Maxima — MakcuMyM cBOOOABI
CUMBOABHBIX BBIYMCASHUMA

AN
1 HOYAAQ

YACTb 4: Maxima cnoco6Ha npopeLuartb nosiosuHy [leMnaoBunya 3a 4ecATb MUHYT.
He Bepute? Crnipocute y TuxoHa TapHaBcKoro!

» hypocycloid-demo.xls
Mpumep Koaa
Makpocacode

3 BCTPOEHHOr0 (PyHKUMOHana Maxima B nepByl ovepedb CTO-
MMT 06paTuTb BHUMAHWE HA HECKONIbKO rpynn (PYHKUMIA: paboTy

¢ npegenamu, AuddepeHuUnpoBaHne, UHTErpupoBaHne, Mouck
PELUEHMI YPaBHEHNIA — KaK «MPOCTO», TaK U AU epeHLManbHbIX.

«[lpegenbHUYAEM>...

Co6CTBEHHO MONMHOLEHHBIX (DYHKUMIA ANSt HAXOXKAEHUA Npejena CyLiecTBy-
eT B Maxima ax ogHa. Ho 3ato kakas! OHa MOXeT NpUHUMATL TPN pasnuy-
HbIX BapnaHTa CNNcka apryMeHToB, U KPOME TOr0, Ha ee AeiCTBME BINAIOT
ewe 1 Tpu dnara. Ho aasaiite no nopsaaky. 30ByT 9Ty (OYHKLMM BMOMHE
COOTBETCTBEHHO ee AeicTBuio: limit; n B camMom CTaHAapTHOM BapuaTe
ee BbI30B BbIMMAANT Kak limit(BbipaxeHne, nepemMeHHas, T04ka), TO ecTb
T0, 4TO B MaTeMaTU4ecKol 3anucu BbIMSAUT Kak lim . f(x), B KOHTEKCTe
Maxima 3anuwetca kak limit(f(x), x, a):

a

.. L. 2 -1
(1’{111) llmlt(m,ir,l)

(%o1) %

(%i2) limit((l—i_mx)n_ (1+nm)m.m.0)

r2

m(m—n)n

(%o2) — 7

(%13) limit (2" —a™) —na" "I (z _a).:r.a
(:1:—.5;)2 S

, n(a"n —a”

(1‘203) %

Maxima MOXeT uckatb npeaesbl He TONbKO B KOHEYHbIX TOYKAX, HO U
Ha 6eckoHeqHOCTU. Cpeaun CTaHAAPTHbIX 0603HA4eHNIA NPOrPaMMbl CYLLEC-
TBYIOT YHUBEPCA/bHblE Ha3BaHUS AN PasHbIX 6ECKOHEYHOCTEN: NMCc-6ec-
KOHEYHOCTb 3anucbiBaetcs 4epes inf (o1 cnosa «infinity», Kak HeTpyAHO

Mecsuy Hasag Mbl 3aHUMANNUCh YNPOLLEHUEM BbIPXXEHUNA.
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(%02)

((ho2)

[orafarbcs), MUHYC-66CKOHEYHOCTb — Yepe3 minf (0T «minus infinity»);
INs KOMMEKCHbIX YNcen 6ECKOHEYHOCTb, KaK U3BECTHO, OfHA, 1 OHA (KOM-
nnekcHas 6eCKOHeYHOCTb) 0603HA4aeTcs MOMHbIM CroBoM infinity. MMpu
pa6oTe C npefenamu Bce TpU 0603HA4EHMS MOTYT Kak UCMOoNb30BaThCs Npu
BBOJE, TaK 1 BO3HWKATL B BUAE HAAEHHOr0 3HA4YeHUs Npeaena; OTAenbHO
3[1eCb HaZ0 OTMETUTb OLUH MOMEHT KacaTenbHO PaboTbl C UHTEPdERCOM
K Maxima B pepaktope TeXmacs: cumonsl inf n minf npu BbiBOAE 3A€CH
0TO6PAXAOTCA B CBOEN TPAAMLMOHHO MaTeMaT4eCcKON HOTaLuum, TO eCTb
KaK oo U -co ; CUMBOJI s> BMECTO inf MOXHO, KpOMe TOro, UCMNOJb30BaTh
eLe 1 npu BBOE.

(%11) limit ﬁ+%+%.x.oo
V2x+1 C

1

V2

(%i2) limit( xz+ :r—l—ﬁ—:r,m,oo)

(%ho1)

—

BTopoii BapuaHT BbI30Ba (hyHKLMM limit() — 3TO paclumpeHHas Bepcus
nepsoro: limit(BblpaxeHue, nepemMeHHas, T04Ka, HanpasneHue), Ans nouc-
Ka OHOCTOPOHHWX Npefenos. [lng npefena cnpaea B Ka4ecTBe «Hanpasne-
HNs>» yKkasbiBaeTca plus, Ans npefena cnesa — minus:

(%i1) limit(m,:r,ﬂ,plus)
(%o1) 1
(%i2) limit(m,x,o,minus)

-1



Maxima

B.II.IEMHAOBHY

CBOPHUK 3AIAY
U YIIPAXHEHUN
1o
MATEMATUYECKOMY
AHAJTU3Y

13-¢ U3TaHHe, HCTIPARTICHHOE

M KO,

Mpefensl cnpasa v cnesa eLle WHOTAA Ha3bIBAKOT COOTBETCTBEHHO Mpe-
[ienamu CBepxy u CHU3y. X0Td NpaBuibHee B TakOM Cry4ae roBOpuTb nof-
HOCTbIO: «Mpefen npu X, CTPEMSLLEMCS K @ CBEpPXy», B TOM 4UCne YTOObI
He €03[aBaTh MyTaHWLbI C BEPXHUM U HIXKHUM Npefenamu, KoTopble CyTh
COBEPLUEHHO Jpyroe.

Kpome ynomsHyTbIX Bbllle GECKOHEYHOCTE, Ha BbIXOEe BO3MOXHO
nosiBNeHMe 1 eLle AByX 0603HAYEHUIA, HA CyYaii, CNN 3afaHHbIiA Npeaen
He cywectsyeT: ind (ot cnosa indefinite — «HeonpeaenexHbIn») u und
(ot cnosa undefined — onATb Xe «HeonpefeneHHblin»). B JOKymeHTaLuu
nepBoe 13 3Tux 0603Ha4eHMin onucaHo Kak «indefinite but bounded» (He
OnpefenieH, Ho OrpaHnyeH), YT0 JaeT NpeanonoXuTb, 4TO DYHKLMS, He
MMetoLLAs Npefena, npy 3T0M orpaHnyeHa nubo B OKPECTHOCTN Npefenb-
HOIA TOYKM, MO0 Ha BCeil NpsAMON. Kakoe M3 aTux npeanonoXeHnin ume-
N0Cb B BMAY, MHE TaK 11 He YAanocCb NOHATL, NOTOMY Kak Ha NPakTUKe Hu
OHO M3 HUX He COOTBETCTBYET JeNCTBUTENbHOCTU. BbiBoAA «ind» MHe He
YAanochb JO6MTHCA HU HA OAHOI (DYHKUWMK, paguKanbHO OTNMYaloLlencs
0T «KaHOHWYECKOW» (B TOM CMbICITE, 4TO (OMIypUpYIOLLEi B CTAHAAPTHOM
npumMepe n3 KoMnnekra) yHkuum sin(1/x) [y Hac aHanoruyHbiin BbIBOS
nony4unca n ana (-1)Ax — npum. peg.].

”s N B i | - 1
(%i1) limit({ sin| — },z,0 }; limit{ tan{ — },z,0
x x
(%01) ind
(%02) und

3nech BCe NpasuibHO, tan(1/x) He orpaHnyeHa B OKPECTHOCTU Hynsi. A
BOT [a/blle HAYMHAKTCA YyLeca:

limit| a: ! 1,1,0)
l1-e=

und

(%i3)

(%03)
(%i4)
(%o04) 0
(%05) 1

(%06)
(%o7)

limit(a, , 0, plus); limit(a,x,0, minus); limit(a, 2, oc); limit(a, =, minf)

(%i8)

limit (a: atan(ei),:r, 0)

(%08) und

(%i9) limit(a,z, 0, plus);limit(a, z, 0, minus); limit(a, z, 0c); limit(a, z, minf)
. ™

(%09) 5
(%010) 0
(%o11)

(%o12)

B!

Kak Bugute, nepeast (hyHKLWUS MMEET KOHEYHbIe 0AHOCTOPOHHME Npefe-
bl B HYNE, @ BTOpas OrpaHnyeHa BoO6LLE HA BCEI OCU — 11 TEM HE MEHee...
Ho 370, Aymato, He CTOMb KPUTUYHO: T11aBHOE, YTO HANNYMe IH60ro 13 aTux
CUMBOJIOB B Ka4eCTBe BbIBOAA AAET HAM MOHATh, YTO NCKOMOTO Npefena He
CYLLECTBYET.

®yukumg limit() B TpeTbem BapuanTe — limit(BbipaxxeHue) — npeaHasHa-
YeHa yxKe He [N noucka CO6CTBEHHO NPeaenos, a Ans YnpoLLeHus Bbipa-
XKEHWiA, cogepxalux cumeonsl inf n minf:

(%11) limit

(%01) 0

BblpaeHMs Takoro poga MoryT BO3HWUKATb, K MpuUMepy, Npu MnojcTa-
HOBKax B (hOPMyIibl Pe3yNbTaToOB BbIYMCAEHNS KAKUX-TO APYruX Npefenos
VAN MHTErPanos.

Takas cnoco6HOCTb — NPUHUMATbL PA3NINYHbIE CMINCKW APryMEHTOB — He
ansetcs B Maxima 4em-T0 0COOEHHbIM; OHA CBOWCTBEHHA 04EHb MHOTUM
BCTPOEHHbIM (PYHKLMAM, KaK U Pa3nMyHOe LeiCcTBMe B 3aBUCMMOCTU OT
3Ha4eHNi pa3Hoo6pasHbIX nepeknoyatenei. 10 AOCTATOYHO YAOGHO: He
HYXXHO 3anMOMUHATb MHOTO Pa3HbIX UMeH (PYHKLWIA (415 NOMCKa Npeaenos,
K MpUMepy, MCNONb3yeTca MCKMOYUTENbHO (YHKUMA limit); ang Bbl4umc-
NIEHUS NPON3BOAHBIX, B TOM 4YnCAe W YacTHbIX, — yHkuma diff (¢ koTopoit
Mbl Y>Xe 6erno 03HaKOMUMUCb B MEPBOA CTaTbe M Cervac NPOAOHKUM
9T0 3HAKOMCTBO); AN HAXOXKAEHWUS UHTErpanoB, Kak OnpefeneHHbIX, Tak
1 HeonpezeneHHbIX — oyHKuMA integrate (C KOTOPOM Mbl TOXE CErofHs
nosHakomumces). imeHa Hanbonee 4acTo UCMONb3yeMbIX PYHKLNA 3anom-
HWTb HECTOXHO, a 0 AOMOJHUTENbHbIX KIKYaX Uan pnarax, B Cy4ae 4ero,
MOXHO NpO4MTaTh BO BCTPOEHHON CrpaBke, Habpas ? UMA-IYHKLMK.

06 3tux cambix Kmo4ax K (DyHKUMM limit u octanocb pacckasarb.
[MepBbIit KNty HasbiBaeTcs |hospitallim n 3agaeT MakcumanbHoe Komu-
4eCTBO NMPUMEHeHUA npasuna JlonuTans; HasBaHWe K4a U NpouCXoauT
0T hamunuM y4eHoro, faBlueii Ha3BaHue CamoMy NpaBuiy, KoTopas B
opurnHane nuwetcsa kak L’Hospital. HanomHt, npaBuio 310 rnacut, 4to
B CNyyae HeonpeneneHHocTu Buaa 0/0 unu ==/ MOXHO npoanddepeH-
LMpOBaTh YUCNNUTENb W 3HAMEHATENb — W NPeaen OT 3TOr0 He U3MEHUTCS.
OrpaHnynTenb KOMMYecTBa NPUMEHEHWA 3TOTO NMPaBWnA HYXeH Ans TOro,
4T06bI M36eXaThb 3aUMKNUBAHWA, KOTOPble MOTYT CAYYUTLCH AN 6ecko-
HEYHO AudhepeHumpyemMbix YHKLNIA, ¥ KOTOPbIX B JAHHOW TOYKE PaBHbI
HYNK0 NN60 GECKOHEYHOCTU BCE MPOM3BOAHbIE. 10 YMOMYaHWO 3Ha4YeHue
Ihospitallim paBHO YeTbipeM, U MHe He YAanoch CXony npuaymarb npumep,
KOTfla 3TOr0 He XBaTaeT — BeAb (DYHKLWA NMOUCKA Npeaena 1Ucnonb3yeT He
TOMbKO Npasuno Jlonutans, HO W Apyrue COOTHOLLEHUS; U ANS BCEX 3ajaH- )y
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Maxima

HbIX MHOK COOTHOLUEHWA [BYX (DYHKLMWA C KOPHAMU Bbllle YETBEPTOro
nopsaKa B UCKOMOW TOYKe Npefen Obin YCMELWHO HangeH 1 Npu ymonya-
TENbHOM 3HA4YeHUU.

Bropoii kntoy K doyHKUMK limit — 310 donar limsubst, KoTopsId, 6ymy4n
BbICTaBMEH B true, N03BOMSET 3TON (DYHKUMM NPON3BOANUTL MOACTAHOBKU
BHYTPb HEU3BECTHbIX BbIpaXEHNiA. Mo ymonyaHuio 3ToT (hnar paseH false,
YTO UCKMKOYAET OLINOKI BPOJE TaKOiA:

(%i1) limit(‘fi,:r, oo) ,limsubst: true

()
flz+a)
(ho1) 1
(%12) f(z):=sin(z)$"%il
(%03) und

1, HaKoHeL, nocnesHNiA JONONHUTENbHBIA NapameTp — eLle OAuH dnar,
no umeHu tlimswitch. Mo ymonyaHuio OH TOXe BbIKIIOYEH, a ecnu ero
BK/OYMTL, PyHKUMS limit 6ygeT, npu HEBO3MOXHOCTM HANTW npefen Apy-

MK cnoco6amu, MbITaTbCA ero HANTM NYTEM Pa3NOXeHNS NoAnpesenbHON
(yHKUMK B pafg Teinopa B OKPECTHOCTU 3aJaHHO TOYKM:

vz+1

Quotient by a polynomial of higher degree

4T+ )
- x,inf

(%i1) limit(

-- an error. Quitting. To debug this try debugmode(true);
T+\/T+x
(%i2) limit| *—————, z,inf |, tlimswitch: true
v+l

(%02) 1

Ho B cnyyae moucka OQHOCTOPOHHMX MPEAenoB, B Tex TO4Kax, rae
OHW He paBHbl MeXJy CO60M, TO ecTb MONHOrO Mpefena He CyLIECTBYET,
3TUM (DNaroM HYXHO MOMb30BATLCA C OCTOPOXHOCTbI: MPU €ro BKIHOYE-
HUKM CPyHKLMs limit MOXXET BEepHYTb B Ka4eCTBe MOJHOro npejena 04uH u3
OAHOCTOPOHHUX:

l+ \ﬁ, z,0 |, tlimswitch: true
z T

1
+JTJ1
x x x

(4i1) Timit J1+
x

(%o1) 1

PeanbHo y 310l (DYHKLMN B TOYKE HOMb TOMbKO NPEfEN crnpaBa paBeH
efuHULE; a Npejen Cnesa — Hymw.

1 nocneaHee: noYemy s ynoTpebusn B Hayane no OTHOLWEHWIO K (DYHK-
W limit() cnoBo «nonHoueHHas». MoTOMy 4TO KpOMe Hee CyLiecTByeT
eLle ofHa «HefodyHkLmMs» — tlimit(); oHa npeacTaBnsfeT co6on hakTnyec-
KW NPOCTO-HANPOCTO BbI30B CaMOi (PYHKLMM limit() ¢ NOAHATLIM cdnarom
tlimswitch, To ecTb nbiTaeTcs NpyU HEO6XOAUMOCTU PA3NOXNUTb «MOANPE-
JenbHyo» YYHKLNIO B pag Teidnopa BHe 3aBUCUMOCTI OT PeanbHOr0 3Have-
HWA aToro conara. Jpyrumu cnosamu BbI30B tlimit(aprymeHTsbl) NOMHOCTbIO
aHanoruyeH sanucw limit(aprymenTsi), timswitch:true; Tonbko 4yTb KOpoye.
n aAPrymeHTbl OHa MOXXeT NPUHUMATb TO4YHO Takue Xe.

-JuthhepeHumupyem 1 HTErpupyem.
0 doyHkumm diff 9 Koe-4T0 yXKe pacckasbiBan B nepBoii ctatbe (cm. LXF81),
11 3[eCb 3TO «KOE-4T0>» TOMbKO HAMOMHI0. B BYX yNOMSHYTbIX TOrAA Bapu-
aHTax Bbl30Ba 3Ta (PyHKUMA MpUHMMAna ofuH nubo Asa aprymenta. G
asyms, diff(BbipaxeHue, nepemeHHas), OHa BO3BpaLLaeT NPOM3BOAHYH OT
«BbIPAKEHUSA» N0 3a[aHHON NEPeMEHHO; ¢ ofHNM, diff(BbIpaXeHNe) — non-
HbIl AudbchepeHLman 3afaHHoro BbipaxeHus. [ipyrumu crosamu, 3anuch
diff(f, x) paBHo3Ha4Ha matematnyeckomy 0603HaveHmto df/dx, a diff(f) — df.
Ho 370 eLe He Bce. Kpome 0jHOr0 60 ABYX, aTa (DYHKLUMUA MOXKET TaK-
e NpUHUMATH JIlo60e HeYeTHoe Yncno arpymenTos Buga diff(BbipaxeHne,
nepemMeHHas, NopsAoK, NepeMeHHas, NopsAaokK, ...) 1 BO3BPALLAET Npu 3TOM
NPOM3BOAHYI0 NGO CMELLAHHYI0 YaCTHYHO MPOU3BOAHYH0 OT BbIpaXeHUs
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331aHHbIX NOPAJKOB N0 3afaHHbIM nepemeHHbIM. K npumepy, diff(f, x, 3)
o03HayaeT d°f/dx?, a diff(f, x, 1, y, 2, z, 1) — d*f/dxdy?dz. EnuHCTBEHHbIN
thnar, umetowmii Npssmoe OTHOLLEHNE K camoii doyHKuun diff — ato donar
derivabbrev, KOTOpbIl BAMSET HA OTOOPaXEHWE NPOM3BOAHBIX B A4eliKax
BbIBOAA Maxima. o ymon4aHuto OH paseH false, n Npou3BoAHblE 0603Ha-
4aloTCs B BUAE Lpobel ¢ 6yKBOW d; eCnn e ero BbICTaBUThL B frue, npons-
BOAHbIE OyyT 0TO6PaXaThCA B COKPALLEHHOM BUJE, C NEPEMEHHbIMI And-
(hepeHUMpoBaHNA 3aNNCaHHbIMKN B BUAE NHAEKCOB:

(i) diff( f(z)?x,4)

3 2 2
o) 2(z) (%f(m)) +8 (%f(m)) (% f(m)) +6 (% f(m))
(%i2) derivabbrev: true$ "%il
(%03) 2f(@) (J(&)) 00+ 8 (@), (F(2)g0n +6 (F(2))0)"

Kpome Toro, coyHkums diff ncnonbayercs ee n ans 0603Ha4eHUs npo-
N3BOAHbIX B ANhepeHLmanbHbIX ypaBHeHUsX. Ho 06 3TOM YyTb No3Xe, a
ceilyac nepeiiem K UHTErpupoBaHuio.

OCHOBHad (DYHKLMA MHTErPUPOBAHNA HA3bIBAETCA, KaK A Y)XKe rOBO-
pun, integrate n umeeT ABa BapuaHTa BbI30BA: ANA HAXOXKAEHUA Heon-
PEAENeHHOr0 W ONPeAeneHHoro MHTerpanos. [epBblii BbIMMAANT Kak
integrate(sbipaxeHue, nepemMeHHas), BTOpOil — kak integrate(BbipaxeHue,
nepemMeHHas, HIKHUIA-NPeen, BEpXHUA-npesen):

. je*—1
integrate em——i—l’m
log(2 ve2s — 1 +Ze‘”)—|—arcsin (e7®)

integrate(cos(x) cos(2x) cos(3 x),x)
sin?f T) " sinl(glm) sin 532 T) —i—%
integrate( %, :r)

enlos (=) log (e”l"g (@) 4 1)

n n

(%i4) integrate(z?va? —z?,2,0,a)

Is a positive, negative, or zero?p

(%hi1)

(%ol)

(%i2)

(%o2)

(%13)

(%ho3)

Tat

(%od) 16

Bbl, HaBepHOe, 06paTMiN BHUMAHME eLLe HA OfWH MOMEHT B f4eiiKax
%i4-%04. Korga B BbIpaXeHUN MUCNOMb3YeTCH Kakon-nmbo He3aBUCUMbIi
CUMBO, Pe3ynbTart, BOOOLLE FOBOPS, MOXET 3aBNUCETb OT 3HAYEHWS 3TOTO
cumBona. Ecnn npu 3TOM 0 BO3MOXHbIX 3HAYEHUAX CUMBONA HUYEro He
13BECTHO, TO Maxima 3aacT Bam OAUH WKW HECKONbKO BOMPOCOB 00 3TOM
3Ha4YeHNN, 1 pelLeHne 6yaeT UCKaTb B 3aBUCUMOCTM OT BalUX OTBETOB Ha
HWX. Tak, B 9TOM NpUMepe 3Ha4eH1e ONpeLeneHHOro UHTerpana Hanpsamyo
3aBMCUT OT 3HaKa napameTpa a:

(%i5) integrate(z®va®—2%,z,0,a)
Is a positive, negative, or zero’n

Tat

16

Kpome 06bI4HbIX OMpeAeneHHbIX MHTerpanos Maxima ymeeT uUckaTb
TaKXe U HECOOCTBEHHbIE UHTErPasibl, TO €CTb TaKMe, Y KOTOPbIX HEOTPaHN-

(%05)



YeHa IMb0 0651aCTb UHTErPUPOBAHMS, TG0 NOAbIHTErpanbHaa MYHKUNS; 1
[lenaeTcs 910 BCe TOM Xe (hyHKuumen integrate:

o . 1

(%1i1) integrate 71+em,;r,1,oo
(%01) log(e+1)—1

(%12) integrate L,m,ﬂ,l

M[_
(%o2) 2

B cnyyae, ecnm UCKOMbIA UHTErpan He cxoauTcs, 6yaeT BblAaHO CO06-
LLieHMe 06 OLLNGKe, FOBOPSLLEE O TOM, YTO MHTErpan pacxoasLuiics:

(%1i3) integrate( ;—2, z,0, 1)

Integral is divergent

-- an error. Quitting. To debug this try debugmode(true);

B cnyyae, ecnu uHTErpan He MoXeT ObiTb HaWJeH, OH NN6O LIENINKOM
BO3BPALLAETCSA B HECOBEPLUEHHOM BWfE, NGO YNPOLLAETCS YaCTUYHO U Ha
BbIXO/€ MONy4aeTcs HekoTopas hopMyna, BKT0YaoLLas B HECOBEPLUEHHOM
BWJE WHTErpan TOM 4acTu NOAbIHTErpaibHOr0 BbIPXKEHWS, KOTOPYO MPOUH-
TerpupoBaTth He YAanoch:

o 1

(%11) integrate $4_4$3+2$2_7m—4’$
z?+4z+18

Clopy 18@ =8 _J Srraass

: 73 73

Kpome doyHkumit diff u integrate, B Maxima ecTb elLle MHOro pasHoo6-
pasHbIX BO3MOXHOCTEIA, CBA3AHHbIX C MPOU3BOAHBLIMI W WHTErpanamu, B
YaCTHOCTU, PYHKLMM ANS YUCMEHHOTO0 pacyeTa 3Ha4yeHWid OnMpefeneHHbIX
MHTErpanos, a TakXKe MHCTPYMEHTbI, MPUMeHUMbIe npn padoTte ¢ andde-
PEHUMANBHBIMU U WHTErpanbHbIMI ypaBHeHUAMN. 1 pasHO0OPa3Hbl OHM
HACTONbKO, YTO ANS TOr0, YT06bI PACCMOTPETb NOAPOGHO M C NpuMepamu
X BCE, He XBAaTW/O Obl BCEr0 3TOr0 UMkna. A 60mee TE3NUCHO, XOTH U Ha
AHMMNIACKOM SI3bIKe, OHW OMUCaHbI B JOKYMeHTauuu. locemy ¢ 3Toi TeMoi
Ha 3TOM NpeKpaLlaem n ABMKEMCS AanbLue.

Pewaiite, cynaps!

A panblue Mbl pacCMOTPUM YPaBHEHUSI W UX CUCTEMbI, N AAXKE He CTOMb-
KO PaccMOTPUM, CKONbKO MOPELMM... TO €CTb, KOHEYHO, MOpeLiaem.
YpaBHEHNS 1 CUCTEMbI YPaBHEHWIA pewwatoTcs B Maxima Toxe 0fHOI 1 Tl
Xe (OYHKLMER, N TOXE YXKe Bam Crierka 3HakoMOoW No nepeom CcTaTbe: 370
yHKuna solve. Ho npexpe 4em paccmMoTpeTb ee NOAPO6HEE, HYXHO CKa-
3aTb Napy CnoB O CMUCKax, WK BekTopax, B Maxima; nocKonbKy UMEHHO
B BUAE CMUCKOB SOlve BO3BpALLaeT KOPHM, Aa U NPUHUMAET NapameTpbl B
Cy4ae peLUeHnst CUCTEMbI YPABHEHWUIA, @ HE OLHOTO YPABHEHUS.

CuHTtakcnuc cnuckoB B Maxima BecbMa NpoCT; 37O NepevucneHne
3/1eMEHTOB B KBaApaTHbIX CKOOKaX: [anemMeHT1, anemeHT2, ..., aneMeH-
TN]. OcobeHHOCTb — He B cuHTakcuce. OCHOBHOE AOCTOMHCTBO Maxima-
JIbHbIX CMWCKOB B TOM, 4TO WX 3NIEMEHTAMU MOTyT 6bITb COBEPLUEHHO
N6bIe BbIPAKEHUS: CUMBOSbI, apUEIMETNHECKINE BbIPAXEHWS, BbI3OBbI
(pyHKUMIA, NPUCBOEHNSA, YPaBHEHUS, ApYrine cnucku... [logymaTtb Moxe-
Te camu. [103TOMy CMUCKM M BO BCTPOEHHbIX (DYHKLMSAX MPUMEHAIOTCSA
[0CTaTO4HO LINPOKO. DYHKUMA solve B CBOEM MpOCTeiilleM BapualTe,
ONs PeLIeHNs OfNHOYHOTO YPABHEHWS, B KA4eCTBE apryMEHTOB HUKAKNX
CMUCKOB, HAMOMHIO, HE NPUHUMAET (2 NPUHUMAET NGO YPABHEHWNE U CUM-
BOJ1, 0THOCUTENbHO KOTOPOro ero Hazfo peLartsb, 160 TONbKO YPaBHEHNE,

Maxima

€CIin CMBOM B HEM BCEro 0AMH). A BOT B Ka4ecTBe pesynbTata OHa yXe
1 B TAKOM BapuaHTe BO3BPALLAET CMUCOK, COCTOALIMA U3 BCEX KOPHEN
33/1aHHOT0 YpaBHEHWS:

Y. x4l z?
(hi1) eq.m—m$solve(eq)
(%ho2) =—\/g2_1,a:=\/52+1,fc=—ﬁ;+1,w=ﬁ;_l

Kak BuanTe, (OYHKLNSA SOIVe HaX0AMT BCE KOMMIEKCHbIE KOPHI YpaBHe-
HUSA, a He TOMbKO J8MCTBUTENbHbIE.

K anemeHTy Cnucka MOXHO 06paTUTLCA C MOMOLLbIO TeX e KBaj-
paTHbIX CKOGOK, YKa3aB B HMX HOMEp 3neMeHTa Mocie MMEHW Crncka.
HanomHo, 4To paBeHCTBO, NepedaHHOe B Ka4eCTBe JOMONHUTENBHOTO Napa-
MeTpa (hyHKUMW eV, 03HA4aeT MOJCTAHOBKY MEPEMEHHON B BbIYMCNSEMOE
BbID@XKEHIE. BOT Tak Mbl MOXEM OCYLLECTBUTL MPOBEPKY PELUEHNS, NOACTA-
BUB KOPEHb U3 BbIJAHHOTO CMICKA B UCXOHOE YPABHEHIE:

(%13) eq, %[1]

2

1Yot V5 -1
(%03) 2

= 2 = vrg_l
[«.f54 1) 11 4(2-—2

(%i4) ratsimp(%)

v5-3_V5-3
vi—5 V5-5

To4YHO TakuM e 06pa3oM MOXHO 06paTUTLCA W K Nt06OMy Apyromy
3/1EMEHTY CrncKa:

(%i5)

(%o4)

eq, %02(2], ratsimp; eq, %o02[3|, ratsimp; eq, %o02[4], ratsimp

V5+3 V543
V5+5 V545

—-1=-1
—-1=-1

(%o5)

(%o06)
(%oT)

Boo6Lue roBops, B Ka4eCTBE NEPBOr0 aprymeHTa yHKLIMM SOIve MOXKHO
3alaBaTb He TONMbKO ypaBHEHME, a BOOOLLE N060e BbipaxeHue. IMpu aTom
«KOPHW BbIPXKEHUS» (HE ABNSIOLLEr0CS YPaBHEHNEM) WLLYTCS B TOM CamMoOM
CMbICNe, B KakOM 3Ta (opa3a MOHWMAETCS B MATeMaTWKe: KOPHU Bbipaxe-
HWUS — 3TO Te 3Ha4eHNs NePEMEHHON, Ha KOTOPbIX BbIpaXXeHWe o6pallaeTcs
B HOMb. BO3SMOXHOCTb TaKoW 3anucu no3BonfeT, K NpUMepy, Nerko Hamtu
KPUTUYECKME TOYKM JTI0601A HENPEepbLIBHOM (DYHKLMM (a 3a0AHO U BLIYUCANTD
3HAYEHNS (PYHKLUN B 3TUX TOYKAX):

ﬁ1+m—m2
14z +2x2
solve(diff( f,x))

[z=—2,2=0]
£, %[1]; f, 7%th(2)[2]

(hil)
(hi2)
(ho2)
(%i3)

(%03)
(hod) 1
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Maxima

B 3aTOM npumepe ecTb eLe ABa BOXHbIX MOMeHTa. [MepBbli — hyHKLMA
%th(). OHa, KaK BWOHO W3 KOHTEKCTA, BbI3bIBAETCA KaK %th(n) u Bo3Bpa-
LLAeT N-10 C KOHLA A4eiKy BbIBOAA. JTO, TaK XKe Kak 1 0603Ha4eHns % n _,
yA06HO, 4TOObI He 06paLLaTh BHUMAHWS HAa HOMepa 4eeK, 1 KpoMe Toro,
NPUMEHNMO B KOMaHZHbIX (haitnax Maxima, KOTOpble MOryT 3arpyXarbcs
B TOM YuCre 1 MPSMO M3 UHTEPAKTUBHON CEcCUn (C MOMOLLbK (DYHKLN
load) — 1 Torga NpocTo 3apaHee HEM3BECTHO, HAYNHAA C KAKOI AYENKN aH-
HbIi (hain 3arpyxeH. I BTOPOIA MOMEHT: 3eCb NPOMNIIOCTPUPOBAHO, YTO
8 Maxima onepauus WHAEKCUPOBAHNS CNNCKA AOCTYMHA HE TONBKO MO OTHO-
LUEHNIO K MMEHaM MepeMEHHbIX, HO 1 K BbI30BaM (DYHKLMIA; APYrUMN Co-
BaMK, eCNi (PYHKLMS BO3BPALLAET CNUCOK 3HAYEHUIA, Mbl MOXEM BblOPATH
OHO KOHKPETHOE W3 HUX, HanMcaB ero HOMep B KBALPATHbIX CKOOKax nps-
MO Nocne BbI30Ba (hyHKLMU.

BepHemcs K (pyHKUMM solve. A WMeHHO, nepeiiem Tenepb K pelle-
HWKO CUCTEM YpaBHeHWIA. [ns 3TOro CyLecTBYeT TakOW BapWUaHT 3anucu:
solve([ypasHenunel, ypasHeHune2, ...], [nepemeHHas1, nepemenHas?2, ...]);
NGO COKPALLEHHbIN, aHANOrMYHO BapuUaHTy NS OAMHOYHOrO YPaBHEHUS:
€CIu KOMMYECTBO YPABHEHWI 1 KONNYECTBO HEU3BECTHbIX PaBHbI, CINCOK
HEM3BECTHbIX MOXHO He nucatb: solve([ypasHeHuel, ypaBHeHue?, ...]) (He
3a6yabTe KBafpaTHble CKOOKM, MHadYe Maxima npuMeT ero 3a BapuaHT ¢
OAHUM YPaBHEHWEM).

(i) solve([:c2+ y2:2,z+y:1])

(o1) Hy—— V-1, _ ‘52“

2 2

VBl \/ﬁln
y= 2 YT =—

34ecb BO3BPALLAETCA CMUCOK W3 HECKONbKMX CMUCKOB, KaXAblA M3
KOTOPbIX COOTBETCTBYET O[HOMY PELUEHN0 cUCTeMbI. B KaiecTBe nopcra-
HOBOK MOXHO MCMOMb30BaTb KaK TakWe CrMCKM LIENNKOM (Hanpumep, B
[aHHOM KOHTeKCTe, %01[1]), TaK n OTAENbHbIE WX 3NEMEHTbI (Hanpumep,
%o1[1][1]).

B cnyyae, koraa ypaBHeHNi MeHbLUE, YeM HEM3BECTHBIX, SOlve NoCTynuT
TOYHO TaK Xe, KaK 11 B Cly4ae 0AHOr0 YPABHEHNS C HECKOMbKUMM CUMBONA-
MW: BCE HeyKa3aHHble 6yfeT BOCMPUHUMATL Kak napameTpbl:

(%i1) solve([*+y*=a®,z+y=2a+1],[z,y])

o V=2ai—da—-1-2a-1 V=2aT—da—-1+2a+1
(hol) ||z= 2 Y= 3 Nz=

V-2a®—da-1+2a+1 _ V-2d"-da-1-2a-1
2 W= 2

Ecnu solve He HaxoAnT TOYHBIX PELUEHNIA, OHA MOXET, Kak 1 integrate,
BEPHYTb YPaBHEHWE WM CUCTEMY YPaBHEHWA B HEKOTOPOM YMPOLLEH-
HOM BWAE, @ MOXET U CamMOCTOSITENIbHO MOMbITaTbCA PELNTb CUCTEMY
YUCIEHHO:
(4i1) eqgs:[dz?—y?=12,zy —x=2]$
(%hi2) solve(egs)
(%o2) [[y=2,2=2],[y=—0.15356757100197, z = — 1.733751846381093], [y = 3.6080032218T),

02871+ 0.076783785237878, x = — 0.5202594388652 i — 0.13312403573587], [y = 0.07678378523),
7878 — 3.6080032218702871,  =0.52025943886521 — 0.13312403573587]

B Takom cnyyae, ecnm Bam BCE Xe Hy)XXHbl TOYHbIE 3HAYEHNS KOPHEi (B
AHANUTUYECKOIA 3anuci), M60 ecNi OHW He HaNLEHbl JAXE B YMCNax, MOX-
HO NONP060BaTh PELLNTb YPABHEHNSA N0 04epeay, Bbipaxas 0HO HEN3BECT-
HOE Yepe3 pyroe:

(%13) solve(egs|2],y)
. 42
(%03) y=—
(%14) eqs[1],%

2
(%o4) 4m2—("3x+—22)=12

(%15) solve(%)
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1 nofcTasnas B 0CTaBLUMECH YPABHEHUS:

(%i6) solve(%)
V31 '
e (5 -3) (v s ve 1) 2 fvie
h (= n)ﬁ 203 W 7 2) 3" \uv
IR
3 V31 L
LAN SN AN 1(-45-3) 2 (v _sY, 7 2,
" o a6 (5% 9)1 37\ 2 3 (L2 s); 3
PTIY: Yo B

Tenepb MOXXeM NOACTABUTb 0GPATHO — U HAWTI 3HAYEHNS BTOPOIi HEU3-
BECTHOW, Hanpumep, ANs NepBoro W MociedHero KOpHed U3 MocneaHero
cnuneka:

(%i6) %o3([1], %[1]; %o3[1], %th(2) 4]

24/3 27

(m 8)%(7\/@

(%ho6) y= (22) .
sy () (R
o yzz 2443 27

®yHKuMa solve umeeT [OBOMbHO 60MbLIOE KOMWUYECTBO PasNUYHbIX
nepeknyaTenei, U3 KOTopbIX MOXET MPUroAuTbCs B CBOEM He-ymos-
4aTenbHOM 3Ha4eHUWU B MepBylo 04epedb OAMH: solveradcan. YmonvaHue
3[leCb paBHO false, a BbiCTaBWB 3TOT (pnar B frue, Mbl 3acTaBumM Solve,
MOMWUMO €ro yMON4aTeNnbHOro NoOBeAeHUs, NPUMEHATb radcan — yHKLIMO
N0 YNPOLLEHNO NOKA3aTeNbHbIX, IOrapuMIUYECKIX N CTENEHHbIX (C paum-
OHambHbIMK CTeNneHAMU) OYHKUWA. ITO AenaeT paboty yHKuun solve
60ree MeANEHHON (MOTOMY MO YMOMYaHUIO 3TOT PEXUM U BbIKIIOYEH), HO
B HEKOTOPbIX CIy4asix MOXET MOMOYb Pa3peLLnTb Npo6aemsl, KoTopble 663
9TOr0 KIto4a NPUBEAYT K HEBO3MOXHOCTY HATN TOYHOE PELLEHME.

W cHoBa audhchepeHLMpyeM U HTErpUpyem.

MomMumo «npocTo» ypaBHeHUi, Maxima nO3BONSET TAKXKE peLlatb U 06bIK-
HOBEHHble AuddepeHUNanbHble YPaBHEHUS NMEpPBOrO U BTOPOrO Mopsfka.
®YHKUMIA, HENOCPELCTBEHHO 3aHNMAIOLLMXCA PELUEHUEM TaKWUX YPaBHEHMUIA,
cyuiecTByeT ABe. [lepas U3 HUX 3aHUMAETCS MOWCKOM YaCTHbIX PELUeHUiA
JINHENHBIX AndepeHUnanbHbX YPaBHEHWA 1 CUCTEM TaKUX YPaBHEHWI;
30ByT ee desolve, ot cnos «differential equation solve». 3ta dhyHKUMA NPUHK-
MaeT JBa aprymeHTa, nepBblii U3 KOTOPbIX — YPaBHEHIE GO CMINCOK YpaBHe-
HUIA, @ BTOPOI — COOTBETCTBEHHO OAAHA NEPEMEHHAS UNTI CINCOK NEPEMEHHBIX.
Ecnn He 3apaHbl 3Ha4YeHNs COYHKLMIA W/WAK MX NPON3BOAHBIX B Hyne, TO B

HalileHHOM PeLUeHUU OHM NPocTo oTo6paxatotcs B suge f(0) unm
d

7= 4(2)
3ajatb 3TV 3Ha4eHns no3sonfeT dyHkums atvalue(sbipaeHue, nepemen-
Has = TO4KA, 3Ha4eHNe); TO eCTb, B JaHHOM cny4ae atvalue(f(x), x=0, 3Have-
Hue) unw atvalue(‘diff(f(x)), x=0, 3Ha4eHne). Tpon3BOAHbLIE B YPABHEHUAX 1
CMCTEMAX, PELUAEMbIX C TOMOLLbO 3T (DYHKLMN, AOMDKHBI ObITb 3aMNCaHbI
HenpemeHHo B Buge ‘diff(f(x), x), a He mpocTo “diff(f, X), @ camn yHKLMK,
COOTBETCTBEHHO, TOXE B BUAE f(X), @ He f — HYXHO NPOAEMOHCTPMPOBATH
32BMCUMOCTb (DYHKLWM OT ee aprymeHTa.

=0

(%i1) [diff( f(z), z) = diff(g(z),z) + sin(z),
“diff(g(x), z,2) = "diff(f (z),z) — cos(z)]

(hol) %f(:c) :%g(z)—o—sinw,%g(aw):%f(m) —CosT

(%i2) atvalue(’diff(g(x), z),z =0, a)$ atvalue( f(z),z=0,1)$
(%i4) desolve(%ol, [f(z), g(x)])

(hot) [f(z)=ae® —a+1,g(r)=cosz+ae®—a+g(0)—1]

1 KOHEYHO Ke, TOYHO TaK Xe Kak Ans 00bl4HbIX YPABHEHWIA U CUCTEM,
3[16Cb Mbl TOXE MOXXEM NPOBEPUTH PELLEHME C MOMOLLbKO MOACTAHOBKMN, HO



TONbKO HAfo elle AOMONMHUTENbHO 3afaTb MPUHYAUTENbHOE BbIYUCNEHNE
NPOU3BOAHBIX, TaK KaK B YPaBHEHUSX OHW HUTYPUPYIOT B HECOBEPLLEHHOI
opwme:

(%1i5) %ol, %, diff
(%.05) [ae*=ae” ae® —cosT =ae” — cos ]

Btopas dhyHKUMS M3 9TOW rpynnbl HasbiBaeTcs ode2 W npeaHasHa-
YeHa OHa Ang peLleHnss 06bIKHOBEHHbIX AutdepeHUnanbHbIX YypaBHe-
HWUIA NEPBOr0 U BTOPOro MOPSAKA; €e Ha3BaHWe MPOUCXOANT OT (Ppasbl
«ordinary differential equations of 1st or 2nd order». Muwertcs oHa Tak:
ode2(ypaBHeHue, 3aBuCUMas-NepeMeHHas, He3aBUCUMasi-NepeMeHHas).
30eCb YXXe He3aBuCUMasi NepeMeHHas yKa3blBaeTCs B CMUCKE NapamMeTpoB
PyHKUNN SBHO, M NOTOMY 0003Ha4eHNs BIAA Y(X) HE HYXHbI: 1 GOYHKUMA, W
nepemMeHHas 0603Ha4atoTCA NPOCTO OANHOYHBIMI ByKBaMU. TakxXe B OTNN-
4ue oT npeaplayLlen yHKLUKM, ode2 ULLET He YacTHOE, a 06LLee peLleHue.
Mpon3BonbHas KOHCTaHTa B PELUEHWN YPABHEHUS MepBOro nopsiaka 0603-
Ha4eHa Yepe3 %cC; B PeLIeHNN ypaBHEHNs BTOPOro NOPAAKA TaknX KOHCTaHT,
€CTECTBEHHO, [Be, N 0603HAYAIOTCA OHU KaK Y%kl n %k2.

(i1) 22 dif(y, z) + 3 yo = S2E)
y 2( 2 _sinz
(hol) = TV +3zy

(%12) ode2(%,y, )

; Yoc — cos x

(%i3) ’diff(y,x,2) +y diff(y,z)3=0
d? d \°

(%i4) ode2(%,y, )

y> 4+ 6%kl y _

(hod) 5

x + %k2

B pononHeHue K chyHKUMM 0de2 CyLecTBYHOT TpU (DYHKLMW ANs Mouc-
Ka 4aCTHbIX pemeanZ Ha OCHOBE NONYYEHHbIX 06LI.|,VIX. MNHave roeops, atn
(pyHKLIMM, NOMyYas KOHKPETHbIE YCNOBUS OTHOCUTENbHO 3HAYEHUS (HYHK-
LMU-PeLLeHNs B 3a[laHHON TOYKE, HAXOLAT UCXOAs U3 3TUX 3HAYEHWIA COOT-
BETCTBYIOLLIME UM BENMYNHBI MHTErpanbHbIX KOHCTAHT. OfHa N3 aTuX DyHK-
LMIA NpeJHa3HaqeHa ang 06paboTky pelleHns auddepeHumanbHoro ypas-
HeHus nepsoro nopsgka. OHa HasbiBaeTcs ic1 (i oT «initial value» — HaYanb-
HOE 3Ha4eHue; ¢ oT «constant» — koHCTaHTa; 1 oT «1st order» — nepsoro
Nopsfika) U NPUHUMAET TPU aprymMeHTa: NepBblit — CaMO PeLUeHue, B TOM
BUAE, B KOTOPOM €ro HaxoauT (YHKUMs 0de2; BTOPOM — 3HA4YeHNe He3aBU-
CUMOV NEepeMEHHON (X-KOOPAMHATLI), TPETUI — 3Ha4eHNe (PYHKLMKM (3aBu-
CUMOVA NEPEMEHHO, Y) NP 3TOM 3HAYEHUM X 11 BO3BPALLAET YaCTHOE peLue-
HIe, NPOX0JALLEee Yepe3 TOYKY C 3afaHHbIMI KOOPAUHATaMK (X, Y):

Maxima

(%15) icl(%02,x=m, y= U)'

cosT+1
73

N nBe chyHKLMM paboTaloT C PeLIEHUMU YPABHEHWIA BTOPOrO nopsaka.
Tak Kak B 00LLeM peLLeHU YpaBHEHNs BTOPOro Nopsaaka urypupyioT age
HE3aBUCUMble KOHCTAHTbI, TO 3T (DYHKLMM 33[al0T yXe No [Ba yCrnosus
[ns MOMCKA 4aCTHOro peLueHns. Mepsas (YHKLMA BbIMMAAUT Kak ic2(o6Luee
peLueHue, X, PyHKUNA-B-TOYKE-X, TPON3BOLHANA-B-TOUKE-X). Paclundposka
Ha3BaHWA aHANOrMYHa NpeablayLen yHKunA. [1eicTBYET TOXe aHanoruy-
HO €M, a B Ka4eCTBE BTOPOr0 YC/0BNA 3aJaeT 3Ha4eHne Npon3BOAHON B TON
e 3a/laHHOI TOYKe:

(hi6) ic2(%o4,x =0,y=0,diff(y,z) =2)

v —3y(y*—1)
6

(%i7) ratsimp(%)

(%05)

(%o6)

3_
2y - Sy:x

N nocnepHsas yHkums Hasbiaetcs bc2 (b ot «boundary value» — rpa-
HWYHOE 3HAYeHMe; a Janblue BCe Kak B npedblayLien). Ee aprymeHTsl: nep-
BbIM, KaK 1 B IByX OCTalbHbIX BapuaHTax, UAeT Camo 06LLee peLleHne, BO3-
BpaLLleHHOe oyHKLMel ode2; nocne Hero UayT fBe napbl 3HaveHuni: x0, yo,
x1, y1, 3apatoLLme aBe TOYKM, Yepe3 KOTOPbIe [OKEH NpoXoauTb rpadomk
(PYHKLMN-peLleHns:

(%18) be2(%od,z=0,y=1,z=1,y= 3)'

(hoT)

3 _
(os) L —10v_, 3

6 2

KacatenbHo AndhdhepeHunanbHbIX YPaBHEHWA BCe ITUMU (DYHKLM-
AMU U 3aKAHYMBAETCSH, HUKAKWUX [OMOSHUTENbHBIX KIHYed K HUM He
npefHa3Ha4eHo.

B cnepaytowmit pa3 Mbl NOroBOPUM 0 CPeSCTBAX NOCTPOEHMS rpacdhukoB
(DYHKUMIA 1 O CpeACcTBaX aBTOMATU3aUMM: YCIOBHbIX OMepaTopax, Lnknax
1 YNPaBNSOWNX YCNOBUSAX, HaNnaragmMblx Ha pasnnyHble CUMBOSbI U BbIpa-
XeHus. B9

Yepes mecay [padukun, ynpasnawoLye CTPYKTYpPbl U LMKbI.
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