vv = const,KOHUbI
KOTOPbIX  neXaT Ha KOOPAMHATHbIX JIMHUAX W = b4 U U = U2
paBHbl MeXAy Cco60ii.
L oKaxem, 4YTO KOOPAMHATHbIe IMHWUM V = const ABNAOTCA reofe-
3MYECKUMU. JIMHUM Vv = const MMelT YypaBHeHUs

v = f (n) = const,
noatomy
Mun) = /"(«) = 0.

Mcnonb3ysa dopmyny AN reofe3nyeckoid Kpueu3Hbl (cM. § 5), nony-
yaem:

% = 164 Hd.

Ho u3 dopmynbl ans [, gaHHoOW B § 4, umeeM:
2= 0.

OTctoga cnegyeT, 4TO BAOAb NMHMIA v = const yr= 0, T. €. 3TK
NIMHUN CYTb Teofe3nyeckue.

VITaK, KOOpAMHATHble NWHUM MNONYreofe3nyeckoir CUCTEMbI YCTpPO-
€Hbl TaK: CemMelcTBO NMHWIA v— const — reofesnyeckne, a CemelicTBo
NIMHWA 1 = const — OpPTOrOHanbHble TPAEKTOPUM K HUM.

M3 M3N0XEHHOro Bbllle fICEH CNOCO6 MOCTPOEHMA NOAYreogesnyec-
KWX KOOPAWHAT Ha NOBEPXHOCTU. B okpecTHOCTM W TOYKM X HeKoTopas
nmHna L, npoxogsuwas
yepes X, b6epetca 3a
nMHuo u = 0. B Ka-
yecTBe  JIMHUIA vV =
= const 6epyTcs oOT-
pe3kn reofes3nyeckux,
nepneHanKynsapHbIX K
L. Torga yepes TOUKY
Y okpecTtHocTh W npo-

XOAMT TONbKO OfHa reo- Puc. 167
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fje3nyeckas Lu KoTopas nepecekaet nog MNpsMbIM Yriom JinHuio !
B €MHCTBEHHON Touke Y X. AnuHbl KpuBbIX YY X 1” XY 1 B3ATble C CO-
OTBETCTBYHOLWMMM 3HakamMu (cM. puc. 167), 6epyTcs 3a KoopguHatbl U
M v ToO4KM Y. Tak Kak Ana To4yeK NMHUKM L KoopAuHaTa VvV ecTb ecTecT-
BEHHbII MapamMeTp, TO M3 COOTHOLUEHWS

ds2= G (0, v)dv2
BbITEKAET, 4TO
GO v)= 1

MOXHo [l0Ka3aTb, YTO YKa3aHHbI cNOCO6 MOCTPOEHWs Monyreogesu-
UeCKoii CUCTEMbl KOOpPAMHAT BCerfja OCyL,eCTBUM B [JOCTaTOMHO Masnoi
OKPECTHOCTM Ni060I TOUKM PerynspHoii noBepxHocTW. Ha foKasaTefb-
CTBE 3TOr0 MpPefAnoXeHWs Mbl OCTaHaBAMWBaTbCS He Gydem.

OTMeTUM B 3aK/lO4YeHWe, 4YTO ecnn B KauyecTBe NIMHMM L B3ATb reo-
Ae3MUYeckylo, TO M3 (hopMynbl

X ttV) + Y Gw'3+

A-— uv'24 A u2v = 0
R B T c el

BbITEKAET

A IC,|= 0.

Moatomy
GJOo, v) = 0.

Teopema. [lyra reofgesuyeckoi y Mexxgy Toukamu A u B 6y-
JeT KPMBOM HauMeHbLUEN [AMUHbI CPefu BCEX KPWBbIX HA MOBEPXHOCTM C
KOHLaMW B 3TUX >Xe TOUKax, ecim Touykm A n B pgocTaTouHO 6AM3KM
(T. e. AnuMHa Ayru reopesnyeckoih AB pgocTaToO4yHO Mana).

Joka3aTenbcTBO. bepem Touky A 3a Hayano nonyreoje-
3MYEeCKON cMCTEMbl KOOpAuHAT. B kKayectBe nuHuMmM v = O bGepem reopge-
3MYECKYI0, Npoxogdulyt 4yepe3 Touyky B. Toukum J1 n B nmeloT cooT-
BeTCTBEHHO KoopauHatbl (0, 0) n (10, 0), rae nO— AnMHa oTpe3ka reo-
fesnyeckoli mexay Toukamu J1 u B, He Hapylwas o6wHocTu, focTa-
TOYHO PaccMOTPeTb ANIMHbI KPUBBLIX, fieXawmnx Ha S, ¢ KoHUamMu B TOY-
Kax A u B, wumewowmx napameTpuyeckue npeacTtaBieHuns

Ecim L — Takaa KkpuBas M OHa OTIM4YHA OT Ayru | reofesnyeckoi y
C KOHuamm A wn B, 1o Haligetca oTpe3ok [a, W C[0, wd], Ha KOTOpOMm
rwm* o
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Moatomy

I

«0 ] [0}
S(L)y=jY 1+ G fwm)/'2Mm) du> jdu=un0= s(l).
0] 0

Teopema [oKa3aHa.

§ 8. dopmyna Naycca — BoHHe

B Teopuu KpuBbIX GbII0 NOKa3aHO, YTO A1S MAOCKUX KPWBLIX Le-
necoo6pasHo BBECTU MOHATUE KPUBU3HLI CO 3HAKOM. TaK Kak reofesu-
yeckas KpMBM3HA KPWUBOI Ha MOBEPXHOCTU €CTb eCTECTBEHHbI/i aHanor
KPVBW3HbI KPWBOW Ha MMOCKOCTU, TO MOME3HO BBECTM MOHATME reofe-
3MYECKO KPUBU3HLI KPUBOIK €O 3HAKOM. MIMeHHO nycTb L — perynsap-
Has KpuBas Ha MOBEPXHOCTW S, Torha ee reofie3anyeckas KpUBU3HA CO

3HAKOM XTI onpegensercs (opMynoii:
/d2v du

Veo =12 i g 2 £ +|1_E)1+

9ri. du (dv\2 “ri (dv\3]
i -i-] 2U/3J
M = wn(s), v=v (s)— napameTpusayms Kpusoi L).

+ (2T

Bo MHOrmx sonpocax gudgepeHunanbHOl reoMeTpum BaXKHYH Pofib
nrpaet popmyna aycca—bBoHHe\ cBA3bIBatOLWas MeXAY CO60/ MHTEerpan
OT rayccoBOl KpUBW3HbI MO nowann obnactu ¢ UHTErpasomMm OT reofe-
31MYeCKOW KPWUBU3HbI CO 3HAKOM BAOMb €€ FpaHuubl MO AMHE AYry noc-
nepHem .

MTak, nycTb faHa perynspHas noBepxHocTb S. Ha S paccmoTpum
roMeoMopgHyt0 Kpyry obnactb G, rpaHuua KOTopoil L cocTouT M3 Ko-
HEYHOro uyucna perynspHblX KpusbiX Lh nocnegoBaTenibHO MNPUMbI-
KalwWwmux apyr K gpyry. MNpo Takne Kpusble L 6yaem roBopuTb, YTO OHU
KYCOYHO-PerynspHbl-, perynspHole Kpusble, BXoAdlme B cocTas L, 6yaem

Ha3blBaTb ee 3BeHbAMU. OBO3Ha-
4ynuMm Yepes oti,a2, ...,a,yrnbl,
obpasyembie 3BeHbsIMU Lb L2
.., Ln kpuBoii L co CTOpOHbI
obnactm G (cm. puc. 168). Ha
KpuBOi L BBefem HanpaBieHue
TakK, 4To6bl OHO OTHOCUTENbLHO
HOpMannM n B TOYKax o06nacTu
G onpegensano npasblii  BUHT
(cm. puc. 168).

WmeeT mMecTo cnepytouias
Teopema.

10. B 0oHHe ™ Wu3BECTHbIA (paHLy3ckuii reomeTp XIX Beka.
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rge K — rayccosa KpuBM3Ha MOBEPXHOCTW, & WHTErpuposaHue crpasa
cegeTcs no nnowaan obnacTtu G

B uvacTHOCTW, ecam L — perynapHas kpusas, To Bce al—a wn (*)
NpUHUMAaeT BUf,

L a

dopmyna (*) n HasbiBaeTcsi hopmMynoih Faycc a—b oHHe.
[oka3aTenbCTBO TeOpemMbl Mbl MPUBOAUTL He OyAeM.

OTMeTMM pafd BaXKHbIX CNeacTBUil m3 dopmynbl Faycca—BoOHHe.

1. Ecnn Bce 3BeHbA L, KpuBoi L ABNAK0TCA reoge3anyeckumm, To
o6nacTb G Ha3blBaeTCA reofe3anyecKkuM MHOTOYronbHMKOM. B aTom cnyuae
thopmyna laycca—BOHHe MpuUHUMaeT BUA

Yron

—n o
AB/ISETCA BHEWHUM Yr/IOM reofe3nyeckoro MHoroyronbHuka G u no-
Tomy thopmyny aycca—bBOHHE MOXHO paccMaTpuBaTbh Kak opmyny ans
HaXOXAEeHNa CYMMbl BHEeWHWUX YrJoB Teofe3unyeckoro
MHOTFTOYTONbHKKA:

B cnydae NIOCKOCTM 3Ta (hOpMYyNia XOPOLIO M3BECTHA M3 KypcCa 3MEeMeH-
TapHOW reomeTpum:
n

2 Pr= 21

(HaMOMHMM, YTO Ha MNJOCKOCTW rayccoBa KpuBM3Ha K = 0).

2. leofie3anyecknii MHOTOYrONbHWUK, TpaHULa KOTOPOro COCTOWUT U3
TPeX reofesnyecKknx, HasbiBaeTCs TreoAe3nYecKNM TpPeyronbHUKoM. [ ns
reofesnyeckoro TpeyronbHuka T ¢ yrnamu a, p, y gopmyna Faycca—e
BOHHe MOXeT ObITb 3anucaHa Tak:

T

Bennunny
v(7h)=a+ P4-v—+4



Has3blBaloT 06bIYHO U3OLITKOM Feofe3nyecKoro TpeyrofbHMka T, a Be-
NNYnNHY

T

WHTErpanbHolii KPUBM3HOW TpeyronbHmKa T.

MN36bITOK TpeyronbHMKa XapakTepusyeT oTAUUME CYyMMbl YTINOB Tpe-
yronbHuka T OT CyMMbl Yr/70B TpPeyrofibHMKa Ha eBKAWAO0BOW nnoc-
KocTu. ®opmyna Maycca—BOHHE MoKasbiBaeT, YTO Mepoii 3TOr0 OTKIOHE-
HUS ABNAETCA WHTerpanbHas KPUBM3HA TpeyronbHuka T. [oaTomy
MOXHO CKas3aTb, YTO MHTerpanbHas KpuBM3HA XapaKTepusyeT Mepy
OTKIOHEHMS BHYTPEHHEN reOMeTPUM TMOBEPXHOCTU OT BHYTPEHHeN
reoMeTpPUM EBKIMAOBON MAOCKOCTM.

3. PaccMOTpMUM TMOBEPXHOCTU, Y KOTOPbIX rayccoBa KpWBM3HA MOC-
TOsSIHHA

K = KO= const.

O ns reofe3nyeckoro TPeyrofbHMKa Ha TaKoW MOBEPXHOCTM (opmMyny
raycca—BOHHEe MOXHO 3anucaTb B BuAe

a+ P+ y—n= Koa(T).

OTclofja fICHO, 4YTO M3OLITOK TpeyronbHMKa T NponNopuMOHaneH mMno-
waau atoro TpeyronbHuka, ecnn  KOd 0. fanee, ecnm  KO> 0,
TO cymMMma Yr/i0B /n060ro reoge3nyeckoro TPeyrosbHUKa 6onblie 1,
ecnm xe KO<.0, To cymma yrnoB no6oro reofjeanyeckoro Tpeyrosb-
HWKa MeHblwe £, U, HakoHel, ecnn KO = 0, To cymma yrnos nwboro
TpeyronbHMKa paBHa £.

§ 9. MoBEPXHOCTU MOCTOSAHHOW rayccoBOW KPUBU3HbI

MycTb S — peryngapHas NOBePXHOCTb MOCTOSHHOW rayccoBOW Kpwu-
BM3Hbl K 1 X 0— npomn3BoabHasA TOYKa 3TON MOBEPXHOCTU. Ha noBepx-
HOCTM S B HEKOTOPOW OKpecTHOCTWM ToukM X 0 BBeAeM Mnofyreofesmyec-
Kyl cucteMy koopauHat (cM. 8§87 rn. VI) c Havyanom B Touke X0, B
KayecTBe NMHMM U = 0 BblibepeM KaKylo-HUOYAb reofesnyeckyt, npo-
XoAduwyto yepes Touky XO.

MepBass KBagpaTuyHas (opMa MOBEPXHOCTWM B YKa3aHHOW cucteme
KOOpAUHAT WMeeT BUf;

| = du2+ Gdv2

npuyem
C@, o =1 Gu(, v)=o0.

Onsa rayccoBoil KpuBu3Hbl (cm. 83 rn. VI) cnpaBegnuea opmMyna

TTr N )
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OTcloga uMeeM, 4To KoahuuueHT G y[0BNETBOPSAET YPaBHEHUIO
{Vg)uut kVg=o0
N Haya/bHbIM YCNOBUAM
VG (0, v) = 1, (VGWvV))u= 0.
PaccmoTpum 3 cnyuas:

1. K>0.
2. K< 0.
3. /(=0.
B nepBoM cny4vyae WHTerpupys ypasHeHUe

[VG)wm+ KNG =0,
nvmeemopmyny  ans obwero suga 1 G:
1/G = A (V) cos (K/ICn)-f B (v) sin(V~K«)e
Tak kak G (0, w) = 1m Gu(0, v) = 0, TO
AM=1wn Bwu=0.

Takum o6pasom, B cnyuyae K > 0 nepBas KBagpaTuuHas popma B nony-
reofle3Myeckoil mapameTpusauum UMeeT BUf:

I= du2-f- cosA\' K un) dva

AHaNOrMYHLIMN BbIYUCNEHNAMU BO BTOPOM U TpeTbeM crydyae Hai-
AeM COOTBETCTBEHHO

I = du2-f-ch2[V —K w») dv2

I = dul-j- dv2

Teopema. MNycTb St n S2— NOBEPXHOCTU MOCTOSHHON rayc-
COBOI KpmBM3Hbl K, Xt M X 2 — npou3BoNnbHbleE TOYKM Ha 3TWUX NOBEPX-
HOCTSAX, L, M /2— npousBonbHble HanpasNeHus B 3TUX Touykax. Torga
CyllecTByeT M30MeTpPUUYECKOE OTOOpPa>KeHWe HEKOTOPOA OKPecTHOCTM
Toukum X i noBepxHOCTM Si Ha Hajne>kalle BblOPaHHY OKPeCTHOCTb
TOYKM X 2Ha NOBEPXHOCTU S 2 Npu KOTOPOM HanpasneHwuto /4B TOuke
X1 co0TBeTCTBYeT HanpaBieHue 12 Ha NOBEPXHOCTMU S 2B Touke X 2.

[oka3aTenbCTBO 3TOW TeOpeMbl HEnocpeACTBEHHO BbITEKAET M3 NOCT-
pPOEHUs B OKPECTHOCTAX ToueK Xy M X 2 Ha noBepxHocTAx Si u S 2 no-
Nyreofie3anyecKUX CUCTEM KOOPAMHAT, Yy KOTOPbIX reofesnyeckue, B3f-
Tble 3a NWHUMKM 1 = 0, UMET B TouKax Xy u X 2 Hanpas/ieHUs COOT-
BeTCTBeHHO li n 12. [delicTBUTENbHO, NPU 3TOM MNepBble KBafpaTUYHbIe
(hopmMbl MOBepXHOCTel 6yAyT OAMHaKOBbIMM, U Tpebyemoe M30MeTpuyec-
Koe oToOpakeHMe nosy4vaeTcs NPWM CONOCTaBMEHUM TOYEK C OfLMHAKO-
BbIMW KOOPAMHATaAMM.
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§ 10. MpocTelilume NOBEPXHOCTU MNOCTOSAHHOI raycCcoBOW KPUBU3HbI

MpocTeiiwed MNOBEPXHOCTbIO MOCTOSHHOW NOMOXWUTENbHOW  raycco-
BO KpuBM3Hbl K > 0 aBnseTca cdepa paguyca

[eicTBUTENbHO, HOPMaNbHLIMK CeYeHUSMU ciepbl ABMAAOTCS ee
6onblume Kpyru. Mo3aToMy B KaXfoi Touke cthepbl ee rnaBHble HOPMalb-

Hble KPMBU3HbI paBHbl MeXAy coboli U paBHbl —>j-ie R — paanyc cte-

pel.  OTcloga

nnn

VK

MpocTelileil NOBEPXHOCTbIO HYNEBOW rayccoBOl KPWBU3HbI, OYe-
BWAHO, fIBASETCA MNOCKOCTb.

PaccmMOTpM MOBEPXHOCTb MOCTOSIHHOW OTpULATENbHOW KPUBU3HbI.
MpocTeiiwen U3 HUX ABASETCA MNceBgocdepa, K NOCTPOEHUID KOTOPOWA Mbl
ceiiuac u nepexogum.

Ha nnockoctn xOy

paccMOTPUM  KPUBYHO,

y KOTOpOli 0Tpe3okK Ka-

caTeflbHON OT  TOYKWK

NMPUKOCHOBEHUS no

TOUKM nepecevyeHus

C OCbl0 X paBeH noc-

TOSHHOW BeNW4YMHE a.

3Ty KPUBYIO Ha3blBalOT

TpakTpucoii. Ee 06-

o N wuit BUA N306paxKeH Ha

puc. 169. Onyckas no-

ApOOHbIE  BbIKNagku,

Puc. 169 OTMETUM  HEKOTOpble

CBOICTBa 3TOM KPUBOIA.

Mpexpe Bcero, Tpak-

Tpuca WMeeT TOYKY BO3BpaTa, YAaneHHYK Ha paccTosiHMEe a OT ocu

X. W3 Toukn BO3BpaTa BbIXOAAT fBE BETBU, CUMMETPUYUHBIE APYT APYTY,

Kaxxjas U3 KOTOPbIX HEOrpaHWYeHHO NpubAMxaeTca K ocu X, T. e.

OCb X eCTb aCMMNTOTa TPaKTpUCbl. BCe TOUKM TPaKTPUChI, KPOME TOUKMU
BO3BpaTa, Heocobble, T. e. TPAaKTPUCY MOXHO 3afaTb YpaBHEHWEM

Y=Y ()
roe QyHKUMs y (n) HenpepbiBHA Ha BCEM MPOMEXYTKE (— oo, + 00)
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M ABaXAbl HENpepbiBHO guddepeHumpyema Bclogy, Kpome Toukun x = O
(3ameTum, 4TO abcumcca TOUKM BO3BpaTa paBHa Hynw). Bo Bcex cBoMX
HeocobbIX TOYKax TpaKTpuca—BbINyKNas KpuBas, obpalieHHas BblMyK-
NOCTbIO B CTOPOHY OCU  X.

MoBepxHOCTb, 06pa3oBaHHaA BpaleHWEM TPAKTPUCbl BOKPYT OCK X,
Ha3blBaeTcs ncesgocdepoir (cm. puc. 170). [lceBgocgepa COCTOUT U3

OBYX CUMMETPUYHbIX YacTell, npeAcTaBnsoWmMX coboli perynspHole no-
BEPXHOCTU, KOTOpble COeAUHEHbI BAOMb 0CO60M NMHUKN — pebpa BO3Bpa-
Ta. Kaxgas u3 aTux yacTeil npu yaaneHnn B 6ECKOHEUYHOCTb CTATUBAET-
cs K OCU X,

B pganbHeilwem, paccmaTpuBas ncesfocgepy, Mbl OyfeM WMeTb B
BUAY OfHY U3 ee perynspHbiX yacTeid.

JlokaxkeMm, 4To nceBgocgepa MMeeT BO BCEX TOUYKAX MOCTOSHHYHO OT-
puuaTeNbHY TFayccoBY KPUBU3HY

Tak Kak I'ICGB,ELOC(*)epa €CTb MOBEPXHOCTb BpalWeHunsda, TO AOCTaTO4-
HO YCTaHOBWUTb, 4YTO rayccoBa KpPWUBU3Ha I'ICGB,D'OC(*)epr B TOYKax, ne-
1

Xallyux Ha OfjHOM MepuamnaHe, paBHa — —. B KauecTBe Takoro mepupna-

Ha BO3bMeEM MepuavaH MceBAOCHEpPLl, PACMONOXEHHbIA B NepBOi 4eT-
BepTu nnockoctn xOy, M nNycTb y = y (X) — ero ypaBHeHue. [lpu
Kaxgom x > 0 6ygem umetb a > y > 0; Kpome TOro, TakK Kak npu
BO3pacTaHMM X TOUKa TPaKTPUCbl NPUBAMIKAETCA MOHOTOHHO K OCU X,
Toy' < 0, a TaK Kak BbINYK/N0CTb TpakTpuchbl obpalieHa K ocu X, TO
y" > 0.

MycTb Tenepb M (cMm. puc. 171) — npon3BoibHas TOYKa MepugmaHa
Y — Y (*)» Tak KakK rnaBHble HanpaBfeHWs MOBEPXHOCTU BpalLeHUA
CyTb HanpaBs/ieHUa ee MepujuaHa W napannenu, TO rnasHble HOpManb-
Hble KPWUBU3HbI nNcesaochepbl B TOYKe M Tenepb YyXe Nerko Hantu
HenocpeACTBEHHO.
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Hopmanb ncesgocepbl Ha-
npaBfeHa B CTOPOHY BOTHYTOC-
TM KpuBOi y = y (X), MosTomy
rnaBHasi KpuBM3Ha ku cooTBeT-
CTBYtOLLas HanpaBleHUD Mepu-
LnaHa, MONoXuTenbHa M paBHa

KPWBU3HE 3TOF0 MEPUANAHA, T.€.
Al

Ki = (1+ y*v
KpuBM3Ha WNPOTbI paBHA —;

cnenoBaTeNbHO, TNaBHas HopManbHas KpuBU3HA &2> COOTBETCTBYIO-
was BTOPOMY [FNaBHOMY HanpaBleHWIo, MOXeT 6biTb OmpegeneHa no

thopmyne MeHbe:
@B

roe ¢ — yron MeXay HOpManbl N M OTPe3KoM y. Tak Kak 3ToT
Yyrof paBeH Yy Hak/foHa KacaTefbHOW K ocu X, TO

tg h—y’
n
1
CosS® = —
Yi+ y2
Moatomy
k2 —
yin + y?

OTclofia rayccoBa KpMBM3HA B TOUYKax MepuamMaHa y = y (X) TaKoBa:

Myctb (X, 0) — KOOpAMHATbI TOUKM MepecevyeHuss KacaTesbHOW K
TpakTpuce B Touke M (X, y) C oCblo X. /I3 ypaBHEHUS KacaTeNbHOI

Y —Y—Y¥Y{X—X),
npu Y = 0, Haxo4uw:

X—Xx= - y.

Mo onpefeneHnto TpakTpuUChI

X —x = a cos o,
n notomy

a cos .
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3amMmeHasn 30eCb COS (P BblpaXXeHNEM

cosfp= —1 1
Yi+ y*

nonyvaem gupdepeHynanbHoe ypaBHeHe TPAKTPUCHI:
i S Z .- a
I

OTcroga
y'2(@2—yd = y2

y" (a2—y2 =y (1-)-y'2).
N3 nocnegHnx COOTHOLIJEHI/IVI Haxognm

K=—. Yy=* ,
y20 + y')

W, CTano ObITb,

Takum oGpasom, nceBgocdepa MMeeT BO BCEX CBOMX TOUKaxX OfMHa-
KOBYIO rayCCOBY KPUBU3HY

Unucno a HasblBaeTcs napameTpoM TPaKTPUChI, BpalieHWem KoTopoit
o6pasoBaHa faHHas nceBgoctepa. pugaBas a pasnyHble 3HAYEeHUS
n3 nHTepsana (0, + 00 ), NMOAYyYMM CeMeliCcTBO MceBAoctep, B KOTOPOM
COAEPXMNTCA MOBEPXHOCTb, UMelouas NMobylo AaHHY OTpULATENbHYHO

MOCTOSIHHYI0 TrayccOBY KPUBU3HY.
M3 TeopeMbl O CBOMCTBaxX MOBEPXHOCTEW MNOCTOSAHHOW TrayccoBOWA

KPUBM3HbI, KOTOpas Oblna yctaHoBneHa B §9 rn. VI, BbiTekaeT, uTo
y N060ii TOYKM perynsapHoii MOBEPXHOCTU MNOCTOAHHON rayccoBOi Kpu-
BN3HbI K cyliecTBYeT OKpecTHOCTb U, KOTOpas M3oMeTpuyHa HEKOTOpOi

obnacTu Ha ctepe paguyca R = ec/in ~>0, unn HekoTOpPOI 06-

nacTwn Ha ncegocepe ¢ NapamMeTpoMm a = VR ecm K < 0, um

HaKoHell, HeKOTOpOi 06nacTuW Ha nNnockocTu, ecim K = 0.

O6bulee npefacTaBneHWe 0 pa3HO06pa3vMM MOBEPXHOCTER MOCTOAHHOWA
rayccoBoli KpUBM3HbI MOXHO COCTaBUTb cebe U3 crefyloLero mnocTpoe-
HusA: GepeM npocTyto ob6nacTb Ha cepe, ncesgocdepe MAM MNAOCKOCTU
M nofBepraeM ee usrnbaHuio. B pesynbTate nony4vatTCs MNOBEPXHOCTM,
MMEKLLMe COOTBETCTBEHHO MOCTOSIHHYIO MOJIOXUTENbHY, OTpULATEe/b-
HYI0 UAW HYNEBYK FayCCOBY KPWUBU3HY.

351



8§11. MHoroo6pasusa c guddepeHyumanbHOn MeTpPUKO

Myctb D — npocTas 06nacTb Ha NAOCKOCTW C AeKapTOBbIMU KOOp-
AvHaTaMy U, v (B YaCTHOM cnyyae D MoXeT OblTb M BCEl MIOCKOCTbIO
W, v). PaccmoTpum B OTpu ABaXAbl HEMpepbiBHO AU(GhepeHLMpyemble
(DYHKUHN

E W v), Fn v), Gu v),
KOTOpble MopoXaakT B D MOM0OXWUTENbHO ONpPeAeNeHHY0 KBagpaTUYHYHO
(opmy
ds2= E (u, v) du2+ 2F (u, v) dudv + G (u, v) dv2

Mbl 6yaeM ropopuTb, YTO KBagpaTWuyHas ¢opma
ds2= Edu2+ 2Fdudv+ Gdv2

Bo6nacTu D nopo>kgaeT MHOroo6pasne ¢ anddepeHUManbHO
METPUKOR, ecnn gnuHa N060ro perynspHoro nyTu

Lunw=wn(), v=v(0, a<t<b
onpeaenseTcsa opmynoi

s(h=jY EN2+ 2Fu'v'+ Gv'2dt.
a

Nlerko BMAeTb, YTO B CMbIC/Ie BHYTPEHHEl reomeTpuu nobas pery-
nAapHas NOBEPXHOCTb MpeAcTaBnfseT coboli MHoroob6pasme ¢ guddepeH-
UManbHOW METPUKOIA.

B mHoroo6pasun LU ¢ anddepeHynansHoi METPUKOI NO aHanoruu
C BHYTPEHHell reomeTpueii MOBEPXHOCTU MOXHO BBECTW MOHATUA Yyrna
MeXAy KpuBbIMW, naowann o6nacTu, rayccoBOi KPWBU3HbI METPUKMU,
reofie3anyeckoil KpUBU3HbI U, HaKOHel, Treofe3nyYeckKnx JNHUIA.

YKaxeM KpaTKo, KakK BBOASATCA 3TU MOHATUS.

1 B Kaxgoi Touke MHoroob6pasus LU c koopguHatamm (U, V) Han-
paBfeHue xapakTepusyeTcs OTHoweHuem (du :dv). Ecam uepes 3Ty
TOUKY MPOXOAMT perynsipHblii NyTb /, TO HanpaBneHWe B paccMmaTpuBae-
MOl TOUYKe onpepgenseTca oTHoweHuem (u'(t) : v' (t)) = (du :dv). 3a-
MeTWM, YTO Npu OnpefeneHny HanpaBieHUs Bcerga npejnonaraeTcs, 4YTo

du2+ dv2o 0.

370 ycnoBue, B YAaCTHOCTU, BbIMONHAETCA AN NOOOro perynsapHoro ny-
™mun=un(), v— v(t). Mostomy A0oCTaTOYHO ONpeAeNUTb Yron Mex-
Ay HanpaBneHUSMU B MHOroo6pasuu, nocne Yero yron Mexay KpuBbiMU
onpeaenseTcs o4eBMAHbIM o6pasom (cMm. 8§86 rn. V).

Yrnom mexkgy HanpasaeHuamn (du :dv) wn (bu :bv) B TOuke C
KoopamHatamu (U, n) HasbiBaeTca yron @ £ [0, 4] , gnd KoToporo

Edu 6u-\- F (dubv 4- dvbu) 4-_GduSv

COS o = d1— .
V Edu2+ 2Fdudv + Gdv2 V £6Ha+ 2F6ubv + Gbv2
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2. Myctb U cr D— HekoTopasa o6nactb. [nowagbto obnactm U
B MHoroo6pasun LI 6ygem HasblBaTb 4YMC/O

«<Ef>= JjV"E£EG — F2dudyv.

3. ayccoBOii KpPWUBM3HOW, MHOroo6pasvs 6yfeM HasbiBaTb Bbl-
PaXKeH ne
4 |
— bt fw—elv SE.L P 2
K = 1 E F
T (EG—F22 Fy--2
-Gv F
2 Vv G
O én &
2 2
A £ ‘F
2
£ G
2

OueBMAHO, UTO rayccoBa KpMBM3Ha eCTb PYHKL NS TOYKU MHOT005pasnsa$?2

4. B KaXAoi Touke MHoroo6pasua LU onpegensem KoaghuUMEHTbI
Kpuctothens TI*, no doopmynam, npuBefeHHbIM B 84 rn. VI.

5. Echm L — perynsapHas KpuBas B MHOroobpasuu onpege-
nsaemas napameTtpusanuei

n=n (), v = v (),

TO Treofe3nNyecKoil KpUBU3HOW XTI Ha3blBAETCA BEAMUYMHA

(d2v du da dw . p2 /du\3
F2 |

ds* ds  ds2 ‘& ' ds

+(2r2,- TI)(EY*E+( k8- 2TY i“(E)' - T (f)

=V EG—

FeofesnyeckMMn NUHUAMKU  MHOroobpasna $2 Ha3blBalOTCA KpUBbIE,
Yy KOTOpbIX B KaX[AOW TOUYKE reofe3nyeckas KpMBM3HA paBHa Hy/0.

Lnsa reogesnyeckux B MHOroobpasuu c guddepeHumnanbHoli MeTpu-
KOW crnpaBeAnvBbl BbIBOAbI, CAeNnaHHble B 88 6, 7 0 cBOWCTBax reogesunyec-
KnX. B 4acTHOCTM, B [0OCTATOYHO Masoli OKPECTHOCTU KaXAOW TOYKU
MHOroo6pasuns ¢ gudgepeHynanbHOM METPUKOW MOXXHO BBECTM NOYreo-
[le3MYecKyt0 CUCTeMy KOOpAMHAT.

6. B MHoroo6pasuu c gugdepeHumanbHoi MeTpUKOW cnpasejnuBsa
thopmyna [aycca—boHHe:

2 j urds+ 2 (a—a=24—JJ Kdo,
i=1L /=1



rae sir — reofesnyeckas KpuBM3Ha KpuBoi Lt co 3HaKoM.

7. MbI 6yaem roBopuTb, YTO MHOroobpasue LU ¢ anddepeHumansHoi
MeTpUKOlA ds2 PerynsspHoO B/IOXXEHO B MNPOCTPAaHCTBO, €cm
CyWeCTBYeT perynsipHas MOBEPXHOCTbH S, MMetoLast napameTpu3aumio

r=r{nveEc>E) fe> 3),

419 KOTOpOoi Nepeasn KeagpaTuyHas popma coBnagaeT ¢ AnddepeHumans
HOW MeTPUKOi
ds2 = Edu2+ 2Fdudv + Gdvl

MHoroo6pasusi LLI . Opyrumu cnoeamu,

E=zrof=(er™). G=rl
npu Bcex (U, v) £ D.

Ecnn mHoroo6pasve LU BNOXEHO perynspHo B MNPOCTPaHCTBO
C MOMOLLbI MOBEPXHOCTU S, TO Mexay Toukamu L un 5 ecTecTBeHHO
ycTaHaB/NMBaeTCA B3aWMHO OAHO3HAaYHOe OTOOGpaxeHue, MPU KOTOPOM
ONVHBI  COOTBETCTBYIOLMX KPUBLIX OKa3blBAOTCA paBHbIMU. Takum
06pa3om, PperynsipHoe BOXKeHWe MHoroobpasvs ¢ auddepeHLnanbHON
MeTPMKON B NPOCTPAHCTBO MOXKHO paccMaTpuBaTb Kak M30MeTpuyec-
Koe 0TO06parkeHne MHOroobpasvss B MPOCTPaHCTBO.

[Janeko He BcAKOe MHOroo6pasve ¢ guddepeHLManbHON MeTPUKON
MOXET OblTb PEerynsapHbiM 06pa3soM BOXEHO B MPOCTPaHCTBO. Eciu y
KaXXA0N TOYKM MHOroobpasumsi ¢ guddepeHynansHoli MeTPUKOA €ecTb
OKPECTHOCTb, KOTOpas MOXET ObITb PeryfiipHO BAIOXEHa B NPOCTPAHCTBO,
TO TOBOPAT, YTO 3TO MHOroobpasve fJonyckaeT NOKalbHO perynsapHoe
B/IOXEHWe B MPOCTpPaHCTBO. OYeBMAHO, YTO HEOOXOAMMbIM U AOCTaTOY-
HbIM YCNOBMEM TaKOro BJfIOXEeHUS MHOroobpasus B NPOCTPAHCTBO fAB-
NAeTcA CYyLWecTBOBaHME Yy KaXAOW TOYKM MHOroobpasms OKPecTHOCTM,
N30METPUYHOW HEKOTOPOW perynsipHoil NOBEPXHOCTU B MPOCTPaHCTBE.

[okaxem, 4yTo MHOroob6pasus ¢ AudgepeHUnanbHOR MeTPUKONA,
MMeKLUne B KaXXA0N Touke OAMHAKOBYH raycCOBY KPUBU3HY

K = const,
[LOMYCKalT /IOKaNbHO PerynspHoe BJ/IOXEHWE B MPOCTPAHCTBO.

[LelicTBUTeNbHO, NOBTOPAA MocTpoeHMs 8§9 ra. VI B [AOCTATOYHO
Manoli OKpPecTHOCTU MPOWM3BOMbHOMW TOYKM MHOroobpasus ¢ NOCTOAHHOW
rayccosoil KpususHol K, monyumm, 4to nepeas KBajpaTuuHas qopma
MHOroo6pasua 6yaet umeTb BUA;

ds2= du2-(-cos2(V~K n) dv2 ecnm K > O
ds2= du2-J-ch2(Y — K u) dv2 ecim K < O
ds2= du2-j-dv2 ecm K = 0.

OTclofa BUAHO, YTO YKa3aHHas OKPECTHOCTb M30METpUYHA HEKOTO-
poit o6nactu Ha cgepe, echm K > 0, HekoTopoli o6nactu Ha nceBfoc-
thepe, ecnm K < 0, unn, HakoHeL, HEKOTOPOW 06n1acTW Ha NAOCKOCTH,
ecnm K= 0.
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§ 12. O perynsspHOM MNOTPY>XeHUNU B MPOCTPAHCTBO MJ/IOCKOCTU
JTobaueBcKoOro

Ha nnockoct  Jlobaues-
CKOro unonyreofesmyeckas cuc-
TeEMa KOOPAMHAT MOXET ObiTb
BBeJleHa cpasy [/ BCeil nnoc-
KocTu. [elcTBUTeNbHO, NYCTb
/ — npons3BofibHas npsaMas Ha
nnockoctn Jlobayesckoro. Pac-
CMOTPUM NYYOK NpsSMbIX, Nep-
NeHAUKYNApHbIX K | 9T0T
MY4YOK COCTOUT U3 PacXofauimx-
CA  NpAMbIX,  NOKPbIBaKOLLUX
BCe TOYKM nnockoctn Jloba-
YeBCKOrO. OpTOroHanbHbIMU
TpaekTopMaMU AN NPAMbIX 3TOr0 Myyka, Kak Mbl 3HaeMm, ABAAKTCA
3KBMAMCTAHTBI € 6a3oil | (cm. puc. 172).

PacCcMOTpeHHbIi My4Y0K pacxofalwmnxca npsMbIX W COBOKYMHOCTb
OPTOrOHaNIbHbIX K HEMY 3KBMAWCTAHT KakK pa3 u 06pas3yloT nonyreoge-
3M4ecKylo CceTb.

MoxHo goka3aTb (cM. H. B. EdpumoB «Bbicwas reometpuss», rn. VII),
4yTO B BBEAEHHON MNOMyreofe3nyeckoil CeTu NaockocTb J106a4yeBCKOro
ecTb MHOroo6pasue c andepeHunansHoOW MeTPUKOW, 3ajaBaemMOi KBaj-
patuyHoin opmoli

ds2= du2+ ch2[V~Kou) dv2
OTcloga rayccoBa KpuMBM3HA Ha NAOCKOCTU Jlo6ayeBCKOro paBHa
IC=/C0= const< O

W, cTano 6biTb, NNOCKOCTb J106a4eBCKOro eCTh MHOro06pasne NOCT OSHHOM
0TPpULATENbHON raycCOBOW KPWUBU3HBI.

M3 n. 7 8§11 ra. VI BbiTeKkaeT, 4YTO Y KaXAOW TOYKM MAOCKOCTM
Nlo6ayeBCKOro ecTb OKPecTHOCTb, W30METPUYHAs HEKOTOpoi obnacTu
Ha ncesgocepe. Takum 06pa3oM, MAOCKOCTb J106a4eBCKOro n0KanbHo
perynsapHo BKNafblBaeTCAd B MNPOCTPAHCTBO.

MnbbepT ycTaHOBUA, UYTO He CYLLeCTBYET PeryasipHoro BAO>KEHUS
BCeN nnockocTwn JlobayeBCKOro B MPOCTPAHCTBO, T. €. He CylWecTByeT
perynsipHoinl NoBepxXHOCTW B €BKIUAOBOM MNPOCTPaHCTBE, WU30MeTPUYHON
nnockocTu JlobayeBcKoro.

SAO0AYN W YNPAXHEHNA H TABE VI

1. KoopAuHaTHas ceTb WM, V Ha TMOBEPXHOCTU HasbiBAe€TCS M30TepMUUEcC-
KOW, ecnu nepeBas KsagpaTuuHas qopma B Heid UmeeT BUA;

ds2 = Uwn, K) (du24- dv2).
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HaiiTh BblpaXeHWst AN rayccoBoi KPMBU3HBI M KO3((MLMEHTOB Kpuctodens B U30-
TEePMUYECKOI ceTu.
OTBeT. [N rayccoBoil KpWBM3HLI CrpaBeAnnBa (opmyna

1 /aun % aainx\
2k \  gar dv%

2. KoopanHaTHas CeTb W, V Ha MOBEPXHOCTW, B KOTOPO/ NepBas KBagpaTuuHas
(hopma vMeeT BUA:

ds2 = du2-[- 2 cosd (n, v) dudv + dv2
Ha3blBaeTcs 4eObIWEeBCKON. HaliTu BblpaXeHWs [18 TayCCOBOW KPUBU3HLI W
KoapmumeHToB Kpuctoens B 4ebbILLEBCKOW CETW.
OTBeT. [ins rayccoBoii KpUBWU3HbI CMpaBefnvBa hopmyna

K= _L_ dp,
sin ¢ dudv
3. Ecnu reofie3anyeckas NMHWA SBASETCA OfHOBPEMEHHO JMHWEW KPUBU3HBI, TO
OHa nnockas Kpusas.
4. [lokas3aTb, UYTO YpaBHeHWe reofe3snyeckux B NONYreofe3nyecKon cucteme Koop-
avHat 1, v (ds2 = du2-j- Gdv2) MOXeT 6bITb 3amucaHO B BUAE:

dot = _ dV~G
dv du
rae a — yron, Nof KOTOPbIM reofe3nyeckas NnepecekaeT NIMHUM vV = const.

5. OnucaTb CTpoeHWe reofie3nyecknx Ha MPAMOM KPYrOBOM KOHYCE.

6. [loKasaTb, 4YTO B OKPECTHOCTU MPOW3BOMLHOM TOUKM P perynspHoii nosepx-
HOCTVM MOXEeT OblTb BBeJeHa TaK HasblBaemass reofesnyeckas MoaspHas cuctema
KoopauHaT

ds2= du2+ Gdv2

o6nagaroLias cnefylolmMmy CBOMCTBAMW: a) NIMHUM W — Feofie3nyeckvie, Npoxogsline
yepe3 Touky P, 6) AMHUM v — reofesnyeckme OKPY>XXHOCTW C LeHTpom P, B) v —
yron, o6pasyemblii reofie3nyeckoil C HeKOTOpbIM (PUKCUPOBAHHBIM  HampaBneHWeM B
Touke P,

r limG=0; lim (fG)u=1; lim {— P),
n-0 n-0 n-0[ Y o J
raoe K (P) — rayccosa KpuBu3Ha B TO4Ke P.
7. Myctb | (r) — pAvHa reofe3nyeckoli OKPY>KHOCTM Ha MOBEPXHOCTM F C LEHT-
pom B Touke P v paguycom r. [lokasaTb, 4TO
29 r —1(r) Ny o
AW - 7 - =3 *n

rae K (P) — rayccoBa kpuBu3Ha B Touke P.

8. Myctb k\ M & — COOTBETCTBEHHO TrE0JE3NYECKMNE KPUBU3HBI  KOOPAMHATHbIX
NMHWIA v = const, 1 — const U @ — yron Mexay 3TUMW nuHuAMW. Torga Ansa rayc-
COBOW KPUBU3HbI CrpaBefinBa opmyna

K = 1/ L
V EG-F3(6bi3a
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-rn ABAV/ /. 3NEMEHTbl TOMNONOIMN 3AMKHYTbIX
NMOBEPXHOCTEMN

MoHATME 3aMKHYTOl NOBEPXHOCTU 6GbINI0 BBEAEHO Bbille B § 1 rn. V.
B HacToAwel rnaee uccnegyeTcs TOMONOTMYeCKOe CTPOEHWE TaKuX
NOBEPXHOCTEN. IMEHHO C mMoMOLLb0 BE/IMYMH, HE W3MEHALWMXCA Mpu
roMeoMOP(PHbLIX 0TOBPaXEHMAX MOBEPXHOCTU (TOMOMOTUYECKUX WHBapU-
aHTOB), JaeTcs KnaccuguKaumsa pasHbiX TONONOTMYECKMX TUMOB NOBEPX-
HOCTEN.

OCHOBHYIO po/b B 3TOM MCCNef0BaHWUK UTpaeT aiinepoBa xapakTepuc-
T KA NOBEPXHOCTM — TOMONOrMYECKUIA MHBAPUAHT, OMUCbIBAKOLUIA COOT-

HOWEHWe MeXAy 9/ieMeHTaMu pa3GueHns MNOBepXHOCTU C MOMOLLbIO
CeTU KPUBBLIX.

§ 1. MpocTeiilne 3aMKHYTbie NMOBEPXHOCTU

Puc. 173 Puc. 174 Puc. 175

1 Cdepbl ¢ p pydkamu. Myctb SO—'HekoTopass chepa U y — ma-
nas OKpPYXHOCTb Ha So. O603HauMM 4vepe3d GTMeHbLIYIO W3 OTKPbITbIX
obnactein, Ha KoTopble y pas6buBaetr chepy SO (puc. 173). MycTb

yp — Manble OoKpy>XHocTu Ha 50 u mHOxecTBa GT. + yt
nonapHoO He UMelT 06WKUX BHYTPEHHUX Touek. MoBepxHocTb 50—

— G, — GR... — G,p 6ygem Ha3biBaTb Cepoil C p OTBEPCTUAMYU
(puc.  174).
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Pyukoit 6ygem HasbiBaTb MOBEPXHOCTb C Kpa-
eM, roMeoMoptHy 60KOBO NMOBEPXHOCTW MPSAMO-
ro Kpyrosoro umnumHgpa. Kpail pyyku coctouT u3
[BYX MPOCTbIX 3aMKHYTbIX KPUBbLIX Y] U Y2, Kax-
flas 13 KOTOPbIX romMeoMop(Ha OKpPY>XHOCTW. Ha-
rnagHoe npejcTasfieHNe 0 pyyke paet puc. 175.

PaccmoTpum Tenepb cepy SO ¢ 2p oOTBeEpCTU-
aMn, rae p — nboe HatypanbHoe uumcno. MycTb
v v2 ..., y2o0— Kpasa oTBepcTnit chepbl SO. Bo3b-
meM pydky (Pj, Kpail KOTOpOi COCTOUT M3 ABYX
3aMKHYTbIX MPOCTbIX KPUBbIX n /2. YcTaHOBUM

Kakme-HM6yab TFOMeOMOP(PU3MbI MeXAy napaMmu KpusbiX Yi u In y2
n /2. TloBepXHOCTb, KoTopasa nony4vaetcs u3 50c oreepcTusmm n 4
OTOX[EeCTB/IEHWEM COOTBETCTBYHOLLMUX TOYEK KPUBLIX Y4 u In y2u /2TaK,
4yTo npun 3ToM cthepa SOu pyyka P 4He UMEOT APYTUX OBLWMX TO4YeK, Ha-
3bIBatoT chepoii SOC npukneeHHoi pyykoin @ 4 (puc. 176).

Ecnn Kk napam okKpy>HocTeil y3u vy4, y5 u y8 ..., y2p , nydp
NOAK/IEeNTb COOTBETCTBEHHO Pyykn @ 2,..., ®p, TO Mbl MOAYYUM TO-
BEPXHOCTb, KOTOPYH MPUHATO HasblBaTb COepoii ¢ p pyykamu
(puc.  177).

Ecnn cdepy c 0AHOI pyyYKOih pacTsAHYTb 6e3 pa3pbiBOB U CKMeuBa-
HWIA, Nnonaras, 4TO MNOBEPXHOCTb ABNSETCH 31aCTUUYHOW MMIEHKOW, TO OHa
npespatutca B Top (cMm. puc. 138, rn. V). Ha puc. 178 ykasaHbl cxe-
MaTUYeCKN HeKOTOpble MOMEHTbl 3TOW fAedopmaumu. TOCKOMbKY pac-
TSAXXEHWEe MOBEPXHOCTWU 6e3 paspbiBOB U CKAEWBAHWIA MOXHO paccmart-
puBaTb KakK HarnsgHoe onucaHwe TOMONOrNMYECKOro npeobpas3oBaHus
NMOBEPXHOCTN, TO chepa C OAHON pPy4yKO romeoMopgHa Topy.

AHaNnornyHbIMM  pacCyXAeHuAMU JIeTKO  MOXHO  YCTaHOBUTb,
4yTo clhepa C p pyykamu romeomopHa «KpeHgeno» ¢ p Ablpamu
(cm. puc. 179).
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Puc. 179

2. Nnct Mébuyca. Becbma 3aMeyaTe/lbHOW MNOBEPXHOCTbIO SBASA-
eTca nucT Meébuyca. OH nonydyaeTcs M3 npamoyronbHuka ABCD
CKnemsaHuem cTopoH AB n CD Tak, 4Tto TOYKa A CKNeuBaeTcsd C TOu-
kKoin C, a Touka B ¢ Toukon D (puc. 180). Apyrummu cnosamu, ofHa
ctopoHa CD npamoyronbHoit neHTel ABCD noBopayuBaeTcs Ha yron
A W nocne 3Toro cCkfenmBaeTcs cO CTOpoHoW AB. O6wwini BMA nucta
Mébunyca nsobpaxeH Ha puc. 181

Nunct Méb6uyca obnajaet LenbiM psfOM UHTEPeCHbIX CBOMNCTB:

Puc. 180 Puc. 181

a) Kpaem aucTa Mé6uyca fBNseTCS KpuBas, rOMeoMOpHas OKpy>K-
HOCTU-,

6) ecan nucT MéEbuyca paspesaTb No cpefHell NMMHUK, TO OH He pac-
nafaeTcsa Ha ABe 4vacTw.

3Tn cBoiicTBa Nucta MéEbuyca npouwie BCEro MPOBEPUTb Hemocpea-
CTBEHHO, YTO Mbl U MPeAOCTaBAseM CAenaTb YATATE/0 B Ka4yecTBe ynpa-
XHeHus. O gpyrux ceoiictBax nucta Mééuyca Mbl 6yaemM roBopuThb HIKe.

3. MpocTelilne 3amMKHyTble NoBepxHoCTU. TlycTb Ham fdaHa cdepa
S0, B KOTOpOi Mbl Bbipe3anu k OTBEpPCTUI, OrFpaHWYEHHbLIX ManbiMu
OKpyXHocTamu v/, y2, ..., y/. Tak Kak nuct Mébuyca umeeT CBOeW
rpaHuuen roMeoMopdHbIA 06pa3 OKPYXXHOCTU, TO KaXXA0e M3 OTBEPCTUI
B chepe Sg MOXHO 3aK/jeuTb C NMoMolbo nucta Mé6uyca. Takum 06-
pa3oM, MofiyyaeM 3aMKHYTble MOBEPXHOCTU, MOCTPOEHHbIE U3 Cepbl C
NOBLIM KO/IMYECTBOM OTBEPCTUIA C MOMOLLbI 3aK/IeMBaHWUA MOCNeAHUX
nuctamn Mébuyca.

MpuHUMNUanbHasa pasHuLa Mexay chepoii ¢ OTBEPCTUAMU, 3aKNEEH-
HbIMW nucTamu Mé6uyca, u cepoil ¢ OTBEPCTUSMMU, 3aK/IEEHHbIMU
pyyYkamu, 6yAeT BbISICHEHA HUXE.
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B panbHeiiwem npocTeWW MMM 3aMKHYTbIMW MOBEPXHOC-
TAMKN 6yLeM HasbiBaTb MOBEPXHOCTM, MOMy4Yaemble B pe3ynbTaTe 3a-
KnenBaHus cepbl COTBEPCTUAMM UK pyyKaMu, unm nucTamu Mébuyca.

B 3aknto4eHnMe OTMeTMM, 4TO chepa C OL4HUM OTBEPCTUEM, 3aKNEEeH-
HbIM nucToM MéE6uyca, romeomopHa NPOEKTMBHON MNOCKOCTW.

MpuBefem nnaH gokasaTeNnbCTBa 3TOro

yTBepXAeHNa. Ha NpoeKTUBHOW NAOCKOCTH,

KoTopas nonyvyeHa U3 eBKANAOBOW C MOMO-

Wbl MNOMNOMIHEHNA  BECKOHEYHO ypjaneH-

HbIMW TO4YKaMu, paccMoTpuM runepbony.

Torga nonoca mexay BeTBAMMW rnnepo6onsbl,

cojepxxawas MHUMYH OCb rmnep6onbl, Ha

NMPOEKTMBHON MNOCKOCTW . MNpejcTaBnser

coboi nuct Mébuyca (puc. 182). Ha atom

pUCYHKe O6€eCKOHEeYHO ypganeHHas npamas

M nexauine Ha Heid Toukm A”, B

Ha eBKNMA0BON NAOCKOCTU YC/IOBHO Hapu-

COBaHbl B ABYX 3K3eMmnnsapax; npu nepe-

X04e Ha TMPOEeKTUBHYK MJIOCKOCTb 3TU

3K3eMnnapbl oTtoxgectenaatTca. OTcloga u

BblTEKaeT Halle yTBepXfeHue. [lanee Mbl

MOXXEM C MOMOLLbK MPOEKTUBHOro MNpeoo6-

pasoBaHWA MMOCKOCTU TMepeBecTU runep-

607y B OKPYXHOCTb, & yKa3aHHY M0J0-

Cy MeX[y BeTBAMM rnnepb0osbl BO BHELLHIOW

Puc. 182 06nacTb OKpY>XHOCTW. [locne aToro yTBep-

XOAEHUe 0 TOM, 4YTO MPOEKTMBHAA Moc-

KOCTb €CTb pe3ynbTaT 3aKnemBaHUsA B chepe O0TBEPCTUA ANCTOM MEOMY-

ca, OYeBMAEH, MOCKONbKY cepa C OTBEPCTMEM FOMEOMOP(HA 3aMKHY-
TOMY EBK/IMAOBOMY KpYyTy.

§ 2. OpueHTUPYEMbIe U HEOPUEHTUPYEMbIE 3aMKHYTble
NoBEpPXHOCTU

Cuctemy KpuBbIX Yb YZ2.... Y* Ha 3aMKHyTOli nosepxHocTu SO
6yaem HasblBaTb CeTbl0, €C/IM OHA YAO0BNETBOPSAET chneaytowmum Tpe6o-
BaHUAM:

1) Bce Y, rOMEOMOP(PHbLI OTPE3KY;

2) nobble aoBe KpuBble YI, YK MOryT UMeTb He 6onee oAHONM 06LLel
TOUKU;

3) 13 060MX KOHLOB N06OI KPWUBOW Yr UCXOAMT MO KpaiHel Mepe
elle ogHa KpuBas M3 Habopa

Yi. Yoo, Yi-i. Yiti.... v
4) nosepxHocTb S pas6usaetcs KpuBbiMM Yb Y2, ..., ¥ Ha 06-
nactm Gu G2,..., Gf Takme, uto obnactn Gi....... G romeomMopgHbI
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OTKPbITOMY KPYTy, MNOMApHO He MMEKT O06WMUX TOYeK W rpaHMLa Kax-
Aol 3 Gm cocTouT M3 Habopa KPUBLIX, B3ATbIX W3 CUCTEMbI

Yio Yi... v

5) S = G4-f- G2-f- ... -f-Gf -)- Yi-j- Y2+ eee 4" 4K

6) Kaxxjgas U3 KPUBbIX Y; SABNAETCA 4YacTbio LBYX W TOJIbKO ABYX
obnacteli Gm u G,.

Kaxpas 13 KpuMBbIX Yi,..., YK HasblBaeTca pebpoM CeTU; TOUKM,
B KOTOPbIX CXOAATCSH KOHUblI pebep, Ha3blBalOTCA BeplIMHamMK, a <#pa-
HUYeHHble pebpamMn yacTu
MOBEPXHOCTU  HasblBalOT
obnacTamu.

Mpumepom cetn Ha
cthepe SBNAETCA COBOKYM-

HOCTb KPUBbIX, MOay4a-

lowasacs B pesynbTate

LEeHTPaNbHOro  MPOEKTU-

poBaHus ceTu pebep 3aM-

KHYTOr0 BbIMYK/0r0 MHO-

rorpaHHuMkKa w3 LeHTpa

chepbl. B aTOM npumepe Mbl npefnonaraeM, YTO LEHTP chepbl  NexuT
BHYTPYM MHOrOrpaHHuKa.

MycTb Ha 3aMKHYTOI MOBEPXHOCTU S AaHa ceTb 2 > cocTosiwias u3
pebep vi, Y2, ..., Ykt Myctb Gu G2,..., Gf — o6bnactu, Ha KoTOpble
ceTb 2 pasbuBaeT noBepxHOCTb S. Torga Kaxpayw wu3 obnactein Gm
MOXHO paccmaTpuBaTb KakK KPUBOAWHEWHbIA MHOFOYrofibHUK, FOMeo-
MOP(HbIA Kpyry. BepwnHamMu MHOroyronbHuka Gm 6yayT BepLUMHbI
ceTu. Ha MHoroyrofibHukKe Gm MOXHO 3ajaTb ABa MPOTUBOMONOXHbIX
obxopa BepwwuH  (puc. 183): Xit, X2 ..., Xif, Xit wuwm
Xit,XIr, Xi , .., Xia, XIt. MHoroyronbHuk Gm ¢ 3ajaHHbIM Ha

Hem 00X040OM BepLIVH Ha30BEM OPUEHTUPOBAHHbLIM, a caM NOpPsSAoK
06xofa BEPIWIMH OpMeHTauunen. [Ba MHoroyronbHuka Gm un Gs, nme-
oKX 06LLYI0 CTOPOHY Y;, Ha30BeM cocefHUMW. Byaem roBopuTb, 4TO
[iBa COCeAHMX MHoOroyronbHuka Gmwu G, (unu gge obnacTtm Gm un Gs)
OpUeHTUpPOBaHbl KOFrepeHTHO, ecim ux obwas cTopoHa (puc. 183)
NPOXOAUTCH B OPUEHTUPOBAHHbIX MHOroyronbHukax Gmwu Gs B npo-
TUBOMONOXKHbIX HanpaBneHnsx.

3aMKHyTas NOBEPXHOCTb S HasbiBaeTC OPUEHTUPYEMOW, ecnu
cyuwiecTByeT pasbueHne S ceTbio 2 Ha obnacTu Gu G2 ..., Gf Takoe,
yToB 06nacTax Gt, G2 Gf MO>KHO BbI6GpaTb OpUeHTaLuuu, KOTopble
OyayT KOrepeHTHbIMU ANna N06OIA napbl cocegHux obnacTeil.

3aMKHyTas MNoBepxHOCTb S Ha3blBaeTCs HEOPUEHT UPYyeMOIi,ecnu
HW ONS KaKoi ceTu 2 Ha Heil opueHTauyum obnacteidr Gu G2 ..., Gf
He MOryT ObITb Bbl6paHbl Tak, YTo6bl 415 N06oi napbl cocefHUx obnacTei
opueHTaunn 6biAn 6bl KOrepeHTHbIMU.

OTMeTMM KaK BMOJIHE OYEBUAHbIA (hakT, YTO OPUEHTUPYEMOCTb WU
HEOPMEHTUPYEMOCTb NOBEPXHOCTU COXpaHsAeTCa Npu BCEX ee roMeoMopd-
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HbIX npeobpa3oBaHMaxX. CnefoBaTenbHO, CBONCTBO NMOBEPXHOCTU ObITb
OPMEHTUPYEMON WAN HET TOMNOMOIMMYECKU WHBAPUAHTHO.

MpumepamMn OpUEHTUPYEMBIX TMOBEPXHOCTEN SBAAKOTCA cdepbl C
No6bIM KOIMYECTBOM py4deK. MOBepXHOCTb, Mony4vyaemas 3ak/ienmBaHuem
B c(hepe HEYETHOro KOAMYecTBa OTBepCTMi nuctamn MéEbuyca, HeopueH-
TMpyema. B 4yacTHOCTW, MPOeKTUBHAA MJIOCKOCTb ABNAETCH HEOPUEeHTU-
pyeMOW MOBEPXHOCTLHO.

ATIOHATUE OPUEHTUPYEMbIX W HEOPUEHTUPYEMbIX MOBEPXHOCTER BBO-
ANTCA [LOCNOBHO TaKXe ANnd MoBepXHOCTel ¢ kpaeM. JiucT Mébuyca sB-
NAeTCH HEOPMEHTUPYEMOI MOBEPXHOCTbIO, B YeM /erko yb6eanTbca He-
MocpesCTBEHHO.

C OpUEHTUPYEMOCTbIO MOBEPXHOCTWU CBA3aH CAeAYHOLWMNA  (akT:
HanpasfeHWe eAMHUYHON HOPMAanM K MOBEPXHOCTMW OJHO3HAYHO oOnpe-
fensieT CTOPOHY MOBEPXHOCTU B OKPECTHOCTM Ka>KAOW ee TOYKW.
PaccMoTpMM BCEBO3MOXHbIE 3aMKHYTble KPUBble Y Ha MOBEPXHOCTH,
NcXopsLLMe U3 HeKOTopoi Toukn X0, n 6yAeM M3yyaTb BAOb HUX MOBeE-
fJeHve Hopmanu n. Torja UMeloTcA 4Be BO3MOXHOCTW: nM60 AN Bcex
KPUBbLIX Yy nocne o6xofa rno HUM HOpMmanb N BO3BpaLLaeTcs B NepBOHa-
YyanbHOe NOooXeHue, NM60 ANA HEKOTOPbIX KPUBBLIX Y nocfe o6xoaa
HOpMasib MPUMET MPOTMBOMOJ/IOXKHOE Hamnpas/eHNue.

B nepsom cnyyae MOBEPXHOCTb WMMEET [Be CTOPOHbl W Ha3blBaeTCA
OBYCTOPOHHEN, BO BTOPOM Clyyae y NOBEPXHOCTM eCTb TONbKO OfHA
CTOpOHa, W Takas MOBEPXHOCTb Ha3biBaeTCH OAHOCT OPOHHeNR. JlncT
Mébuyca ABnseTcs OLHOCTOPOHHEN MOBEPXHOCTbID, B YeM Mbl MNpejo-
cTaBnsem yutaTento yb6eaumTbCAd CamMOCTOATENLHO.

Bcakad opueHTuMpyemMas TMOBEPXHOCTb, W TONbKO OHa, [ABYCTOPOH-
HAS, W BCAKAA HEOPUEHTMUPYemMas MOBEpPXHOCTb, M TONbKO OHA, OAHOCTO-
POHHASA.

8§ 3. OcHOBHbIe TeopeMbl TOMOJ/IOTUN 3aMKHYTbIX ﬂOBerHOCTeVI

B 3tom naparpadge Mbl QOpMYynMpyem OCHOBHble TeOpembl O TOMNOO-
rMYecKOM CTPOEHUM 3aMKHYTbIX MNOBEPXHOCTeW. [lokasaTenbCTBa 3TWX
Teopem 6yayT NpoBeAeHbl N8 OPUEHTUPYEMbIX PEryAspHbIX 3aMKHYTbIX
MOBEPXHOCTEN.

Mpexpae BCero BBefem MOHATME "06 3i/1epOBOM YUC/e CeTU Ha 3aMK-
HYTOM noBepxHOCTU. [lycTb 5 — 3aMKHyTas MOBEPXHOCTb WM 2 —
ceTb Ha 3Toi moBepxHOCTWM. O603HAYMM Yepe3 € KONMYECTBO BEpLINH 2>
yepe3 k KonmyecTBO pebep 2 1 yepe3 / KONMYECTBO o6nacTeid, Ha Ko-
Topble 2 pasbuBaeT S. Yucno

N%=e -k + f
Ha3blBaeTCA 3MNepOBbBIM 4YMWCNOM CeTU 2-
CnpaBefnivBbl CneaytoLmMe OCHOBHble TEOPEMbl.
Teopema 1 lycTb S — 3aMKHyTas MNOBEPXHOCTbL. Torga And
BCEX CeTell 3TOoil noBepxHOCTW uucna Jiinepa OANHAKOBBI.
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(Uucno x (S), paBHOe 3i1nepoBbIM YnUCNaM BCeX CeTel NoBepXHOCTK S,
Has3blBaeTCA 3MNN1epOBO XapakT epuUCTUKO NOBEPXHOCTMU S).

Teopema 2. OiinepoBbl XapakTepUCTWUKN TFOMEOMOPMHbLIX MO-
BEPXHOCTEN paBHbl.

M3 Teopembl 2 BbITEKAET, UTO 3iNepoBa XapaKTepucTuKa ecTb TOMo-
NOrNYecKUin nHBapuaHT. OKa3biBaeTCA, YTO C MOMOLLbI 3TOr0 MWHBa-
praHTa pellaeTcs 3afjava O TOMOMOrMYECKOM Knaccuukaumu 3amKHY-
TbIX MOBEPXHOCTEN.

MIMeHHO cnpaBegnuea

Teopema 3. MMycTtb Si uS2— aBe 3aMKHYTble NMOBEPXHOCTM,
VMEKLLMe paBHble 3iNepoBbl XapaKTepUCTUKN:

X (Si) = X(Sa).
Torga ecnn Si u'S 204HOBPEMEHHO OPUEHTUPYEMbI UM HEOPUEHTUPYEMBI,
TO MNOBEPXHOCTM 5, U S 2 romeoMop@Hbl.
Cnepytowme fBe TEOPEMbl OTHOCATCA K OPUEHTUPYEMbIM PErynsipHbIM
3aMKHYTbIM MOBEPXHOCTAM.

Teopema 4 TMlycTb S — perynsipHas 3aMKHyTas OpueHTUpye-
Mas MOBEPXHOCTb, TOrja Ans 3inepoBOi xapakTepucTWKW cnpaBeanmsa
thopmyna

roe K — rayccoBa KpuMBMW3HA NOBEPXHOCTMW S, a da — aneMeHT nnowagu
noBepxHoCTK S.

Teopema 5 [ns perynsapHoii 3aMKHYTOl MOBEPXHOCTMW, FOMEO-
MOPCHHON chepe C p pyykamu, crnpasegnnsa opmyna

X(S)==i J f Kda==2Q -pi
S

Hwxe Mbl npuBoAuM AoKa3aTenbCTBO TeopeM 4 n 5. U3 Teopemsbl 4
HENnocpeAcTBEHHO BbITeKaeT Teopema 1 ANA PerynsfpHbIX 3aMKHYTbIX
noBepxHocTeli. Teopema 2 ecTb NpsMoe CneAcTBue Teopembl 1 u onpe-
[leneHns 3iiNepoBOil XapaKTepPUCTUKMN.

Takum o6bpa3om, TeopeMbl 1 1 2 6yAyT AOKasaHbl AN PerynspHbiX
3aMKHYTbIX MOBepxHocTeld. Tak Kak B [40Ka3aTeNbCTBE TEOPEMbl 4 Mbl
6yJem nonb30BaTbCA CETAMM, COCTaBEHHbIMU U3 PErynapHbiX KPUBLIX,
To Teopema 1 6yjeT AOKa3aHa Wb AN MHOXECTBA PerynspHbIX ceTei
Ha perynsipHoii 3aMKHYTOW OPUEHTUPYEeMO MOBEPXHOCTU.

Ana cnyyas o6WmMX 3aMKHYTbIX MOBEPXHOCTEl A0Ka3aTeNbCTBa TEO-
pem 1, 2, 3 cM. B KHurax: 3eiipepT u Tpenbhannb «Tononorus»
(M.—n., Ormsa, 1933), M. C. AnekcaHgpoB «Komb6uHaTopHas
Tononorua» (M.— J1., ToctexusgaT, 1947), B. T. BONTAHCKWIA,
B. A. EdpemoBuy «OCHOBHble MOHATUA TOMonorum» («MatemaTuyec-
Koe npoceeweHne», No 2—4, 6, 1957— 1960).
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B TONONOrMM A0Ka3biBAeTCs, YTO 3iiNepoBa XapakTepucTuKa OpUeH-
TUPYEMbIX 3aMKHYTbIX MOBEPXHOCTel — BCerga 4YeTHOE YMCno, He npe-
BoCXofslee ABYX. MMoaToMy u3 Teopem 3 U 5 cneayeT, 4To Nto6as 3aMK-
HyTas OpueHTMpyemas MOBEPXHOCTb TOMeoMopdHa ciepe ¢ p pyyka-
MW, The p — HEKOTOPOEe HeoTpuUaTeNbHOE Lenoe ynucno. Ymcno p Ha-
3bIBA€TCSH POAOM 3aMKHYTOW OpUEHTMPYEeMOli MOBEPXHOCTU.

Joka3aTeNnbCTBO Teopemb 4. Tlyctb 2 — ceTb
Ha perynsapHoli 3aMKHYTOW OpMEHTUPYEMOI MOBEPXHOCTU 5, cOCTOosLLAA
U3 perynsapHbiX  KpuBbiX. O603HauMMm 4Yepes Xu X2 ..., Xel

N e ~6 Gu G2,

Gf cOOTBETCTBEHHO BepLUMHbI, peb-
pa n obnactm cetu 2- Myctb X7,
Xi:..., X, T -BEPWUHbI CETN 2. KO-

TOpble OAHOBPEMEHHO ABASAOTCA U

BEPLUMHAMU MHOroyronbHmka Gm,

a Yi,> Vir, blMr — pebpa ce-

TM 2. KOTOpble SBAAKTCA CTO-

poHamum Gm. Bo Bcex MHOro-

yronbHukax Gm BBefeM OpUeHTa-

LUuKn Tak, 4tobbl Ntobas napa cocep-

HUX MHOFOYrosbHWKOB  6bla

OpUeHTMpOBaHa KOFepeHTHO

Puc. 184 (cm. puc. 184). Tak Kak OpUEHTK-

pyemass MNOBEPXHOCTb [BYCTOPOH-

HAA, TO, He Hapywas O06WHOCTM, MOXHO CYMTaTb, YTO OpPUEHTaLUU BO

Bcex 06nacTax Gm BblOpaHbl TaK, YTO OHW COCTaBAAKT C HOPManbi BO
BHYTpeHHel Touke 06nactu Gm npaBblii BUHT.

®opmyna Maycca—BOHHe Npu caenaHHbIX 0603HAYEHNAX UMEET BUA;

N (Aa—als)-f2 J xrds= 2a— [ (‘K do, *)
Y

S—1 S=1 X G,

rge ais — yron MHOroyronbHuka npu BepwimHe Xt , a K[ — reoge-
3nyeckas KpMBM3HA KPUBOM Y ,. WHTerpanbl, cTosuWMe B /IEBOI Yac-

TM opmynbl  (*), KpUBONUHEHbIE W HampaBieHWe WU3MeHeHMs napa-
meTpa S (S — LNMHA NepemMeHHOW Ayru Ha yr C (UKCUPOBAHHbLIM

Hayanom) onpegenseTcs OpueHTauueid MHOroyronbHuka Gm.

Mpocymmupyem cooTHoweHuss (*) no scem r = 1,2, ..., /. Kaxgblii
KPUBONWHEAHbIA wnHTerpan J xr ds y4yacTByeT B CYMMe B TOYHOCTU
T

[Ba pasa. Tak Kak OpMeHTaLUu BO BCEX COCEAHUX 06NacTAX KOTepeHT-
Hble, TO YI TMPOXOAUTCS MpWM 3TOM B MNPOTMBOMOMOXHbLIX Hamnpase-

HUAX.
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[MoaTomMy B NeBOM 4aCTM CYMMbl COOTHOLWEHUA (*) KPUBONWUHEAHbIE WH-
Terpasnbl B3aUMHO YHUUYTOXalTcA. Takum 06pa3om, Npuxoanm K hopmyne

f Tr
2 2(a- al)=2sa/-JjKdo. @)
PHS1 S

B topmyne (*) cymMMuMpoBaHWe YrioB § —a* MNpPoOBOAMTCA che-
AyloWwmuM o6pa3oM: BHauane CyMMUPYIOTCA YI/bl BAOMb MHOTOYTFONbHMKA
Gm, a 3aTemM CyMMWpOBaHWe MNPOU3BOAUTCS MO BCEMY Habopy MHOro-
YroNbHWKOB. TakK KaK KOMWYeCTBO BEPLUMH W CTOPOH B NO6OM MHOTO-

yronbHnke Gm 0AWHAKOBO, TO YMCNO i y4yacTBYET cfaraemMmbiM B CyMMe
f ar

2 1SS:1I'I CTONIbKO pa3, KakKoBO KO/NMM4YeCTBO CTOPOH BO BCe€X MHOIO-
r—

yronbHukax Gt........ Gf. [fanee, Kaxfas CTOpOHa /06Oro MHOrO-
YrofibHUKa ecTb pebpo ceTm 2 u MOTOMY fBAsSieTCs 06Leil CTOPOHOI
HEeKOTOPbIX ABYX, HO He 6onee, MHOroyrofbHMKoB Gm. OTcioga obuiee
YMCNO CTOPOH BCEX MHOFOYrofibHUKOB GMm paBHO YABOEHHOMY 4unCy
pebep cetm 2> T.e.uucny 2k. CnegosaTencHo,

Cymma

f Tr

2 2%

—1 s=1

npeacTaBnsieT cob6OW CyMMy BCeX BHYTPEHHWUX YF10B MHOrOYrofbHU-
KoB Gj, G2 ..., Gf. OueBMAHO, YTO 3Ta CyMMa MOXET OblTb MOACUN-
TaHa TakXe W TaK: CyMMUPYeM CHayana BHYTPEHHMWE Yyr/fibl BCEX MHOFO-
YrONbHWKOB, CXOAALMXCSA B OAHOI BepLUMHe CeTW, 1 Noc/e 3TOro Mony-
YeHHble B pe3ynbTaTe Yrfibl CYMMWPYeM MO BCEM BepLIMHAMMW ceTn 2-
TaK KaK Npu Kax[oi BepwuWHe CymMMa pacCMaTpuMBaeMblX Yr/0B paB-
Ha 24, a 4YuUC/No BEepLUWH paBHO &, TO

f "

= 2Nee
r=\ s=1

Mocne NMpoBefeHHbIX BbIKNaJ0K COOTHOWeEHUEe (£) MpUHUMAET BUA:
2nk — 2ne = 2nf—Jj'Kda.

OTcropa

Ns=¢e-k + I~j-~Kda. (,*)
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Tak Kak ceTb 2 Gblfa B3sTa Ha MOBEPXHOCTM S MPOM3BOMLHO, TO
U3 COOTHOLUEHUS (***) cnefyeT paBeHCTBO MeX[y CO6GOi 3iinepoBbix

yncen NOGbIX PerynsapHbIX ceteii noBepxHocTn S. (TeM caMbiM oKa3aHa
Teopema 1.) [Mo3Tomy ans 3iinepoBoOil XapakTepucTUKN MOBEPXHOCTU S
nonydyaem qopmyny

Teopema 4 pokKa3aHa.

Puc. 185

Puc 186

JokasaTenbcTBO Teopemb 5 Bcsikad chepa ¢ p
pyykamu, Kak Mbl y)ke oTMmedann B 81 rn. VII, romeomopdHa KpeHfe-
no ¢ p abipamu (puc. 185). Mpoussenem Tenepb pasbueHne perynspHo-
ro KpeHgens Sep AblpaMu CETbI 2 U3 PeryfisapHbiX KPUBbLIX VYi,..., y*
(cm. puc. 186). B pesynbTate 5 pasobbetca Ha 4 (p — 1) uacTel
Gm, wumelOWUX BWUA, Wn300paxKeHHbI Ha puc. 187, u 8 uvacteir  Qh,
n306paxeHHbIX Ha puc. 188.

Puc. 187 Punc. 188

He Hapywas o6WHOCTU, KpeHAenb S 1 CeTb 2 MOXHO cuuMTaTb Ta-
KuMn, 4yto Bce Gm (T = 1,2... 4 p— 1) wnQhth=1 2.... 8)
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N30METPUYHBbI MeXay coboit. MpumeHnm K obnactam Gm u Qh dopmyny
[faycca—BoHHe:

6
6"a - S ds = 2n — j “Kd a,
i=im
4 NQoomeeee - f- \]ﬂr ds = 29 — |*J Kda.
F1= Q
Cymmupys 3t qopmynsl no Bcem T =1, 2, ... ,4(p— 1) u
h= 1, 2,..., 81 uCcnonb3ys OPUEHTUPYEMOCTb KPeHAEeNs S, monyynm;

4(p— De3a+ 82a=4(p— 1D2a-f 16a—jj Kda.

S
OTcroga

j'ilKdo = 4a (1 —p).

Tak Kak

TO

X(S)=i | ]‘ /Cd0 = 2{1_P)*

Teopema 5 pokasaHa.
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